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PREFACE TO THE REVISED EDITION 


I feel indebted to my esteemed readers for giving overwhelming response to the earlier 
editions of the book. Keeping in mind the interest and liking of the students and 
teachers as well, all salient features of earlier editions have been incorporated. The 
book has been revised and up-dated as per the latest syllabii prescribed by the CBSE. 
The concept of addition of determinants have been introduced and chapters on 
Integration and Probability have been thoroughly revised for better understanding of 
the students. New problems have been added in the chapters on Definite integrals 
and Areas of bounded regions. For convenient handling, the whole text has been 
divided into two volumes. Volume-I consists of chapters 1 to 19 and the remaining 
chapters have been included in Volume-II. 


An appendix has been given at the end of Volume-II to understand the basics of 
Curve tracing which are required in the chapter on Areas of bounded regions. At the 
end of each chapter Very Short Answer Questions (VSAQs) and Multiple Choice 
Questions (MCQs) have been added. For the sake of quick revision of concepts and 
formulae, a brief summary has been given at the end of each chapter. 


Some unique features of the book are: 

— Detailed theory with illustrations 

— Algorithmic approach 

— Large number of graded solved examples 

— Large number of unsolved exercises 

— Very Short Answer Questions (VSAQs) 

— Multiple Choice Questions (MCQs) 

— Summary at the end of each chapter 

Although every effort has been made to keep the book error free, inspite of this some 
printing errors might have crept in. If you notice any mistake, error or discrepancy, 
I would be extremely thankful if the same are brought to my notice. 

I avail this opportunity to convey my sincere thanks to Sh. Ish Kapur of Dhanpat Rai 
Publications (P) Ltd. for his painstaking and sincere efforts in bringing out this edition 
in such an excellent form. 


Dr. R.D. SHARMA 


Dear Teachers & Students 

I feel deeply indebted to you for giving such a good response to the book. I will try to 
serve you better through the coming editions of the book. It is my sincere advice to 
the students that they should go through the theory portion thoroughly before 
attempting to solve the illustrative examples independently. In case they need to 
look at the solution, then they should attempt it again. While revising the chapter for 
the second time they should attempt the exercises given at the end of each section. 
Further, if you need to send any feedback or suggestions, you may do so by sending 
an e-mail to ishkapur@vsnl.com 


With my Best Wishes 
Dr. R.D. SHARMA 
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RELATIONS 


1.1 INTRODUCTION 


In Class XI, we have introduced the notion of a relation, its domain, co-domain and 
range. Let us recall that a relation from a set A to a set B is a subset of AX B. If Risa 
relation from a set A to a set B and (a, b) € R, then we say that a is related to b under 
relation R and we write as a Rb. If (a, b) € R, then we say that a is not related to b under 
R and we write as a R b. A relation can be represented in roster form or tabular form. 
Sometimes, we also describe a relation by describing the common property between the 
elements of ordered pairs in it. For example, a relation R on the set A = {1, 2,3, 4, 5} 
defined by R = {(a, b) :b =a +2} can also be expressed as 


a R bif and only if b=a+2. 
In this chapter, we will study different types of relations. 


1.2 RECAPITULATION 
In this section, we will recall some definitions which have been discussed in earlier class. 
CARTESIAN PRODUCT OF SETS Let Aand B be two non-empty sets. The set of all ordered pairs 
(a, b) such thata € Aand be B is culled the cartesian product of set A with set B and is denoted 
by AxB. 
Thus, AxB={(a,b):a€ A and be B} 
Note that B x A= {(b,a):be Bandae A} 
Also, AxB=90,ifA=odorB=06 
If A= {1, 2,3} and B = {x, y}, then 

Ax B=({(1,x), (1, y), (2, x), (2, y), (3, x), (3, y)} 

Bx A = {(x, 1), (%, 2), (x, 3), Y, D), Y, 2), Y, 3)} 

Ax A=(Cj1), 22) sy CA A272) (259), Ct), 2), BS) 

Bx B= {(x, x), (x,y), (Y, x), YW ¥)} 
RELATION Let A and B be two sets. Then a relation R from set A to set Bis a subset of A x B. 
Thus, R is a relation from A toB @&RCAXB. 
If R is a relation from a non-void set A to a non-void set B and if (a, b) € R, then we write 
aRb which is read as ‘a is related to b by the relation R’. If (a,b) ¢ R, then we write 
aK b and we say that a is not related to b by the relation R. 
If A and B are finite sets consisting of mand n elements respectively, then A x B has 
mn ordered pairs. Therefore, total number of relations from A to Bis 2”. 
DOMAIN Let R be a relation from a set A to a set B. Tien the set of all first components or 
coordinates of the ordered pairs belonging to R is called the domain of R. 


Thus, domain of R = (a: (a, b) € R} 
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Clearly, domain of RCA. 
If A ={1, 3, 5, 7}, B= (2, 4, 6, 8, 10} and R = {(1, 8), (3, 6), (5, 2), (1, 4)} is a relation from A 
to B, then 

Domain (R) = {1, 3, 5} 


RANGE Let R be a relation from a set A to a set B. Then the set of all second components or 
coordinates of the ordered pairs belonging to R is called the range of R. 


Thus, Range of R = {b: (a,b) € R} 
Clealry, range of R c B. 
If A = {1,3,5, 7}, B= {2, 4, 6, 8, 10} and R = {(1, 8), (3, 6), (5, 2), (1, 4)} is a relation from A 
to B, then 

Range (R) = {8, 6, 2, 4} 
RELATION ON A SET Let A be a non-void set. Then a relation from A to itself i.e. a subset of 
A x A is called a relation on set A. 


INVERSE OF ARELATION Let A, B be two sets and let R be a relation from a set A toa set B. 
Then, the inverse of R, denoted by R™ 1 isa relation from B to A and is defined by 
R’-!={(b, a): (a,b)€ R}. 
Clearly, (a,b)e R&S (b,a)e REY 
Also, Domain (R) = Range (R- 1) and Range (R) = Domain (R™ | 
Let A = {1, 2, 3}, B= {a, b,c, d} be two sets and R = {(1, a), (1, c), (2, d), (2, c)} be a relation 
from A to B. Then, 
R-*={@, 1), 1), @,2),© 2] 
is a relation from B to A. 


1.3 TYPES OF RELATIONS 


In this section, we intend to discuss various types of relations ona set A. 


1.3.1 VOID, UNIVERSAL AND IDENTITY RELATIONS 
VOID RELATION Let A bea set. Then, Cc AXA and so it is a relation on A. This relation is 
called the void or empty relation on set A. 
In other words, a relation R on a set A is called void or empty relation, if no element of 
A is related to any element of A. 
Consider the relation R on the set A = {1, 2, 3, 4, 5} defined by 
Re=A(Gav) aa — let 
We observe that a — b # 12 for any two elements of A. Therefore, 
(a,b) ¢ Rforanya,be A. 


=) R does not contain any element of A x A 
=> R is empty set 
= R is the void relation on A. 


UNIVERSAL RELATION Let A be a set. Then, AX AC Ax A and so it isa relation on A. This 
relation is called the universal relation on A. 


In otherwords, a relation R on a set is called universal relation, if each element of A is 
related to every element of A. 


Consider the relation R on the set A = {1, 2, 3, 4, 5, 6} defined by 
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R={(@,b)e R: |a-b | >=0} 
We observe that 
|a—b|20foralla,be A 
= (a,b) e€ Rforall(a,b)e AXA 
=> each element of set A is related to every element of set A 
= R=AxA 
=n 


Ris universal relation on set A 


NOTE It is to note here that the void relation and the universal relation ona set A are respectively 
the smallest and the largest relations on set A. 


Both the empty (or void) relation and the universal relation are sometimes called trivial 
relations. 


ILLUSTRATION Let A be the set of all students of a boys school. Show that the relation Ron A 
given by R = {(a, b) : ais sister of b} is empty relation and R’ = {(a, b) : the difference between the 
heights of a and b is less than 5 meters} is the universal relation. 

SOLUTION Since the school is boys school. Therefore, no student of the school can be 
sister of any student of the school. Thus, 


t | a,b) € Rforanya,be A. 

Hence, R = 9 i.e. R is the empty or void relation on A. 

It is obvious that the difference between the heights of any two students of the school 
has to be less than 5 meters. Therefore, (a, b) € R for alla, be A. 

=> R=AXxA 

= R is the universal relation on set A. 

IDENTITY RELATION Let A be a set. Then, the relation I, = {(a,a):a€ A} on A is called the 
identity relation on A. 

In other words, a relation I, on A is called the identity relation if every element of A is 
related to itself only. . 

If A = {1, 2, 3}, then the relation I, = {(1, 1), (2, 2), (3, 3)} is the identity relation on set A. 
But, relations R, = {(1, 1), (2, 2)} and Rp = {(1, 1), (2, 2), (3, 3), (1, 3)} are not identity rela- 
tions on A, because (3, 3) € R; and in R, element 1 is related to elements 1 and 3. 


1.3.2 REFLEXIVE RELATION 

DEFINITION A relation R onaset A is said to be reflexive if every element of A is related to itself. 
Thus, R is reflexive © (a, a) € R forallae A. 

Arelation Rona set A is not reflexive if there exists an element a € A such that (a, a) 
ek. 


ILLUSTRATION 1 Let A = (1,2, 3} bea set. Then R = {(1, 1), (2, 2), (3, 3), (1, 3), (2, 1)} is a 
reflexive relation on A. But R, = {(1, 1), (3, 3), (2, 1), (3, 2)} is not a reflexive relation on A, 
because 2 € A but (2,2) €R,. 


ILLUSTRATION 2 The identity relation on a non-void set A is always reflexive relation on A. 
However, a reflexive relation on A is not necessarily the identity relation on A. For example, the 
relation R = {(a, a), (b, b), (c, c), (a, b)} is a reflexive relation on set A = {a, b, c} but it is not the 
identity relation on A. 


ILLUSTRATION 3 The universal relation on a non-void set A is reflexive. 
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ILLUSTRATION 4 A relation R on N defined by (x, y)€ Re@x2y isa reflexive relation on 
N, because every natural number is greater than or equal to itself. 


ILLUSTRATION 5 Let X be anon-void set and P(X) be the power set of X. A relation R on P(X) 
defined by (A, B)€ R@ ACB isa reflexive relation since every set is subset of itself. 


ILLUSTRATION 6 Let L be the set of all lines in a plane. Then relation R on L defined by 
(11,1) € R = |, is parallel to 1» is reflexive, since every line is parallel to itself. 


1.3.3 SYMMETRIC RELATION 

DEFINITION A relation R ona set A is said to be a symmetric relation iff 
(a,by)e R = (b,a)eE Rforalla,be A 

i.e. aRb = bRa foralla,be A. 


ILLUSTRATION 1 The identity and the universal relations on a non-void set are symmetric 
relations. 


ILLUSTRATION 2 Let L be the set of all lines in a plane and let R be a relation defined on L by 
the rule (x, y)€ R = x is perpendicular to y. Then, R is a symmetric relation on L, because 
Ly ale Ly => L, ala L, 1.€. (Ly, L5) ER> (Lp, L}) ER. 


ILLUSTRATION 3 Let S be a non-void set and R be a relation defined on power set P(S) by 
(A,B)€ R@ ACB forall A, B € P(S). Then, R is not a symmetric relation. 


NOTE A relation R on a set A is not a symmetric relation if there are at least two elements 
a,be€ Asuch that (a, b) € R but (b, a) ER. 


ILLUSTRATION 4 Let A ={1, 2, 3, 4} and let R, and R, be relations on A given by R, = {(1, 
3), (1, 4), (3, 1), (2, 2) (4, 1)} and Ry = {(1, 1), (2, 2), (3, 3), (1, 3)}. Clearly, R, is a symmetric 
relation on A. However, Ry» is not so, because (1, 3) € Ry but (3, 1) € Ro. 

NOTE A reflexive relation ona set A is not necessarily symmetric. For example, the relation 
R={(1, 1), (2, 2), (3, 3), (1, 3))} is a reflexive relation on set A = {1, 2, 3} but it is not symmetric. 


ILLUSTRATION 5 Prove that a relation R on a set A is symmetric iff R = R. 
SOLUTION First, let R be a symmetric relation on set A. Then, we have to prove that 


R=R |. Inorder to prove this we have to prove that RGR andR'CR. 
Now, (a,bhe R 


— (b,aye R [-.- R is symmetric] 
— (a, bye R? [by def. of inverse relation] 


Thus, (a,b)e R =>(a,b)e€R' foralla,be A 


So, R CR’ ..-(i) 
Now, let (x, y) be an arbitrary element of R|. Then, 

(ey) eRe 
= (y,x)EeR [by def. of inverse relation] 
= (x, y)E R [-.- Ris symmetric] 


Thus, (x, y)E R! = (x, y)é Rforallx,yeA 
So, RHE R ...(ii) 


Thus, from (i) and (ii), we get R = ag 
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Conversely, let R be a relation on set A such that R = R |. Then we have to prove that R 
is a symmetric relation on set A. 


Let (a, b) € R. Then, 


(a,b)E R 
= (b,a)e€ Re [by def. of inverse relation] 
=> (b,a)e R [.-R=R"] 


Thus, (a,b)e R= (b,a)e€ Rforalla,be A. 
So, R is asymmetric relation on A. Hence, R is symmetric iff R = pa 
1.3.4 TRANSITIVE RELATION 


DEFINITION Let A be any set. A relation R on A is said to be a transitive relation iff 
(a,b)€ R and (b,c)E R 


= (a,c) € Rforalla,b,ce A. 
Le. aRb and bRc 
= aRc for alla, bce A. 


ILLUSTRATION 1 The identity and the universal relations on a non-void set are transitive. 


ILLUSTRATION 2 The relation R on the set N of all natural numbers defined by 
(x,y) € R & x divides y, for all x, y € N is transitive. 
SOLUTION Let x, y,z € N be such that (x, y) € R and (y, z) € R. Then, 


(x,y)€ Rand(y,zER 

x divides y and y divides z 

there exist p,qe Nsuch that y = xpandz = yg 

z= (xp)q 

z= x (pq) 

x divides z [-. pqe N] 
(x,z)ER 

Thus, (x, y) € R, (y,z)€ R= (x,z)€ R for all x,y,z € N. 


Hence, R is a transitive relation on N. 


VUcYyUYy 


ILLUSTRATION 3 On the set N of natural numbers, the relation R defined by xRy = x is less 
than y is transitive, because for any x,y,z € N 


x<yandy<z > x<z ie, xRyandyRz => xRz 
ILLUSTRATION 4 Let S be a non-void set and R be a relation defined on power set P(S) by 
(A,B)—€ R@& ACB forall A, B € P(S). Then, Risa transitive relation on P(S), because for any 
HB Ce PS) 
oe (A,B)e Rand(B,C)e'R > AcCBandBCCSACCHS](A,CER 
ILLUSTRATION 5. Let L be the set of all straight lines in a plane. Then the relation ‘is parallel 
to’ on Lisa transitive relation, because for any 11, Io, 13 € L. 
Lilt, and bills = Lill, 
ILLUSTRATION 6 The relation ‘is congruent to’ on the set T of all triangles in a plane is a 
transitive relation. 
1.3.5 ANTISYMMETRIC RELATION 
DEFINITION Let A be any set. A relation R on set A is said to be an antisymmetric relation iff 
(a,b) € Rand (b,a)€ R=va = bforalla,be A 
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NOTE It follows from this definition that if (a,b)€ R and (b,a)¢R, then also R is an 
antisymmetric relation. 


ILLUSTRATION 1. The identity relation on a set A is an antisymmetric relation. 


ILLUSTRATION 2 The universal relation on a set A containing at least two elements is not 
antisymmetric, because if a#b are in A, then a is related to b and b is related to a under the 
universal relation will imply that a =b but a #b. 


ILLUSTRATION 3 Let R be a relation on the set N of natural numbers defined by 
xRy = ‘x divides y’ for all x, ye N 

This relation is an antisymmetric relation on N. Since for any two numbers a, be N. 
a|b and bla=>a = b ie. aRb and bRa=a = b 


It should be noted that this relation ts not antisymmetric on the set Z of integers, because we find 
that for any non-zero integer a, aR (-a) and (-a) Ra buta#-a. 


ILLUSTRATION 4 Let S be anon-void set and R be a relation on the power set P(S) defined by 
(A,B)e R @ ACB forall A, Be P(S) 

Then, R is an antisymmetric relation on P(S), because 
(AV Bye R and (B, Aye R => AcBand BEGA=A = B 


ILLUSTRATION 5 The relation < (“less than or equal to”) on the set R of real numbers is 
antisymmetric, because 


asbandb<a >a=bDforalla,be R. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE 1 Three relations R,, Ry and R3 are defined on set A = {a, b, c} as follows: 


(i) R, ={a,a), (a, b), (a, c), (b, b), (b, c), (c, a), (c, b), (c, c)f, 
(ii) Ry ={(a, b), (b, a), (a, c), (c, ay} 


Find whether each of R,, Ry and R3 is reflexive, symmetric and transitive. 


SOLUTION (i) Reflexive: Clearly (a, a), (b, b), (c, c), € Ry. So, Rj is reflexive on A. 
Symmetric: We observe that (a, b) € R, but (b, a) € R;. So, R; isnot symmetric on A. 
Transitive: We find that (b,c)€ Ry and (c,a)e R, but (b,a)¢ Ry. So, R, is not 
transitive on A. 
(ii) Reflexive: Since (a, a), (b, b) and (c, c) are not in Rp. So, it is not a reflexive relation 
on A. 
Symmetric: We find that the ordered pairs obtained by interchanging the components 
of ordered pairs in R, are also in Ry. So, Rj is a symmetric relation on A. 
Transitive: Clearly (a,b)€ Rzand (b,a)€ Rybut(a,a)¢ R>.So,itis nota transitive relation 
on Rp. 
(iii) Reflexive: Since none of (a, a), (b, b) and (c, c) is an element of R3. So, R3 is not 
reflexive on A. 
Symmetric: Clearly, (b,c) € R3 but (c, b) ¢ R3. So, R3 is not symmetric on A. 
Transitive: Clearly, (a, b) € R3 and (b,c) € R3 but (a,c) ¢ R3. So, R3 is not transitive on A. 
EXAMPLE 2 Show that the relation R on the set A = {1, 2,3} given by 

R =.{0, 1), (2, 2), (3,3),.L, 2), (2, 3)} 
is reflexive but neither symmetric nor transitive. 
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SOLUTION | Since 1, 2,3 € A and (1, 1), (2, 2), (3,3) € Rie. for eacha € A, (a,a)€ R. 
So, R is reflexive. 


We observe that (1, 2) R but (2,1) ¢ R. 
So, R is not symmetric. 

Also, (1,2) € Rand (2,3) € R but (1,3) ¢ R. 
So, R is not transitive. 


EXAMPLE 3 Show that the relation R on the set A = {1, 2,3} given by R = {(1, 2), (2, 1)} is 
symmetric but neither reflexive nor transitive. 

SOLUTION We observe that (1, 1), (2,2) and (3, 3) do not belong to R. So, R is not 
reflexive. 


Clearly, (1,2) € R and (2,1) € R.So, R is symmetric. 
As (1,2) € Rand (2, 1) € R but (1,1) € R. So, R is not transitive. 
EXAMPLE 4 Check the following relations Rand S for reflexivity, symmetry and transitivity: 
(i) aRb iff b is divisible bya, a,be N 
(ii) 1, S 1p iff ly L ly, where |, and 1, are straight lines ina plane. 
SOLUTION (i) We have, 
aRb @a\b foralla,be N. 
Reflexivity: For any ae N, we have 
a|a=aRa. 
Thus, aRa for alla € N. So, R is reflexive on N. 


Symmetry: Ris not symmetric because if a|b, then b may not divide a. For example, 2 | 6 
but 6 } 2. 


Transitivity: Leta, b,c€ N such that aRb and bRc. Then, 

aRb and bRc > a|bandb|c=>a|c=> ake. 
So, R is a transitive relation on N. 
(ii) Let L be the set of all lines in a plane. We are given that 

1, Sly 1, Ly for all ly, ly € L. 
Reflexivity: S is not reflexive because a line cannot be perpendicular to itself i.e. / 1 / is 
not true. 
Symmetry: Letl,,l,€ Lsuch that]; Sly. Then, 

LShahLhahlhsahSh. 
So, S is symmetric on L. 
Transitive: S is not transitive, because /, 1 I, and I, 1 1, does not imply that /, L ly 
EXAMPLE 5 Let a relation R, on the set R of real numbers be defined as 

(a,b) € Ry 1+ab>O0foralla,be R. 
Show that R, is reflexive and symmetric but not transitive. 
SOLUTION We observe the following properties: 
Reflexivity: Let abe an arbitrary element of R. Then, 

aeR 
= lt+a.a=1+a>0 [-. a?>0 for allae R] 


= (a,a)€ Ry, [By def. of Ry] 
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Thus, (a,a) € R, for allae€ R. So, R, is reflexive on R. 


Symmetry: Let (a,b) € R. Then, 


(a, bye Ry 
a 1+ab>0 
=> 1+ba>0 [... ab=ba foralla,be R} 
= (b,a)e€ Ry [By def. of Rj] 


Thus, (a,b) € R, => (b,a) € R, for alla, be R. So, R, is symmetric on R. 

Transitivity: We observe that (1, 1/2) € Ry and (1/2,—1) € R, but (1, -1) ¢ R, because 
1+1x(-—1)=040. 

So, R, is not transitive on R. 

EXAMPLE 6 Let X = {1,2,3,4,5,6,7,8,9}. Let R, be a relation on X given by 
R, = {(x,y):x-y is divisible by 3} and Ry be another relation on X given by 
Ry = {(x, y): (x, y} c {1, 4, 7} or {x, y} c {2, 5, 8} or {x, y} C {3, 6, 9}. Show that Ry = Ro. 
SOLUTION Clearly, R; and R, are subsets of X x X. In order to prove that Rj = Rj, itis 
sufficient to show that R; C Ro and Rp C Rj. 


We observe that the difference between any two elements of each of the sets {1, 4, 7}, 
{2,5, 8} and {3, 6, 9} is a multiple of 3. 


Let (x, y) be an arbitrary element of R,. Then, 


(x, y) € Ry 
= x —y is divisible by 3. 
=> x-y is a multiple of 3. 
=> {x,y} < (1,4, 7} or {x, y} € {2,'5; 8} or (x, y] € 43, 6,9} 
= (x, y) € Ry 
Thus, (x,y) € Ry => (x,y) € Ro 
So, R,; C Rp di) 
Now, let (a, b) be an arbitrary element of R,. Then, 
(a,b) € Ry 
= {a,b} < {1, 4, 7} or {a, b} c {2, 5, 8} or {a, b} c {3, 6,9} 
== a — bis divisible by 3 
= (a,b)e Ry 
Thus, (a,b)e Rpg = @ bE R, 
So, RyCR, ..-(ii) 


From (i) and (ii), we get 
R, = Ry 
EXAMPLE 7 Determine whether each of the following relations are reflexive, symmetric and 
transitive: 
(i) Relation R on the set A = {1,2,3,... , 13,14} defined as 
R= {(%;y):3x-—y = 0} 
(ii) Relation R on the set N of all natural numbers defined as 
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R = {(x,y):y = x+5andx <4} 
(iii) Relation R on the set A = {1,2,3,4, 5, 6} defined as 
R = {(x, y): y is divisible by x} 
(iv) Relation R on the set Z of all integer defined as 
R = {(x,y): ae y is an integer} 
SOLUTION We have, 
(i) R = {(x,y):3x—y = 0}, where x,ye A = {1,2,3,...,13, 14} 
R = {(1, 3), (2, 6), (3, 9), (4, 12)} 
Reflexivity: Since (1,1) € R. So, R is not reflexive. 
Symmetry: We observe that (1,3) € R but (3, 1) € R. So, Ris not symmetric. 
Transitivity: We observe that(1, 3) € Rand (3,9) € Rbut(1, 9) ¢ R.So, Ris not transitive. 
(ii) R = {(x,y):y = x+5andx<4},wherex,ye N. 
R = {(1, 6), (2,7), G, 8)} 
Reflexivity: Clearly, (1,1), (2, 2) etc. are not in R. So, R is not reflexive. 
Symmetry: We find that (1,6) € R but (6, 1) ¢ R. So, R is not symmetric. 
Transitivity: Since (1,6) € R and there is no order pair in R which has 6 as the first 
element. Same is the case for (2, 7) and (3, 8). So, R is transitive. 
(iii) R = {(x,y): y is divisible by x}, where x, ye A = {1,2,3, 4,5, 6}. 
Reflexivity: We know that : 
x is divisible by x forallxe A 
(x,x)€ Rforallxe A 
= R is reflexive 
Symmetry: We observe that 6 is divisible by 2 but 2 is not divisible by 6. This means that 
(2,6) € Rbut (6,2)¢ R 
So, R is not symmetric. 
Transitivity : Let (x, y) € Rand (y,z) € R. Then, 
(x, y)€ Rand (y,z)€ R. 


=> y is divisible by x and z is divisible by y 
= z is divisible by x 
= (x,z)ER 


So, R is transitive relation. 
(iv) R = {(x,y):x—y is an integer}, where x,y € Z 
Reflexivity: We have, 

x —x = 0, whichis an integer for all x € Z 


== (x,x)€ Rforallxe Z 
=> R is reflexive on Z 
Symmetry: Let (x, y)€ R. Then, 
(x, y)ER 
=> x —y is an integer, say, A 
= y-x=-d 
= y — x is an integer [AE Z=> -AeE Z] 
=> 


(y,x)ER 
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Thus, (x, y)€ R = (y,x)€ R forallx,y,€ Z 

So, R is symmetric on Z. 

Transivity: Let (x, y) € Rand (y, z) € R. Then, 

(x,y)€ R and (y,z)E R 

x-y and y-Zare integers 

(x — y) + (y — Z) is an integer [-.. Sum of two integers is an integer] 

x — zis an integer 

(x,z)ER 

So, R is transitive on Z. 

EXAMPLE 8 Shovw that the realtion R on the set R of all real numbers, defined as 
R = {(a,b):asb} 

is neither reflexive nor symmetric nor transitive. 


SOLUTION We have, 
R = {(a,b):a<b’}, wherea, be R. 


tatel. ot 


je 
Reflexivity: We observe that 5 < ) is not true. Therefore, G y 3| ~ R. 


So, R is not reflexive. 
Symmetry: We observe that -1< 3* but 3 g (- 1) i.e. (— 1,3) € Rbut (3,-1)¢ R. 
So, R is not symmetric. 
Transivity: We find that 
2=(=3) and 3 = labut2 sa, 
ie., (2,-—3)e Rand (-3,-1)¢€ Rbut (2,1)¢ R 
So, R is not transitive. 
EXAMPLE9 Show that the relation R on R defined as R = {(a,b):a<b}, 


is reflexive and transitive but not symmetric. 
SOLUTION We have, 


R = {(@,b):a<b},wherea,be R 
Reflexivity: For any a€ R, we have 


(eh Sy (0) 
= (a,a)€ Rforallae R 
= R is reflexive. 


Symmetry: We observe that (2,3) € R but (3, 2) ¢ R. So, R is not symmetric. 
Transitivity: Let (a,b) € Rand (b,c) € R. Then, 
(a,b) € Rand (b, c)ER 


=> feo and bys 
= Se 
=< (a,che R 


So, R is transitive. 


EXAMPLE 10 Let A = {1, 2,3). Then, show that the number of relations containing (1, 2) and 
(2, 3) which are reflexive and transitive but not symmetric is three. 
SOLUTION The smallest reflexive relation on set A containing (1, 2) and (2, 3) is 
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R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3)} 
Since (1,2) € Rand (2,3) e R but (1, 3) € R. So, R is not transitive. To make it transitive 
we have to include (1, 3) in R. Including (1, 3) in R, we get 

R, = {(1, 1), 2, 2), (3, 3), (1, 2), (2, 3), (1,3)} 
This is reflexive and transitive but not symmetric. 
Now, if we add the pair (2, 1) to Rj to get Ry, then the relation R; is still reflexive, transitive 
but not symmetric. Similarly, by adding (3, 2) and (3, 1) respectively to R1, we get 

Rs = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (3, 2)} 

Rg = {0 1), 2, 2), (3, 3), (1, 2), (2, 3), (3, 1)} 
These relations are reflexive and transitive but not symmetric. 


We observe that out of ordered pairs (2, 1), (3, 2) and (3, 1) at a time if we add any two 
ordered pairs at a time to Rj, then to maintain the transitivity we will be forced to add 


~ the remaining third pair and in this process the relation will become symmetric also 
which is not required. Hence, the total number of reflexive, transitive but not symmetric 
relations containing (1, 2) and (2, 3) is three. 
EXAMPLE 11 Let S be the set of all points ina plane and R bea relation on S defined as 
R = {(P, Q): Distance between P and Q is less than 2 units}. 
Show that R is reflexive and symmetric but not transitive. 
SOLUTION We observe the following: 
Reflexivity: For any point P in set S, we find that 
Distance between P and P is 0 which is less than 2 units 
= (P_P).e R 
Thus, (P,P)é RforallPe S 
So, R is reflexive on S. 
Symmetry: Let P and Q be two points in S such that (P, Q) € R. Then, 


(P,Q)ER 
=> Distance between P and Q is less than 2 units. 
— Distance between Q and P is less than 2 units 
=> (Q,P)e R 


So, R is symmetric on S. 
Transitivity: Consider points P, Q and R having coordinates (0, 0), (1.5, 0) and (3.2, 0). 
We observe that the distance between P and Q is 1.5 units which is less than 2 units and 
the distance between Q and R is 1.7 units which is also less than 2 units. But, the distance 
between P and R is 3.2 which is not less than 2 units. This means that 

(P,Q)e R and (Q,R)e Rbut(P,R) ¢€R 


So, R is not transitive on S. 
EXERCISE 1.1 


1. Prove that every identity relation on a set is reflexive, but the converse is not 
necessarily true. 

2. Three relations R;, Ry and R; are defined on a set A = {a, b, clas follows: 
R, = {(@,a), (a,b), (a,c), (b, b), (b,c), (¢, 4), (¢, B), (C, ©) 


10. 


11. 


12. 


13. 


14. 
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Ry = ({(@, a)} 
R3 = {(b,c)} 
Rg = {(a, b), (b,c), (c, a)}. 
Find whether or not each of the relations R,, Ry, R3, Ry on A is (i) reflexive 
(ii) symmetric (iii) transitive. 
If A = { 1, 2, 3, 4} define relations on A which have properties of being 

(i) reflexive, transitive but not symmetric 

(ii) symmetric but neither reflexive nor transitive 
(iii) reflexive, symmetric and transitive. 
Let R be a relation defined on the set of natural numbers N as 

R = (x, y):x, ye N,2x+y = 41} 

Find the domain and range of R. Also, verify whether R is (i) reflexive, (ii) symmetric (iii) 
transitive. 
Is it true that every relation which is symmetric and transitive is also reflexive ? Give 
reasons. 
Test whether the following relations R;, Rz, and Rg are (i) reflexive (ii) symmetric 
and (iii) transitive: 

(i) Ry on Qg defined by (a,b) € Ry Sa=1/b. 

(ii) Ry on Z defined by (a,b) € Ro =| a-b | <5 
(iii) R3z on R defined by (a, b) € R3@ a’ — 4ab + 3b*=0. 
An integer m is said to be related to another integer if mis a multiple of n. Check 
if the relation is symmetric, reflexive and transitive. 
Given the relation R = {(1, 2), (2, 3)} on the set A = {1, 2, 3}, add a minimum number 
of ordered pairs so that the enlarged relation is symmetric, transitive and reflexive. 
Let A = {1, 2, 3} and R = {(1, 2), (1, 1), (2, 3)} be a relation on A. What minimum 
number of ordered pairs may be added to R so that it may become a transitive 
relation on A. 
Give an example of a relation which is 

(i) reflexive and symmetric but not transitive; 

(ii) reflexive and transitive but not symmetric; 
(iii) symmetric and transitive but not reflexive; 
(iv) symmetric but neither reflexive nor transitive. 

(v) transitive but neither reflexive nor symmetric. 
Show that the relation ‘2’ on the set R of all real numbers is reflexive and transitive 
but not symmetric. 
The following relations are defined on the set of real numbers. 

(i) aRbifa-—b>0O (ii) aRbiff1+ab>0 (iii) aRbif | a | <b. 
Find whether these relations are reflexive, symmetric or transitive. 
Let A'="{1,2,'3}; and let Ry = ((1/ 1), (1, 3), (3, 1), (2; 2), (2; 1); (373), Ro={(2, 2), C3, 1); 
(1, 3)}, Rg = {(1, 3), (3, 3)}. Find whether or not each of the relations Ry, Ry, R30nA 
is (i) reflexive (ii) symmetric (iii) transitive. 
Let A be the set of all human beings ina townata particular time. Determine whether 
each of the following relations are reflexive, symmetric and transitive: 
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(i) R = {(x,y):x and y work at the same place } 
(ii) R = {(x, y): x and y live in the same locality} 
(iii) R = {(x, y): xis wife of y} 
(iv) R = {(x, y): xis father of y} 
15. Check whether the relation R defined on the set A = {1,2,3,4,5,6} as 
R = {(a,b):b = a+1} is reflexive, symmetric or transitive. 


16. Check whether the relation R on R defined by R = {(a, b) :a<b"} is reflexive, 
symmetric or transitive. 


ANSWERS 


2. R; is reflexive it is neither symmetric nor transitive. 
Ro is symmetric and transitive but not reflexive. 
R, is transitive but neither reflexive nor symmetric. 
Rg is neither reflexive nor symmetric and transitive. 
3. (i) R={(1, 1), 2 2), G, 3), (4, 4), (1, 2)} 
(ii) R= {(1, 2), (2, 1)} 
(iii) R= { (1,1), 2, 2), (3,3), 4, 4), (1, 2), (2, 1)) 
4.. Domain R= {1,2,3,...,19, 20}, Range R = {39, 37, 35, ...,7,5,3, 1}. Ris neither reflexive 
nor symmetric but it is transitive. 
5. No. 
6. (i) R, issymmetric but it is neither reflexive nor transitive 
(ii) Rp is reflexive and symmetric but it is not transitive 


(iii) R3 is reflexive but it is neither symmetric nor transitive. 


7. Reflexive and transitive but not symmetric. 
Seer, 1), (2, 2),/ 3, 3)A11,.3) 42, 1)16 72) BA); 9. (1,3) 
10. G) KR =llt 2), G, 2)/673), (9), 34) (2,,3)-B72)}. on Ay=H, 243} 
(ii) R = {(1, 1), (2, 2), (3, 3), (1, 3)} on A = {1, 2, 3} 
(Gi) K=4(1,3),{3,.1), (1, 1)} on A= {1h 273} 
12. (i) Transitive (ii) Reflexive and symmetric but not transitive (iii) Reflexive and 
transitive but not symmetric. 
13. R, is reflexive but neither symmetric nor transitive 
R, is symmetric but neither reflexive nor transitive. 
R; is transitive but neither reflexive nor symmetric. 
14. (i) Reflexive, symmetric and transitive 
(ii) Reflexive, symmetric and transitive 
(iii) Neither reflexive, nor symmetric but transitive 
(iv) neither reflexive nor symmetric nor transitive 
15. Neither reflexive nor symmetric nor transitive 


16. Neither reflexive nor symmetric nor transitive. 


—wnnrnmn HINTS TO SELECTED PROBLEMS 


1. Let J be the identity relation on a set A. Then (a, a) € I for alla € A = 1is reflexive. 
Converse: The relation {({1, 1), (2, 2), (3, 3), (1,3)} is a teflexive relation on set 
A = {1, 2, 3} but it is not the identity relation on A. 
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5. Arelation R on the set Z of integers defined by (a, b)€« Reva and b are both odd, is 
symmetric and transitive but it is not reflexive. Because no even integer is related 
to itself. 


9. For reflexivity, we must add (1, 1), (2, 2) and (3, 3). For symmetry and transitivity 
we must have (2, 1), (3, 2), (1, 3), (3, 1), . 


15. As(1,2) € Rand (2,3) € R, but (1,3) € R. So, R is not transitive. 
16. (5,2) € R, (2, 2!/%) € R but (5, 2!/%) ¢ R. So, R is not transitive. 


1.3.5. EQUIVALENCE RELATION 
DEFINITION A relation R ona set A is said to be an equivalence relation on A iff 
(i) it is reflexive ie. (a,a)€ Rforallac A 
(ii) it is symmetric ie. (a,b) € R= (b,a) € Rforalla,be A 
(iii) .it is transitive t.e. (a,b) € Rand (b,c)€ R= (a,c) € R foralla,b,ce A. 
ILLUSTRATIVE EXAMPLES 
EXAMPLE 1 Let R bea relation on the set of all lines in a plane defined by 
(11, 1p) © R @ line 1, is parallel to line Ip. 

Show that R is an equivalence relation. 


SOLUTION Let L be the given set of all lines in a plane. Then we observe the following 
properties. 


Reflexive: For each line 1 € L, we have 

Ili > De Rforallle L => Ris reflexive 
Symmetric: Let l,l) € L such that (J, 15) € R. Then, 

d,pbye Reh Ile sShilh = (bh) € R. So, Ris symmetric on L. 
Transitive: Let 1,, 15,13 € L such that (1,, 1) € R and (Iz, 13) € R. Then, 

(11,19) € Rand (Ip, 13)€ R => J, |I lp and 1p |[ 15 > II], => (4,1) E R 
So, R is transitive on L. Hence, R being reflexive, symmetric and transitive is an 
equivalence relation on L. 


EXAMPLE 2 Show that the relation ‘is congruent to’, on the set of all triangles in a plane is an 
equivalence relation. 


SOLUTION Let S be the set of all triangles ina plane and let R be the relation on S defined 
by 
(Ay, A>) € R & triangle A; is congruent to triangle Ap. 
We observe the following properties of relation R: 
Reflexivity: For each triangle A€ S, we have 
Az A= (A,A)E RforallAc S = Ris reflexive on S 
Symmetry: Let Ay, Ay € S such that (A;, A,) € R. Then, 


(Ay, Ag) € R= Ay = Ay => Ay = Ay = (Ap, Ay) € R. So, R is symmetric on S 
Transitivity: Let Ay, Ay, Aj € S such that (Aj, Ag) € Rand (Ay, A3) € R. Then, 
(Ay, A>) € Rand (Ao, A3) Ee R> Ay = A> and Ay — A3 => Ay = A3 => (Aj, A3) ER 


So, R is transitive on S. Hence, R being reflexive, symmetric and transitive, is an 
equivalence relation on S. 
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EXAMPLE3 Show that the relation R defined on the set A of all triangles in a vlane as 
R = {(Tj, T2): Ty is similar to T>} 
is an equivalence relation. 
Consider three right angle triangles T, with sides 3, 4, 5; Tz with sides 5, 12, 13 and T3 with 
sides 6, 8, 10. Which triangles among T,, Ty and T3 are related? 
SOLUTION We observe the following properties of relation R: 
Reflexivity: We know that every triangle is similar to itself. Therefore, 
(T,T)e€ RforallTe A 


=> R is reflexive. 

Symmetry: Let (T,, T,) € R. Then, 
(T,,T2) € R 

= T, is similar to T> 

=> T> is similar to T; 

= (Tz,T,}) € R 


So, R is symmetric. 
Transitivity: Let T,, Tz, T3 € A such that (Tj, Tz) € R and (T2, T3) € R. Then, 
(T1, T>) e R and (T>, T3) ER 


=> T, is similar to T, and T, is similar to T3 
= T, is similar to T, 
=> (Ty, T3) ER 


So, R is transitive. 
Hence, R is an equivalence relation. 
In triangles T,; and T3 , we observe that the corresponding angles are equal and the 


wes , {Rona A wos Oo 
corresponding sides are proportional i.e. Ae re 


Hence, T,; and T;3 are related. 
EXAMPLE 4 Prove that the relation R on the set Z of all integers numbers defined by 
(x, y)€ Rexx—yis divisible byn 
is an equivalence relation on Z. 
SOLUTION We observe the following properties of relation R : 
Reflexivity: For any ae N, we have 
a-a=0=0xn 
=> a —a is divisible by n 
= (a,ayeE R 
Thus, (a,a) € R for allaeé Z. So, R is reflexive on Z 
Symmetry: Let (a, b) € R. Then, 
(a,b)E R 
=> (a — b) is divisible by n 
= (a-b) = np forsomepe Z 
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=> b—a = n(-p) 
= b—ais divisible by n [.-pe Z>-pe Z) 
=> (b,aye R 


Thus, (a,b) € R= (b,a)€ R for alla, be Z. 
So, R is symmetric on Z. 
Transitivity: Leta, b,cé Z such that (a,b) € Rand (b,c) € R. Then, 


(a,b)E R 
= (a—b) is divisible by n > a—b=np for some pe Z 
= (b,c)E R 
= (b — c) is divisible by n = b—c=ng for someqe Z 
(a,b)€ Rand (b,c)e R 
=> a-—b = npandb-c = nq 
=> (a—b)+(b-—c) = np+nq 
=> a-c=n(p+q) 
=> a —c is divisible by n [--pqe€Z>p+qe Z) 
= (a,c)e R 


Thus, (a,b) € Rand (b,c)€ R= (a,c)€ R foralla,b,ceé Z. 
So, R is transitive relation on Z. 
Thus, R being reflexive, symmetric and transitive, is an equivalence relation on Z. 
EXAMPLE5 Show that the relation R on the set A of all the books in a library of a college, given 
by 
R = {(x, y): x and y have the same number of pages}, is an equivalence relation. 
SOLUTION We observe the following properties of relation R : 
Reflexivity: For any book x in set A, we observe that 
x and x have the same number of pages. 
=> (x,x)E R 
Thus, (x,x)€ Rforallxe A 
So, R is reflexive. 
Symmetry: Let (x, y) € R. Then, 
(x,y)ER 
=> x and y have the same number of pages 
=> y and x have the same number of pages 
= (y,x)e R 
Then, (x,yeR=> ¥y,x)ER 
So, R is symmetric. 
Transitivity: Let (x, y) € R and (y, z) € R. Then, 
(x, y)€ R and (y,z)ER 
=> (x and y have the same number of pages) and (y and z’have the same 
number of pages) 
=> x and z have the same number of pages. 
— (x, z)ER 
So, K is transitive. 
Hence, R is an equivalence relation. 
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EXAMPLE6 Show that the relation R on the set A = {1,2,3,4, 5}, given by 
R = {(a,b): | a—b | is even }, is an equivalence relation. [CBSE 2009] 


Show that all the elements of {1, 3, 5} are related to each other and all the elements of (2, 4} are 
related to each other. But, no element of {1 , 3, 5} is related to any element of {2, 4}. 
SOLUTION We have, 


R = {(a,b): | a—b | iseven), wherea,be A = {1,2,3,4, 5}. 
We observe the following properties of relation R: 
Reflexivity: For any ae A, we have 
| a—a | = 0, whichis even 
(a,a)€ Rforallac A 
So, R is reflexive. 
Symmetry: Let (a, b) € R. Then, 


(a,b)ER 
=> | a—b | iseven 
=> | b—a | iseven 
= (b,ayER 


Thus, (a,b)e RR => (L,a)ER 
So, R is symmetric. 
Transitivity: Let (a,b) € Rand (b,c) € R. Then, 
(a,b)e R and (b,c)E R 
= | a—b | isevenand | b-c | iseven 
= (a and b both are even or both are odd) and (b and c both are even or both are odd 
Now two cases arise: 
CASEI When b is even 
In this case, 
(a,b)e€ R and (b,c)e R 


=> | a—b | isevenand | b-c | iseven 

=> ais even and cis even [... bis even] 
=> | a—c | iseven 

= (a,che R 

CASEI When b is odd 

In this case, 


(a,b)€ R and (b,c)eE R 
=> | a—b | isevenand | b—c | is even 
= ais odd andc is odd [-.- bis odd} 
=) | a—c | iseven 
= (a,c)Ee R 
Thus, (a,b)e Rand(b,c)e R = (a,ch)E R 
So, R is transitive. 


Hence, R is an equivalence relation. 
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We know that the difference of any two odd (even) natural numbers is always an even 
natural number. Therefore, all the elements of set {1, 3, 5} are related to each other and 
all the elements of {2, 4} are related to each other. 


We know that the difference of an even natural number and an odd natural number is 
an odd natural number. Therefore, no element of {1, 3, 5} is related to any elment of 
(2, 4}. 
EXAMPLE7 Show that the relation R on the set A = {xe Z:0<x< 12}, given by 
R = {(a,b): | a—b | isa multiple of 4} 
is an equivalence relation. Find the set of all elements related to 1. 
SOLUTION We have, 
R = {(a,b): | a—b | isa multiple of 4}, 
Wihered, De A= xy e770 = 2 e=—10, eee 1p 
We observe the following properties of relation R: 
Reflexivity: For any a€ A, we have 
| a-a | = 0, which isa multiple of 4. 
= (a,aye R 
Thus, (a,a)€ Rforallae A. 
So, R is reflexive. 
Symmetry: Let (a,b) € R. Then, 
(a,bhe R 


= | a—b | isa multiple of 4 

= |a-b| = 4A forsomeAe N 

=> | b-a | = 4A forsomedAe N [-- |a-b| = | b-a]] 
= (b,ayeER 

So, 


R is symmetric. 

Transitivity: Let (a,b)€ R and (b,c) € R. Then, 

(a,b)€ R and (b,c)E R 

| a—b | isa multiple of 4and | b-c | isa multiple of 4 
|a-b| = 4X and | b-c| = 4uforsomea,pe N 
a-b=+4) and b-c=+4p 

a-c=+4\+4u 

a—cisamultiple of 4 

| a—c | isa multiple of 4 

(a,che R 

(a,b)e R and (bh, c)ER S (a, CER 

So, R is transitive. 


og ea 


Hence, R is an equivalence relation. 


Let x be an element of A such that (x, 1) € R. Then, 
| x-1 | isa multiple of 4 


=> pee = daieesi0,4,8)12 
= Sel = 0,4, 8,12 
=> jet Nena [-.. 13 ¢ A] 


Hence, the set of all elements of A which are related to 1 is {1, 5, 9}. 
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EXAMPLE 8 Show that the relation R on the set A of points in a plane, given by 
R = {(P, Q): Distance of the point P from the origin is same as the distance of the point 
Q from the origin}, 


is an equivalence relation. 


Further show that the set of all points related to a point P # (0,0) is the circle passing through 
P with origin as centre. 
SOLUTION Let O denote the origin in the given plane. Then, 


R = {(P, Q): OP = OQ} 

We observe the following properties of relation R: 

Reflexivity: For any point P in set A, we have 
OP = OP 

= (P,P) ER 

Thus, (P,P)e RforallP EA 

So, R is reflexive. 

Symmetry: Let P and Q be two points in set A such that 
(P,Q)ER 

—" OP = OQ 

Se OQ = OP 

— (Q,P)ER 

Thus, (P,Q)E€ R => (Q,P)eE RforP,QEA 

So, R is symmetric. 

Transitivity: Let P, Q and S be three points in set A such that 
(P,Q)€ R and (Q,S)ER 


=> OP = OQ and OQ = OS 
= OP = OS 
= (P,S)ER 


So, R is transtive. 
Hence, R is an equivalence relation. 
Let P be a fixed point in set A and Q bea point in set A such that (P, Q) € R. Then, 


(P,QU)ER 

= Ole = (Ge 

> Q moves in the plane in such a way that its distance from the origin 
O (0, 0) is always same and is equal to OP. 

= Locus of Q is a circle with centre at the origin and radius OP. 


Hence, the set of all points related to P is the circle passing through P with origin O as 
centre. . 
EXAMPLE 9 Prove that the relation R on the set N x N defined by 
(a,b) R(c,d)at+d=b+c forall (a, b),(c,d)e NxN 
is an equivalence relation. 
SOLUTION We observe the following properties of relation R: 
Reflexivity: Let (a,b) be an arbitrary element of N x N. Then, 
(a,b)eE NXN 
= a,be N 
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=> a+b=b+a [by commutativity of add. on N] 
— (a, b) R (a,b) 

Thus, (a, b) R (a, b) for all (a, b) € N x N. So, R is reflexive on N x N. 

Symmetry: Let (a, b), (c,d)<€ NxNbe iil that (a, b) R (c,d). Then, 


(a, b) R (c, a) 
= at+d=b+t+c 
=> ct+b=d+a [by commutativity of add. on N] 
= (c, d) R (a, b) [by def. of R] 


Thus, (a, b) R (c, d) = (c, d) R (a, b) for all (a, b), (c, d)e NXN. 
So, R is symmetric on N x N. 
Transitivity: Let (a,b), (c,d), (e, f) € Nx N such that (a, b) R (c,d) and (c,d) R (e, f). Then, 


s . emai pei = (at+d)+(c+f) = +c) +d +e) 
>atf=b+e>G@bhREef/ 

Thus, (a, b) R (c, d) and (c, d) R (e, f) = (a, b) R (e, f) for all (a, b), (c, d), (e, fy = NXN. 

So, R is transitive on N x N. 


Hence, R being reflexive, symmetric and transitive, is an equivalence relation on 
NXN. 


EXAMPLE 10 Let N be the set of all natural numbers and let R be a relation on N x N, defined 
by (a,b) R(c,d) ead = be forall (a,b), (c,d)e NXN. 

Show that R is an equivalence relation on N x N. 

SOLUTION We observe the following properties of relation R : 


Reflexivity: Let (a, b) be an arbitrary element of N x N. Then, 


(a,b)e NxN 
=> . abeNn 
a ab = ba [by commutativity of multiplication on N] 
= (a, b) R (a, b) 


Thus, (a, b) R (a, b) for all (a, b)e NXN. 
So, Ris reflexive on N XN. 
Symmetry: Let (a, b), (c, d)€ N x N be such that (a, b) R (c, d). Then, 


(a, b) R (c,d) 
cs ad=be 7 
= cb = da [by commutativity of multiplication on N] 
=> (c, d) R (a, b) 


Thus, (a, b) R (c, d) = (c, d) R (a, b) for all (a, b), (c, de NXN. 

So, R is symmetric on N x N. 

Transitivity: Let (a, b), (c, d), (e, f)€ N x Nsuch that (a, b) R (c, a) and (c, @) R {e, f}. Then, 
. ARG . z as a be = => (ad) (cf) = (bc) (de) => af = be = (a,b) Re, f) 

Thus, (a, b) R (c, d) and (c, d) RB (e, f) => (a, b) R (e, f) for all(a, b), (c, d), (e, fe N¥N. 

So, R is transitive on N x N, 


Hence, R being reflexive, symmetric and transitive, is an equivalence relation on 
NXN. 
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EXAMPLE 11 Let N denote the set of all natural numbers and R be the relation on N x N defined 
“ (a,b) R (c,d) ad (b+c) = be (a+d). Check whether R is an equivalence relation on 
x N. 


SOLUTION We observe the following properties of relation R: 
Reflexivity: Let (a, b) be an arbitrary element of N x N. Then, 


(a,b)Ee NXN 
= a,beN 
=> ab (b+a)=ba (a+b) [by comm. of add. and mult. on N| 
= (a, b) R (a, b) 


Thus, (a, b) R (a, b) for all (a,b) € NxN.So, Ris reflexiveon NXN. 
Symmetry: Let (a,b), (c,d) € N x N be such that (a, b) R (c,d). Then, 


(a, b) R (c, d) 
= ad (b+c) = bce(a+d) 
=" cb (d+a) = da(c +b) [by comm. of add. and mult. on N] 
= (c, d) R (a, b) 


Thus, (4, b) R (c, d) > (c,d) R (a, b) for all (a, b), (c, d)e NXN. 
So, R is symmetric on N x N. 
Transitivity: Let (a,b), (c,d), (e,f) € N x N such that(a, b) R (c, d) and (c, d) R (e, f). Then, 


£ Dic GG Ale sae ; 
(a,b) R (c,d) => ad(b+c) = be(at+d)=> bast inal Sip ice Swadha ...(i) 
a ap pamiers fT PU LEY | BE 
and, (c,d) R (e, f) > cfd+e) = de(cc+f)=> ie of <i oak (ii) 
Adding (i) and (ii), we get 
On ikea | AD gale 
bec e rele far BD oteacs 
1,1_1,1_b+e_atf 
md bitte takinuuhes Awoof 
= af (b+e)=be(a+f) = (a,b) R¢(e,f) 


Thus, (a, b) R (c, d) and (c, d) R (e, f) = (a, b) R (e, f) for all (a, b), (c,d), ( fpe NXN. 
So, R is transitive on N x N. 
Hence, R being reflexive, symmetric and transitive, is an equivalence relation on 
NXN. 
REMARK Let m be an arbitrary but fixed integer. Two integers a.and bare said to be congruence 
modulo m if a — b is divisible by m and we write a = b (mod m). 
Thus, a=b(mod m) =a — bis divisible by m. 
For example, 18=3 (mod 5) because 18 -3=15 which is divisible by 5. Similarly, 3 = 13 
(mod 2) because 3-13 = —10 which is divisible by 2. But 25 #2 (mod 4) because 4 1s not a 
divisor of 25 — 2 = 23. 
EXAMPLE 12 Prove that the relation ‘congruence modulo m’ on the set Z of all integers is an 
equivalence relation. 
SOLUTION We observe the following properties of the given relation: 
Reflexivity: Let a be an arbitrary integer. Then, 

a-a=0=0xm = a-ais divisible bym = a=a (mod m) 
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Thus, a=a (mod m) for allaeé Z. 
So, ‘congruence modulo mm’ is reflexive. 
Symmetry: Leta,be€ Z such that a = b (mod m). Then, 


a=b (mod m) 


= a — bis divisible by m 

=p a-b=AmforrEe Z 

> b-a = (-A)m 

= b—ais divisible by m [.. AE Z>-Ae Z) 
=> 


b=a (mod m) 

So, ‘congruence modulo m’ is symmetric on Z. 

Transitivity: Let a,b,c € Z such that a= b (mod m) and b=c (mod m). Then, 
a=b (mod m) >a - b is divisible by m > a— b=, m for some A, € Z 
b=c (mod m) > b ~c is divisible by m = b —c =A, m for some dA, € Z 
(a—b)+(b—c) = Aymt+dAgm = (Ay +A) m 

= a-c=A3m, whered3 =A, +A,€ Z. = a=c(modm) 

Thus, a=b (mod m) and b =c (mod m) > a=c (mod m). 

So, ‘congruence modulo m’ is transitive on Z. 

Hence, ‘congruence modulo m’ is an equivalence relation on Z. 


EXAMPLE 13 Show that the number of equivalence relations on the set {1, 2, 3} containing 
(1, 2) and (2, 1) is two. 
SOLUTION The smallest equivalence relation R; containing (1, 2) and (2, 1) is 


Ry = {(1, 1), (27 Dy, (3) 3). (1, 2), @ 1)} 

Now, we are left with four ordered pairs namely (2, 3) (3, 2), (1, 3) and (3, 1). If we add 
any one, say (2, 3) to Rj, then for symmetry we must add (3, 2) and then for transitivity 
we are forced to add (1, 3) and (3, 1). Thus, the only equivalence relation other than 
R, is the universal relation. Hence, the total number of equivalence relations containing 
(1, 2) and (2, 1) is two. 

EXAMPLE 14 Given anon-empty set X, consider P (X) which is the set ofall subsets of X. Define 
a relation in P (X) as follows: 


For subsets A, Bin P(X), ARB if ACB. Is R an equivalence relation on P (X)? Justify your 
answer. 


SOLUTION It is given that for any A, B in P (X) 
AKB = ACB 
We observe the following properties of R: 
Reflexivity: For any A in P (X), we have 
ACA => ARA 
So, R is reflexive on P (X). 
Symmetry: Let A, B in P (X) be such that ARB. Then, 
ARB =%A'e'B 
This need not imply that B C A. In fact it is possible only when A = B. 
Also, we know that {1,2} ¢ {1, 2, 3}, but {1, 2, 3} ¢ {1, 2} 
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So, R is not a symmetric relation on P (X). 
Transitivity: Let A, B, C be in P (X) such that 
ARB and BRC 


= AG Beand. BGC 
= LAUGS 
a ARC 


So, R is a transitive relation on P (X). 


Thus, R is reflexive and transitive relation on P (X) but it is not symmetric. 
Hence, R is not an equivalence relation on P (X). 


1.4 SOME RESULTS ON RELATIONS 
In this section, we shall discuss some useful results on relations as theorems. 


THEOREM 1 If R and S are two equivalence relations on a set A, then ROS is also an 
equivalence relation on A. 


OR 
The intersection of two equivalence relations on a set is an equivalence relation on the set. 
PROOF It is given that R and S are relations on set A. 
: RcAxAandSCAXxA 
=> ROASCAXA 
= RO Sis also a relation on A. 
Now, we shall show that it is an equivalence relation on A. 


We observe the following properties of relation RO S: 


Reflexivity: Let abe an arbitrary element of A. Then, 


acA 
= (a,a)€é R and (a,ayEeS [... Rand S are reflexive] 
= (a,ayE RAS 
Thus, (a,a)€ ROS forallae A.So, RO S isa reflexive relation on A. 
Symmetry: Leta,b€ A such that (a, b)€ ROS. Then, 
(a,bheE RAS 
=> (a,b)e€ Rand(a, be S 
= (b,a)€ Rand (b,a)E S$ [... R and S are symmetric] 
=> (b,ayEe RAS 


Thus, (a, bye RASS (b,a)e ROS forall, bye ROS. 

So, RO S is symmetric on A. 

Transitivity: Let a,b,c é€ A such that (a,b)€ RAS and (b,c) € ROS. Then, 
(a,b)e RAS and (b,c)e RAS 


=> {(a, b) € Rand (a,b)e€ S)} and {(b,c)e€ R and (b,c) € S)} 
=) {(a,b) € R, (b,c) € R} and {(a, b) € S, (b,c) € S} 
«+ Rand S are transitive. 
= (a,c)€ Rand(a,c)e S .. (a,b)e€ Rand (b,c)e R= (ache R 


(a,b)e Sand(b,che SS (a,c)E $ 


= (a,chE RAS 
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Thus, (a,b)e RAS and(b,che RASS(a,cbe ROS. 
So, RO S is transitive onA. 
Hence, RN S is an equivalence relation on A. 


THEOREM 2 The union of two equivalence relations on a set is not necessarily an equivalence 
relation on the set. 


PROOF Let A = {a,b,c} and let R and S be two relations on A, given by 
R = {(a,a), (b, b), (c, c), (a, b), (b, a)} 
and, S = {(a,a), (b, b), (c, c), (b,c), (c, b)} 


It can be easily seen that each one of Rand S is an equivalence relation on A. But, 
RU Sis not transitive, because (a, b)€ RUS and (b,c) € RUS but (a,c)¢ RUS. 


Hence, R U S is not an equivalence relation on A. 


THEOREM 3 If R is an equivalence relation ona set A, then R™ lis also an equivalence relation 
on A. 
OR 


The inverse of an equivalence relation is an equivalence relation. 

PROOF Since R isa relation on A. 
RCAXASR'CAXA >R 'isalsoa relation on A. 

Now, we shall show that R ‘isan equivalence relation on A. 

We observe the following properties of relation R?: 

Reflexivity: Let abe an arbitrary element of A. Then, 


aca 
= (a,ayER [-.. R is reflexive] 
= (a,a)€ Ro [By def. of R?] 


Thus, (a,aye R} forallae A. 
So, R"! is reflexive on A. 


Symmetry: Let (a,b) e€ R- ' Then, 


(a, b)eE Rt 
= (b,a)ER [By def. of R’] 
=> (a,b)ER [-.. R is symmetric] 
=" (b,a)e Re [By def. of R’] 


Thus, (a, be oes (b,a)e€ R? for all a,beA. 

So, R™ is symmetric on A. 

Transitivity: Let (a,b)e€ R ~1 and (b,cje R- Bs Then, 
(a,b) R"' and (b,c)e R™} 


= (b,a)€ Rand (c,b)eE R [By def. of RY 
= (c,b)€ Rand (b,ayeE R 

= (c,a)ER [-.- Ris transitive] 
= (a,c)eé R? [By def. of Ro} 


Thus, (a,b)€ Rand (b,c)e R' = (a,c) € R™ forall a, b,ceé A. 
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=14 Pe 
So, R - is transitive on A. 


Aly, i f 
Hence, Ris an equivalence relation on A. 


Tancaeno ssf EXERCISE 7.2 


1. Prove that the relation R on Z defined by 
(a,b)e R& a-—bis divisible by 5 
is an equivalence relation on Z. 
2. Let n bea fixed positive integer. Define a relation R on Z as follows: 
(a,b)€ R = a-—bis divisible by n. 
Show that R is an equivalence relation on Z. 
3. Let S bea relation on the set R of all real numbers defined by 
S ={(@b)eRXR:a°+b* = 1) 
Prove that S is not an equivalence relation on R. 


4. Let O be the origin. We define a relation between two points P and Q ina plane if 
OP = OQ. Show that the relation, so defined is an equivalence relation. 


5. mis said to be related to n ifm and n are integers and m —n is divisible by 13. Does 
this define an equivalence relation ? 


6. Let Z be the set of integers. Show that the relation 
R = {(a,b):a,b€ Zanda+b iseven} 
is an equivalence relation on Z. 


7. Let Z be the set of allintegers and Zy be the set of all non-zero integers. Let a relation 
R on Z X Zp be defined as follows: 


(a,b) R (c,d) ad = be for all (a, b), (c,d) € ZX Zo, 
Prove that R is an equivalence relation on Z x Zp. 


8. If Rand S are relations on a set A, then prove that 
(i) Rand S are symmetric > RMS and R US are symmetric 
(ii) R is reflexive and S is any relation => R U S is reflexive. 
9. If Rand S are transitive relations on a set A, then prove that RUS may not bea 
transitive relation on A. 

10. Show that the relation R on the set Z of integers, given by 
R= {(a,b): 2 divides a — b}, is an equivalence relation. 

11. Let R be the relation defined on the set A = (1, 2,3, 4,5,6,7} by R= {(a, b): both 
a and bare either odd or even}. Show that R is an equivalence relation. Further, show 
that all the elements of the subset {1,3,5, 7} are related to each other and all the 
elements of the subset {2, 4, 6} are related to each other, but no element of the subset 
{1, 3,5, 7} is related to any element of the subset {2, 4, 6}. 

12. Show that the relation R on the set A={xeE Z;0<x<12}, given by 
R = {(a, b): a =)}, is an equivalence relation. Find the set of all elements related to 1. 

13. Show that the relation R, defined on the set A of all polygons as 

R = {(P,, Pp) : P; and P, have same number of sides}, 


is an equivalence relation. What is the set of all elements in A related to the right 
angle triangle T with sides 3, 4 and 5? 
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14. Let L be the set of all lines in XY-plane and R be the relation in L defined as 
R= {(L1,L) : Ly is parallel to Ly}. Show that R is an equivalence relation. Find the 
set of all lines related to the line y = 2x + 4. 

15. Show that the relatino R defined by R = MS b):a— bis divisible by 3;a,b€ Z} isan 
equivalence relation. [CBSE 2008] 


ANSWERS 


1251 13. set of all triangles 14. (y=2x+e7c ER} 
VERY SHORT ANSWER QUESTIONS (VSAQs) 
Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 
1. Write the domain of the relation R defined on the set Z of integers as follows: 
(a,b)e R & a+b? =25 


If R={(x, y): ana y <4;x,y€ Z} isa relation on Z, write the domain of R. 

. Write the identity relation on set A = {a, 0, c}. 

Write the smallest reflexive relation on set A = {1, 2, 3, 4}. 

If R = {(x, y) : x + 2y = 8} isa relation on N by, then write the range of R. 

If Ris a symmetric relation ona set A, then write a relation between R and ne 


Let R={(x, y): | ro eg | <1} be a relation on set A = {1, 2,3, 4, 5}. Write R as a set 

of ordered pairs. 

8. If A= (2,3, 4},B=(1,3, 7} and R={(x, y):xe A,ye Band x</y} isa relation from 
A to B, then write Roe 

9. Let A=({3,5,7}, B={2,6,10} and R be a relation from A to B defined by 


R= {(x, y): x and y are relatively prime}. Then, write R and Ks. 
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10. Define a reflexive relation. 


11. Define a symmetric relation. 
12. Define a transitive relation. 


13. Define an equivalence relation. 


14. If A= {3,5,7} and B = {2,4, 9} and R isa relation given by "is less than", write R as 
a set ordered pairs. 


15. A={1,2,3,4,5, 6,7, 8} and if R = {(x, y): y is one half of x; x, y € A} is a relation on 
A, then write R as a set of ordered pairs. 


16. Let A = {2,3,4, 5} and B ={1, 3, 4}. If R is the relation from A to B given by a R b iff 
"a is a divisor of b". Write R as a set of ordered pairs. 


ANSWERS 
1. {0,+3,+4,+5} 2. {0,+1,+2) 
3. {(a,a), (b, b), (c, c)} 4. {(1, 0, ( 2, 2), (3, 3), (4, 4)} 
5. i938) 6. R=R” 
7. {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5)} 8. RK’ ={(3,2),(7, 2), (7,3), (7, 4)} 
9. R = {(3, 2), (3, 10), (5, 2), (5, 6), (7, 2), (7, 6), (7, 10)} 


='{(2,3),10,3)) @, 5), (6,5), (2, 7) (6, 7), LU} 
14. R=((3, 4), 3,9), 5, 9),(7,9)} 15. R={(2, 1), 4, 2), ©, 3), (8, 4)} 
16. {(2, 4), (4, 4), (3, 3)} 
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‘MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


tk 


10. 


11, 


12. 


13. 


Let R be a relation on the set N given by 
R = {@,b):a = b-—2,b>6}. Then, 
(a) (2,4)E R (b) 3,8)ER (c) (6,8)E R (d) (8,7)E R 
If a relation R is defined on the set Z of integers as follows: 
(@beRS vg alate 25. Then, domain (R) is 
(a) {3,4,5} (b) {0,3,4,5] (c) {0,+3,+4,+5}(d) none of these 
Ris a relation on the set Z of integers and it is given by 
(iie Re | x—y | <1 Then § is 
(a) reflexive and transitive (b) reflexive and symmetric 
(c) symmetric and transitive (d) an equivalence relation 
The relation R defined on the set A = {1, 2, 3, 4, 5| by 


R= \(a, b): | ar bf | <16| is given by 
(a) {(1, 1), (2,1), @, 0), (4, 1), (2, 3)} tb) (2, 2), G2), 4,2), @74)| 
(c) {(3, 3), (4, 3), (5, 4), (3, 4)! (d) none of these 


Let R be the relation over the set of all straight lines in a plane such that 
L R l5 => ly a Ip. Then, Ris 


(a) symmetric (b) reflexive 

(c) transitive (d) an equivalence relation 

If A =1a, b, c\, then the relation R = {(b, c)| on A is 

(a) reflexive only (b) symmetric only 

(c) transitive only (d) reflexive and transitive only 


. LetA = {2,3,4,5,...,17, 18}. Let‘= ‘be the equivalence relation on A x A, cartesian 


product of A with itself, defined by (a,b) ~ (c, d) iff ad = bc. Then, the number of 


ordered pairs of the equivalence class of (3, 2) is 
(a) 4 (b) 5 (c) 6 (d) 7 


. LetA = {1,2, 3}. Then, the number of relations containing (1,2) and (1,3) which are 


reflexive and symmetric but not transitive is 


(a) 1 (b) 2 (Ce (d) 4 
lf R= (Gaprho ye z, are y? < 4} is a relation in Z, then domain of R is 
(a) {0,1,2} (b) {0,-1,-2} (c) {-2,-1,0, 1, 2} (d) none of these 


If A = {1, 2, 3}, B= (1, 4, 6, 9} and R is a relation from A to B defined by ‘x is greater 
than y’. The range of R is 

(a) {L, 4, 6, 9} (b) {4, 6, 9} (c) {1} (d) none of these 

A relation R is defined from {2, 3, 4, 5} to {3, 6, 7, 10} by: x Ry & x is relatively prime 
to y. Then, domain of R is 


(a) {2,3,5}  (b) {3,5} (c) (2,3, 4] (d) (2,3, 4,5} 

A relation $ from C to R is defined by x oy = | x | =y. Which one is correct? 
(a) (2+37) 913 (b) 39(-3) 

(c) (1+2)o2 (d) iol 


Let R be a relation on N defined by x + 2 y = 8. The domain of R is 
(a) {2,4,8} (b) {2,4, 6, 8} (c) {2,4, 6} (d) {1, 2, 3, 4} 
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14. Risa relation from {11, 12, 13} to {8, 10, 12} defined by y = x — 3. Then, R™ is 


(a) {(8, 11), (10, 13)} (b) {(11, 8), (13, 10)} 
(c) {(10, 13), (8, 11)} (d) none of these 
15. Let R= {(a,a), (b, b), (c,c), (a, b)} be a relation on set A =a,b,c. Then, R is 
(a) identify relation (b) reflexive 
(c) symmetric (d) antisymmetric 


16. Let A = {1, 2, 3} and B = {(1, 2), (2, 3), (1,3)} be a relation on A. Then, R is 
(a) neither reflexive nor transitive (b) neither symmetric nor transitive 


(c) transitive (d) none of these 
17. If R is the largest equivalence relation ona set A and S is any relation on A, then 
(a) RCS (DNS ca (C)) R=. (d) none of these 


18. If Risa relation on the set A = (1,2, 3,4,5,6, 7, 8, 9} givenby x Ry y=3-x, then 
R= 
(a) {(3, 1), (6, 2), (8, 2), (9, 3)} (©) {(3, 1), ©, 2), 9, 3)} 


(ec) {GP (27 6)7.43;9))} (d) none of these 

19. If Risa relation on the set A = {1, 2, 3} given by R = {(1, 1), (2, 2), (3, 3)}, then R is 
(a) reflexive (b) symmetric 
(c) transitive (d) all the three options 


20. If A={a,b,c,d}, then a relation R= {(a, b), (b, a), (a,a)} on Ais 
(a) symmetric and transitive only (b) reflexive and transitive only 
(c) symmetric only (d) transitive only 
21. If A= {1, 2, 3}, then a relation R = {(2, 3)} on A is 
(a) symmetric and transitive only (b) symmetric only 
(c) transitive only (d) none of these 
22. Let R be the relation on the set A = {1, 2, 3, 4} given by 
R= {(32) 5 Qr2)7 Cpa) (45 4) gs) G8), (3,2) eaihen, 
(a) Ris reflexive and symmetric but not transitive 
(b) R is reflexive and transitive but not symmetric 
(c) Ris symmetric and transitive but not reflexive 
(d) Ris an equivalence relation 
23. Let A = {1, 2,3}. Then, the number of equivalence relations containing (1, 2) is 
(a) 1 (b) 2 (c) 3 (d) 4 
24. Risa relation on the set Z of integers and it is given by 
(x,y)€ R& | x-y | <1. Then, Ris 
(a) reflexive and transitive (b) reflexive and symmetric 
(c) symmetric and transitive (d) an equivalence relation 
25. Sis a relation over the set R of all real numbers and it is given by 
(a,b) € S <= ab=0. Then, S is 


(a) symmetric and transitive only (b) reflexive and symmetric only 
(c) a partial order relation (d) an equivalence relation 
26. In the set Z of all integers, which of the following relation R is not an equivalence 
relation? 
(a) xRy:ifxsy (b) xRy:ifx = y 
(c) xRy:if x—y is an even integer (d) x Ry: ifx=y (mod 3) 
27. The relation R= {(1, 1), (2, 2), (3, 3)} on the set {1, 2, 3} is 
(a) symmetric only (b) reflexive only 


(c) an equivalence relation (d) transitive only 
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28. 


29: 


30. 


The relation ‘R’ in N x N such that 
(a,b) R(c,d)a+d=b+cis 
(a) reflexive but not symmetric 
(b) reflexive and transitive but not symmetric 
(c) an equivalence relation 
(d) none of the these 
If R is the largest equivalence relation on a set A and S is any relation on A, then 


(a) RcS (b) SiGe. (e)eR=S (d) none of these 

Which of the following is not an equivalence relation on Z ? 

(a) aRba+ bis an even integer (b) aRb <a - bis an even integer 
(c) aRbsa<b (d) aRbsa=b 


ANSWERS 
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SUMMARY 


. Arelation from a set A toa set B is a subset of A x B. 
. Total number of relations from a set consisting of m elements to a set consisting ot 


n element is 2””. 


. Arelation ona set A is asubset of A x A. 
. Arelation R ona set A is said to be 


(i) the identity relation, if every element of A is related to itself only. 

(ii) reflexive, if (a,a)e Rforallae A 
(iii) symmetric, if (a,b) € R= (b,a)€ Rforalla,be A 
(iv) transitive, if (a,b)€ Rand (b,c)e R= (a,c)e€ R foralla,b,ce A 
(v) an equivalence relation, if it is reflexive, symmetric and transitive 
(vi) antisymmetric, if (a,b) € R and (b,a)e R > a=b 

(vii) the empty relation, if R= 

(viii) the universal ration, if R=Ax A. 
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FUNCTIONS 


2.1 INTRODUCTION 


The concept of function is of paramount importance in Mathematics and among other 
disciplines as well. In earlier class we have introduced the notion of function and we 
have learnt about some special functions like identity function, constant function, 
polynomial function, rational function, modulus function, greatest integer function, 
signum function etc. along with their graphs. Addition, subtraction, multiplication and 
division of two real functions have also been studied in the earlier class. In this chapter, 
we would like to extend our study about functions from where we finished in earlier 
class. We will study about various kinds of functions, composition of functions and 
inverse of a function. Let us first recapitulate what we have learnt about functions in 
earlier class. 


2.2 RECAPITULATION 


FUNCTION AS A SET OF ORDERED PAIRS Let Aand B be twonon-empty sets. A relation f from 
A to Bie. a sub set of A x B ts called a function (or a mapping or a map) from A to B, if 


(i) for eachae A there exists b € B such that (a, b) € f 
(ii) (a,b) € fand(a,c)e f = b=c. 
Thus, a non-void subset of A x Bis a function from A to B if each element of A appears 
in some ordered pair in f and no two ordered pairs in f have the same first element. 
If (a, b) € f, then b in called the image of a under f. 
FUNCTION AS ACORRESPONDENCE Let A and B be two non-empty sets. Then a function.’f’ 
from set A to set B is a rule or method or correspondence which associates elements of set A to 
elements of set B such that: 
(i) all elements of set A are associated to elements in set B. 
(ii) an element of set A is associated to a unique element in set B. 


In other words, a function ‘f’ from a set A to a set B associates each element of set A to a unique 


element of set B. 
Terms such as “map” (or “mapping”), “correspondence” are used as synonyms for 


“function”. If fis a function from a set A to a set B, then we write f: A— B or AB, 
which is read as f is a function from A to B or f maps A to B. 

If an element a € A is associated to an element b € B, then b is called ‘the f-image of a’ or 
‘image of a under f’ or ‘the value of the function f at a’. Also, a is called the pre-image of b 
under the function f. We write it as: b = f(a). 

The set A is known as the domain of f and the set B is known as the co-domain of f. The 
set of all fimages of elements of A is known as the range of f or image set of A under f 
and is denoted by f (A). 

Thus, f (A) = {f (x) : x € A} = Range of f. 
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If A and B are two sets having m andn elements respectively, then total number of 


functions from A to B is n”. 

A function f: A — B is called a real valued function if B is a subset of R (set of all real 
numbers). 

If A and B both are subsets of R, then f is called a real function. 

Following are some standard real functions which will occur very frequently in the study 
of calculus. 


CONSTANT FUNCTION [fk is a fixed real number, then a function f (x) given by 

f(x) =k forallxeR 
is called a constant function. 
Sometimes we also call it the constant function k. 
We observe that the domain of the constant function f (x) =k is the set R of all real 
numbers and range of fis the singleton set {k}. 
The graph of a constant function f (x) =k is a straight line parallel to x-axis (see Fig. 2.1) 
which is above or below x-axis according as k is positive or negative. If k=0, then the 
straight line is coincident to x-axis. 


Fig. 2.1 
IDENTITY FUNCTION The function that associates each real number to itself is called the identity 
function and is usually denoted by I. 
Thus, the function I: RR defined by 
I(x) =x forallxe R 
is called the identity function. 


Fig. 2.2 
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Clearly, the domain and range of the identity function are both equal to R. 


The graph of the identity function is a straight line passing through the origin and 
inclined at an angle of 45° with X-axis. 


MODULUS FUNCTION The function f (x) defined by 
“ He ee een x 0 
Nebahy lar alana —-x , whenx<0 
is called the modulus function. 
It is also called the absolute value function. 
We observe that the domain of the modulus function is the set R of all real numbers and 


the range is the set of all non-negative real numbers i.e. R’ = {xe R: x =0}. 

The graph of the modulus function is as shown in Fig. 2.3. for x20, the graph 
coincides with the graph of the identity function i.e. the line y=x and for x <0, it is 
coincident to the line y =— x. 


>] 


Fig. 2.3 
The modulus function has the following properties: 


(i) For any real number x, we have 


Vx" = |x| 
For example, Vcos*x = | cosx| = 


(ii) If a, b are positive real numbers, then 


vr<a 


S| ¢) 58 S =aSxs5a 
x>a @& |x|2aexS-aorx2a 


<a o@ |x| <a e -a<x<a 


Yoda oe |x|>aex<-aorx>a 
a<x?sh? eas|x|<sb @ xe [-b,-a] VU [a,}] 
a<x?<b* eax [x | <b = € —b,-2) UG,b) 
(iii) For real numbers x and y, we have 
|xty| =| x!+[ly| & @20and y20) or, (x<0 andy <0) 
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ee PO la a 
<> (x20and.| x |'2 | y |) ors 0. ys 0 and xl iy i) 
|xty|slixit+ly] 
Ixtyl2|lx|-lyl| 
GREATEST INTEGER FUNCTION (FLOOR FUNCTION) For any real number x, we use the sym- 
bol [x] or, Lx| to denote the greatest integer less than or equal to x. For example, 


[2.75] = 2, [3] = 3, [0.74] = 0,[-7.45] = —8 etc. 
The function f : R > R defined by 

f(x) = [x] forallxe R 
is called the greatest integer function or the floor function. 
It is also called a step function. 


Clearly, domain of the greatest integer function is the set R of all real numbers and the 
range is the set Z of all integers as it attains only integer values. 


The graph of the greatest integer function is shown in Fig 2.4. 


v4 
3 
2 —o 
1 —o 
—= + + —- ee ae 
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—o —2 
—o au | 
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Fig. 2.4 


PROPERTIES OF GREATEST INTEGER FUNCTION If n is an integer and x is a real number 
between n and n +1, then 


(i) [-n] = -[n] 
(ii) [x +k] = [x]+k for any integer k. 
Gi) “[—x] = =([x] 1 


i tieeal= [hy Bed 


ee eee OA bas ene geet 
(v) [e]-[-2] = fe elt Le a 
(vi) [x]2=k > x2=k, whereke Z 
(vii) [x] <k => x<k+1,whereke Z 


(viii) [x] >k > x>k+1,wereke Z 
(ix) [x]<k => x<k whereke Z 
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(x) [x+y] = ix +[y+x-[xI | for allx,ye R 
(xi) il+|r+ i ]+[ea 2... ene = [nx] ,neN. 
n n n 


SMALLEST INTEGER FUNCTION (CEILING FUNCTION) For any real number x, we use the 
symbol | x | to denote the smallest in teger greater than or equal to x. 
For example, 
[4.71=5,|-7.21=-7,151=5,10.751=1 ete. 
The function f : R— R defined by 
f(@) =Ix| forallxe R 
is called the smallest integer function or the ceiling function. 
It is also a step function. 
We observe that the domain of the smallest integer function is the set R of all real numbers 
and its range is the set Z of all integers. 


The graph of the smallest integer function is as shown in Fig. 2.5. 


Fig. 2.5 


PROPERTIES OF SMALLEST INTEGER FUNCTION Following are some properties of smal- 
lest integer function: 


(i) [-n]=—-[n|, wherene Z 
Gi) [-x] = -[xl+1, wherexe R-Z 


(iii) [x+n]=[xl+n, wherexe R-Zandne Z 


0 fara (5 free 


(v) [x]+l-x] = Coes itxeZ 


FRACTIONAL PART FUNCTION For any real number x, we use the symbol {x} to denote the 
fractional part or decimal part of x. For example, 
[3.45] = 0.45, [- 2.75] = 0.25, [— 0.55] = 0.45, [3] =0,[- 7] =0 etc. 
The function f: R > R defined by 
f(x) = {x} foralxe R 
is called the fractional part function. 
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We observe that the domain of the fractional part function is the set R of all real numbers 
and the range is the set [0, 1). 
It is evident from the definition that 
f(x) = {x} = x-[x] forallxe R° 
The graph of the fractional part function is as shown in Fig. 2.6. 


Yh 
(0, 1) 
sD ¢ Lach Zanes xX 
| 
Fig. 2.6 
SIGNUM FUNCTION The function f defined by 
Lx 
{OH 4 ee sgh 
Oe a= 10 
[A SO 
Or, f(x) = 0 , c='0 
ey ee 


is called the signum function. 

The domain of the signum function is the set R of all real numbers and the range is the 
set {- 1, 0, 1} 

The graph of the signum function is as shown in Fig. 2.7. 


4 pm 
Eigmenr: 


EXPONENTIAL FUNCTION [fa is a positive real number other than unity, then a function that 


associates each x € R toa” is called the exponential function. 
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In other words, a function f: R > R defined by 
f(x) = a“, wherea>Oanda¥1 
is called the exponential function. 


We observe that the domain of an exponential function is R the set of all real numbers 
and the range is the set (0, ) as it attains only positive values. 


Asa >0Oand a #1. So, we have the following cases. 
CASEI Whena>1 


We observe that the values of y =f (x) = a increase as the values of x increase. 
Also, 


|< 1 forx<0 
f@)=@ j=1 forx=0 
[> 1 forx>0. 


Thus, the graph of f (x) =a" fora >1asshown 
in Fig. 2.8. 


We also observe that: 


‘ Pay <A = . foxvallx>1 


2* =3* =4*=...=1forx=0 


Ys3'>4* 5... forx<1 Fig. 2.8 


So, the graphs of f (x) = 2”, f (x) = 3", f (x) =4" etc. are as shown in Fig. 2.9. 


Fig. 2.9 Fig. 2.10 


CASEI] When0<a<1 
In this case, the values of y =f (x) =a" decrease with the increase in x and y > 0 for all 
xe K. 
Also, 
> 1 tor x <0 
Wee fix\ie ha = olor s=0 
=< ti forx>0 


Thus, the graph of f (x) =a" for 0<a <1 is as shown in Fig. 2.10. 
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The graphs of f (x) =a", 0 <a <1 for different values of a are shown in Fig. 2.11. 


Fig. 2.11 


REMARK We have, 2 <e <3. Therefore, graph of f (x) =e° is identical to that of f (x) =a” for 
a>1and the graph of f(x) =e * is identical to that of f(x) =a" for 0<a<1. 


LOGARITHMIC FUNCTION Ifa>0 and a #1, then the function defined by 
f(x) = log, x, x >0 
is called the logarithmic function. 
Previously we have learnt that the logarithmic function and the exponential function 
are inverse functions i.e. 
Og. Kae thy Saar 


We observe that the domain of the logarithmic function is the set of all non-negative real 
numbers i.e. (0, e) and the range is the set R of all real numbers. 
As a >O and a #1. So, we have the following cases. 


CASEI Whena>1 
In this case, we have 


<u (fom Olan <— | 
y=log,x j= 0 forx=1 
SO ure sossil 


Also, the values of y increase with the increase in x. 


So, the graph of y = log, x is as shown in Fig. 2.12. 


f (x) = log, x 
ele ih 
x’ O/ (1,0) xX 


y’ 


Fig. 2.12 
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CASEI] When0<a<1 
In this case, we have 


> 0 for0 <x <1 
y=log,xs= 0" forx=1 
|< 0 forx>1 


Also, the values of y decrease with the increase in x. 


So, the graph of y = log, x is as shown in Fig. 2.13. 


Yh 
(1, 0) 
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iy (x) = log, x 
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Fig. 2.13 


Following are some useful properties of logarithmic function: 
(i) log, 1 = 0,wherea>0,a#1 
(ii) log,a = 1,wherea>0,a#1 


(iii) log, (xy) = log, | x | +log, | y |, wherea>0,a#1and xy>0 


(iv) oee( 5 = log, |-x |—log, | y |, where a>0,a#1 and | >0 


(v) log, (x") = nlog, | x |, wherea>0,a#1 and x">0 
(vi) log,"x” = Saale oo | x |, wherea>0,a#1landx>0 


ne lo log, x 
pit) OF y os , where x >0,y>0,a>0,a#1 


(viii) If a>1, then the values of f (x) = log, x increase with the increase in x Le. 
x<y © log,x < log,y 


Also, 


=< Omton Okan 1 
log, x j= 0 forx=1 
SSO) ioreses Ih 


(ix) If 0<a<1, then the values of f (x) = log, x decrease with the increase in x Le. 
x<y © log,x>log,y 


Also, 
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> 0 fordi<xv<t 
=) for x= 
<0 fora 1 


log, x 


(x) log, x = ae fora>0,a#landx>0,x #1. 
REMARK Functions f (x) = log, x and g (x) =a‘ are inverse of each other. So, their graphs are 
mirror images of each other in the line mirror y = x. 


RECIPROCAL FUNCTION The function that associates a real number x to its reciprocal 
= is called the reciprocal function. Since : is not defined for x =0. So, we define the 
reciprocal function as follows: 

DEFINITION The function f:R-{0}—>R_ defined by f(x) = : is called the reciprocal 
function. 

Clearly, domain of the reciprocal function is R — {0} and its range is also R — {0}. 


; : 1 : : 
We observe that the sign of . is same as that of x and s decreases with the increase in 


x. So, the graph of f (x) = : is as shown in Fig. 2.14. 


Fig. 2.14 


SQUARE ROOT FUNCTION The function that associates a real number x to + Vx is called 
the square root function. Since Vx is real for x > 0. So, we defined the Square root function 
as follows: 
DEFINITION The function f : R° — R defined by 

f(x) = +Ve 
is called the square root function. 


Clearly, domain of the square root function is R” i.e. [0, °°) and its range is also [0, <). 


We observe that the values of f (x) = +x increase with the increase in x. So, the graph 
of f (x) = + Vx is as shown in Fig. 2.15. 
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Fig. 2.15 


SQUARE FUNCTION The function that associates a real number x to its square i.e. x? is 


called the square function. Since x is defined for all x € R. So, we define the square 
function as follows: 


DEFINITION The function f : R — R defined by 
f(x) =x 
is called the square function. 
Clearly, domain of the square function is R and its range is the set of all non-negative 


real numbers i.e. [0, o°). The graph of f (x) = x” is parabola as shown in Fig. 2.16. 


Fig. 2.16 


CUBE FUNCTION The function that associate a real number x to its cube is called the cube 
function. We observe that x° is meaningful for all x € R. So, we define the cube function 
as follows: 
DEFINITION The function f : R — R defined by 

f(x) = rad 
is called the cube function. 
We observe that the sign of x is same as that of x and the values of x° increase with the 


increase in x. So, the graph of f (x) =x° is as shown in Fig. 2.17. Clearly, the graph is 
symmetrical in opposite quadrants. 
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>»! 


Fig. 2.17 


CUBE ROOT FUNCTION The function that associates a real number x to its cube root 


x1/3 is called the cube root function. Clearly, x!/3 is defined for all x € R. So, we define 


the cube root function as follows: 


DEFINITION The function f: R — R defined by f (x) = x!/3 is called the cube root function. 


Clearly, domain and range of the cube root function are both equal to R. 


1/3 


Also, the sign of x “~ is same as that of x and x'/3 increase with the increase in x. So, the 


graph of f (x) x!/3 is as shown in Fig. 2.18. 


NG 


Fig. 2.18 


REMARK 1 A function f: R — R is said to be a polynomial function if f (x) is a polynomial in x. 
For example, f (x) = x= x+4, g(x= x? + 3x 4 V2 x -1etcare polynomial functions. 


REMARK2. A function of the form f (x) a4 Bt) where p (x) and q (x) are polynomials and 


q (x) 
q (x) #0, ts called a rational function. The domain of a rational function f (x) = ne is the set 
x 


of all real numbers, except points where q (x) = 0. 
2.2.1 OPERATIONS ON REAL FUNCTIONS 


In this section, we shall recall various operations, namely addition, subtraction, multi- 
plication, division etc. on real functions. 
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ADDITION Let f:D,— Randg : Dy > R be two real functions. Then, their sum f + g is defined 
as that function from D,~D , to R which associates each x € D, Dz to the number 
f (x) + 8 (). 
In other words, if f: Dj + R and g : D> > R are two real functions, then their sum f+ 
is a function from D; 7 D, to R such that 

(f+ 9) (x) = f(x)+2(x) forallxe D, OD» 


PRODUCT Let f:D; +R and g:D)—R be two real functions. Then, their product ( or 
pointwise multiplication ) f g is a function from D, ~ Do to R and is defined as 


(f g) (x) = f(x) g(x) forallxe D, AD» 
DIFFERENCE (SUBTRACTION) Let f: D, > Rand g: Dy > R be two real functions. Then the 


difference of g from f is denoted by f — g and is defined as 
(f=) ix) .=1f (4) —¢(x), forallx € D, YD; 


QUOTIENT Let f: Dj + Rand g: Dy > R be two real functions. Then the quotient of f by g is 


denoted by : and it is a function from D, A Dz — {x : g (x) = 0} to R defined by 


be f (x) 
— I(x) = for all x € Dy MN Dy — {x: =0 
g ( (x) 1 Dz — {x: g (x) = 0} 

MULTIPLICATION OF A FUNCTION BY ASCALAR Let f: DR baa real function and a be a 
scalar (real number). Then the product « f is a function from D to R and ts defined as 


(af) (x) = af(x) forallxe D. 


RECIPROCAL OF AFUNCTION If f:D — Risa real function, then its reciprocal function : is 
a function from D — {x : f (x) = 0} to R and is defined as 
1 1 
AG) = ar 
i} = F09 
REMARK 1 The sum, difference product and quotient are defined for real functions only on their 
common domain. These operations do not make any sense for general functions even if their 


domains are same, because the sum, difference, product and quotient may or may not be 
meaningful for the elements in their common domain. 


REMARK 2 For any real function f: D> Randn € N, we define 
fff. fA) = fF fl) = {f(x)}" for allx e D 


n—times n-times 


2.3 KINDS OF FUNCTIONS 


If f: A > B isa function, then f associates all elements of set A to elements in set B such 
that an element of set A is associated to a unique element of set B. Following these two 
conditions we may associate different elements of set A to different elements of set B or 
more than one element of set A may be associated to the same element of set B. Similarly, 
there may be some elements in B which do not have their pre-images in A or all elements 
in B may have their pre-images in A. Corresponding to each of these possibilities we 
define a type of a function as given below. 
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2.3.1 ONE-ONE FUNCTION (INJECTION) 

DEFINITION A function f: A — B is said to be a one-one function or an injection if different 
elements of A have different images in B. 

Thus, f:A— Bis one-one 

S a#b= f(a) f(b) foralla,be A 

S fla) = f(b) =a = bforalla,be A 

ILLUSTRATION 1 A function which associates to each country in the world, its capital, is 
one-one because different countries have their different capitals. 


ILLUSTRATION 2. Let f: A— Band g: X > Y be two functions represented by the following 
diagrams : 


Fig. 2.19 Fig. 2.20 


Clearly, f: A — Bisa one-one function. But, g : X > Y isnot one-one because two distinct 
elements x, and x3 have the same image under function g. 

ILLUSTRATION 3 Let A = {1, 2,3, 4}, B= (1, 2,3, 4, 5, 6} and f: A — B bea function defined 
by f(x) =x +2 forallxe A. 

We have, f= {(1, 3), (2, 4), (3, 5), (4, 6)} 

Clearly, different elements in A have different images under function f. 

So, f: A > B is an injection. 

ILLUSTRATION 4 Let A ={1, 2,3}, B= (4,5, 6,7} and let f= {(1, 4), (2, 5), (3, 6)} be a func- 


tion fromA to B. Then, f (1) =4,f(2)=5 and f (3) =6. Clearly, different elements of A have 
different images in B. So, f is a one-one function. 


Let f: A— B be a function such that A is an infinite set and we wish to check the 
injectivity of f. In such a case it is not possible to list the images of all elements of set A 
to see whether different elements of A have different images or not. The following 
algorithm provides a systematic procedure to check the injectivity of a function. 


ALGORITHM 


STEPI Take two arbitrary elements x, y (say) in the domain of f. 
STEPH Put f(x)=f(y) 
STEP I Solve f(x) = f(y). 


If f(x) = fly) gives x = y only, then f: A — B is a one-one function (or an injection). 
Otherwise not. 


NOTE Let f: A— Band let x, ye A. Then, x =y = f(x) = fly) is always true from the defini- 
tion. But, f(x) = f(y) = x =y is true only when f is one-one. 
ILLUSTRATION 5 Find whether the following functions are one-one or not : 
(i) f: RR R given by f(x) =x° +2 forall xe R. 
(ii) f:Z— Z given by fx) =x? +1 for all x z 
SOLUTION (i) Let x, y be two arbitrary elements of R (domain of f) such that f(x) = f(y). 
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Then, 
fix) = fy>+2=Pr25P%=~Porxay 
Hence, f is a one-one function from R to itself. 


(ii) Let x, y be two arbitrary elements of Z such that f(x) = f(y). Then, 


t= yYoxaty 


f(x) = fly) >x7 +1 = y+1>x 
Here, f(x) = f(y) does not provide the unique solution x = y but it provides x =+ y. 
So, fis not a one-one function. 


Infact, f(2) = 27 + 1 =5 and f(- 2) = (— 2) +1 =5. So, 2 and ~2 are two distinct elements 
having the same image. 
NOTE If Aand B are two sets having m and n elements respectively such that m <n, 


then total numbers of one-one functions from A to B is "C,,, x m!. 
2.3.2 MANY-ONE FUNCTION 


DEFINITION A function f: A — B is said to be a many-one function if two or more elements of 
set A have the same image in B. 


Thus, f:A—B is a many-one function if there exist x,ye A such that 
x #y but f(x) =fty). 
In other words, f: A — B is a many-one function if it is not a one-one function. 


ILLUSTRATION 1 Let f: A— Band g: X + Y be two functions represented by the following 
diagrams : 


Fig. 2.21 Fig. 2.22 


Clearly, ay # a4 but f(a) = flag) and x1 # xX, but g (x) = g (X2). 
So, fand g are many-one functions. 
ILLUSTRATION 2 Let A={-1,1,-2, 2} and B={1,4,9, 16}. Consider f: A — B given by 
fx) = x. Then, f(- 1) = 1, fC) =1,f- 2) =4 and f(2) = 4. 
Clearly, 1 and -1 have the same image. Similarly, 2 and —2 also have the same image. 
So, f is a many-one function. 
ILLUSTRATION 3 Consider a function f : Z > Z given by f(x) = |x| forall x € Z. 
Then, f is a many-one function because for everyae Z,a#0, we have 
az-—a, but f(a)=f(-a) [» Ja] =|-al] 


ILLUSTRATION 4 Show that the function f : Z — Z defined by f(x) = x? 4 x forallx € Z,isa 
many-one function. 
SOLUTION Letx,ye Z. Then, 


fix) = fY) 
=> V4xayrty 
—) (x7 -y*)+(x-y) = 0 
= (x-y)(x+y+1) = 0 
=> 


c= OF y=) — 0-1. 
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Since f(x)=f(y) does not provide the unique solution x =y but it also provides 
y =—x-—1. This means that x # y but f(x) = f(y) when y=— x —1. For example, if we put 
x =1iny =—x—1 we obtain y = — 2. This shows that 1 and —2 have the same image under f. 
Hence, f is a many-one function. 

2.3.3 ONTO FUNCTION (SURJECTION) 

DEFINITION A function f : A > B is said to be an onto function or a surjection if every element 
of B is the f-image of some element of A i.e., if f(A) = B or range of f is the co-domain of f. 
Thus, f: A > Bis a surjection iff for each b € B, there exists a € A such that f(a) = b. 


INTO FUNCTION A function f: A > Bis an into function if there exists an element in B having 
no pre-image in A. 
In other words, f : A > B is an into function if it is not an onto function. 


ILLUSTRATION 1 Let f: A > B and g: X > Y be two functions represented by the following 
diagrams : 


Xx g Y 


_=— 
ie 


Fig. 2.23 Fig. 2.24 


Clearly, b> and bs are two elements in B which do not have their pre-images in A. 
So, f: A > B is an into function. 
Under function g every element in Y has its pre-image X. So, g: X — Y is an onto function. 
ILLUSTRATION 2 Let A={-1,1,2,-—2}, B={1,4} and f: A— B be a function defined by 
f(xy= x. Then, f is onto, because 

KA) = (K-12, f0),f2),f- 2} = {1,4} = B 
ILLUSTRATION 3 A function f: N — N defined by f(x) = 2x is not an onto function, because 
FN) = {2, 4, 6, ...] # N (Co-domain). In otherwords, range (f ) # co-domain of f. 
The following algorithm can be used to check the surjectivity of a real function. 
ALGORITHM 
Let f: A — B be the given function. 
STEPI Choose an arbitrary element y in B. 
STEPH Put fxy=y 
STEP I Solve the equation f(x) = y for x and obtain x in terms of y. Let x = g(y) 


STEP IV If for all values of y € B, the values of x obtained from x = g(y) are in A, then f is onto. 
If there are some y € B for which x, given by x = g(y), is not in A. Then, f is not onto. 


Following illustration will illustrate the above algorithm. 

ILLUSTRATION 4 Discuss the surjectivity of the following functions : 
(i) f: RR given by fix) =x +2 forall xe R 

(ii) f: R— R given by f(x) =x? +2 forallxe R. 

(iti) f: Z — Z given by f(x) =3x + 2 forall x € Z. 
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SOLUTION (i) Let ybe an arbitrary element of R. Then, 
fix) = yox4+2 =ysx = (y-2'8 
Clearly, for all ye R, (y- a)! es is a real number. 


Thus, for all ye€ R (co-domain) there exists x= (y— oy'h 3 in R(domain) such that 
fo) =4+2=y. 
Hence, f : R > R is an onto function. 
(ii) Clearly, f(x) =x*+2>2 forall xe R. 
So, negative real numbers in R(domain) do not have their pre-images in R(domain). 
Hence, f is not an onto function. 
(iii) Let y be an arbitrary element of Z (co-domain). Then, 
fe) Ym Ox +2 = y > ae 
Clearly, if y = 0, then x =-2/3 ¢ Z. 
Thus, y = 0 € Z does not have its pre-image in Z(domain). 
Hence, f is not an onto function. 
ILLUSTRATION 5 Show that the function f:N—N given by f(1)=f(2)=1 and 
f (&)=x-1 for every x = 2, is onto but not one-one. 
SOLUTION It is given that 
1 ,x=1, 
Lie pembbesge : 
Clearly, f (1) =f (2) = li.e. 1 and 2 have the same image. 
So, f: N > Nis a many-one function. 
Let y be an arbitrary element in N (Co-domain). Then, 
IO => sale Ss a 741 
Clearly, y + 1 € N (domain) for all y € N (Co-domain). 
Thus, for each ye N (Co-domain) there exists y+1¢N (domain) such that 
fy+)) =yt+1-1=y. 
So, f: N > Nis an onto function. 
EXAMPLE 6 Show that the Signum function f : R > R, given by 
yaa 
f(x) =; 0,ifx=0 
—1ifx<0 
is neither one-one nor onto. 
SOLUTION Clearly, all positive real numbers have the same image equal to 1. 
So, fis a many-one function. 
We observe that the range of f is {- 1, 0, 1} which is not equal to the co-domain of f. So, 
fis not onto. 
Hence, f is neither one-one nor onto. 
2.3.4 BIJECTION (ONE-ONE ONTO FUNCTION) 
DEFINITION A function f: A > B is a bijection if it is one-one as well as onto. 
In other words, a function f : A > B is a bijection, if 
(i) it is one-one i.e. f(x) =fly) > x=y forall x,ye A. 
(ii) it is onto i.e. for all y € B, there exists x € A such that f(x) = y. 


2.18 MATHEMATICS-XII 


ILLUSTRATION 1 Let f: A— B be a function represented by the following diagram : 


Clearly, f is a bijection since it is both injective as well as surjective. 


A B 


Fig. 2.25 


ILLUSTRATION 2 Prove that the function f: Q — Q given by f(x) =2x —3 forallxe Qisa 
bijection. 
SOLUTION We observe the following properties of f: 
Injectivity: Let x, y be two arbitrary elements in Q. Then, 
f(x) = fly) = 2x-3 = 2y-3=52x = 2yox =y 
Thus, f(x) =fwyy=>x=y forallx,yeQ. 
So, f is an injective map. 


Surjectivity : Let y be an arbitrary element of Q. Then, 
fx) =y>2x-3 =y>x= use 


Clearly, for all y€ Q,x= ue Ee). 
Thus, for all y € Q (co-domain) there exists x € Q (domain) given by x= us? such that 


fix) ay" |n2(*S* |aane 


Thus, every element in the co-domain has its pre-image in x. 


So, f is a surjection. 

Hence, f: Q > Qis a bijection. 

ILLUSTRATION 3 Show that the function f : R > R defined by f(x) = 3x3 +5 forallxe Risa 
bijection. 

SOLUTION We observe the following properties of f: 

Injectivity: Let x, y be any two elements of R(domain). 

Then, fix) = fy) 33° +5 = 3y+5oxrP=Yox=y 

Thus, f(x) = fy) =x = y forallx,ye R. 

So, f is an injective map. 

Surjectivity : Let y be an arbitrary element of R(co-domain). Then, 


= 3 4 arth. meats, posre 
TY = 9 > 3x5 = yoy = Bar wh Th AS 


1/3 
Thus, we find that for all y € R (co-domain) there exists x = tat € R (domain) such 


that 
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oe Rls / 
C9) =A] ) = a[(5°) ‘T+ =i eto Ao RESY 


This shows that every element in the co-domain has its pre-image in the domain. 
So, f is a surjection. 
Hence, f is a bijection. 


ILLUSTRATION 4 Let A={xe R:-1<5xS1)=B. Show that f:A—B given by 

f(x) =x | x | isa bijection. 

SOLUTION We observe the following properties of f: 

Injectivity: Let x, y be any two elements in A. Then, 
x¥y>x|[x|4yly|>=fxefy) 

So, f:A-— Bis an injective map. 

Surjectivity: We have, 


fx)=x|x l= x ifx20 
=X ,x <0 
If0 <x <1, thenf (x)= x” takes all values between 0 and 1 including these two points. 
Also, if — 1<x <0, then f (x) =- x” takes all values between — 1 and 0 including — 1. 
Therefore, f (x) takes every value between — 1 and 1 including — 1 and 1. 
So, range of f is same as its co-domain. 
Hence, f: A — Bis an onto function. 
Thus, f: A > B is both one-one and onto. 
Hence, it is a bijection. 
ALITER We have, 
x sine} 
x ife<O 


f@)=x|x |= 


For x 2 0, f (x) = x represents a parabola opening upward and for x <0, f (x) =— x 
represents a parabola opening downward. 
So, the graph of f (x) is as shown in Fig. 2.26. 


It is evident from the graph of f (x) that f is one-one and onto. 


Fig. 2.26 
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REMARK It follows from the above discussion that if A and B are two finite sets and 
f:A— Bisa function, then 


(i) fis an injection = n(A) <n (B) 
(ii) fisasurjection = n(B)<n (A) 
(iii) fisa bijection = n(A)=n (B). 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Let A be the set of all 50 students of class XII in a central school. Let f : A — N be 
a function defined by 


f (x) = Roll number of student x 
Show that f is one-one but not onto. 


SOLUTION Here, f associates each students to his (her) roll number. Since no two 
different students of the class can have the same roll number. Therefore, f is one-one. 


We osberve that 
f(A) = Range of f = {1,2,3,...,50} # N 
ie. range of fis not same as its co-domain. 
So, f is not onto. 
EXAMPLE 2 Show that the function f: N > N, given by f (x) = 2x, is one-one but not onto. 
SOLUTION We observe the following properties of f : 
Injectivity: Let x1, xX. € N such that f(x,) = f (x). Then, 


f (x4) = f (2) 
=> 2x1 = 2Xx> 
=> xy = Xo 
So, f is one-one. 


Surjectivity: Clearly, f takes even values. Therefore, no odd natural number in N (Co- 
domain) have its pre-image in domain. 


So, f is not onto. 


EXAMPLE3 Prove that f: R— R, given by f (x) = 2x, is one-one and onto. 
SOLUTION We observe the following properties of f : 


Injectivity: Let x1, x2 € R such that f (x,) = f (x2). Then, 
f(x) = f 2) 


=> 2x4 = 2Xx> 
=> xy = X90 
SO, f:R- Ris one-one. 


Surjectivity: Let y be any real number in R (co-domain). Then, ° 


f(x) sy = Wea yaree$ 


- y ey ae fy) fy) 
Clearly, € R for y€ Rsuch tai) = if nay 
\ 
Thus, for each y € R (co-domain) there exists x = te R (dornain) such that f(x) = y. 
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This means that each element in co-domain has its pre-image in domain. 

So, f: R= R is onto. 

Hence, f: R > R is a bijection. 

EXAMPLE4 Show that the function f : R > R, defined as f (x) = x", is neither one-one nor onto. 


SOLUTION We observe that f (- 1) = f (1). 
So, f is not one-one. 


Since f (x) assumes only non-negative values. So, no negative real number in R (co- 
domain) has its pre-image in domain (R). Consequently f is not onto. 


These facts are evident from the graph of f (x) as shown in Fig. 2.27. 


3 a 
(1,1) 
f(t) f() 
; x’ (410) O (1,0) X 


Fig. 2.27 


EXAMPLE5 Show that f: R — R, defined as f (x) = x, isa bijection. 
SOLUTION We observe the following properties of f : 


Injectivity: Let x, y € R such that f (x) = f(y). Then, 


f(x) = fy) 
= x? hes y° 
= x=y 
So, f: R- Ris one-one. 


Surjectivity: Let y € R (co-domain). Then, 
f@=yarayarsy” 
Clearly, ys € R (domain) for all y € R (co-domain). 
Thus, for each ye R (co-domain) there exists x = yi! feLR (domain) such that 
f(x) = = y. 
So, f: R > Ris onto. 


Hence, f: R > R is a bijection. 


; ; a 
EXAMPLE 6 Show that the function f : Ry > Rg, defined as f (x) = x / is one-one onto, where 


Ro is the set of all non-zero real numbers. Is the result true, if the domain Ro ts replaced by N 
with co-domain being same as Rg? 
SOLUTION We observe the following properties of f: 
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SOLUTION We observe the following properties of f: 
Injectivity: Let x, y € Rg such that f (x) = f(y). Then, 


fax =fy 
1 1 

= eee 
vay 

=> x=Y 


So, f : Ro > Ro is one-one. 
Surjectivity: Let y be an arbitrary element of Rg (co-domain) such that f (x) = y. Then, 


il 1 
SO) = Sie 5 eUartehoteg 
Clearly, x = Rp (domain) for all y € Rg (co-domain). 


Thus, for each ye Rp (co-domain) there exits x = =f Rp (domain) such that 


1 
A aril 2 
So, f: Rg > Ro is onto. 
Hence, f: Ro > Rg is one-one onto. 


This is also evident from the graph of f(x) as shown in Fig. 2.28. 


x 
fix=4 
x’ O < 
y' 
Fig. 2.28 
Let us now consider f: N > Rp given by f (x) = = 


For any x, y € N, we find that 


fOafyoitstaxay 


ce 


So, f: N > Ro is one-one. 


, id 7 
We find that 3/5 etc. in co-domain Ry do not have their pre-image in domain N. 


So, f: N > Ro is not onto. 
Thus, f : N — Ro is one-one but not onto. 


EXAMPLE7 Prove that the greatest integer function f : R > R, given by f (x) = [x], is neither 
one-one nor onto, where [x] denotes the greatest integer less than or equal to x 
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SOLUTION We observe that 
f(x) = 0 forall xe [0,1] 
So, f: R > R is not one-one. 
Also, f: R— R does not attain non-integral values. Therefore, non-integer points in R 
do not have their pre-images in the domain. 
So, f: R= R is not onto. 
Hence, f: R > R is netiher one-one nor onto. 
This is also evident from the graph of the greatest integer function. 


Fig. 2.29 


EXAMPLES Show that the modulus functionf : R > R, given byf (x) = | x | is neither one-one 
nor onto. 

SOLUTION We observe that f (— 2) = f (2). 

So, f is not one-one. 

Also, f (x) = | x | assumes only non-negative values. So, negative real numbers in R 
(co-domain) do not have their pre-images in R (domain). 


Hence, f is neither one-one nor onto. 


This is also evident from the graph of f (x) = | x | shown in Fig. 2.30. 


Fig. 2.30 


EXAMPLE 9 Let Cand Rdenote the set of all complex numbers and all real numbers respectively. 
Then show that f : C > R given by f(z) = |z| for all z € C is neither one-one nor onto. 
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SOLUTION __Injectivity : We find that z; = 1-iand z,=1+i are two distinct complex 
numbers such that | 2, | = |Z2| ie. 21 #22 but f(z1) = f(z) 

This shows that different elements may have the same image. 

So, f is not an injection. 

Surjectivity : f is not a surjection, because negative real numbers in R do not have their 
pre-images in C. 

In other words, for every negative real number a there is no complex number z € C such 
that f(z) = |z| =a. 

So, f is not a surjection. 


EXAMPLE 10 Show that the function f: R > R given by f(x) =ax + b, wherea,be R,a#0is 
a bijection. 
SOLUTION | Injectivity : Let x, y be any two real numbers. Then, 
f(x) = fy) = ax+b = ay+b>ax = ay>x=y 
Thus, f(x) = fy) =x = y forallx, y€ R(domain). 
So, fis an injection. 
Surjectivity : Let y be an arbitrary element of R(co-domain). Then, 
iQ) = ES FS yx = ire 


Clearly, x= x2 € R (domain) for all y € R (co-domain) 


Thus, for all y € R (co-domain) there exists x = ¥=2 € R (domain) such that 


f(x) = ae | = 0H) = y. 
This shows that every element in co-domain has its pre-image in domain. 
So, f is a surjection. Hence, fis a bijection. 


EXAMPLE 11 Show that the function f: R—> R given by f(x) = cos x forall x € R, is neither 
one-one nor onto. 

SOLUTION | Injectivity : We know that f(0) = cos 0 = 1 and f(2n) = cos 2m = 1. 

So, different elements in R may have the same image. 

Hence, f is not an injection. 


Surjectivity : Since the values of cos x lie between —1 and 1, it follows that the range of 
f(x) is not equal to its co-domain. 


So, f is not a surjection. 

eee 12 Let A=R—(2}andB=R-{l}. If f: A—B is a mapping defined by 
fx) = 
Bat Injectivity : Let x, y be any two elements of A. Then, 


show that f is bijective. 


f(x) = fy) 
x-1 tare 
< x-2 ae 
= (x-1) (y-2) = @-2)y-}) 


y 


SOY Mm AN te eS Kore ime DY Aa i Nagy 
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Thus, = f(x) = f(y) > x=y forallx,ye A. 
So, f is an injective map. 


Surjectivity : Let y be an arbitrary element of B. Then, 


f(x) =y 
2: "at lS 2 
x-2 4 
=" (s=1) = ¥X-2) 
= pee Nee 
ey 


Clearly, x = ae is a real number for all y ¥ 1. 


Also, an 


Ps 2 for any y, for, if we take ree = 2, then we get 1 = 0, which is wrong. 


Thus, every element y in B has its pre-image x in A given by x = ee 

So, f is a surjective map. 

Hence, f is a bijective map. 

EXAMPLE 13 Show that the function f:R—{xeRi-1l<x<1} defined by 
x ; ; 

f(x) = T+ {xl ,x € Ris one-one onto function. 


SOLUTION We have, 


dees 
ifx 20 
a 


x i+ 
1G) = = 
ani? X_yifx <0 
So, following cases arise: 
CASEI When x20 
In this case, we have f (x) = Aiba 


Injectivity: Let x, y€ R such that x 20, y 20. Then, 


f (*) =f) 
pi eee 
l+x 1+y 


=> x+xy=ytxy>x=y 
So, f is an injective map. 
Surjectivity: When x 2 0, we have 


f(x) = Go S20 and f (x)<1 


Let y € [0, 1) be any real number. Then, 


2 Pye, te 
ee 


IES Ye 


Clearly, x 2 0 for all y € [0, 1). 


2.26 


MATHEMATICS-XII 


Thus, for each y € [0, 1) there exists x = Py > 0 such that f(x) = y. 


So, fis an onto function from [0, °) to [0, 1) 
CASEIE When x <0: 


In this case, we have 


x 
i) 5 =x 

Injectivity: Let x, y € R such that x <0, y <0. Then, 
fa) = fy 
2 

es 1-x 1-y 

=> x-xy=y-xy>xrx=y 


So, fis an injective map. 
Surjectivity: When x < 0, we have 
bi 


f@)= 42t <0 
Also, f (x) = er: = -1454->-1 
="L< fi{x) <0 


Let y € (—1,0) be an arbitrary real number such that f(x) = y. Then, 


a 
1 = 
Clearly, x <0 for y € (-— 1,0). 


2 = ee ee 
f~m=y> patie ia es i 


1+ 


Thus, for each y € (— 1, 0) there exists x = ane <0 such that f(x) = y. 


So, fis an onto function from (— ©, 0) to (— 1, 0). 


Hence, f: R {x € R:-—1<x<1}isa one-one onto function. 


EXAMPLE 14 Let A and B be two sets. Show that f: Ax B > B x A defined by f (a, b) = (b, a) 


is a bijection. 


SOLUTION = Injectivity : Let (ay, by) and (az, by) € A x B such that 


f(a, by) = f (2, bp) 
(by, a4) = (b>, >) 
b, = by and a, = ay 


= 
=> 
7 (a4, by) = (a, bp) 
Th 


us, —f (4), by) =f (az, ba) = (44, by) = (Ao, by) for all (a,, by), (a, by) € AX B. 


So, fis an injective map. 


Surjectivity Let (b,a) be an arbitrary element of Bx A. Then,b€ Bandae A 


= (a,b) € AXB. 


Thus, for all (b, a) € B x A there exists (a, b) € A x B such that 


f(a, b) = (b,a) 
So, f:AxB-— Bx Ais an onto function. 


Hence, f is a bijection. 
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EXAMPLE 15 Let A be any non-empty set. Then, prove that the identity function on set A is a 
bijection. 


SOLUTION The identity funtion I, : A — A is defined as 
I, (x) = x forallxe A. 
Injectivity Let x, y be any two elements of A. Then, 
In. &®) = 14.) > * = y [By def. of I] 
So, I, is an injective map. 
Surjectivity Let y € A. Then, there exists x = y € A such that 
I, (x) = x = y. 
So, I, is a surjective map. 
Hence, I,:A— Aisa bijection. 


EXAMPLE 16 Show that the function f: R > R given by f (x) = +x isa bijection. 
SOLUTION §Injectivity : Let x, ye R such that 


fx=fw 
=> Ptr arty 
=> ey +(x-y) =0 
= (x-y)(P+xy+y +1) = 0 
Z 
st x-y=0 te op aan 
Tek XY hye La Ptorall'x, ye R 
=> x=y 


Thus, f(x) =f(y) => x=yforallx,ye R. 
So, fis an injective map. 
Surjectivity: Let y be an arbitrary element of R. Then, 
fm=y> +x = y= EX ay =0 
We know that an odd degree equation has at least one real root. Therefore, for every real 


value of y, the equation P+x- y =0 has areal root @ such that 
3 


o+a-y=0 
= ot+a=y 
= f@=y 


Thus, for every y € R there exists @ € R such that f (a) = y. 
So, fis a surjective map. 


Hence, f: R > R is a bijection. 


EXAMPLE 17 Show that f: N — N defined by 
i Saee! 


, if nis odd 
J@)= 


Rens 
7 if n is even 


is many-one onto function. [CBSE 2009] 
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SOLUTION We observe that 


Terk “2 
| aoe il and f(2) =, =], 


Thus, 1 # 2 but f (1) =f (2). 

So, f is a many-one function. 

Surjectivity Let n be an arbitrary element of N. 

If n is an odd natural number, then 2n — 1 is also an odd natural number such that 
f(2n-1) = anaitt = 

If n is an even natural number, then 2n is also an even natural number such that 


f(2n) = = =n. 


Thus, for every n € N (whether even or odd) there exists its pre-image in N. 
So, fis a surjection. 
Hence, f is a many-one onto function. 
EXAMPLE 18 Show that the function f : N — N given by 
f(x) =121-C 1)" for all n EN. 
is a bijection. | 
SOLUTION We have, 
f(n) = n-(-1)" forallne N 


2 f(n) = n—-1,ifnis even 
~ )n+1,ifnis odd 


Injectivity Letn, m be any two even natural numbers. Then, 
{” =f(m=>n-T=m-1l>n=m 

If 1, m are any two odd natural numbers. Then, 
fm) =f(m) >= nt+l=em4+1 > n= m. 

Thus in both the cases, f (n) =f (m) > n =m. 

If 1 is even and m is odd, then n # m. Also f (1) is odd and f (m) is even. So, f (n) # f (m) 

Thus, n #m = f(n)#f(m). 

So, fis an injective map. 

Surjectivity Letn be an arbitrary natural number. 

If n is an odd natural number, then there exists an even natural number 1 + 1 such that 
f(nt+1)=n+1-len 

If n is an even natural number, then there exists an odd natural number (n — 1) such that 
f(n-1)=n-l+l=n 

Thus, every n € N has its pre-image in N. 

50; f:N—- Nisa surjection. 

Hence, f:N-— Nisa bijection. 

EXAMPLE 19 Let f: N — {1} > N be defined by 
f(n) = the highest prime factor of n 

Show that fis neither one-one nor onto. Find the range of f. 
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SOLUTION We have, 
f (6) = (the highest prime factor of 6) = 3 
f(9) = (the highest prime factor of 9) = 3 
and, f(12) = (the highest prime factor of 12) = 3. 
So, f is a many-one function. 


Clearly, image of any neé N — {1} is the largest prime number that divides n. So, the 
range of f consists of prime numbers only. Consequently, range of f # N (co-domain). 


So, f is not onto function. 
Hence, f is neither one-one nor onto. The range of f is the set of all prime numbers. 
EXAMPLE 20 Let f: NU {0} > N u {0} be defined by 


Wt el ya tas event 
Oe: EARS 


Show that f is a bijection. 
SOLUTION f isan injection: Letn,me N U {0}. 


If n and m are even, then 


f(s) =f(m) => n+l=m+1lo>n=m 
If n and m are odd, then 
fm =f@m) > 1n-V=em-1>n =.m 


Thus, in both case, we have 
f(n) = f(m) > n = m. 
If 1 is odd and m is even, then f (n) =n — 1 is even and f (n) =m + 1 is odd. Therefore, 
n #m = f(n) # f(m). 
Similarly, if n is even and m is odd, then 
n #m => f(n) # f(m). 
Hence, f is an injection. 
fis a surjection : Let n be an arbitrary element of N uU {0} 
If n is an odd natural number, there exist an even natural number n-1e€ Nv {0} 
(domain) such that 
f(n-l1)=n-1+1le=n 
If n is an even natural number, then there exists an odd natural number 
n+1¢€ Nv {0} (domain) such that f(n+1)= n+1-1=n. 
Alos, f(1) = 0 
Thus, every element of N U {0} (co-domain) has its pre-image in N U {0} (domain). So, 
_ fis an onto function. 


EXAMPLE 21 Let A bea finit set. If f: A — A is a one-one function, show that f is onto also. 
SOLUTION Let A = {a@4, a9, 43, ..-., Ay}. In order to prove that f is onto function, we will 


have to show that every element in A (co-domain) has its pre-image in the domain A. 
In other words, range of f= A. 
Since f: A— A is a one-one function. Therefore, f (4), f (a2), ..f (4) are distinct ele- 
ments of set A. But, A has only n elements. Therefore, 

A = (f(a), f (ag), +f (Qy)} i.e. Co-domain = Range. 


Hence, f: A > A is onto. 
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EXAMPLE 22 Let A bea finite set. If f: A — A is an onto function, show that f is one-one also. 
SOLUTION Let A = {a}, do, ..., d,}- In order to prove that f is a one-one function, we will 


have to show that f (a4), f (a2), ..., f (@,) are distinct elements of A. We have, 
Range of f = {f (ay), f (49), «1 f(@n)h 
Since f : A > A is an onto function. Therefore, 
Range of f = A 
= f (44), f (42), ++ +f (4y)) = A 
But, A is a finite set consisting of n elements. Therefore, f (41), f (a2), f (43), --- f (a,,) are 
distinct elements of A. 
Hence, f: A — A is one-one. 


EXAMPLE 23 Let A = {1, 2}. Find all one-to-one functions from A to A. 
SOLUTION Let f: A— A bea one-one function. Then, f (1) has two choices, namely, 1 
or 2. 


So, f(1) = 1 or f(1) = 2. 
CASEI When f(1)=1: 
As f: A— Ais one-one. Therefore, f (2) = 2. 
Thus, we have 
fQ) = 1 and f(2) = 2. 
CASEI Whenf (1) = 2: 
Since f: A — A is one-one. Therefore, f(2) = 1. 
Thus, in this case, we have 
f() = 2 and f(2) =1 
So, there are two one-one functions say f and g from A to A given by 
fQ) = Lf) = 2 
and, g(1) = 2,9 (2) = 1. 


ALITER All one-to-one functions from A to itself can be expressed in the following two 
row notation as follows: 


(eG) 


First row contains elements of the domain and second row contains the corresponding 
images. Clearly, each arrangement of second row provides a one-to-one function from 
A to itself. 


EXAMPLE 24 Consider the identity function Ij, : N > N defined as 
In (x) = x for allx € N. 

Show that although In is onto but Ij + Ij: N > N defined as 
(Ix + In) (*) = In (*) + In (x) = x + x = 2x 


is not onto. 


SOLUTION We know that the identity function on a given set is always a bijection. 
Therefore, In, : N > N is onto. 


We have, 
(In + In) (x) = 2x for allx E N 


FUNCTIONS 251 


This means that under I, + Inv, images of natural numbers are even natural numbers. So, 
odd natural numbers in N (co-domain) do not have their pre-images in domain N. For 
example, 1,3, 5 etc. do not have their pre-images. 


So, In + In > N - N is not onto. 
EXAMPLE 25 Consider the function f:[0,m/2])>R_ given by f(x)=sinx and 


g:[0, 7/2] — R given by g (x) = cos x. Show that f and g are one-one, but f + g is not one-one. 
SOLUTION We observe that for any two distinct elements x, and x» in [0 , 1/2] 


sin x, #sin x» and cos x; # cos x9 ares of f © = sin 4 
= Ff (x1) #f (Xz) and g (x1) #g (x9) 
=> fand g are one-one. 
We have, 
(f+ g) (x) =f (x) +g (x) =sin x +cos x 
é (+9) 0)= sin 0+ cos 0°=1 andif+9)[ J] =sin  +e0s 5 =1 


O# 5 but, (+g) (0)=(f+g) a 

So,f+g is not one-one. 

EXAMPLE 26 Let f : X — Y bea function. Define a relation R on X given by 
R= {(@a, b) : f (a) =f (0)}. 


Show that R is an equivalence relation on X. 
SOLUTION We observe the following properties of relation R: 


Reflexivity: For any a€ X, we have 


f (a) =f (a) 

= (a,ayER 

= R is reflexive. 

Symmetry: Leta, b € X be such that (a, b) € R. Then, 
(a,b)E R 


= f (a) =f (6) 

Fig f (6) =f @) 

= (b,ayEe R 

So, R is symmetric. 

Transitivity: Let a,b,c € X be such that (a, b) € R and (b, c) € R. Then, 
(a,b)e R and (b,c)ER 

= f (a)=f (b) and f(b) =f (c) 

= f@=f(o) 

= (a,c)e R 

So, R is transitive. 


Hence, R is an equivalence realtion. 


EXERCISE 2.1 


1. Which of the following functions from A to B are one-one and onto ? 
(i) f, ={(L, 3), (2, 5), (3, 7); A = (1, 2, 3}, B= (3, 5, 7} 
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(ii) fo = {(2, a), (3, b), (4, 0)} ; A = {2, 3, A}, B= {a, b, c} 
(iii) fz = {(@, x), (b, x), (c, 2), (d, 2)} ; A = {a, b, c, dj, B= {x, y, Z} 
2. Classify the following functions as injection, surjection or bijection : 
(i) f: NON givenby f(x)=x° - 
(ii) f: ZZ givenby f(x)= x? 
(iii) f: NON givenby f(x)= sig 
(iv) f:Z—3Z givenby f(x)= x 
(v) f: ROR, defined by f(x) = |x| 
(vi) f:Z—Z, defined by f(x) =x° +x 
(vii) f:Z—Z, defined by f(x)=x-5 
(viii) f: RR, defined by f(x) =sin x 
(ix) f: RR, defined by f(x) = +1 
(x) f: ROR, defined by f(x) = x -x 


(xi) f: R-R, defined by f(x) = sin’ x + cos* x 
(xii) f:Q-(3} > Q defined by fix) = 243 


(xiii) f: QQ, defined by fix)=2x° +1 
(xiv) f: RR, defined by f(x) = 5x +4 
(xv) f: RR, defined by f(x) =3 — 4x 
(xvi) f: R-R, defined by f(x) =1+ x 
3. Give an example of a function 
(i) which is one-one but not onto. 
(ii) which is not one-one but onto. 
(iii) which is neither one-one nor onto. 
4. Prove that the functionf : N — N, defined by f(x) = x7 +x +1is one-one but not onto. 


5. Show that the function f: R — {3} — R — {1} given by f(x) = = is a bijection. 
6. Let A ={-1,0, 1} and f= {(x, x’) :x € A}. Show that f: A > Ais neither one-one nor 
onto. 


7. If f: A—B is an injection such that range of f= {a}. Determine the number of 
elements in A. 


8. Let f: N— N be defined by 


_ jn+1,ifnis odd 
fs) ee 


Show that f is a bijection. 
9, Let A =!1, 2, 3}. Write all one-one from A to itself. 


10. Show that /: R — R, given by f (x) = x — [x], is neither one-one nor onto. 


11.. Show that the exponential function f: R .R;, given by f (x) =e", is one-one'but not 


onto. What happens if the co-domain is replaced by Rj (set of all ‘positive real 
numebrs). 
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12, Show that the logarithmic function f: Rj > R given by f(x)=log,x,a>0 is a 
bijection. 

13. If A = (1, 2, 3}, show that a one-one fucntion f: A > A must be onto. 

14. If A= {1, 2,3}, show that a onto function f: A > A must be one-one. 

15. Give examples of two one-one functions f, andf, from R to R such that 
fi +f: RR, defined by (f, + fo) (x) = fi (x) + fo (x) is not one-one. 

16. Give examples of two surjective function f, and fy from Z to Z such that f; + fy is not 
surjective. 

17. Show that if f;andf, are one-one maps from R to R, then the product 
f, x fo: R= R defined by (f; x fy) (x) =f; (x) fo (x) need not be one-one. 

fi 


ap 


18. Suppose f; and f, are non-zero one-one functions from R to R. Is = necessarily 


one-one? Justify your answer. Here,# :R—R is given by 
2 


ft fi @) 
a = A® forallxe R 


19. Find the number of all onto functions from the set A = {1, 2, 3, ..., n} to itself. 


ANSWERS 
1. fy he 
2. (i) one-one but not onto (ii) Neither one-one not onto 
(iii) injective but not surjective (iv) Injective but not surjective. 
(v) Neither an injection nor a surjection 
(vi) Neither Injective nor Surjective 
(vii) Bijective (viii) Neither injective nor surjective 
(ix) Bijective (x) Surjective but not injective 
(xi) Neither injective nor surjective 
(xii) Injective but not surjective (xiii) Injective (xiv) Bijective 
(xv) Bijective (xvii) Neither injective nor surjective. 


7h 

9. fi) fM=Lf(2)=2,f(38)=3 Gi) fM=Lf2)=3,f 3) =2; 
(iii) f 1) =2, f (2) =3,f (3) =1 (iv) Ff) =2,f(2)=1,f(3) =3; 
(iv) f()=2,f (2)=1Lf (3) =3; (v) f(1) =3,f (2) =2,f(3)=1 
(vi) f (1) =3,f(2)=1,f(G) =2 


HINTS TO SELECTED PROBLEMS 


3. (i) f: ZZ given by f(x) =3x +2 
(ii) f: ZN U {0} given by f(x) = |x| 
(iti) f: Z— Z given by f(x) = rere | 
4, We have, f(x) = txt 
Injectivity: Let x,y € N be such that 
f(x) = fY) 
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ee ee =yt+y+l 
=> x-y+x-y =0 
=> (x-y)(x+y+1)=0 
= <§-yew [.. x+y + 1#0forany x,ye N] 
ex = ¥ 


So, f is a one-one function. 


Clearly, f (x) = x*+x+123 forallxe N. 
So, f (x) does not assume values 1 and 2. Therefore, f : N — Nis not an onto function. 


—2 
5. f: R-{3} > R- {1} is given by f (x) = mak 
Injectivity: Let x, ye R— {3} be such that 
f(x) =f) 
Son YS s 
eset: ~ y-3 
1 1 
= 1+ 25 ites 
= y 1 thao Ly Peates ayer y 
bes ie 


10. 


So, fis a one-one function. 
Surjectivity: Let y be an arbitrary element of R — {1}. Then, 


rt 2—3y 
pee Weak oa 1-y 


f@=y= 
Also, x = 3 = 1 = 0 which is an absurd result. Therefore, x #3. 
Clearly, x € R — {3} for all ye R-— {1} 
Thus, for each y € R — {1} there exists x = ae € R- {3} such that f(x) = y. 


So, f is an onto function. 


. We have, f(x) = x7,x€ {-1,0,1} 


Clearly, f (— 1) = f (1). 

So, f is not one-one. 

Range (f) = {0,1} # A 

So, f: A> A is not onto. 

It is given that f: A — B is an injective map such that range of f is {a}. As f is an 


injective map, therefore different elements of A have different images in B. So, A has 
just one element. 


. See Example 17. 


All one-one functions from A = {1, 2, 3} to itself are obtained by arranging elements 


of the second row in the two row notation t - 3 


We have, f (x) = x- [x] 
f(x) = Oforallxe Z 


So, f: R— Ris a many-one function. 
Clealry, range (f) = [0,1)#R 
So, f is an into function. 
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11. Foranyx,ye R 
f@=fyY) = ee away 
f: R- Ris one-one. 
Clearly, range (f) = (0,0) #R 
So, f is not onto. 
12. f: Rj > Ris given by f (x) = log, x,a>0 
For any x, ye Ro 


f@) =f) = log,x = logy > x=y 

fis one-one. 
For each yé R, there exists x = a” € Rj such that f (x) = log, a¥ = y. 
So, fis onto. 
Hence, f is a bijection. 

13. We have, A = {1,2,3} and f:A—A is a one-one - function. Therefore, 
f£(),f (2), f (3) are distinct elements of A. But, A has three elements only. Therefore, 
A= {f (1), f (2), f (3)} ie. range (f) = A. So, fis onto. 

14. Wehave,A = {1,2,3} 

It is given that f: A — A is an onto function. Therefore, 


If (1), f 2), f 3)} = A 
=>  f(1),f(2),f (3) are distinct elements of A. 
= f:A— Ais one-one. 
15. Letf; :R— Rand f,:R—R be given by fj (x) =x and fy (x) =— x. 
Clearly, f; and f are one-one. But, (fj + fo) (x) =x —x =0 for all x € R is not one-one. 


16. Letf,: Z— Zand f,: Z — Z be given by f, (x) = x and fp (x) = — x. Then, f; and fp are 
surjections, but f; +f): Z — Z is not surjection. Because, 
(f, + fo) (x) =x-—x=0 forallxe Z. 

17. f; (x)=x and fy (x)=x 

18. Take f, : R— R given by fi (x)= rad and fy: R— R given fp (x) =x. 

19. Since every onto function from A to itself is one-one (See example 21). Therefore, 


total number of onto functions from A to itself is same as the number of bijections 
from A to itself, which is equal to n!. 
2.4 COMPOSITION OF FUNCTIONS 
Let A, B and C be three non-void sets and let f: A > B, g: B— C be two functions. Since 
f is a function from A to B, therefore for each xe A there exists a unique element 
f(x) € B. Again, since g isa function from B to C, therefore corresponding to f(x) € B there 
exists a unique element 9(fx)) € C. Thus, for each x € A there exists a unique element 
g(f(x)eC. 
It follows from the above discussion that f and g when considered together define anew 
function from A to C. This function is called the composition of f and g and is denoted 
by gof. We define it formally as follows : 
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See 


Fig. 2.31 


DEFINITION Let f:A-—>B and g:B->C be two functions. Then a function gof: AC 
defined by 
(gof\(x) = g(f(x)), forallxe A 


is called the composition of f and g. 


NOTE 1 It is evident from the definition that gof is defined only if for each x © A, f(x) is an 
element of g so that we can take its g-image. Hence, for the composition gof to exist, the range of 
f must be a subset of the domain of g. 


NOTE2 It should be noted that gof exists iff the range of f is a subset of domain of g. Similarly, 
fog exists if range of g is a subset of domain of f. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Let R be the set of real numbers. If f: RR; f(x)= x* and g: ROR; 
g(x) =2x+1. Then, find fog and gof. Also, show that fog # gof. 
SOLUTION Clearly, range of f is a subset of domain of g and range of g is a subset of 
domain of f. So, fog and gof both exist. 
Now, — (gof) (x) = g (f(x) = g (x*) = 2 (x) +1 = 2x7 +1. 
And, (fog) (x) = f(g(x)) = f(2x +1) = (x +1). 
2x7 4+1#(2x +1). 
gof # fog. 
EXAMPLE2 Let f: R>R;f(x)=sinxandg:R—>R;9(x)= x” find fog and gof. 
SOLUTION Clearly, fog and gof both exist. 
Now, (gof) (x) = g(f(x)) = g (sin x) = (sin x) = sin’ x 
And, (fog) (x) = f(g(x)) = f(x’) = sin x? 
EXAMPLE 3 Let f: {2,3,4,5} — {3,4,5,9} and g:{3,4,5,9}—> {7,11,15} be functions 
defined as 
f(2)=3,f(3)=4,f(4)=f(6)=5 
and, g& (3)=8 (4) =7 and g (5)=8 (9) =11. 
Find gof. 
SOLUTION We have, 
Range of f = (3, 4, 5} 
which is a subset of domain of g. So, gof exists and gof : {2, 3, 4,5} — {7, 11, 15} such that 
sof (2) = 3 (F(2)) = 3) =7 
sof (3)=8 (F(3))=3 4) =7 
gof (4) =g (f (4) =¢ (5) =11 
and gof (5) = 8 (f(5)) =¢ (5) =11 
Hence, of: (2,3,4,5} > {7,11, 15} such that gof={(, 7), G, 7), (4, 11), (5,11)} 


FUNCTIONS 2.37 


EXAMPLE4 Let ff: {1,3,4}-{1,2,5} and g: {12,5} > {1,3} « be given. ._ by 
f={0, 2), G, 5), 4, 1) and g = {(1, 3), (2,3), (6, 1). Write down sof. 
SOLUTION Clearly, co-domain of f is same as the domain of g. 


So, gof exists and gof: {1,3,4} > (1, 3} such that 
sof (1) = (F(1)) =g (2) =3 
8of (3) = g (f(3)) = (5) =1 
sof (4) =g (F(4)) = (1) =3 

Hence, gof: {1, 3, 4} — {1,3} such that gof {(1, 3), (3, 1), (4, 3)}. 


EXAMPLES Find gof and fog, if f: R->R and g:R—-R are given by f(x)=|x | and 
g (x)= | 5x-2 |. 
SOLUTION We have, 
= S < Pel eteseee fete 0 

sof=s F@)=8 (| x [)=|51 x1 -2| af -5x-2| ,ifx <0 

fog (x) =f (g (@) =f (| 5x-2 |) =|] 5x-2 || = | 5x-2]. 
EXAMPLE6 If the functions f and g are given by f={(1,2), (3,5),(4,1)} and 
& = {(2, 3), (5, 1), (1, 3)}, find range of f and g. Also, write down fog and gof as sets of ordered 
pairs. 
SOLUTION We have, 

Range of f = Set of second components of ordered pairs in f= {2, 5, 1} 
Similarly, Range of g = {3,1} 
We have, domain f= {1, 3, 4}, domain g = {2, 5, 1} 
Clearly, range f c domain g and range g C domain f. 
So, fog and gof both exist. 
Now, _fog(2) = fig (2) = f(3) = 5; fog (6) = flg (5) =f) = 2; 
and, fog (1) = f(g (1)) = f3) = 5. 
fog = {(2,5), (5, 2), (1, 5)} 
We have, 

gof(1) = g (fl) = 8 2) = 3;gof(3) = g F(3)) = 86) = 1 
and, gof(4) = gf (4)) = g() =3 

gof = {(1, 3), (3, 1), (4, 3)} 
EXAMPLE7 If the function f: R— R be given by fl) =x" + 2andg:R—R be given by 


Q(x) = ar Find fog and gof. 
SOLUTION Clearly, range f = domain g and range g = domain f. 


So, fog and gof both exist. 
x x \ x 
Now, goa) ) = 60 © = AZ) = (5) ir eee 
x +2 x? +2 


2 
d, = x) = ¢(x% +2) = i 
hy De SU Dart Rs a! Cay ST Pe 1 
Hence, gof: R— Rand fog: R > Rare given by 
2 2 
wi+2 4g 
and (fog) (x) = 
+1 (fog (x-1)° 


+2 


(gof) (x) = 
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a 

EXAMPLE 8 pf R12} > R- {3 be defined as (x) = BE tA and g: k= BioR-{2| 
7X +4 O, wie 

be = ay oe where B=R {3| and 


i 
a-n-{2} 
SOLUTION We have, 


f:A—-B and g:B>A 
gof=A— A and fog:B—B 


Now, 
sof (x) = g(f)) 
SBE ae 
as sof (x) = 8 e ; 
7S 7\+4 
=. gone ome oaly E28 20e 284 ie 
g 5 ao ~15x+20-15x+21 41 
~3 
5x — 7 
gof= A — A such that gof (x) =x for allxe A 
So, gof=I,. 
We have, 
fog (x) =f (g (x) 
7x +4 
= fog (x) Site 
(S25) 
ys ¥ _ 21x+12+20x-12 41x _ 
"a P08) = Paya We S620 235. aT 
5x -3 


fog : B—> B such that fog (x) = x for all x € B. 
So, fog = Ip. 
EXAMPLE9 If f: R — R is defined by f(x) = x? — 3x + 2, find f(F (x)} 
SOLUTION We have, 


F(Fed) = fF -3x+2) 


= fF ed) = fy), where y= x? -3x +2. 
= f(fe) = y-3y +2 [-.- fix) =x° - 3x +2) 
=> f(FO9) = G7 8x4 2) — 3x = Bx tO) 4 = x1 — 6x° + 10x — 3x 


EXAMPLE 10 If f,g:R—R are defined respectively by f(x) = x 43x +1, Q(X) = 2x — 3, find 
(i) fog (it) gof (iti) fof (iv) gog. 
SOLUTION Since range f = domain g and range g = domain f. Therefore, 


fog, gof, fof and gog all exist. 
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(i) For any xe R, we have 

(fog) (x) = f (g (x)) = f (2x—3) = (2x -3)°+3.(2x—3)41.= 4x7=6x 41 
o fog: R= Ris defined by (fog) (x) = 4x7 -6x +1, for all xe R. 
(ii) For any x € R, we have 

(gof) (x) = g (f(x) = 9 (x° 43x41) = 260° 4+3x4+1)-3 = 2x7 +6x-1 
Re gof: R— Ris defined by (gof) (x) = 2x? + 6x — torrall ae ok. 
(ili) For any x € R, we have 


(fof) (x) = fF (F(x) = f (x74 3x41) = (7 4+ 3x47 +3 (x72 4+3x4+1)41 
=, (fof) (x) = x 4 6x3 + 14x" + 15x45 
gs fof: R— Ris defined by (fof) (x) =x* + 6x9 + 14x°+15x+5 for allxe R 
(iv) For any x € R, we have 


(gog) (x) = g(g@(x)) = g(2x-3) = 2(2x-3)-3 = 4x-9 
*. gog: R— R is defined by (gog) (x) = 4x - 9. 
EXAMPLE 11 Let A= {xe R:0 SxS 1}. Iff: A— A is defined by 
ee! be a 
i= ee Q 
then prove that fof (x) = x forallxe A. 
SOLUTION Let-x € A. Then, either x is rational or x is irrational. So two cases arise. 


> 


CASEI Whenxe Q: 
In this case, we have f (x) = x. 
fof (x) = f (F(x) 
= fof (x) = f(x) Le f(x) = x] 
= fof(x) =x [ f(x) = x] 
CASEI Whenxé¢ Q: 
In this case, we have f(x) = 1-x. 
ue fof (x) = f FF (x)) 
=> fof (x) = f(-x) [iste O60) 5 dete] 
=> fof(x) =1-(1-x)=x fe xé Om bose O= fila) = lath] 
Thus, fof (x) =x whether x € Qor, x€ Q. 
Hence, fof (x) = x forallxe A. 
EXAMPLE 12 Let f:R— Rand g:R—R be two functions such that fog (x)= sin x° and 
gof (x) = sin* x. Then, find f (x) and g (x). 
SOLUTION We have, 
fog (x) = sin x” and gof (x) = sin? x 
a, f(g (x) = sin (x) and g (f(x) = (sin x) 
= f(x) = sinx and g(x) = a 
EXAMPLE 13 If f:R— R be given by 


f(x) = sin? x + sin? (x + 2/3) + cos x cos (x + 2/3) for allxe R,andg: RR 
be such that g (5/4) =1, then prove that gof : R — R 1s a constant function. 
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SOLUTION We have, 


f(x) = sin? x + sin” (x + 7/3) + cos x cos (x + 1/3) 
=> f(a) = 3 [2sin?a+ asint(s +3) + 2.00. os(x+ 4) 
= f(x) = g[ 1-082 +1 ~cos[ 20-4 31) + c0s{20+ 3+ e055) 
1)5 2n T 
= fle) = 5 |p cos 2e—cos[2e+ 3 |+eos[2+3}| 
1/5 2n T 
= f(x) = 3 [3 {eos + cos[2x + sp +eos(2+5] 
1)5 LG PPR m 
=> fla) = |} -2eos(2r+ F}eos § reas{2r+5)] 
1/5 ug ug 
= f(x) = 3[3-[2+ 5+ cos(2e+ || 
5 
=> f(x) = 4 forall xe R. 


Therefore, for any x € R, we have 
> 
sof (x) = g(f@) = 3(7] =1 
Thus, gof (x)=1forallxe R. 
Hence, gof: R— Ris aconstant function. 
EXAMPLE 14 Let f: Z — Z be defined by f (n) =3n for allne Zand g: Z — Z be defined by 


le te ht F 
g(n) = 3 ifn isa multiple of 3 forall n€ Z. 
0, if n is not a multiple of 3 


Show that gof=Iz and fog # Iz. 
SOLUTION Since f:Z— Zand g: Z— Z. Therefore, gof: Z > Z and fog: Z > Z. 


For any n € Z, we have 


gof(n) = g(f(n)) 


= gof(n) = g (3n) 

= gof(n) = . =f E 3n is a multiple of 3 .. f (3n) = = 
2 

SS gof(n) = nforallne Z 

== gof = Iz. 


Now, for any n € Z, we have 


fog (n) = f(g (n)) 


tea. 
f | , if nis a multiple of 3 
a fog(n) = + \3 


(0), ifn is not a multiple of 3 
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n 
3| Z|, ifn is a multiple of 3 
= fog (n) = g 


3x0,if nis not a multiple of 3 


s _ jn, ifnis a multiple of 3 
fog (n) (0 ,if is nota multiple of 3 


Clealry, fog (n) #n for alln € Z. In fact, fog (n) =n only for multiple of 3. 
So, fog # Iz. 
EXAMPLE15 Let f: R — R bea function given by f (x) =ax + b forallx € R. Find the constants 
a and b such that fof = Ip. 
SOLUTION We have, 
fof = Ip 
fof (x) = Ip (x) forallxe R 
f(f(x)) = xforallxe R [-.- Ip (x) =x for all x € R] 
f(ax+b) =x forallxe R 
a(ax+b)+b=x forallxe R 
(a*-1)x+ab+b = 0 forallxe R 
a*-1=0 and ab+b=0 [-.- (a? -1) x + (ab + b) = 0 is an identity in x] 
a=+1landb(a+1)=0 
Whena = 1, 
Pi en Oe re) 
: a=1and b= 0. 
Whena = -1, 
b(a+1) = Oforallbe R 
a = —1and bcan take any real value. 


{ iow bb ea 


Hence, either a = 1 and b=0, ora =—1 and b can take any real value. 
EXAMPLE 16 Let f : Z — Z be defined by f (x) =x +2. Find g:Z— Z such that gof=Iz. 
SOLUTION We have, 
sof = 1, 
gof (x) = I7(x) forallxe Z 
g(f(x)) =x forallxe Z 


=> 
= 
=> g(x+2) =x forallxe Z 
= 
=> 


g(y) = y-2 forallye Z,wherex+2=y 

g (x), = — 2» forall xe :Z. 
Hence, ¢ : Z — Z defined by g (x)= x —2 for all x € Z, is the required function. 
EXAMPLE 17 If f: Z— Z be defined by f (x) =2x for all xe Z. Find g:Z— Z such that 


gof = Iz. 
SOLUTION We have, 
Soa tz 
=> gof(x) =Iz(x) forallxe Z 


=> g(f(x)) =x forallxe Z 
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= g(2x) = x forallxe Z 
=> gy) = is for all ye Z, where 2x = y 
=> g(x) = ; fomall’s €1Z. 


Hence, g: Z — Z given by, g (x) =3 for all x € Z, is the required function. 


EXAMPLE 18 Let f: A — A be a function such that fof =f. Show that f is onto if and only if f is 
one-one. Describe f in this case. 
SOLUTION We have, fof =f. 


Let f: A — A be onto. Then, we have to prove that f is one-one. 
Let x, y, € A. Then, as f: A > A is onto there exist «, B € A such that 


f(a) = x and f(B) = y alt) 
Now, f(x) =f) 
ae FF) = fF (B)) [Using (i)] 
r fof (a) = fof (B) 
= f(a) = f(B) by fof =f) 
= x= y [Using (i)] 


So, f is one-one. 
Thus, f: A A is onto = f: A > A is one-one . 
Conversely, let f: A — A be one-one. Then, we have to prove that fis onto. 
Let y be an arbitrary element in A. Then, 
fof = f 
= fof(y) = fY) 
a ff y)) = fY) 
=> fw=y [-.. f: A > A is one-one] 
Thus, for all y € A, there exists y € A such that f(y) = y. Hence, fis onto. 
Now, fof =f 


=> fof (x) = f(x) forallxe A 
= fi) =f(x) forallxe A 
= f(a) =a foralla =f(xjEA 


Thus, f(x) =x forallxeA 

EXAMPLE 19 Let f, g and h be functions from R to R. Show that : 

(i) (f+ 8) oh=foh+goh (ii) (fg) oh = (foh) (goh) 

SOLUTION (i) Since f, g and h are functions from R to R. Therefore, 
(f+g)oh: RR and foh+goh: R>R 


Now, 
((F+g) oh) (x) = (F+g)(h@) 
= [f+ g) oh) (x)= fh (x) +2 (i x) 
= ( (f + g) oh) (x)= fol (x) + goh (x) for alle R 


(f +g) oh - foh + goh 
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(ii) Clearly, (fg) oh : R— Rand (fol) (goh): ROR 


We have, 
\(fg) oh} (x) = (fg) (zn (x)) 
= i(fa) oh} (2) = f{h (x))g (n (x)] 
= \(fg) oh} (x) = (foh) (x) (goh) (x) 
= \(fe) oh} (x) = {(foh) . (goh)| (x) for allxe R 
(fz) oh = (foh) . (goh). 
1b 5 10) 
EXAMPLE 20 Let f: R — R be the signum function defined as f(x) = { 0,x=0 
Si oes 0) 


and g: R— R be the greatest integer function given by g (x) = [x]. Then, prove that fog and gof 
coincide in [- 1, 0). 
SOLUTION Forany x€¢ [-1,0), we have 


fog (x) =f(g@))=s(EI)=F- =-1 
and, gof(x)=8(f@))=g-D=F=-1 


ae gof (x) = fog (x) for all x € [- 1,0) 
Hence, of and fog coincide in [- 1, 0). 


2.4.1 PROPERTIES OF COMPOSITION OF FUNCTIONS 


THEOREM 1 The composition of functions is not commutative t.e. fog # gof. 
PROOF Let f: A— Band g:B-C be two functions. Then, the function gof exists be- 
cause the range of fis a subset of the domain of g. But, fog cannot exist unless the range 
of g is a subset of domain of f i.e. unless C c A. As such we find that fog does not exist if 
C ¢ A but fog will be a function from B to itself if A = C. Thus, if A = C. 

f:A— Bandg:B>A=gof: A— Aand fog: B > B 
Now, we find that both fog and gof exist but they cannot be equal if A and B are two 
distinct sets, which are their domains. However if A = B = C, then both gof and fog exist 
and both are from A to itself, even then they may not be equal as shown in Example 1 
on page 2.33. 
Hence, in general the composition of functions is not necessarily commutative. 
THEOREM 2 The composition of functions is associative i.e. if f, g, h are three functions such 
that (fog)oh and fo (goh) exist, then 

(fog) oh = fo (goh) 
PROOF Let A, B, C, D be four non-void sets. Let h: A B,g:B— Cand f:C — D be 
three functions. Then, 

h:A>B,g:B>5C,f:C3D 


— fog:B— Dandh:A—B 

= (fog) oh: AD 

Again, h:A>B,g:B>C,f:C>D 

= f:C—>Dandgoh:A>C 
=> fo (goh): AD 


Thus, (fog)oh and fo(goh) are functions from set A to set D. 
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Now, we shall show that {(fog)oh} (x) = {fo (goh)} (x) for allxe€ A. 
Let xbe an arbitrary element of A and lety € B,z € Csuch thath (x) = yand g(y) =z.Then, 
{((fog) oh} (x) = (fog) th (x)} 


> {(fog) oh} (x) = (fog) (y) [-.. h(x)=y] 
= {(fog) oh} (x) = f(g (y)) 

=3 {(fog) oh} (x) = f (2) ...(i) i gs @= 
And, (fo (goh)} (x) = f {(goh) (x) } 

> {fo (goh)} (x) = f{g (h (x))} 

= {fo (goh)} (x) = fig Y)} [ h@=y] 
= {fo (goh)} (x) = f(z) ...(ii) [-.- gy) =Z] 


From (i) and (ii), we have 
{(fog) oh} (x) = {fo (goh)} (x) for allxe A. 
Hence, (fog) oh = fo (goh) 
THEOREM 3 The composition of two bijections is a bijection i.e. if f and g are two bijections, 
then gof is also a bijection. 


PROOF Let f:A—B and g:B-—C be two bijections. Then, gof exists such that 
gof: AC. 


We have to prove that gof is injective as well as surjective map. 


Injectivity : Let x, y be two arbitrary elements of A. Then, 


= (gof) (x) = (gof) Y) 


2 § FO) = s FY) 
rs F(x) = fy) [:.. g is an injective map] 
= XY [-.. fis an injective map] 


Thus, (gof) (x) = (gof) (y) forallx,yeA 
So, gof is an injective map. 
Surjectivity: In order to prove the surjectivity of gof, we have to show that every element 
in C has its pre-image in A ie. for all z € C, there exists x € A such that (gof) (x) =z. 
Let z be an arbitrary element of C. Then, 

ze C= there exists ye Bs.t. g (y) =z [-.. gis a surjective map] 
and, y € B= there exists x€ As.t. f(x) =y [-.. fis a surjective map] 
Thus, we find that for every z € C, there exists x € A such that 

(sof) (*) = 8 F(X) = 8 (y) =2. 
i.e. every element of C is the gof-image of some element of A. 
So, gof is a surjective map. 
Hence, gof being both injective as well as surjective, is a bijective map. 
THEOREM 4 Let f: A — B. Then, fo I, = Ip of =f i.e. the PoC of any function with the 
identity function is the function itself. 


PROOF SinceI,: A -— A and f: A  B, therefore fo 1, : A B. Now let x bean arbitrary 
element of A. Then, 


(fo I,) (x) = f (I, (x)) = f (x) [-.. I, (x) =x for all x € A] 
fol, =f 
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Again, f:A— BandIz:B—> B= Ip of: AB. 


Now, let x be an arbitrary element of B. Let f(x) = y. Then, y € B 
(Ig of ) (x) = Ip (Ff (x)) 


= (Ig of ) (x) = Ip (y) [-.. flx)=y] 

= (Ip of (x) = y 

= (Ip of ) (x) = f (x) [-.- Ip (y) =y for all y € B] 
Tz of = f 


Hence, fol, = Igof =f 

THEOREM 5 Let f: A — B,g: B— A be two functions such that gof = I ,. Then, f is an injection 
and g is a surjection. 

PROOF fis an injection: Let x,y € A such that f(x) = f(y). Then, 


f(x) =f) 
= — (f@) = s(Fw) 
=? sof (x) = gof (y) 
=> I, (x) = I, Y) [:.- gof = I, (Given)] 


=> x=y [By def. of I,] 
Thus, f(x)=f(y) => x=yforallx,yeA 

So, f is an injective map. 

gisasurjection: We have,g: B — A. Inorder to prove that g is a surjection. It is sufficient 
to prove that every element in A has its pre-image in B. 

Let x be an arbitrary element of A. Then, asf: A — Bisa function therefore f (x) € B. 
Let f (x) = y. Then, 


&Y) = & (F(x) 
=. & YY) = gof(x) 
= &Y) = I, @) [-.-gof =I] 
=> sty) =x 


Thus, for every x € A there exists y =f (x) € B such that g (y) =x. 

So, g is a surjection. 

THEOREM6 Let f: A— B and g:B—A be two function such that fog =Ip. Then, f is a 
surjection and g is an injection. 


PROOF fis a surjection : In order to prove that f: A — B is a surjection, it is sufficient to 
prove that every element in B has its pre-image in A. 


Let b be an arbitrary element of B. 
Since g : B > A. Therefore, g (b) € A. 


Let g(b) = a. 

Now, f(a) = f (g (0) [..4 = g(d)] 
=> f(a) = fog (b) 

=> f(a) = Ip (b) te yogr= nig] 
= f(a) =b 


Thus, for every b € B there exists ae A such that f (a) = b. 
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So, fis a surjection. 

g isan injection: Let x, y be any two elements of B such that g (x) = g (y). Then, 
&() =) 

f(g @) = s(¢ ) 

fog (x) = fog (Y) 

Tp (x) = Ip Y) 


x= Yy 
g(x)=e(y) = x=y forall x,y,€ B. 


So Jets) § 
5 


So, g is an injection. 
THEOREM7 Let f: A— Band g: B- C be two functions. Then, 
(i) gof: AC isonto=> g:B— Cis onto 
(ii) gof: A—>C is one-one => f : A — B is one-one 
(iii) gof: A— C is onto and g: B — C is one-one =f: A — B is onto 
(iv) gof: A—C is one-one and f: A— Bis onto = g:B-— Cis one-one. 
PROOF (i) In order to prove that g: B + C is onto whenever gof : A — C is onto, it is 
sufficient to prove that for all z € C there exists y € B such that g (y) =z. 


Let z be an arbitrary element of C. Since gof: A—C is onto. Therefore, there exists 
x € A such that 


gof(x) = z 
= g(x) =z 
= &(y) =z, wherey = f(x)eE B. 


Thus, for all z € C, there exists y = f(x) € Bsuch that g(y) = z. 
Hence, g : B > C is onto. 


(ii) In order to prove that f:A—B is one-one, it is sufficient to prove that 
f(x)=fly) => x=y forallx,ye A. 


Let x, ye A such that f(x) = f(y). Then, 


f(x) = fY) 
= & Ff (x)) = g (Fy) [-..¢:B— Cis a function] 
sae sof (x) = gof (y) 
st aoa) [-.. gof: A > C is one-one] 


Hence, f:A— Bis one-one. 


(iii) In order to prove that f: A — Bis onto, it is suffcient to prove that for all ye Bthere 
exists x € A such that f (x) = y. 


Let y be an arbitrary element of B. Then, 
SYEC ' [..¢:B>C] 


Since gof: A — Cis an onto function. Therefore, for any ¢ (y) € C there exists x € A such 
that 


go f(x) = gly) 
= & (f (x)) = gy) 


= fa =y [-.- ¢ is one-one] 
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Thus, for all y € B there exists x € A such that f (x) = y. 
Hence, f: A > Bis onto. 


(iv) Let yy, y2,€ B such that g (y;) =g (y2). In order to prove that g is one-one, it is 
sufficient to prove that y; = y>. 


Puyyy zez 
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f:A— Bis onto and yj, y2 € B. So, there exist x; x7 € A such that 
f(%) = yy and f (x2) = yp 

& Yi) = & Y2) 

& (f(y) = 8 F(X) 

Of (X1) = gof (x2) 


Xy = xX [-.- gof: A > C is one-one] 
f(y) = f (2) [-... f: A > Bis a function] 
Cg Osa 


Hence, g:B-— Cis one-one. 


ae 


EXERCISE 2.2 

Find gof and fog when f: R— Rand g: R= Rare defined by 
~ @ f@)=2x4+3 and g(xyax° +5 

(ii) f(x)=2x+ x and g(x)= ad 

(iii) f(x) =2°+8 and g(x)=3x°+1 

(iv) f(x)=x andioig @) 2 |x] 

(v) f(x)=x? +2x-3 and g(x)=3x-4 

(vi) f(x) =8x° and g(x)=x!/9 


= Let f= {(1, vy 1), (4, a 2), (9, 7 3), (16, 4)} and 5= {Ee L % 2); (- 2, ae 4), (= 3, Be 6), (4, 8)}. 


Show that gof is defined while fog is not defined. Also, find gof. 


. Let f= {(3, 1), (9, 3), (12, 4)} and g = {(1, 3), (3, 3), (4, 9), (5, 9)}. Show that gof and fog 


are both defined. Also, find fog and gof. 


. Verify associativity for the following three mappings :f : N — Zg (the set of non-zero 


integers), g: Z) > Qandh: Q— R given by f(x) = 2x, g (x) =1/x and h (x) =e". 


. Let A= {a,b,c}, B= {uv, w} and let f and g be two functions from A to B and from B 


to A respectively defined as : 
f = {@ v), (6, u), (C, W)}, g = {(u, b), (@, a), (w, ©}. 
Show that f and g both are bijections and find fog and gof. 


. Find fog (2) and gof (1) when: f: R R ;f (x) =x? + 8 and g : RR; g (x) =3x° +1. 


. Let R* be the set of all non-negative real numbers. If f: R' > R* and g: R* > R’ are 


defined as f (x) = x’ and g(x)=+ Vx. 
Find fog and gof. Are they equal functions. 


. Iff: A— Band g: B > Care one-one functions, show that gof is a one-one function. 
. Iff: A > Band g: B= Care onto functions show that gof is an onto function. 


. Let f: RR and g:R-R be defined by f(x) =x and g(x)=x+1. Show that 


fog # gof. 


. Let f: RR and g:R-R be defined by f (x) =x + 1 and g (x) =x - 1. Show that 


fog = gof =Ip. 
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12. Consider f: N->N,g:N—Nandh:N- R defined as f (x) = 2x, g (y) = 3y + 4and 
h (z) =sin z for all x, y, z € N. Show that ho (gof) = (hog) of. 

13. Give examples of two functions f: N—> N and g: N- N such that gof is onto but 14 
is not onto. 

14. Give examples of two functions f: N — Zand g : Z — Z such that gof is injective but 
g is not injective. 

ANSWERS 


1. (i) gof (x) =4x° + 12x +14, fog (x) =2x"+ 13 
(ii) gof (x)= (x? + 2x)°, fog (x) = 2x* + x° 
(iii) gof (x) =3 (x +8)° +1, fog (x) =9x° + 6x° +9 
(iv) gof(x)= | x |, fog (x)= | x | 
(v) gof (x) = 3x" + 6x - 13, fog (x) = 9x" - 18x +5 
(vi) gof (x) =2x, fog (x) = 8x 
. gof={(1,—2), (4, — 4), (9, -6), (16, 8)} 
. gof= {(3, 3), (9, 3), (12, 9)} fog = {(1, 1), (3, 1), (4, 3) (5; 3)} 
. fog ={(u, u), (0, 0), (w, w)) gof={(@, 4), (B, b), (c, c)} 
. fog (2)=633, gof(1)=2188 7. fog (x)=x, gof(x)=x 
- HINTS TO SELECTED PROBLEMS 
2. We have, range g = {— 2, — 4, — 6, 8}, domain 
f={1,4, 9, 16}, range f = {- 1, - 2, — 3, 4}, domain g = {— 1, — 2, —3, 4}. 
Clearly, range f = domain g but range g ¢ domain f. So, fog is not defined but gof is 
defined. 


13. f(x) = x+1 and g(x) = 


aA ow hn 


4 36 eo 1 
I yoatieg Sed) 
14. f(x) = x and g(x) = |x| 


2.5 COMPOSITION OF REAL FUNCTIONS 
In the previous section, we have learnt about the composition of general functions. We 
have learnt that if f: A— Bandg:C-—D, then 


gof : A — Dis defined as gof (x) =g (F (x) \ provided that Range (f ) C Domain (g 
and, 

fog : C — B is defined as fog (x) =f (s (x) ) provided that Range (¢ ) C Domain (f) 
In case of real functions f and g, even if range of fis not contained in domain of g, then 
gof is defined for those elements in domain of f which have their images in domain of 
g. Similarly, if range of g is not a subset of domain of f, then fog is defined for those 
elements in domain of g which have their images in the domain of f. 


Thus, we may define the composition of two real functions as follows: 
DEFINITION Let f: D,; —- Rand g : D2 > R be two real functions. Then, 
gof:X = |xe Dy: f(x)e D2| >R 
and, 
fog:Y = jxe Da: g (xe D,|>R 
are defined as 


gof(x) = g (F (x) ) for all x € X and fog (x) = f(g (x) ) for allxe Y. 
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REMARK 1 If Range (f ) C Domain (g), then gof : D, — Rand if Range (g) c Domain (f ), then 
fog: Dz R. 

REMARK 2 For any two real functions f and g, it may be possible that gof exists but fog does 
not. In some cases, even if both exist, they may not be equal. 


REMARK 3 If Range (f) ~ Domain (g) = 9, then gof does not exist. In other words, gof exists 
if Range (f ) ~ Domain (g) ¥ 9. 


Similarly, fog exists if Range (g) \ Domain (f) # 9. 
REMARK 4 If fand g are bijections, then fog and gof both are bijections. 
REMARK5 Iff:R— Rand g: R- R to real functions, then fog and gof both exist. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Iff: R— Randg:R—-R be functions defined by 
f@= x? +1 and g(x) = sinx, 
then find fog and gof. 
SOLUTION We have, 


f(x) = x*+1 and g(x) = sinx 


Now, x°>0 forallxe R 

= x°+121 forallxeR 

= f(x)21 forallxeR 

= Range (f) = [1,°) 

Also, —1<sinx<1 forallxe R 
=> Range (g) = [-1, 1] 


Clearly, Range (f ) = [1, ) C Domain (g) and Range (g) = [- 1, 1] c Domain (f) 
So, gof: R— Rand fog : R > R are given by 

gof(x) = g(f(2)) = ¢@?+1) = sin@? +1) 
and, 

fog (x) =f ( g (x)} = f(sinx) = sin*x+1 respectively. 
EXAMPLE2 If f:[0,cc) > Randg: R— R be defined as f (x) = Vx and g(x) = 9A 42 
then find gof and fog. 
SOLUTION We have, 

Domain (f ) = [0, °°), Range (f) = [0, °) 

.- —x* <0 forall x 
in (g)=RandR =(-2,-1 a es 

epi ent Peet ea F ~x*-1¢5 =1 forallxe R 
Computation of gof : We observe that 

Range (f ) = [0, e) ¢ Domain (g) 

gof exists and Domain (gof) = Domain (f ) = [0, °%) 
Also, 

(gof) (x) = s(f@) } = g (Vx) = -(Wx)?-1 =-x-1. 
Thus, gof : [0, 0°) > R is given by 

gof(x) =—-x-1. 
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Computation of fog : We have, 
Range (g) = [-~, - 1) 
Clearly, it is not a subset of domain of f. 
Domain (fog) = |x : x € Domain (g) and g (x) € Domain (f)} 
Domain (fog) = |x: x € Rand g (x) € [0, >) 
Domain (fog) = Ix:xe Rand-x?-1e [0, co) 
Domain (fog) = jx:xe RandO< ope at 


Domain (fog) = |x:x€ Rand -x*-120} 


Domain (fog) = jx:x€ Rand x*< a 


eee oe 


Domain (fog) = 9. 
So, fog does not exist. 
EXAMPLE3 If f (x) =e" and g (x) = log, x (x > 0), find fog and gof. Is fog = gof? 


[CBSE 2002] 
SOLUTION We have, 


Domain (f ) = R, Range (f) = (0, °); Domain (g) = (0, o) and Range (g) = R. 
Computation of fog : We observe that 

Range (¢g) = (0,0) C Domain (f) = R 

fog exists and fog : Domain (g) > R i.e. fog : (0,02) > R 
Also, 


fog (x) = f(g (x)) = f (log. x] eer 
Thus, fog: (0, °°) > R is defined as fog (x) =x. 
Computation of gof: We have, 

Range (f) = (0,-) = Domain (g) 

gof exists and gof: Domain (f) > R i.e. gof: RR. 
Also, 

gof (x) = g Gi (x)) =.g (e) = logge’ = xlog,e = x 
Thus,  gof: R— Ris defined as gof (x) = x 
We observe that Domain (gof) # Domain (fog). 

sof # fog. 
EXAMPLE 4 If f (x)= Vx (x 20) and g(x)= x? —1 are two real functions, find fog and gof. Is 


fog = gof? [CBSE 2002] 
SOLUTION We have, 


Domain (f ) = [0, °¢) and Range (f) = [0, <) 
Sei 
Domain (g) = Rand Range (g) = [- 1, ») j Cee ede ae 


. x7-1> -1forallxe R 
Computation of gof : We observe that 


Range (f) = [0, °°) ¢ Domain (g). 
ifs gof exists and gof:[0,cc) > R. 
Also, gof (x) = g(f@)) = x) = (Vx)*-1 =x-1 
Thus, _—__gof: [0, °) > Ris defined as gof (x) =x-1. 
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Computation of fog : We observe that 
Range (g) = [-1,%°)¢€ Domain (f) 


Domain (fog) = |x : x € Domain (g) and g (x) € Domain (f)} 
= Domain (fog) = jx:xe R and g(x)€é [0,-)! 
= Domain (fog) = jx:xe R and aie [0, <)| 
= Domain (fog) = \x:xe€ R and x? -120} 
> Domain (fog) = |x:xe R and x< -lorx21|} 
= Domain (fog) = |x:x< -lorx21} 
= Domain (fog) = x: € (—°9, —1] U[]1,°) 


Also, fog (x) = f(g @) = f(x?-1) = Vx*-1 
Thus, fog: (—~»,-1] U[1, ») > Ris defined as fog (x) = Wao de 
We find that fog and gof have distinct domains. Also, their formulas are not same. 
Hence, fog # gof. 
EXAMPLES If f (x)= : and g (x) =Oare two real functions, show that fog is not defined. 
SOLUTION We have, 
Domain (f) = R — {0}, Range (f) = R — {0} 
Domain (g) = Rand Range (g) = {0}. 
Clearly, Range (g) Z Domain (f ). 
Domain (fog) = |x: x € Domain (g) and g (x) € Domain (f)| 
=> Domain (fog) = |x: x € R and g(x) € Domain (f)| 
=~ Domain (fog) = 6 [-.. g(x) =0 ¢ Domain (f) for any x € R] 
Hence, fog is not defined. 
EXAMPLE 6 Let f (x) =[x] and g (x)= | x |. Find 
() Gof) =] - (fog) ee Gi) Gof) (5)- eo 5) (ii) (F+ 2g) (1 
SOLUTION We have, 
f(x) = [x] and g(x) = | x | 
Clearly, domain (f) = R and domain (g) = R. 


Therefore, each of fog, gof and f + 2g has domain R. 
(i) Wehave, 
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(ii) We have, 


— (fog) 


“lbh 
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= 1-f}= 
(iii) We have, 
Sin 29) a © aos Gute 9 in 29k Ga 9) 


= (f+ 2g) (-1) = f(-1)+2g¢(-)) 
a (Ct 2o) (od) tela dl tT 
=> (f+ 2g) (-1) = -14+2x1=1. 


EXAMPLE7 Let f and g be real functions defined by 


x — 
DEN FE LEE SI alte 


Describe the functions gof and fog (if they exist). 
SOLUTION We have, 
a 


He pea x43 
Clearly, domain (f) = R-{-1} and range (f) = R - {1} 
Also, domain (g) = R — {— 3} and range (g) = R — {0}. . 
Computation of gof : We observe that 
Range (f) @ Domain (g) 
Domain (gof ) = {x :x € Domain (f) and f(x) € Domain (g)} 


and g(x) = 


x 


= Domain (gof) = |x:x€R~-{-1} and —*—e R-(-3}| 
> Domain (gof) = {re Rex#—tand 75 « -3} 
; 5 eg 3 
=> D = R: a a *ue = = = 
omain (gof ) {re x#—landx# | . reir 35x 4 
> Domain (gof) = R-|-3,-1| 
Also, 


gof (x) = g (f(x) 
= fe =s(25) 


x+1 


7 gof (x) = = 
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3 : : aa 
Hence, TR] =f 
ence, gof | ri — Ris defined as gof (x) ras 
Computation of fog : We observe that 
Range (g) Z Domain (f) 
Domain (fog) = {x : x € Domain (g) and g (x) € Domain (fF) 
= Domain fog) = {xix R-(-3) and ees laltt 
: 1 
D = : - a oe 
= omain (fog) {s x#-3 and yeat | 
=; Domain (fog) = |x:x#-3 and x#-4| bs gigert ese -a] 
= Domain (fog) = {xe R:x#-3,-4| 
=> Domain (fog) = R-|-3,-4| 
Also, 


; fog (x) = f(g (x) 
= fog (x) Siem 


1 
x+3 i 
a OE Sara eeA 
+1 
x+3 


Hence, fog: R-—{-—3,-—4}— Ris defined as fog (x) = oe: 


EXAMPLE8 [ff (x)= ees _ prove that f (f (x)) =x for allx€ R- a 
SOLUTION We have, f(x) = gine 
e d ~ 2x-3 
Clearly, domain (f) = R-13. 
Let y = f(x). Then, 
be ek ee 
~ 2x-3 
=> 2xy —3y = 3x—-2 
Oe ae! 
eT se 2y-3 
34 
> xeER forallye R,y#,. 


Range (f) = r- 13 


Since, range (f ) = domain (f). Therefore, Domain (fof) = Domain (f). 
Thus, for any x € Domain (fof) = R - {3} we have 


(fof) (x) = f (fF @)) 


2.54 


Hence, 


OX — 2 
(fof) (x) wise 
3 Oe =/2 _9 
. x 2x —3 © On=H=4546 Ye 
De 2(3=2)-3 ~ 6x-4-6x4+9 — 
2x —3 


(or) (2) =F) La forall « € r- {3}. 


: iL 1 
EXAMPLE9 If f (x)= oe dee 19° then show that 
2x +18 ? ive oe 
fU@) = a5 , provided that x # 0°79 
SOLUTION We have, 
1 
PO) = 41 
Clearly, domain (f) = R- {- :| 
Let y = : Then 
YoreOx +4 ’ 
1 
y 2x+1 
= 2x+1= 
a pe ee 
= es 
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; E ie 1 
Since x is a real number distinct from — 5° Therefore, y can take any non-zero real value. 


So, Range (f) = R-{O}. 


We observe that range (f) = R—{0} ¢€ domain (f) = R - (- 3| 


= 


Thus, 


1 
2 


Domain (fof) = |x :x€ domain (f) and f (x) € domain (f)} 


Domain (fof ) 


Domain (fof) = 


1 1 a 
CO Bore 5 and 517 | 


Domain (fof) = [rsx#—3 ands 3] 
( 
[eixe—3 and xe-5| = Hel-5 


; . 1 
Domain (fof) = 5 > 5 
cS er Sa ee 1 ep 2X1 
ffeo=s(0)) =f ae7] = | : ott 
Se oe tae! 
2x +i 
‘lpia ees 2 
fof R-}-.- 5} > Ris defined by fof (x) = te 


crf nna 


=H 
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Hence, f(f@)) = B+} foratlxe Rx¥-5,-5. 
EXAMPLE10 Let f (x) = x . Then, show that (fofof) (x) = SE es 
OE one SAT SBA 


x 
SOLUTION We have, f(x) = fees 


Clearly, domain (f) = R. 
In order to find the range of f, we proceed as follows: 
Let f (x) =y. Then, 


y = f (x) 
iin ae 
V1+x7 
=> ns 2 
1+x 
y 


=> Sa err 


Since x takes real values. Therefore, 


fo 
= 1 <0 
= ye (—1, 1). 


Hence, range (f) = (-1,1) 
Clearly, range (f) C domain f. Therefore, fof: R > R and fofof : R > R. 
Now, 


(fof) ~) = (Yop of) d= FeA(F) 


= ——(fofof) 0) = Wf) era f / cee 
x x 


Vi+x A x V1 + 2x 


= (fofof ) (x) = f ie = / 5} Faye. 
. = 
14+, Ney Ne ae 
1+x jhe x 
14 2x" 


EXAMPLE 11 Let f be a real function defined by f (x) = Vx-1. Find (fofof ) (x). 


Also, show that fof #f zs 
SOLUTION We have, 
fx) = Vx—1 
Clearly, domain (f) = [1, °°) and range (f ) = [0, ©). 
We observe that range (f) is not a subset of domain ot f. 
Domain (fof) = |x :x € Domain (f) and f (x) € Domain (f I 
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Domain (fof) = {x : x € [1, 0) and Vx—-1 € [1, <o)| 
= Domain (fof) = |x: x € [1, 0) and Vx—1>1| 
=> Domain (fof) = {x :x € [1, 0) and x> 2| = [2, c) 
Now, range (f) = [0, -) ¢ domain (fof). 
Domain | (fof) of | = | x:x € Domain (f) and f(x) € Domain (fop)} 
= Domain | (fof) of } = {x : x € [1, «) and f (x) € [2, o)} 
= Domain | (fof) of } = {x:x € [1, ©) and Vx-1.e [2, ~)| 
=> Domain | (fof) of } = {x:x21and Vx—1>2! 
= Domain ( (fof) of = |x:x2>1andx-12>4} 
= 
No 


Domain | (fof) of | = x:21land x25} = [5,0) 


(fof) (x) = f(f (x)) 
=> (fof) (x) = fWx-1) = Vv¥x-1-1 


(fofof ) (x) = (fof) of ) (x) 
= (fofof ) (x) = (fof) (f (x)) 
=> (fofof) (x) = (fof) (Vx-1) 
= (fofof) (x) = f (f (Vx -1)) 
= Gero C= FONT 1) = NVipo oy 
Thus, _ fof: [2, 0) > Rand fofof : [5, -) are defined as 

fof (x) = VWx-1-1 and (fofof) (x) = NVVx—1-1-1 
Now, 7 (x) = [f(@x) = (We-1)% = (=). 
a f?:[1, 00) > Ris given by f2(x) = x-1 
Clearly, fof#f?. 
EXAMPLE 12 If f(x) = a , xX #—1, then show that f( f(x) = - : provided that x #0,-1. 
SOLUTION We ae 


EQ ee 
meer Or is defined for all x € Rexceptx+1=Oie.x=-1, 
: Domain (f) = R — {- 1}. 


Let us now find the range of f. 
Let y =f (x). Then, 


ead 
4 eH] 
Py 


As x takes all real values other than — 1. Therefore, y also takes all real values other 
than 1. 
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Range (f ) = R- {1} 


We observe that range (f ) : domain (f ). 


Domain (fof) = {x :x € domain (f) and - i € domain (f)} 


a | 


Domain (fof) = Oe R= i= 


: x-1 
D S25) gies 
omain (fof) = (» :xF and Tt | 


Domain (fof) = {x:x#-1landx#0} = R-({-1,0} 
Now, fof (x) = f(f (x) 
-1 
Seay ee rd ee 
pO ae x-1 og Boe x 
+1 
gasp Al 


Thus, fof:R-—{-1,0}— Ris defined as 


fof (x) = -+ or, f(F@) S35 


Hence, f(f@) = ~ + for all x #0,-1. 


EXERCISE 2.3 


da 


2s 


Let f (x) = x? +x+1and g (x) = sin x. Show that fog # gof. 


1+x, O0SxS2 ,. 
Let f (x) = te ; apres Find fof. 


. If f(x) =2x +5 and g (x) =x +1 be two real functions, then describe each of the 


following functions: 

(i) fog (ii) gof (ii) fof (iv) f? 
Also, show that fof #7 
If f (x) = | x |, prove that fof =f. 


5. lf f@=G@- x")!/" where a > 0 and né€ N. Show that f (f (x)) =x. 
6. Iff (x) =sin x and g (x) = 2xbe two real functions, then describe each of the following 


functions : 
(i) gof (ii) fog 
Are these equal functions? 
If f (x) =Vx +3 and g (x)= x* +1 be two real functions, then find fog and gof. 


Let f be a real function given by f(x) = Vx —2 
Find each of the following: 


(i) fof (ii) fofof (iii) (fofof) (38) (iv) f° 
Also, show that fof # f : 


Be fl 2! 5-5} > Rands: [- 1,1] — R be defined as 
f (x) =tan x and g (x) = V1 —x* respectively. Describe fog and gof . 
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10. If f(x) =V1—x and g (x) =log, x are two real functions, then describe functions 
fog and gof. 

11. Let f be any real function and let g be a function given by g (x) = 2x. Prove that 
Sof = it. 

12. Let f,g,h be real functions given by f(x) = sin x, g (x) = 2x and h (x) =cos x. Prove 
that fog = go (fh). 

13. Find fog and gof, if 


(i) f(x) =e, g(x) = log.x (ii) f(x) = x7, g(x) = cosx 

(iii) f(x) = |x|, g@) = sinx (iv) f(x) = x+1, g@) =e 

(v) f(x) = sin tx, g(x) = (vi) f(x) = x+1, g(x) = sinx 
(vii) f(x) = x+1, g(x) = 2x43 (viii) f(x) =¢,ceR, g(x) = sinx’ 


(ix) f(x) = x7+2, g(x) = Lage 


ANSWERS 
246, 1 OSs 
2. fof (X).S81 25%, ib 1 <x s2 
4X BAGL SS 
3. (i) fog: R— Ris given by fog (x) = 2x7 +7 
(ii) gof: R—> Ris given by gof (x) = 4x* + 20x + 26 
(iii) fof: R-+ Ris given by fof (x) = 4x+5 
(iv) f?: R= Ris given by f? (x) = 4x7 + 20x +25 
6. (i) gof: R— RK is defined as gof (x) = 2 sinx 
(ii) fog : R= R is defined as fog (x) = sin2x No. 
7. fog: R— Ris defined as fog (x) = Vx7+4 
gof : [- 3, 2) > R is defined as gof (x) = x +4 
(i) fof: [6, -c) + Ris given by fof (x) = VWx-2-2 
(ii) fofof : [38, 0°) > R is given by (fofof) (x) = VVVx-2-2-2 
(iii) 0 
(iv) fz [2, 20) — Ris given by f? (x) = ee. 
9. fog :{- 1, 1] > R is defined as fog (x) = tan V1- x 
gof : E 4 — R is defined as gof (x) V1 - tan? x. 
10. fog : (0, e] — R is given by (fog) (x) = V1—-log, x 


gof : (- 2,1) > R is given by (gof) (x) = : log (1 - x) 


2 


I 


13. (i) fog : (0, °°) > R given by fog(x) = x 
gof: R — R given by gof (x) = x 
(ii) fog : R — R given by fog (x) = cos” x 
gof: R > R given by gof (x) = cos x 
(iii) fog: R— R given by fog (x) = | sin x | 
gof: RR given by gof (x) = sin | x | 
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(iv) fog : R > R given by fog (x) = e +1 


x+1 


gof: R— R given by gof (x) = e 
(v) fog:[-1,1] > R given by fog (x) = sin’ | (x*) 
gof :[- 1,1] > R given by gof (x) = (sin” 14) 
(vi) fog: R > R given by fog (x) = sinx +1 
gof: R > R given by gof (x) = sin (x + 1) 
(vii) fog: R > R given by fog (x) = 2x+4 
gof : R > R given by gof (x) = 2x+5 
(viii) fog : R > R given by fog (x) = ¢ 
gof: R— R given by gof (x) = sin c 


2 
(ix) fog: R-{1} > R given by fog (x) = ee 62 
(i= x) 
; : x42 
gof: RR R given by gof (x) = 5 s2 
x + 


2.6 INVERSE OF AN ELEMENT 


Let A and B be two sets and let f: A -» B be a mapping. As we have discussed earlier 
that ifa € A is associated to b € B under the function f, then ‘b’ is cailed the fimage of ‘a’ 
and we write it as b =f (a). We also say that ‘a’ is the pre-image or inverse element of ‘b’ 


under f and we write a=f— *(b). 
It should be noted that the inverse of an element under a function may consist of a single 
element, two or more elements or no element depending on whether function is injective 


or many-one; onto or into. If f: A> Bis a many-one and into function, then the inverse 
of some elements of B may or may not exist or the inverse of some element of B may 


consists of more than one element. If f is a bijection, 


then for each be B, f- : (b) exists and it consists ofa 
single element only. 


If fis represented by Fig. 2.32 , then we find that 
FO) =O? by) =a 
£2 (by) = lay aah f | Wa) = a3, 
£1 (bs) = las, ag), F * (We) = 9 

and,  f- ' (by) =4 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 If f: Q— Q is given by f (x) = x”, then find 
art® wfrrcs (ii) f' © 
SOLUTION We have, 
(i) Let f~}(9)=x. Then, 
f(x) = 9x7 =9>x=43. 
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fos Oj leah 
(ii) Let f- | (-5) =x. Then, 
f(x)=-5=> re 5, which is not possible for all x € Q. 
. f*(-5)=6 
(iii) Let f | (0) = x. Then, 
f(x)=03%x*=0> x=0. 
So, f- ' (0) = {0}. 
XAMPLE 2 If the function f: R—->R be defined by f(x)=x°+5x+9, find f~'(8) and 
ieee): 
SOLUTION Let f~! (8) = x. Then, 


—~5+V21 


f(x) = 83274+5x+9=8>x= 7 Which are in R. 


Se (SSP 5 ya 


Again, let f-'(9) =x 


= if (XV=9 

= x745x+9=9 

— x? + 5x =0 

= x(x+5) = O=>x = 0,-5,whichareinR 


f-* (9) = {0,-5) 
EXAMPLE3 If the function f : C — C be defined by f (x) =x? - 1, find f—1 (—5), f~} (8). 
SOLUTION Let f~! (- 5) =x. Then, 
fx) =-5 => x? -1 =-5=9x°=-4= x=V04 > x=+2i, whichareinc. 
f-* 5) = (2i,-23) 
Again, let f- ' (8) = x. Then, 
fia-= B= x°-1=8 = x7 =9 > x=+3, whicharein Cs 
f-*() = {-3,3) 
EXAMPLE 4 Let f: R — R be defined as f (x) =x? +1. Find: 
() f-"(-5) (i) f-1(26) Git) 7" (10, 37) 
SOLUTION (i) Let f~ ' (- 5) =x. Then, 
f(@)=-B Sx" +1 =-5 = = 6 ne4J—-6,which is not in R. 


So, f '©5)=6. 
(ii) We have, 


Let f~ ' (26) = x. Then, 
f(x)=26> eo Dies 26> %x7=255 x =+5, which are real numbers 


4 #26), = (-5 5 
(iii) We have, 
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f * (10,37) = {xe R: f(x) = 10 or f(x) = 37} 
=> f+ (10,37) = {xe R:x*+1 = 10 orx?+1 = 37} 
ae f * (10,37) = {xe R:x? = 9 orx* = 36) = (3,-3,6,-6] 


2.7 INVERSE OF A FUNCTION 


Let A and B be two sets and let f: A B be a function. If we follow a rule in which 
elements of B are associated to their pre-images, then we find that under such a rule 
there may be some elements in B which are not associated to elements in A. This happens 
when fis not an onto map. Therefore all elements in B will be associated to some elements 
in A if f is an onto map. Also, if it is a many-one 
function then under the said rule an element in B may 
be associated to more than one element in A. There- 
fore an element in B will be associated to a unique 
element in A if fis an injective map. 

It follows from the above discussion that if f: A > B 
is a bijection, we can define a new function from B to 
A which associates each element y€ B to its pre- 


image f_ ; (y) € A. Such a function is known as the Fig. 2.33 
inverse of function f and is denoted by f~'. 


DEFINITION Let f: A —B be a bijection. Then a function g:B-— A which associates each 
element y € B to a unique element x € A such that f (x) =y is called the inverse of f . 


Le. f(x) =yegty) =x 
The inverse of f is generally denoted by f~ A 
Thus, if f: A > B is a bijection, then f~ ' : B— A is such that 
f@ayef =x 
In order to find the inverse of a bijection, we may follow the following algorithm. 
ALGORITHM 
Let f: A B be a bijection. To find the inverse of f we follow the following steps: 
STEPI Put f(x)=y, whereye Bandxe A. 
STEP II Solve f (x) = y to obtain x in terms of y. 


STEP IN In the relation obtained in step II replace x by fees (y) to obtain the required 
inverse of f. 


The following examples will illustrate the above algorithm. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 [f A = {1,2, 3, 4}, B= (2,4, 6, 8} and f: A — B is given by f (x) = 2x, then write f 
and f- 1 as a set of ordered pairs. 
SOLUTION We have, 
f (1) =2,f (2) =4, f (3) =6 and f (4) = 8. 
So, f = {(1, 2), (2, 4), (3, 6), (4, 8)} which is clearly a bijection. 
Bae the components 


1 
f= (2,1), 2), 6,3), 6 4). of ordered pairs inf to get f — } 


2.62 MATHEMATICS-XII 


EXAMPLE 2. Let S = {1, 2,3}. Determine whether the function f : S — S defined as below have 
inverse. Find f — MY if it exists. 
(i) f={C, 1), (2, 2), (3, 3)} (ii) f={(, 2), (2,1),3,1)}. iii) f={C, 3), G, 2), (2, D) 
SOLUTION (i) Clearly, f: S— S is a bijection. So, fis invertible and its inverse is given 
by f-'={(1, 1), 2, 2), 3, 3)}. 
(ii) We have, 

f(2)=fG)=1 

fis many-one. 
So, fis not invertible. 
(iii) Clearly, f: S — S is a bijection and hence invertible. 

f-*={G,0), 2,3), (1, 2}. 
EXAMPLE 3. Consider f: {1, 2,3} — {a, b, c} given by f (1) =a, f (2) =b and f (3) =c. Find the 
inverse (f— ae of f- 1 Show that Jake =f 
SOLUTION We have, 

f = {(1,4), 2,5), 3, €)} ..-(i) 
Clearly, fis a bijection and hence invertible. 

f= (@,0,@,2),6 3) 

= Gy P= ((t.2), 2, BG, o} “@ 
From (i) and (ii), we have (f~ Hy _ f 


EXAMPLE 4 If f: R > R is defined by f (x) = 2x +7. Prove that f is a bijection. Also, find the 
inverse of f. 
SOLUTION Injectivity: Let x, y be any two elements of R. Then, 


f(x) =f) >2x+7 = 2y+7 ox =y 
fis an injective map. 


Surjectivity : Let y be an arbitrary element of R(co-domain). Then, 


YS ays y= xt x = —— 
Clearly, x = tle R forall ye R. 


Thus, for all ye R (co-domain) there exists x = - € R such that f (x) = y. 
In other words every element in R (co-domain) has its pre-image in R (domain). 
fis a surjective map. 
Hence, fis a bijection. Consequently f~ ’ exists. 
Inverse of f: Let x € R (domain) and y € R (co-domain) such that f (x) =y. Then 
fa =y 
—7 


=: 2x47 = yx = lop ly = He? 


tA 


Thigh (ah Re 28 icdetineda fi@==4 for all x € R. 
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EXAMPLES Iff:R—> Risa bijection given by f (x) =x° +3, find f-* (2). 
SOLUTION Letf (x) =y. Then, 
f(x) = y>xrs+3 yor y-3) of! (y) = G3)" 
Thus, qi 1) R- Ris defined asf} (1) = (= ayV° for allxe R. 
EXAMPLE 6 Let f:R—>R be defined by f (x) =3x —7. Show that f is invertible and hence 
findf—'. 


SOLUTION In order to prove that f is invertible, it is sufficient to prove that f is a 
bijection. 
fisan injection: Letx,ye€ R. Then, 


f(x) = fY) 
=> 3x-7 = 3y-7 
=> x=y 


Thus, f (x) = f(y) > x=y forallx,ye R. 
So, f is an injection. 
fisasurjection: Let y be an arbitrary element of R. Then, 


fo) =y 33-7 =y x=? 


Clearly, — é€ Rforallye R. 


Thus, for all y € R, there exists x = oe € R such that 


f(x) = ace = ieee =y 
So, f is a surjection. 
Hence, f: R > R is a bijection. Consequently, it is invertible. 
Let f (x) = y. Then, 


fx =y 
=> 3x-7=y 
3 
2: 7 
= fiwm= 
Therefore, f~): R—> Ris givenbyf ’ (x) = as, 


EXAMPLE? Show that f: R - {0} —» R — {0} given by f (x) == is invertible and it is inverse of 


itself. 
SOLUTION Inorderto prove thatfis invertible, itis sufficient to show that it is a bijection. 


fisan injection: Letx,ye R- {0} such that f(x) = f(y). Then, 
foafyar=yaxny 
Thus, f(x) =fly) => x=y forall x, ye R —- {0}. 
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So, f is an injection. 


fis asurjection: Let y be an arbitrary element of R — {0}. Then, 
fa=y> at etary 
Thus, for each y € R — {0}, there exists x = 5 € R-— {0} such that 


3 3 

rorns(S lay 
So, f is a surjection. 
Hence, fis a bijection. Consequently, it is invertible. 
Let f (x) = y. Then, 

f@=y 

3 3 a1 3 
— == => == = = se 

ey ae Head! ARE 


Thus, f ~! is given by f ! (x) =3 for allx € R—{0}. 


Clearly, f (x) =f ~ t (x) for all x € R — {0}. 
Hence, f is inverse of itself. 
EXAMPLE8 Let f:NWU {0} > N wu {0} be defined by 


eee n+1,ifniseven 
J, ~ | n-1,ifnisodd 


Show that f is invertible and f =f ~}. 
SOLUTION In Example 19 on page 2.27, we have proved that fis a bijection. 
So, it is invertible. 
In order to find f~ ' Let n,m e€ N U {0} such that 
fn) =m . 
=> n+1 = m,ifn is even 


n—-1=m,ifn isodd 


z . |m-1,ifm is odd If nis even, thenn+1=m is odd 
m+1,ifmis even ifn is odd, then n —1=m is even 
Si IG aia aa 


m+1,if mis even 


4 _ Jn+1,ifniseven 
Hence; fit (is {epee odd 


Clearly, f =f7}. 
2.7.1 PROPERTIES OF INVERSE OF A FUNCTION 
THEOREM 1 The inverse of a bijection is unique. 


PROOF Let f: A—B be a bijection. If possible, let g:B—A and h:B—A be two 
inverses of f. We have to prove that g =h. In order to prove this it is sufficient to show 
that g (y) =h (y) for all ye B. Let y be an arbitrary element of B. 


Let & YY) = x, andh(y) = x». 
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Then, g(y)=x,>f(%) =y [... g is inverse of f] 

and hy) = x2 >f(%) =y [... his inverse of f] 
f(x) = f (%2) 

= X1 = X2 [... fis one-one] 

id &(y) = hy) 


Thus, g(y) =h(y) forallye B. Hence, g =h 
THEOREM 2 The inverse of a bijection is also a bijection. 
PROOF Letf: A — Bbea bijection and let g : B — A be its inverse. We have to show that 
g is a bijection. 
Injectivity of g: Let y1, yz, € B such that g (y,) =x, and g (y) = Xo. 
Since g is the inverse of f. 
81) = 4 =f) = yrand g (y2) = x» =f (%2) = Y2. 
Now, 8 (¥1) = 8 (¥2) 
a =) = f(%) =f) Pm = % 
Bes g is an injective map. 
Surjectivity of g: In order to prove that g : B > A is a surjection, we have to show that 
every element in A has its pre-image in B under funtion g. 


So, let x be an arbitrary element of A. Then, 


cen 
=> there exists y € B such that f(x) = y [-.. fis a function from A to B] 
= there exists y € Bsuch that g(y) = x [-.. gis inverse of f] 


Thus, for each x € A, there exists y € B such that g (y) = x. So, g is a surjective map. 
Hence, g is a bijection. 
THEOREM 3 If f:A—B is a bijection and g:B— A is the inverse of f, then fog =I and 
gof =1,4, where I, and Ip are the identity functions on the sets A and B respectively. 
PROOF In order to prove that gof =I, and fog = Ip, we have to prove that 

(gof) (x) = x for all x € A and (fog) (y)=y forally € B 
Let x be an element of A such that f(x) = y. Then, 

gly) =x [-.. g is inverse of f] 
Now, _— (gof) (x) = g (f(x) = gly) = x 

(gof) (x) = x forallxe A 
— gof = Ly. 
We have, 

(fog) (y) = f@y) =fH%)=y 

fog (y) = yforallye B 
= fog = Ip. 
Hence, gof = I,and fog = Ip. 
REMARK In the above property, if we have B = A. Then, we find that for every bijection 
f:A—A there exists a bijection g: A > A such that fog = gof=I,. 
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THEOREM 4 Iff: A —> Band g: B > Care two bijections, then gof: A— Cisa bijection and 
-1_,1,.-1 
(gof) =f 0g 
PROOF We have, 


f:A-— Bisa bijection 


¢:B—>Cisa area = gof: A — Cisa bijection > (gof) + :C— A exists. 


Again, 
fs A Bisa bijection =f: B— Aisa bijection |_, et, og” A aad, 
g:B— Cis a bijection => g? : C > Bisa bijection 
Let xe A,ye Bandze Csuch that f(x) = y and gy) =z. Then, 
(gof) (x) = g(f(x)) = gy) =z 
=> (gofy (2) =x (i) 
Now, 
f(x) = yand gy) =z 


=> fi = xandg lz) =y 
(fog) @) = fC '@ =f'W =x (ii) 
From (i) and (ii), we have 
(gof)~*(z) = (fF 1og~ 1) @) forallze C. 
Hence, (gof) =f log) 
THEOREM5 Let f:A —> Band g:B—A be two functions such that gof = I, and fog = Ig. 
Then, f and g are bijections and g = f— : 
PROOF fis one-one: Let x,y € A such that f(x) =f(y). Then, 
fix) =fy) 


= g(fix)) = g(fy)) 

= (gof) (x) = (gof) (y) 

=> I, (x) = I, Y) [-.- gof=I,] 
=> x= y 


ms fis a one-one map. 
fis onto: Letye Band let g(y) =x. Then, 


gy) =x 
TRG = fe) 
sd (fog) Y) = fx) 
= Tz (y) = f(x) [-.. fog = Ip] 
¥2 y= #0) [By = yl 


Thus, for each y € B, there exists x € A such that f(x) = y. 
So, fis onto. 

Hence, f is a bijection. 

Similarly, it can be proved that g is a bijection. 


Now we shall show that g=f"!. 


Since f: A > B is a bijection. Therefore, f” ' exists. 
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Now, fog = Ip 


= demaen) =f ol, 

= (fF ~ lof) og = ik olp [By associativity] 
= Hoga, ‘ol, [ofs of = Ig] 
= g=fo? [- Igog = gand f‘olg = f~*] 


Hence, g =f me 

THEOREM 6 Let f: AB be an invertible function. Show that the inverse of fo is f, 
; ae 

fe4f -) ~ =f. 


SOLUTION | Since inverse of a bijection is also a bijection. Therefore, f- 1B Aisa 
bijection and hence invertible. 


asf 1. Bo Aisa bijection. Therefore, (f ~ 'y1:A— Bisalsoa bijection. 
Let x be an arbitrary element of A such that f (x) = y. Then, 


- feaatj=2 [-.. f 7’ is the inverse of f] 
=> - YT @s= y fare(f ih 1)-1 is the inverse Off - fy 
= aes Wed Catone te) [-f@=yl 


Since x is an arbitrary element of A. Therefore, 
fits Se (x) =f (x) forallxe A 
Hence, (f~ IT J. 
ALITER Since f:A — B is invertible and f ~ 1. B= A is inverse of if 
f lof=Iq and fof ~'=Ig 
=> fis inverse of f ~ 4 
= fegoy" ! 
REMARK 1 Sometimes f: A — Bis one-one but not onto. In sucha case f is not invertible. But, 
f: A — Range (f) is both one and onto. So, it is invertible and its inverse can be found. 


REMARK 2 Theorem 5 suggests us an alternative method to prove the invertibility of a function. 
It states that if f: A — B and g: B— A are two functions such that gof =I, and fog = Ip, then 


fand g are inverse of each other. 
Theorem 5 suggests the following algorithm to find the inverse of an invertible function. 


ALGORITHM 
STEPI Obtain the function and check its bijectivity. 
STEPH If f is a bijection, then it is invertible. 
In order to find the inverse of f, put fof Tawsx= fF es (x)) =x 
STEP II Use the formula for f(x) and replace x by f ~1 (x) in it to obtain the LHS of 


Gt = GN=* 
Solve this equation for f — 1 (x) to get f ~* (x). 
Following examples will illustrate the above algorithm. 
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ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Prove that the function f : R > R defined as f (x) = 2x — 3 is invertible. 
Also, find f- i 
SOLUTION Inorder to prove that fis invertible, it is sufficient to show that fis a bijection. 
fis one-one: Letx,ye R. Then, 


f(x) = fy) 
=> 2x-3 = 2y-3 
— x=y 


Thus, f(x)=f(y) = x=yforallx,ye R. 
So, f is one-one. 


fis onto: Let y be an arbitrary element in R (co-domain of f). Then, 


TX) = y 
ae 2x-3 = 
a ahee 


Clearly, x = use € R (domain) for all y € R (co-domain). 


Thus, for each y € R there exists x € R such that f (x) = y. So, fis onto. 


Since f : R > R is one-one and onto both. So, it is a bijection and hence invertible. 


Now, 
for (Ge) = a 
aa f(f-' @) = x 
=> 2f-l(@-3=x [-.- f(x) =2x- 3] 
= fix) = xe 


x 


Thus, f- 1:R— Ris given by f_' (x) = +3 for all xe R. 


EXAMPLE2 Show that the function f : R > R is given by f (x) = x* +1 is not invertible. 
SOLUTION We have, 
f(x) = x41. 
Clearly, —2 #2 but, f(— 2) = f(2) = 5. 
So, f is not a one-one function. 
Hence, f is not invertible. 


EXAMPLE3 Show that f:R — {- 1} ~ R — {1} given byf (x) = 
fina fit. 


SOLUTION In order to prove the invertibility of f (x), it is sufficient to show that it is a 
bijection. 


= is invertible. Also, 
x+1 


fisone-one: For any x,y € R-—{-—1]}, we have 
f(x) =fY 
an 2 NS 


x41 yti 
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= xyt+x = xyt+y 
= LY; 
So, f is one-one . 
fis onto: Let y € R— {1}. Then, 
f@=y 
=y> x= 1a 
Clearly, x € R for all ye R — {1}. Also, x #-1. 


=> 
x+1 


Because, x = -1 => ve) =—-1 = y =-1+y, whichis not possible. 


Thus, for each y € R — {1} there exists x = a € R-—{-1} such that 


=e 
SP eee Gea ee 
POOF y Bt 
+1 
LY 


So, f is onto. 
Thus, f is both one-one and onto. Consequently it is invertible. 
Now, 

fof ' (x) = x forall xe R-{1} 


aisles 
= “= S 

f° @)+1 

=a “ x - 
=> Jo ait) = Bee for all x € R — {1}. 


x (x — 1) 


EXAMPLE 4 [f the function f :[1, ) — [1, e) defined by f(x) = is invertible, find 


fu. 
SOLUTION We have, 


(rof~*) (x) = x forall x € [1, 0) 
BE f(f-* @) =v 
of wy @-t ay 


- fla fol @ 1} = logy x 


2 
= lp} (| ~f 1(x~)-logs x = 0 
ba 1+V1+4 log, x 
= tf. (Xu ETRE ee ecu 
; 1+ V1 +4 log, x : ne 
=> fie) = Si he suave [.. (Matt 1S ee (x21 


EXAMPLE 5. Find the value ofparameter a for which the function f (x) = 1+ ax,a#Ois the 
inverse of itself. 
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SOLUTION Clearly, f (x) is a bijection from R to itself. 


Now, 

fof’ (x) =x 
=> f(f- te) = x 
= 1+0f 1 (x) =x 
ea 


It is given that 
f= (git (x) forallxe R 


=> (eis forallxe R 
1 -—1 
= Cee te) |x | forall eck 
ro a 
=) meee tee 
a a 
= o? = 1 anda =-1 
= a=-l. 


EXAMPLE6 Let f: N — Y bea function defined as f (x) = 4x + 3, where 

Y: {ye N: y=4x+3 for some x € N}. Show that f is invertible. Find its inverse. 
SOLUTION Inorderto prove thatfis invertible, it is sufficient to show that itis a bijection. 
fis one-one: For any x, y € N, we find that 


fx)=fY) 
= 4x+3=4y+3 
= x=y 


So, f: N — Y is one-one. 

fis onto: Let y be an arbitrary element of Y. Then, there exists x € N such that 
y=4x+3 [By def. of Y] 

= y=f (x) 

Thus, for each y € N there exists x € N such that f (x) = y. 

So, f: N > Y is onto. 


Thus, f: N— Y is both one and onto. Consequently, it is invertible. 
Now, 


fof ~' (x) =x for allxe He 


=> f¢—'@) =x for allxe Y 
=> 4f—'(x)+3=x forallxe Y [Using def. of f] 
= f-'ay=* FA forall ve ¥ 


x-3 
4 


Hence, f ~': ¥Y + Nis given by f ~! (x)= forall xe Y. 


EXAMPLE 7 Let Y =(n?:ne N} CN. Consider f : N > Y given by f (n) = n°. Show that f is 
invertible. Find the inverse of f. 
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SOLUTION Inorderto prove thatfis invertible, it is sufficient to show that it is a bijection. 
fis one-one: For any n,m€ N, we find that 


f (n) =f (m) 
= n? =m? 
=> n=m [:.. n, me N] 


So, f: N > Y is one-one. 


fis onto: Let y be an arbitrary element of Y. Then there exists n € N such that 


y= n° [By def. of Y] 


3 y=f(n) é 
Thus, for each y € Y there exists n € N such that y =f (7). 
So, f: N > Y is onto. 


Hence, f: N > Y is a bijection. Consequently, it is invertible. 
Let f' denote the inverse of f. Then, 
. fof —' (x) =x for allxe Y 


= f¢—' (@®)) =x for allxe Y 
= ie (x)}? =x for allxe Y [Using the def. of f ] 
—s f'()=vx for allxe Y 


Hence, f ~': Y Nis given by f | (x)= Vx forall xe YX: 


EXAMPLE8 Let f: NR be a function defined as f(x) = 4x*+12x +15. Show that 
f:N-— Range (f) is invertible. Find the inverse of f. 
SOLUTION | In order to prove that f is invertible, it is sufficient to show that 


f:N— Range (f) is a bijection. 
fis one-one: For any x, y € N, we find that 
fO=fY) 
4x7 +12x +15 =4y° + 12y +15 


= 

=> 4 (x7 -y*) +12 (x-y)=0 

=> (x — y) (4x + 4y + 3)=0 

=, x-y=0 [-.. 4x +4y+3 #0 for any x,y € N] 
=> x=Y 


So, f: N > Range (f) is one-one. 
Obviously, f: N > Range (f) is onto. 
Hence, f: N— Range (f) is invertible. 
Let f ~ 1 denote the inverse of f. Then, 

fof 1 (x) = x for all x € Range (f) 
ny f¢~' @) =x forall xe Range (f ) 


slp-teel s12y7* 9 18- 
(x)} +12f~ (x) + 15 =x for all x € Range (f) 


uy 


vo 
= alf-too} +1267) (x) + 15=0 
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2B po} y= ZENA = 10 (5 =) 
-1 -12+V16x-96 -34Vx-6 
= f° @= 3 = 5 
nn poi = tee lof ("WEN Ah eu 


EXAMPLE9 Show that f:[- 1,1] — R, given by f (x) = 


function f : [- 1,1] — Range (f). 
SOLUTION Let x, y be any two elements of [— 1, 1]. Then, 


: 5 is one-one. Find the inverse of the 
x 


f(x=fYy) 
Pee ace am 
ad x+2  y+2- 
> xy +2x=xy+2y 
— x=y 
So, f:[— 1,1] > Range (f ) is one-one. 


Obviously, f:[-1,1] > Range (f) is onto and hence invertible. Let f ~! denote the 
inverse of f. Then, 


ogee (x) =x for all x € Range (f) 
=> —fifeeerias 


=i 
© eee ee 
if PGrE2 
a fe yeep a) roe 
ER P28 
=> f lle glint 
Hence, f ~!: Range (f):[—1, 1] is given by farnos ae 


EXAMPLE 10 Let f: RR be defined as f (x) = 10x +7. Find the function g: RR such 
that gof = fog = Ip. 
SOLUTION We have, 
fog = Ip => fog (x) = Ip (x) forallxe R 
=> f(s (x)) atx 
=> 10 g(x) +7 = x forallxe R 


=> g(x) = *S4 for allxe R 


ALITER We have, fog = gof = Ip 
= g is the inverse of f 
Let f (x) = y. Then, 


2 Brot -1 : east 
LO = ek 10 =>) ek) 10 
1 x-7 
=> Pt 
H x-7 
ence, g (x) = 
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1. 


10. 


11. 


ipa 


13. 


14. 


15. 


16. 


If A = {1, 2,3, 4} and B = {a, b,c, d }. Define any four bijections from A to B. Also give 
their inverse functions. 


. LetA={xe R | -1<x<ljandletf:A — A,g: A-» Abe two functions defined by 


f(x) = x and g(x) = sin (1 x/2). Show that gs exists but f” 1 does not exist. Also, find 
-1 


: Find f ~! if it exists : f: A > B where 


(i) A = {0,-1,-3, 2}; B = {-9, -3, 0, 6} and f(x) =3 x. 
Gi) 4 = (1,3,5,7,9}; B= (0, 1,9, 25, 49, 81) and f(x) =x. 


. If f: R— Rbe defined by f(x) = x° — 3, then prove that f ~ 1 exists and find a formula 


for f — 1 Hence, find f | (24) and f ~ 15). 


. LetAi=(1,2,3,4B =(3/5,7,9);€= (7,23, 47,79} andf: A — B,g: B —> C be defined 


as f(x) = 2x + 1 and g(x) = wi 32, Express (gof) | and f — log as the sets of ordered 
pairs and verify that (gof) ~ aie Og a 5 


. ~Let A and B be two sets each with finite number of elements. Assume that there is 


an injective map from A to B and that there is an injective map from B to A. Prove 
that there is a bijection from A to B. 


. A function f: R > R is defined as f(x) = x° +4, Is it a bijection or not ? In case it is a 


bijection, find f ~ * (3). 


. Iff:A7A,g:A— A are two bijections, then prove that 


(i) fog is an injection (ii) fog is a surjection. 


. Iff:Q92,g:Q— Qare two functions defined by f(x) = 2 x and g(x) =x + 2. show 


that f and g are bijective maps. Verify that (gof) — : =f— : og 3 


Let fbe a function from R to Rsuch that f(x) = cos (x + 2). Isf invertible ? Justify your 
answer. 

Let f: [-1,-) > [-1,&) is given by f(x) =(x+ 1y7 —1, x >-1. Show that f is inver- 
tible. Also find the set S = {x : f(x) =f a (x)}. 


If f (x)= = te ,Xx# zy show that fof (x) =x for all x # . What is the inverse of f ? 


Consider f: R > R given by f (x) = 4x + 3. Show that f is invertible. Find the inverse 

of f. 

Consider f: R > R, — [4, ») given by f(x)= x* +4. Show that f is invertible with 

inverse f — 1 of f given by f- 1 (x) = Vx —4, where R’ is the set of all non-negative real 

numbers. 

Consider f: R, > [- 5, ») given by f(x)= 9x + 6x — 5. Show that fis invertible with 
s NX +6 —1 

Plo gat 


State with reasons whether following functions have inverse: 
(i) f: (1,23, 4} > {10} with f= ((1, 10), (2, 10), (3, 10), 4, 10)} 
(ii) g: (5, 6,7, 8) — (1,2, 3, 4] with g = (5, 4), (6, 3), (7, 4), &, 2)} 
(iii) h: (2,3, 4,5} > (7,9, 11, 13} with h = {(2, 7), (3, 9), (4, 11), (5, 13)} 
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20. 


. Iff: R-(-1, 1) defined by f(x) = 


. Iff: R> (0, 2) defined by f(x) = 


- Show that the function f:Q—Q defined by f(x) = 3x + 5 is invertible. Also, 


find f ~' 
10° 0. 


7 ; is invertible, find f — : 
10° +10 


ees 
— = + 1 is invertible, find f je: 
e+e * 


Consider f: {1,2, 3} — {a,b,c} and g:{a,b,c}— {apple, ball, cat} defined as - 
f@=2f2)=b,f B)=c, g pe apple, g (b) = ball and g (c) = cat. Show that f, g and 
gof are invertible. Find Suis ,g sand gof- ‘ and show that (gof) — _ fy. 0 gl. 


<<< ANSWERS 


1. f= {(1,4), (2,0), 3,0), (4,0), fr =1@ 0, @, 2), © 3), 4} 
fy ={(1, a), (2, ¢), (3, b), (4, 4)), fo? = {(a, 1), (c, 2), (b, 3), a, 4))} 
fs ={(1, 4), (3, b), (2, a), (4, 0}, fz ' = ((d, 1), @, 3), (a, 2), (c, 4)} ete. 
Dee g! ()=27/ 7 sin! x 
Samael 1 {(-9, -3), (-3, -1), (0, 0), (6, 2)} (ii) ft. 1 does not exist as f is not surjective. 
4. f~' (x)= G40), £71 (24) =3, 671 6) =2. 
5. (gof) =f ~ og 1 ={(7, 1), (23, 2), (47, 3), (79, 4)} 7. Soeur f~'@)=-1 
10. Notinvertible 11. S={0,-1} 12. tia (G3) ane 13: rake Qy=—— aE = 
16. (i) No, fi is nay (ii) No, g is many-one (iii) Yes,hisa varhiey 
‘ieee y ly) = 


1/2 
ie preys = 3 o6i0| 7 5 19. f ~* (x) =log, ks 


Se ee rea HINTS TO GELECTED PROBLEMS 


10. fis neither one-one nor onto. So, fis not a bijection. Hence, it is not invertible. 
11. Let f(x) =y. Then, f (x) =y 


= x=Wt+1-1 =f y=Vyt1-1. Now, f(x) =f7'(x) 

= (x+1)-1=veF1-1 = Vee ((x+1)/?2- 1) =0 

Be el as ee | 

VERY SHORT ANSWER QUESTIONS (VSAGs) 


=>x+1=0or (x+1) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1. Which one of the following graphs represent a function? 


Y 


(a) (b) 
Fig. 2.34 
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Pk 


Which one of the following graphs represent a one-one function? 


¥? 
pe O Xx 
Y 
y* 
(a) (b) 
Fig. 2.35 
If A = {1, 2,3} and B = {a, b}, write total number of functions from A to B. 
. If A= {a,b,c} and B= |-—2,-1,0, 1, 2}, write total number of one-one functions from 

Ato B. 


Write total number of one-one functions from set A = {1, 2, 3, 4} to set B = {a, b, c}. 
If f: R-> R is defined by f (x) = x*, write f~ * (25). 


If f: CC is defined by f (x) = x*, write f ~1 (—4). Here C denotes the set of all 
complex numbers. 


8. Iff: R— Ris given by f (x) = x _ write f? 
9. Let C denote the set of all complex vehi A function f: C > C is defined by 


10. 


ili 
ibs 
ileh 
14. 
iS: 


16. 


ie 
18. 


EE 


20. 


Pil 


22s 


f@= x. Write f— : 

Let f be a function from C (set of all complex numbers) to itself given by f(x)= x, 
Write f- } (— 1). 

Let f: R > R be defined by f (x) = x4, write f~' 

If f: C > C is defined by f (x) =x", write f- | 

If f: R— Ris defined by f (x) = x’, find f~ * (— 25). 

If f: C > Cis defined by f (x) = (x - 2)°, write f~ ses 

If f: R= R is defined by f (x) = 10x — 7, then write f ! (x) 


vetrs[-5 2! 3) — R be a function defined by f (x) = cos [x]. Write range (f). 


If f: R—-» R be defined by f (x) = 3x — 4, then write f~ * (x) 


lf f:K—> RK, g:K— K are given by f (x) =(x +1)" and g (x) =x° +1, then write the 
value of fog (— 3). 

LetA={xe R:-4<x<4and x #0} andf:A—R be defined by f (x) = tat . Wrtie 
the range of f. 


Let f: = 2! HA — A be defined by f (x) = sin x. If f is a bijection, write set A. 


ec alae rimnetRed oF nese 


Let f: R -{-1} > R - {1] be given by f (x) =~ Tee he 
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6) 2 ; a Wf2x 
23, LetfeR— ' 3} R bea function defined as f (x) = 5x43" 
Write f~ * : Range of f— R - : a 


24. Let f:R—R,g:R—R be two functions defined by f(x) =x°+x+1 and 
g(x)=l1- x”. Write fog (— 2). 

25. Let f: R— R be defined as f (x) = Ln 

26, Let fbe an invertible real function. Write 

(f-} of (1) +f | of) (2) +... +(F of) (100). 

27. Let A={1,2, 3,4} and B= {a, b} be two sets. Write total number of onto functions 
from A to B. 

28. Write the domain of the real function f (x) = Vx — [x]. 

29. Write the domain of the real function f (x) = V[x] — x. 


3 write fof! (1). 


30. Write the domain of the real function f (x) = TS 


|x| -x 


31. Write whether f: R > R given byf (x) =x+ Vx* is one-one, many-one, onto or into. 


32. If f(x)=x+7 and g(x) =x-—7,x € R, write fog (7). [CBSE 2008] 
ee ANE 
1. (a) 2. (b) 3. 8 4. 60 
5. 0 6. {-5,5) peer aen 8. {1} 
ON ww) 10, j-l—-w uw) “11. 1 1) I~ Gl-L in 
13. o 14. {1,2-w,2- w’) 1 = ae 16. {1, cos 1, cos 2} 
17. f-1(@)= — 18. 121 19. {(-1,1] 
20. A=[-1,1] 21. log, x 22. f- 1 (x) > 
—* 2. Bx 
EB TAs 24. 7 25. 1 
26. 5050 27. 14 28. R 29. 


30. (— 0,0) 31. Many one-into B2a7 
—_——— _ MULTIPLE CHOICE QUESTIONS (MCQsS) 
Mark the correct alternative in each of the following: 
1. LetA={xe R:-1<xs1}=Band C={xe R:x20} and 
let S={(x,y)€ AxB:x°+y*=1)} and Sp={(x,y)€ AxC:xr+y=1 }. Then 


(a) S defines a function from A to B (b) Sg defines a function from A to C 

(c) Sg defines a function from A to B (d) S defines a function from A to C 
2: f:R— R given by f (x) =x + Vx" is . 

(a) injective (b) surjective (c) bijective (d) none of these 


3. If f: A — B given by 3/) 49° * = 4 is a bijection, then 
(a) A= {xe Ri-1l<x<oo}, B= {xe R:2<x' <4} 
(b) A = {xe R:-3<x<0}, B= {xe R:0<x<4} 
(c) A = {xe R:-2<x<0} B= (xe R:0<x <4} 
(d) none of these 
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4. 


10. 


Lite 


a2 


13. 


The function f: R > R defined by f (x) = 2* + 2 IXl is 
(a) one-one and onto (b) many-one and onto 
(c) one-one and into (d) many-one and into 


. Let the function f: R — {—b} — R — {1} be defined by 


f(@) ~ 2 Six ge! 


= Aad, then 
x+b 


(a) fis one-one but not onto (b) fis onto but not one-one 
(c) fis both one-one and onto (d) none of these 


. The function f: A > B defined by f (x) =- x +6x-8isa bijection, if 


(a) A = (-,3landB = (- =», 1] 
(b) A = [-3,%) and B = (-~, 1] 
(c) A = (-2%,3] andB = [1,-) 
(d) A =[3,e) and B = [1,) 


. LetA=|xe R:-1<x<1|=B. Then, the mapping f: A > B given by f(x) =x x | 


is 
(a) injective but not surjective (b) surjective but not injective 
(c) bijective (d) none of these 


. Let f: ROR be given by f(x) = [x]* + [x +1] —3, where [x] denotes the greatest 


integer less than or equal to x. Then, f (x) is 
(a) many-one and onto (b) many-one and into 
(c) one-one and into (d) one-one and onto 


. Let M be the set of all 2 x 2 matrices with entries from the set R of real numbers. 


Then the function f: M— R defined by 
f(A) = | A | forevery Ae M, is 


(a) one-one and onto (b) neither one-one nor onto 
(c) one-one but-not onto (d) onto but not one-one 
: : eae 
The function f : [0, e) > R given by f (x) = x41 
(a) one-one and onto (b) one-one but not onto 
(c) onto but not one-one (d) neither one-one nor onto 


The range of the function f (x) = fen ig 


(a) {1,2,3,4,5} (b) {1,2,3,4, 5, 6} 
(c) {1,2,3, 4} (d) {1, 2,3} 
A function f from the set of natural numbers to integers defined by 
a , when n is odd 
2 7 
f(@ = %, is 
Gee when 1 is even 
(a) neither one-one nor onto (b) one-one but not onto 
(c) onto but not one-one (d) one-one and onto both 


Let f be an injective map with domain {x, y, z} and range {1, 2,3} such that exactly 
one of the following statements is correct and the remaining are false. 


fx=1, fy4l, f@#2. 


The value of f~ 1) is 
(a) x (b) y (c) z (d) none of these 
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14. Which of the following functions from Z to itself are bijections? 


(a) f(x)ax? (b) f(xyax+2 
(c) f(x) =2x+1 (d) f@~) =x? +x 
15. Which of the following functions from A = {x :- 1 <x <1} to itself are bijections? 
(a) f (x) =5 (b) g (x)=sin ‘ 
(c) h(x) =| x | (d) k(x) =2" 
16. Let A={x:-1<x<1}andf:A— A such that f(x)=x | x |,thenf is 
(a) a bijection (b) injective but not surjective 


(c) surjective but not injective (d) neither injective nor surjective 
2 


17. If the function f: R > A given by f (x) = - : is a surjection, then A = 
x + 
(a) R (b) [0,1] (c) (0, 1] (d) [0, 1) 
18. Ifa function f: [2, 0°) — B defined by f (x) = x°-4x4+5isa bijection, then B = 
(a) R (b) [1, ce) (c) [4, ) (d) [5, ) 
19. The function f: R — R defined by 
f (x)= (x-1) (x- 2) (x -3) is 
(a) one-one but not onto (b) onto but not one-one 
(c) both one and onto (d) neither one-one nor onto 


20. The function f: [- 1/2 ,1/2] > [- 2/2, m/2] defined by f (x)= sin" t (3x - 4x) is 
(a) bijection (b) injection but not a surjection 
(c) surjection but not an injection (d) neither an injection nor a surjection 


ate, 


[x] _ 
21. Let f: R— R bea function defined by f (x) = SO Then, 


ete 
(a) f is a bijection (b) f is an injection only 
(c) f is surjection on only (d) f is neither an injection nor a surjection 
22. Let f: R—{n} — R bea function defined by 
FOE xh , Where m #n. Then, 
x—n 
(a) f is one-one onto (b) f is one-one into 
(c) f is many one onto (d) f is many one into 


12m 
23. Let f:R—R be a function defined by f => 2 Then, f is 


Teepe 
(a) one-one but not onto (b) one-one and onto 
(c) onto but not one-one (d) neither one-one nor onto 
x ee x 
24. f: R— Ris defined by f (x) = fil Gon is 

e+e * 
(a) one-one but not onto (b) many-one but onto 
(c) one-one and onto (d) neither one-one nor onto 


25. The function f: R > R, f(x) = xis 
(a) injective but not Surjective (b) surjective but not injective 
(c) injective as well as surjective (d) neither injective nor surjective 
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26. A function f from the set of natural numbers to the set of integers defined by 


n-1 
2 


* when n is odd 
f(n) = 


- 5 * whennis even 


(a) neither one-one nor onto (b) one-one but not onto 
(c) onto but not one-one (d) one-one and onto both 
27. Which of the following functions from 


={xe R:-1< x1} to itself are bijections? 


fa) of (xy =o [3x | (b) f(x) = sin™* 
(c) f(x) = sin of (d) none of these 
x ifxi n 
28. Letf: Z — Z be given byf (x) = Give kan Gas 
0,ifx is odd 
Then, fis 
(a) onto but not one-one (b) one-one but not onto 
(c) one-one and onto (d) neither one-one nor onto 
29. The function f: R > R defined by f (x) = 6* + 6!*! is 
(a) one-one and onto (b) many one and onto 
(c) one-one and into (d) many one and into 


30. Let f(@x)= x? and g (x) = 2”. Then the solution set of the equation fog (x) = gof (x) is 
(a) R (b) {0} (c) {0,2} (d) none of these 


31. Iff: R— Ris given by f(x) =3x—-5, then f~! 


1 
Bx HO 
(b) is given by a 
(c) does not exist because f is not one-one 
(d) does not exist because fis not onto. 
32. Ifg (f(x) = |sin x| and f (g (x)) = (sin Vx)’, then 


(a) f(x) =sin? x, (x) = Vx (b) fix) =sin x, g (x) = |x| 
(c) f(x)= xz, g(x) =sin Vx (d) fand g cannot be determined. 


(a) is given by 


33. The inverse of the function f: R > {x € R:x <1} given by f (x)= 


ore x 1 24x 
(a) = ae aes as (b) 5 log 5 
(ce) = 5 log ee if (d) none of these 


34. Let A=({xe R:x2>1}. The inverse of the function f:A—A _ given by 
f=2&") is 


2.80 MATHEMATICS-XII 


x (x—1) 
(a) | (b) xitvi +4 logs x} 
(c) fi —V1 +4 log, x | (d) not defined 
35. Let A=|xe R:x<1}andf:A—A be defined as f (x) = x (2— x). Then, f_ * (x) is 
(a) 1+V1-x (b) 1-vV1l-x 
(c) Vl-x (ch) aan ESes 
36. Let f(x) = =~ . Then, [fo (fo )} (x) 
(a) xforallxe R (b) x forallxe R-{1} 
(c) x for all xe R- (0, 1} (d) none of these 


37. If the function f: R > R be such that f (x) = x — [x], where [x] denotes the greatest 
eae less than or equal to x, then f — 1 (x) is 


One (b) [x] -—x (c) not defined (d) none of these 


“a 
38. If F:[1, 0) — [2, ©) is given by f(x) =x +4 then f — (x) equals. 


x + Ee 4 x 
es (b) 2 
1+x 
(c) ai (a) 1+Vx?-4 
= 15+ X<0 
39. Let g (x)=1+x-—[x] and f (x)=; 0, x=0, where [x] denotes the greatest integer 
ee 0 
less than or equal to x. Then for all x, f(g (x)) is equal to 
(a) x (b) 1 (c) f (x) (d) g(x) 
40. Let f(x) = — ,x #—1. Then, for what value of o is f (f (x)) = x? 


(a) V2 (b) ~V2 (c) 1 (d) -1 
41. The distinct linear functions which map [- 1,1] onto [0, 2] are 


(a) f(x) = x+1,¢(x%) = -x+1 (b) f(x) = x-1,¢9(x%) = x+1 
(c) f(x) = —x-1,g (x) = x-1 (d) none of these. 


42. Let f: [2, 00) > X be defined by f (x) = 4x — x”. Then, fis invertible, if X= 


(a) [2, e) (b) (~~, 2] (c) (~~, 4] (d) [4, %) 

43. Iff: R—(—1, 1) is defined by f (x= Tr eo celal , then f — 1 x) equals 
(a) y ia ore (b) — Sgn (x) ae ey 
(c) - (d) none of these 


cig 
44. Let [x] denote the greatest mPa less than or equal to x. If f(x)=sin’ x, 


gin= [x*] and h (x) = 2x, 4 5 StS then 
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(a) fogoh (x) = 5 (b) fogoh (x) = x 
(c) hofog = hogof (d) hofog # hogof 
45. If g(x) = x? 4x —2Zand 5 gof (x) = 2x°-5x+2, then f (x) is equal to 


(a) 2x-3 (b) 2x+3 (c) 2x7+3x41 (d) 2x°-3x-1 
46. Iff(x)= sin” x and the composite function g (F (x)) = | sinx |, then g (x) is equal to 
(a) Vx-1 = (b) Vx (c) Vx +1 (dns 
47. Iff: R- Ris givenby f (x)= x +3, then f~! (x) is equal to 
(a) x/3-3 (b) x174+3 (c) (x-3)'° (d) x+3'/9 
48. Letf (x)= x° be a function with domain (0, 1, 2,3}. Then domain of f >t is 
(a) {3, 25 ibe 0} (b) {0, -1, 2, -3} 
(c) {0, 1,8, 27} (d) {0,-1,-8, -27} 
49. Let f: RR be given by f(x) = 3. Then; f lis given by 
(a) Vx+3 (b) Vx +3 
== (c)tx+ 3 (d) none of these 
a ANSWERS 


1. (b) 2. (d) 3. (d) 4. (c) 5. (c) 6. (a) rac) 8. (b) 
9. (ad) 10. (6) 11. (4) 12.) 13.) 14 (6) 15. (be) 16. (a) 
RP ay is. (by 19-'() 20 (a) Le (ay 22-7) 2S. (24 (a) 
DE. (a) 26. (d) 27. (b) 28. (a), 29. (©) 30. (c) 31. (b)_ 32, (a) 
33. (a) 34. (b) 35. (b) 36. (c) 37. (c) 38. (a) «= 39. (b)~— 40. () 
41. (a) 42. (c) 43. (b) 44, (c) 45. (a) 46. (b) 47. (c) 48. (c) 
49. (d) 


SUMMARY 

1. Let A and B be two non-empty sets. Then, a subset f of A x B is a function from 

Ato B, if 

(i) for eachae A there exists b € B such that (a, b) € f 

(ii) (a,b)e fand(a,che f > b=c. 

In other words, a subset f of A x B is a function from A to B, if each element of A 
appears in some ordered pair in f and no two ordered pairs in f have the same first 
element. 

2. Let A and B be two non-empty sets. Then, a function f from A to B associates every 
element of A to a unique element of B. The set A is called the domain of f and the 
set B is known as its co-domain. The set of images of elements of set A is known as 
the range of f. 

3. If f: A— Bisa function, then 

x= y => f(x) = fly) forallx,ye A. 

4. A function f: A > Bis a one-one function or an injection, if 
fxi=fyw>x=y forallx,ye A 

or, 
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x#y => f(x) #fy) forallx,yeA 
Graphically, if the graph of a function does not take a turn, in other words a straight 
line parallel to x-axis does not cut the curve at more than one point, then it is a 
one-one function. Note that a function is one-one, if it is either strictly increasing or 
strictly decreasing. 
5. A function f: A— B is an onto function or a surjection, if range (f ) = co-domain 
(f). 
6. Let A and B be two finite sets and f: A — B be a function. 
(i) If f is an injection, then n (A) < n(B) 
(ii) If fis a surjection, then n (A) = n (B) 
(iii) If fis a bijection, then n (A) = n (B) 
7. If A and B are two non-empty finite sets containing m and n elements respectively, 
then 
(i) Number of functions from A to B = n’”. 
pease S ifn >m 


(ii) Number of one-one functions from A to B = 
O, ifn <m 


fy Ae 2 1 m . 
(iii) Number of onto functions from A to B = = Ge Cry ifm 2 1 


r=1 
0, ifm<n 
1h) ifen = 
(iv) Number of one-one and onto functions from A to B = /” °” if dec 
O, ifme#n 


8. If a function f: A — B is not an onto function, then f: A > f (A) is always an onto 
function. 
.9. The composition of two bijections is a bijection. 
10. If f: A — Bisa bijection, then g : B > A is inverse of f, iff 
f~=y @& gly) =x. 
or, gof = I, and fog = Iz 
11. Let f: A > Band g: BA be two functions. 
(i) If gof= I, and fis an injection, then g is a surjection 
(ii) If fog = Ig and fis a surjection, then g is an injection. 
12. Let f: A— Band g: BC be two functions. Then 
(i) gof: A Cis onto=> g:B- C is onto. 
(ii) gof: A Cis one-one > f: A > B is one-one 
(iii) gof: A— Cis onto and g:B-—Cisone-one => f:A-B is onto 
(iv) gof: A — Cis one-one and f: A > B is onto = g:B-— Cis one-one. 


BINARY OPERATIONS 


3.1 INTRODUCTION 


In earlier classes, we have come across with various operations like addition, subtrac- 
tion, multiplication and division of numbers, union and intersection of sets, composition 
of functions etc. In all these operations any two elements of the given set are operated 
to get a unique element of the same set. In this chapter, we shall introduce such 
operations as functions from the cartesian product of a set with itself to the set itself. 


3.2 BINARY OPERATION 


Consider the operation of addition of natural numbers. We know that the addition ‘+’ 
operates any two natural numbers 4, b to give a unique natural number a + b. In other 
words, the operation of addition ‘+’ associates every ordered pair (a,b) of natural 
numbers 4 and b toa unique natural number a + b. More rigorously, we can also say that 
‘+’ is a function from N x N to N such that the image of (a, b) € Nx Nisa+b. Thus, we 
find that addition on N i.e. ‘+’ can be considered as a function from N x N to N such that 
it relates every ordered pair (a, b) in N x N to a unique natural number a + b inN. 
Symbolically, we can write it as follows : 

+:NxN—>N 
such that + (a,b) = a+b. 
The above discussion leads us to the following definition. 


BINARY OPERATION Let S be a non-empty set. A function f:S x S — S is called a binary 
operation on set S. 
It follows from the definition of a function that a binary operation on a set S associates 
each ordered pair (a,b)€ SxS to a unique element f (a,b) in S. Instead of writing 
f (a, b) for the image of an ordered pair (a, b) € S x S, conventionally we will prefer to 
write a f b, that is we write f (a, b) as afb. 
‘Generally binary operations are denoted by the symbols *, 0, +, O etc instead of the letters 
7,8, i, etc. 
Thus, a binary operation * ona set S associates each ordered pair (a, b) in S x S toa unique 
element a * b in S. Since an ordered pair is made of two elements of S. So, we can say 
that a binary operation * on a set S associates any two elements a,b of S to a unique 
element a * bin S. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Addition (+) and multiplication (-) are binary operations on the set N of all natural 
numbers, because the sum and product of any two natural numbers are natural numbers. 
Addition and multipliation are also binary operations on Z (the set of integers), Q (the set of 
rational numbers), R (the set of real numbers) and C (the set of complex numbers). 
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EXAMPLE2 Subtraction (—) is not a binary operation on N, because the subtraction of any two 
natural numbers is not always a natural number. For example, 3 and 7 are natural numbers. 
But, 3-7=—4 is not a natural number. However, subtraction is a binary operation on 
ZO, Rand C. 


EXAMPLE3 Division is not a binary operation on Z, because division of two integers need not 
be an integer. Similarly, division is not a binary operation on Q, R and C as division by zero is 
not defined. However, division is a binary operation on the set of all non-zero rational (or real or 
complex) numbers. 


EXAMPLE 4 Let S be a non-empty set and P (S) be its power set. For any two subsets A and B 
of S, we know that AU BCS. That is, for any two elements of P (S), we have AU Be P (S). 
Therefore, “W’ is a binary operation on P (S). 

Similarly, if A, B € P (S), then AQ Be P(S) and A—Be P(S). Thus, the intersection of sets 
and the difference of sets are also binary operations on P (S). 


EXAMPLE 5 Let A be a non-empty set and S be the set of all functions from A to itself. If 
f:A—>Aand g:A—A are two functions, then we have learnt in the previous chapter that 
fog: AA. That is fog € S for any f,g € S. So, the composition of functions is a binary 
operation on S. 


EXAMPLE6 Let S = {a+ V2 b:a,be Z}. Then, prove that an operation * on S defined by 
(a, + V2 by) * (ay + V2 bo) = (ay + ay) + V2 (by + bp) for all ay, by, az, bp € Z 
is a binary operation on S. 
SOLUTION We know that addition is a binary operation on Z. 
a, +a7€ Z,b, +b. Z for all a1, ap, by, by € Z. 
= (a, + ay) + V2 (by +bo) € S. 
Thus, if a, + V2 b, and ay + V2 bp are any two elements of S, then 
(ay + V2by) * (a + V2 bo) = (ay +42) + V2 (b1 + bn) € S 
Hence, * is a binary operation on S. 
EXAMPLE7 Let S= {1, 2, 3,4} and * bean operation on S defined by 
a*b = r, where r is the least non-negative remainder when product is divided by 5. 
Prove that * is a binary operation on S. 


SOLUTION In order to prove that * is a binary operation on set S, we will have to show 
thata* be S foralla,be S. 


We have, 
1 * 1 = (Remainder when 1 x1 = 1 is divided by 5) = 1 
1 *2 = (Remainder when 1 x 2= 2 is divided by 5) = 2 
2 * 3 = (Remainder when 2 x 3 = 6 is divided by 5) = 1 
3 *4 = (Remainder when 3 * 4 = 12 is divided by 5) = 2 

Similarly, we have : 
1*#3=1,1*4=4,2*1=2,2#2=4,2 *4=3,3%1=3,342=1, 
3*3=4,441=4,4*2=3,4*3=2,4*4=1. 

Clearly, all these are elements of S. 

Thus, we observe thata*be S foralla,be S. 

So, * is a binary operation on S. 
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EXAMPLE 8 Let S = {0,1,2,3,4} and * be an operation on S defined bya* b=r, where r is 
the least non-negative remainder when a + b is divided by 5. 
Prove that * is a binary operation on S. 
SOLUTION In order to prove that * is a binary operation on S, it is sufficient to show 
thata* be Sforalla,be S. 
We have, 
0 *0 = (Remainder when 0+ 0 = 0 is divided by 5) = 
3 *4 = (Remainder when 3 + 4=7 is divided by 5) = 2 
2*3 = (Remainder when 2+ 3=5 is dividedby 5) = 
Similarly, we have 


0*1=1,0*2=2,0*3=3,0*4=4 

120 =, Let 2, tei Bal to = 4 be 4 = 0 

2% = 2, 241 G= 3, 225s 42* 3 = 0/24 = 1 
8*0 = 3,341 ='43*2=0,3*3 ='13*4 = 2 
4*0 =4,4*1=0,4*2 =1,4*3 =2 and 4*4=3 


Clearly,a*be S forall a,be S. 

So, *isa binary operation on S. 

EXAMPLE9 Show that the operation v and A on R defined as 
av b= Maximum of a and b 
aab= Minimum of a and b 


are binary operations of R. 
SOLUTION We have, 


ht nat 
and, a Ab=Minimum of a and b= a,ifasb 
b,ifa>b 


Thus,avbe Randaabe Rforalla,be R. 
Hence, v and « are binary operations on R. 
REMARK The operation ‘v’ is called the supremum and ‘a’ is called infinum. 


EXAMPLE 10 On the set Q of all rational numbers an operation * is defined by a * b=1 + ab. 
Show that * is a binary operation on Q. 
SOLUTION Leta,be Q. Then, 


abe Q [Multiplication is a binary operation on Q] 
- Addition is a binary operation on Q 
3 1+abe Q ee Q=>1+abeQ 


— a*beQ $ 
Thus, a*be Qforalla,be Q. 

Hence, * is a binary operation on Q. 

EXAMPLE 11 On the set W of all non-negative integers * is defined by a * b = a’. Prove that * 
is not a binary operation on W. 

SOLUTION We observe that a * b= a’ € W for all on non-zero values of a, b in W. For 
- a=b=0, we have . 


a *b =0 *0=0" which is meaningless 
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0*0¢ W 
Hence, * is not a binary operation on W. 


EXAMPLE12 On the set C of all complex numbers an operation ‘o’ is defined by 
Z1 0 Zy = VZq Zp for all 21, Z) € C. Is 0a binary operation on C? 
SOLUTION We know that the square root of acomplex number z=a+ib has two 


values i.e., 
+{V Zz ened ey Vizl-Re@)) ifn >0 


+lV Z +Re@) _, |z eed rater, 
- 5 5 fv 


Z1 0 Z = V2, Z7 does not have unique value. 


Vz =Vat+ib= 


For example, if z}=1 and Zz) =i. Then, 
: 5 : 1 ; 
Z1 0Z)=(1+01)0(0+7)= V1 +07) (0 +1) sty +) 
Hence, o is not a binary operation on C. 


EXAMPLE 13 Let M be the set of all singular matrices of the form e : ‘ where x is a non-zero 
E 


real number. On M, let * be an operation defined by 
’ A*B=AB forallA, Be M 
Prove that * is a binary operation on M. 
SOLUTION Let A= : ‘| a= E 4 be any two elements of M. Then, a, b are non-zero 


real numbers. 


© _\@ ab. b) | 2ab..2ab 
“aa B=AB=(" ‘| : 5 =[28 a | 
Since, a, b are non-zero real numbers. Therefore, 2 ab is also a non-zero real numbers. 
Consequently, 


Now, 


2ab 2ab 


Hence, * is a binary operation on M. 


A *B=AB=|) sae M 


3.3 NUMBER OF BINARY OPERATIONS 


Let S be a finite set consisting of n elements. Then, S x S has n elements. Since a binary 
operation on S is a function from S x S to S. Therefore, the total number of binary 
operations on S is equal to the number of functions from S x S to S. We know that the 


total number of functions froma finite set A to a finite set B is {1 (B)\" (A): Therefore, the 


ie 
total number of binary operations on S isn” . 


9 2 
For exmaple, if $ = {a, b}, then 2* = 24=16 binary operations can be defined on S. 


REMARK If “*’is a binary operation ona set S, then we also say that ‘S’ is closed with respect 
Oe 


Clearly, the set E of all even integers is closed with respect to addition but the set O of 
odd integers is not closed with respect to addition as 1e O,5€ Obut1+5¢ 0. 
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——_—— _ EXERCISE 3.1 
Determine whether each of the following operations define a binary operation on the given set or 


not: 


1G 


2 
3. 
4 


aed 


8. 


ioe 


- “*” on Q defined by a * b= 


‘*" on N defined by a*b = a’ foralla, be N. 
- ‘O’ on Z defined by a Ob = a’ for alla, be Z. 


‘“*’ on N defined by a* b=a+b-—2 foralla,be N. 
rte | 
b+1 
‘OQ’ on N defined by a© b = a’ +b" foralla,be N 
‘t+.’ on S={0,1, 2, 3, 4,5} defined by 


for alla,be Q. 


_ jat+b , ifat+b<6 
hie Weeteer eine 


‘x, on S = {1, 2, 3, 4, 5} defined by 


a Xb = Remainder when ab is divided by 6. 


_Determine whether or not each of the definition of * given below gives a binary 


operation. In the event that * is not a binary operation give justification of this. 
(i) On Z*, defined * bya*b=a-b 
(li) On Z*, defined * by a * b =ab 
(iii) On R, define by a*b = ab* 
(iv) On Z* define * bya* b= | a—b | 
(v) On Z*, define * bya *b=a 
(vi) On R, define * by a * b=a+4b° 
Here, Z* denotes the set of all non-negative integers. 
Is * defined on the set {1, 2, 3, 4,5} by a* b=LCM of aand b a binary operation? 
Justify your answer. 
Let S = {a, b, c}. Find the total number of binary operations on S. 


Find the total number of binary operations on {a, b}. 


. Prove that the operation * on the set 


M= \6 4 -a,b0E R—- (0 defined by A * B= AB is a binary operation. 


Let S be the set of all rational numbers of the form ee where me Z and 


n =1,2,3. Prove that * on $ defined by a * b=ab is nota binary operation. 


ANSWERS 


1. Yes 2. No 3. No 4. No 
5. Yes 6. Yes 7. No. 


8. (i) *is nota binary operation Z*, because 3*7=-4¢ Z* 


(ii) * is a binary operation on Z* 
(iii) * is a binary operation on R 


(iv) * is a binary operation on VES 
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(v) *is a binary operation on Z* 
(vi) * is a binary operation on R 
9. No 10. 3” 11. 16 


3.4 TYPES OF BINARY OPERATIONS 
Consider a binary operation ‘*’ on a set S. For any two distinct elements in S, we have 
(a, b) # (b, a) 

Since ‘**: S x S—> S. Therefore, * (a, b) and * (b, a) i.e. images of (a,b) and (b, a) under 
‘*” may or may not be same. In other words, a * b and b * a may or may not be equal. 
Thus, it is not necessary that for a binary operation * on a set S,a *b=b * a must hold 
for alla,be S. If a*b=b *a for all a,be S, then we say that the binary operation * 
possesses commutativity as defined below. 


COMMUTATIVITY A binary operation ‘*’on a set S is said to be a commutative binary operation, 
if 


a*b=b*a _  foralla,beS 


The binary operations addition (+) and multiplication (x) are commutative binary 
operations on Z. However, the binary operation subtraction (—) is not a commutative 
binary operation on Z as 3-2 # 2-3. 


ILLUSTRATION 1 Let * be a binary operation on Q — {0} defined by 
a b=@ foralla,be Q- {0} 
Prove that * is commutative on Q — {0}. 


SOLUTION For anya,be Q- {0}, we have 


axb=% and bea=@ 


ab 
2 
a*b=b*a foralla,be Q- {0}. 

So, * is commutative on Q — {0}. 

ILLUSTRATION 2 Let * be a binary operation on R, the set of all real numbers, defined by 


a*b=Va +b" foralla,be R. 


Show that * is commutative. 
SOLUTION We have, 


a*b=Va'+b? and bea = Vb°4+a foralla be R 
But, Nao pete Vb? + a7 foralla,be R 
: a*b=b*a foralla,be R. 


So, * is commutative on R. 


Clearly, = “ for alla, be Q- {0} [-. Multiplication is commutative on Q — {0}] 


ASSOCIATIVITY A binary operation ‘*’ on a set S is said to be an associative binary 
operation, if 


(a*b)*c = a*(b*¢) foralla,be S. 
The binary operations of addition (+) and multiplication (x) are associative binary 


operation on Z. However, the binary operation subtraction (—) isnot a associative binary 
operation on Z as (2-3)-5#42-(3- 5). 
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If S is a non-empty set, then union (VU) and intersection (4) are both commutative and 
associative binary operation on P (S) (power set of set S) as 
AUB=BUA,ANB=BNA ; 
(AUB)UC=AU (BUC) and (AN B)AC=AN(BOC) for all A, B, Ce P (S). 
ILLUSTRATION 3 Addition of vectors is commutative as well as associative on the set V3 of all 
vectors in 3-dimensional space. However, “cross-product” is neither commutative nor associative 
on V3. 


ILLUSTRATION 4 Addition of matrices is commutative as well as associative binary operation 


on R™*" (set of all m xn matrices over R). Multiplication of matrices is not commutative but 


nxn 


it is associative on R (set of all square matrices of order n over R). 


ILLUSTRATIONS Let S denote the set of all functions from a non-empty set A to itself. Clearly, 
composition of functions ‘o’ is a binary operation on S such that 

fog # gof but (fog) oh = fo (goh) for all f, g, he S. 
Hence, composition of functions ‘o’ is associative but nota commutative binary operation 
on S. 


ILLUSTRATION 6 If the operation * is defined on the set Q of all rational numbers by the rule 
a *b=2 foralla,be Q 


Show that * is associative on Q. 
SOLUTION Leta,b,c € Q. Then, 


(3) 
= ¢C 
ab z _ (ab)c @ 
eee a 


(a*b)*c= 3 *C= 


(3) Bae 
3 3 
and, a*(b*c)=—>~ = Gee: (ii) 


Since multiplication is associative on Q. 
(ab) c =a (bc) 
(ab) c _ a (be) 
9 9 
= (a*b) *c=a*b*Cc) [By using (i) and (ii)] 
Thus, (a * b) *c=a*(b*c) for alla, b,ceE Q. 
Hence, * is associative on Q. 


ILLUSTRATION 7 Examine whether the binary operation * defined on R bya*b=ab+1 is 
associative or not. 
SOLUTION Leta,b,cé R. Then, 
(a *b) *c=(ab+1)*c=(abt+1)c+i=(ab)c+ct1 
and, a*(b *c)=a* (bet 1) =a (bc +1) +1=a4 (bc) +at1 
Clearly, (ab)c+ct+ 1#a(be)+a+1 
(a *b)*c#a*(b*C) 
Hence, * is not associative on R. 
ILLUSTRATION 8 ‘*’ is a binary operation defined on R, the set of all real numbers, by 


a*xb=Va+b" foralla,be R. 


Show that * is associative on R. 


3.8 MATHEMATICS-XII 


SOLUTION Leta,b,ce€ R. Then, 
ps] | 9 ry 
(a*b) *c=Na' +b? *c= V{ Va? + B| te aVerP te 
(ee 
and, a*(b*c)=a° * VP Pe SN b+ 7 aa XE ee 


(a *b) *c=a*(b*c) foralla,b,ce R. 
Hence, * is associative on R. 
DISTRIBUTIVITY Let S be a non-empty set and * and ‘©’ be two binary operatins on S. Then, 
“*” is said to be distributive over ©, if 
a*(bO c) = (a*b)O (a*c) 
and, (bO c)*a = (b*a)O (c*a)_ foralla,b,ce S. 
The binary operation multiplication (-) on Z is distributive over the binary operation 
addition (+) on Z, because 
a@.(b+c)=a.b+4.¢ 
and, (b+c).a=b.a+c:aforalla, bce Z. 
However, addition (+) is not distributive over multiplication (-), because 
2+(3x5)#(2+3)x(2+5). 
If*Saista non-empty set, then union (VU) is distributive over intersection (A) on P (S), 
because 
AU(B AC) = (AUB) A(ANC) forall A, B, Ce PS): 


Also, intersection (A) is distributive over union (VU) on P (S). 


ILLUSTRATIVE EXAMPLES 

EXAMPLE1 Discuss the commutativity and associativity of the binary operation ‘*’ on R defined 
by 

a*b =a+b+abforalla,be R. 
where on RHS we have usual addition, subtraction and mutiplication of real numbers. 
SOLUTION We have, 

a*b =a+b+abforalla, be R. 
Commutativity: Leta, bbe any two elements of R. Then, 

a*b=a+b+abandb*a = b+a+ba 
We know that the addition and multiplication of real numbers are both commutative 
binary operations on R. 

a+b+ab = b+a+ba foralla,beR 
==) a*x*b=b*a for alla, be R. 
So, ‘*’ is commutative on R. 
Associativity: For any a,b,c € R, wehave 

a * (b * c) 
= a*(b+c+bc) 
a+(b+c+bc)+a(b+c+be) 


By commutativity, associativity of 
add. and multiplication on R. 
Also, by distributivity of 
multiplication over addition 
=a+b+c+ab+be+ca+abe ...(i) 


at+b+c+bc+ab+ac+abe 
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and, (a*b)*c 
= (a+b+ab)*c 
(a+b+ab)+c+(a+b+ab)c 
a+b+ab+c+ac+bce+abe 
= a+b+c+ab+be+ca+abe eel) 


From (i) and (ii), we have 
a*(b*c) = (a* b)*cforalla,b,ce R 
So, ‘*’ is associative on R. 
EXAMPLE2 Discuss the commutativity and associativity of the binary operation * on R defined 
by 
. ab 
a*b= g Joralla,be R. 


SOLUTION We have, 


a*xb= a for alla, be R. 
Commutativity: For any a,b € R, we have 
axb=@ and bea= 


We know that the multiplication on R is a commutative binary operation. 
ab = ba foralla,be R 


ab ba 
— gon foralla,be R 


= a*b=b*a foralla,beR. 
So, ‘*’ is a commutative binary operation on R. 


Associativity: Let a,b,c € R. Then, 


Gh 
rele 2 Sik gies(abye (i) 


ar as 4 OPTS 
( 
4 
and, axoro = as[F)= a pe pe (i) 


Since multiplication is an associative binary operation on R. 
(ab) c = a (bc) 
(ab)c _ a (be) 
16 16 
= (a*b)*c = a*(b*C) [Using (i) and (ii)] 
Thus, (a*b)*c = a*(b*c) foralla,b,ce R. 
So, * is an associative binary operation on R. 
EXAMPLE 3 Discuss the commutativity and associativity of binary operation ‘*’ defined on Q 
by the rule 
a*b =a-b+abforalla,be Q. 
SOLUTION We have, 
a*xb = a-—b+abforalla,be Q. 


= 
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Commutativity: For any a,b € Q, we have 
a*x*b =a-b+abandb*a = b-a+ba 
Since a-—b+ab # b—a+ba forsomea,be Q. 
axb#b*a . 
So, * is not commutative on S. 
Associativity: Leta,b,c € Q. Then, 
a*x(b*c) =a*(b-—c+bc) 


=> a*(b*c) = a-—(b—c+bc)+a(b—c+be) 

=> a*(b*c) = a-—b+c-—bce+ab—ac+abc te 
and, (a *b)*c = (a—b+ab)*c 

=> (a*b)*c = (a—b+ab)—c+(a—b+ab)c 

=> (a*b)*c = a—b+ab—c+ac—bce+abe 

= (a*b)*c = a-—b—c+ab+ac—bc+abe ...(ii) 


From (i) and (ii), we find that 
a*(b*c) # (a* b) *c forsomea,b,ce Q. 
So, “*’ is not associative on Q. 


EXAMPLE 4 Let A be a non-empty set and S be the set of all functions from A to itself. Prove 
that the composition of functions ‘o' is a non-commutative binary operation on S. Also, prove 
that ‘oO’ is an associative binary operation on S. 

SOLUTION Let f, g € S. Then, 


f:ArA g: ATA 
=> fog: A— A such that fog (x) =f(g (x)) forallxe A. 
=> foge S. 
Thus, ‘O’ is a binary operation on S. 
Commutativity: Let f,g € S be defined by 

f(x) = x? for all xe A and g (x) =sin x forallxe A. 
Then, 

fog (x) = f(s (x)) = f (sin x) = (sin x) = sin’ x 


and, gof (x) = s(f (x)) =8 (x°) = sin x* 
Clearly, sin? x # sin x’ for some xe A 
= fog (x) # gof (x) forsome xe A 
So, the composition of functions is not a commutative binary opeation on S. 
Associativity: Let f,g,h € S. Then, 
f:A>A,g:A>Aandh: AA. 

Leth (x) = y and g(y) = z. Then, 

fo (goh)) (x) = f{(goh) @} 
= fo (goh)) (x) = f(g) 
fo (goh))(x) = f(g W)) [- h@) = yl 
(fo (goh)) (x) = Ff) Ci) [gy = 2] 


ul) 


U 


r 
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and, —_( (fog) oh) (x) = (fog) ((x)) 


= (fog) oh) (x) = (fog) w) [-h(x) = yl 
= (fog) oh) x) = f(g w)) 
= ((fog) oh) (x) = Fe) Wa [-gW) = 2] 


From (i) and (ii), we have 

(fo (goh) (Gs) = (fos) oh) (x) forallxe A 

fo (goh) = (fog) oh 

So, the composition of functions is an associative binary operation on S. 
EXAMPLES Let A=Nx Nand ‘*’ bea binary operation on A defined by 

(a, b) * (c,d) = (ac, bd) for alla,b,c,deé N. 
Show that ‘*’ is commutative and associative binary opeartion on A. 
SOLUTION Let (a,b), (c,d)& NxN. Then, a,b,c,deN. 
Now, a,b,c,de N 


= ac,bde N 

=e (ac, bd)E NX N 

Thus, (a,b),(c,d)e Nx N 

— (ac,bd)e NXN foralla,b,c,deN 

a (a,b)*(c,d)E NxXN 

= (a,b) *(c,d)€ A forall (a,b), (c,d)eE A 


So, “*’ is a binary operation on A. 
Commutativity: Let (a, b), (c,d) be any two elements of A. Then, 
(a, b) * (c,d) = (ac, bd) 
and, (c, d) * (a,b) = (ca,db) = (ac,bd) _[+,.ac=ca and bd =db for alla,b,c,deé N] 
(a, b) * (c,d) = (c,d) * (a,b) 
Thus, (a, b) * (c,d) = (c,d) * (a,b) for all (a, b), (c, d)€ A. 
So, ‘*’ is a commutative binary operation on A. 
Associativity: Let (a, b), (c, a), (e, f) € A. Then, 
(a, b) * (c,d) * e, f)} 
= (a,b) * (ce, df) 


= (a (ce), b (df )) 
= (cae) e, (bd) f ) 


= (ac, bd) * (e, f) 
= {(a,b)*(c,d)) *(e,f) 
So, “*’ is associative on A. 
EXAMPLE 6 Let A be a set having more than one element. Let ‘*’ be a binary operation on A 
defined by 
a*b = aforalla,be A. 
Is ‘*’ commutative or associative on A ? 
SOLUTION Leta,be A. Then, 
a*b =a and b*a = b. 


-- Multiplication is associative on N 
. a (ce) = (ac) e and b (df) = (bd) f 
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a*b#b*a 
So, “*’ is not commutative on S. 
Associativity: Let a,b,c € A. Then, 

(a *b) *c 
and, a*(b*c)=a*b=a 

(a*b)*c = a*(b*c) foralla,b,ceE A. 


I 
Es) 
x 
Se 
iH} 
Ss) 


So, “*’ is associative on A. 

Thus, “*’ is associative on A but it is not commutative on A. 

EXAMPLE7 Let ‘*’ be a binary operation on N, the set of natural numbers, defined by 
a*b= a’ foralla,be N. 


Is “*’ associative or commutative on N ? 
SOLUTION We have, 


2*3=2 =8 and 342 =3*=9 
2*34£3%2 
So, ‘*’ is not commutative on N. 
Also, 2%*(2*3) =2*2=2%*8=28 = 256 
and, (2*2)*3 = 27*3 = 443 = 4 = 64. 
early 2 (23) hee 
So, ‘*’ is not associative on N. 


‘ 


Hence, “*’ is neither commutative nor associative on N. 
EXAMPLE 8 Let ‘*’ be a binary operation on N given by 
a*b = HCF(a,b), a,beN 
(i) Find:12* 4,18 * 24,7 %*5 
(ii) Check the commutativity and associativity of ‘*’ on N. 
SOLUTION (i) We have, 
12*4 = HCF (12,4) = 4, 
18 #24 = HCF (18, 24) = 6, 
and, Det = FiGE (7,5) eet 
(ii) Commutativity: For any a,b e N,we have 
i) = IAC) = IAG Gym) = esa 
So, “*’ is commutative on N. 
Associativity: For any a,b,c € N, we have 
(ab) *# ce = HCF (a,b) *¢ = HCE (a, B, c) 
and, @*(b*c) = a* HCF (b,c) = HCP, b,c) 
(a*b)*c = a*(b*c)foralla,b,ceN. 
So, “*’ is associative on N. 
EXAMPLE 9 Consider the binary operations *:R*R—R and 0: RxR—-R defined as 
a*b=|a-—b | andaob=aforalla,be R. 
Show that * is commutative but not associative, o is associative but not commutative. Further, 
show that * is distributive over o. Does 0 distribute over *? Justify your answer. 
SOLUTION We have, 
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a*b=|a-b| and b*a=|b-a | 
|a—b|=|b-a| foralla,be R 
a*b=b*aforalla,be R 

So, * is commutative. 

We have, 
(-2)*3)*4= 2 8 | Ae ee NA Aiea, 

and, (—2) * (3 * 4)=(—2)* | 3-4 | =(@2) #1= | -2=1| =3 
((-2)*3)*4 4 (-2)*@*4) 

So, * is not associative on R. 

We have, 
Misa arash Bee Ss 
20355 S02. 

So, o is not commutative on R. 

For any a,b,c € R, we have 

i (aob) oc =aoc =a and ao (boc) =aob=a 

(aob) oc = ao (boc) for alla,b,ce R 

So, 0 is associative on R. 

For any a,b,c € R, we have 
a*(boc)=a*b=|a-—b | 
axb=|a-—v |ga* c= asic | 

and, (a*b)o(a*c)=|a—blo|a—c|=|a-b| 
a * (boc) =(a*b)o(a*c)foralla,b,ce S 

So, * is distributive over ‘o’. 

Again, for any a, b,c € R, we have 
ao(b*c)=ao | b-c|=a 
aob = a, aoc =a and (aob) * (aoc) =a*a=|a-a|=O0 
ao (b * c) # (aob) * (aoc) 


So, o is not distributive over ‘*’. 
a «EXERCISE 3.2 


1. Check the commutativity and associativity of each of the following binary opera- 
tions : 
(i) “*’.on Z defined by a* b=a+b+ab for alla, te TA 
(ii) “*”, on N defined by a* b= 2” for alla,be N 
(iii) “*’. on Q defined by a* b=a—b foralla,be Q 
(iv) ‘©’ on Q defined by aO b= a+b foralla,be Q 


(v) ‘o’ on Q defined byaob = Z for alla, be Q. 


(vi) “*’ on Q defined by a* b= ab’ for alla, be Q 
(vii) “*” on Q defined by a*b=a+ab foralla,be Q 
(viii) “*’ on R defined by a* b=a+b—7 foralla,be R 
a 


(ix) ‘*’ on R - {- 1} defined by a * b=77 > 


10. 


11. 


12. 


13. 
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(x) “*’ on Q defined by a * b=ab+1 
(xi) “*’ on N, defined by a * b= a? 
(xii) ‘*’ on Z ax b=a-b 
ab 


(xiii) ‘*’ on Q defined bya*b= Ze 


(xiv) “*’ on Q defined by a * b = (a—b)* 


. Let ’*’ be a binary operation on N defined by 


a*b = l.c.m. (a, b) foralla,be N 
(i) Find 2*4,3*5,1*6. 
(ii) Check the commutativity and associativity of ‘*’ on N. 
Let S be the set of all real numbers except — 1 and let ’*’ be an operation defined by 
a*b =a+b+abforalla,be S. 
Determine whether ‘*’ is a binary operation on S. If yes, check its commutativity 
and associativity. Also, solve the equation (2 * x) *3 = 7. 
Let A be any set containing more than one element. Let “*’ be a binary operation on 
A defined by 
a*b=b foralla,be A 
Is ‘*’ commutative or associative on A ? 
Determine which of the following binary operations are associative and which are 
commutative: 
(i) *on N defined by a * b=1 foralla,be N 


(ii) * on Q defined by a* b= ase foratare a [CBSE 2008] 


If the binary operation o is defined by aob=a+b-—ab on the set Q - {-1} of all 
rational numbers other than 1, show that 0 is commutative on Q — [1]. 

Show that the binary operation * on Z defined by a * b = 3a + 7b is not commutative. 
On the set Z of integers a binary operation * is defined by a * b=ab+1 for all 
a,b € Z. Prove that * is not associative on Z. 


» On the set Q of all rational numbers if a binary operation * is defined by 


ab : Some 
a*xb= “5 1 Prove that * is associative on Q. 


The binary operation * is defined by a * b= e on the set Q of all rational numbers. 


Show that * is associative. 


On Q, the set of all rational numbers a binary operation * is defined by 
a+b 


axb= 


Show that * is not associative on Q. 
On Z, the set of all integers, a binary operation * is defined by a* b=a+3b—-4. 
Prove that * is neither commutative nor associative on Z. * 


On Q, the set of all rational numbers, * is defined by a * b = ae , Show that * is no 


associative. 


ANSWERS 


ie 


(i) Commutative and associative both (ii) Commutative but not associative 
(iti) Neither commutative nor associative 
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(iv) Commutative but not associative (v) Commutative and associative both 
(vi) Neither commutative nor associative 
(vii) Neither commutative nor associative 
(viii) Commutative and associative both 
(ix) Neither commutative nor associative 
(x) Commutative but not associative 
(xi) Neither commutative nor associative 
(xii) Neither commutative nor associative 
(xiii) Commutative and associative both 
(xiv) Commutative but not associative. 


2ari(i) 845 1526 (ii) Commutative and associative both. 
3. Yes, commutative and associative both, x =—- 


4. Not-commutative but associative. 
5. (i) Both commutative and associative (ii) Commutative but not associative 


3.5 IDENTITY ELEMENT 


IDENTITY ELEMENT Let “’*’ be a binary operation on a set S. If there exists an elementee S 
such that 


a*x*e=a=e*a forallae S. 
Then, e is called an identity element for the binary operation ‘*’ on set S. 
Consider the binary operation of addition (+) on Z. We know that 0 € Z such that 
a+0 =a =O0+aforallae Z 
So, ‘0’ is the identity element for additon on Z. 
If we consider multiplication on Z, then ‘1’ is the identity element for multiplication on 
Z, because 
1xa=a=ax1forallae Z. 
We know that addition (+) and multiplication (-) are binary operations on N such that 
wXdi= n= Ixrniorallne N 
But, there do not exist any natural number e such that 
n+e=n=e+tnforallneN. 
So, 1 is the identity element for multiplication on N, but N does not have identity element 
for addition on N. 
It follows from the above discussion that a set may or may not have an identity element 
fora binary operation defined on it. Now, a natural question arises : If aset hasan identity 
élement for a binary operation defined on it, how many identity elements can it have ? 
The followig theorem answers it. 
THEOREM Let ‘*’ be a binary operation on a set S. If S has an identity element for “*’, then it 
is unique. 
PROOF Let e, and e, be two identity elements for the binary operation ‘*’ on S. Then, 
e, is identity element and e7 € S=> e; * €9= 9 ...(i) 
ey is identity element and e; € S => e, * e)=e} ..-(1i) 


From (i) and (ii), we get ey = @}. 
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Hence, the identity element, if it exists, for a binary operation on a set is unique. 

Q.E.D. 
REMARK  Upitill now, we have been using article ‘an’ with identity element. As it is unique (if 
it exists). So, now onwards we shall be using article, ‘the’ with identity element for a binary 
operation in a given set. 


mxn 
R 


ILLUSTRATION 1 Addition of matrices is a binary operation on the set of allmxn 


matrices over R and O is the null matrix in R™ *~” such that 


A+O=A=O+A forallAe R””~" 


mxXn 


Therefore, O is the identity element for addition on R 
ILLUSTRATION 2 Multiplication of matrices is a binary operation on the set R"~" of all 
n Xn matrices over R and I,, is the identity matrix in R"~” such that 


Al, =A =1,A forallAe R"*" 


Therefore, I is the identity element for multiplication of matrices on R"*". 


ILLUSTRATION 3 Addition of vectors is a binary operation on set V3 of all three dimensional 
a5 
vectors and 0 € V3 such that 


Se: Ae 
a+0=a’= 0+a” forall a’e V3 
Fe : ; Pe 
So, 0 is the identity element for addition for vectors on set V3. 


ILLUSTRATIVE EXAMPLES 
3 


ae - find the identity element 


EXAMPLE1 If * is defined on the set R of real numbers by a * b= - 


in R for the binary operation *. 
SOLUTION Let e be the identity element in R for the binary operation * on R. Then, 
a*e=a=e*a forallacR 


= a*e=a and e*a=a forallacR 
=> one, and ey Ws forallae R 
Ui 7 
= one 
3 


Hence, Z is the identity element in R. 


EXAMPLE 2 Find the identity element in the set Q* of all positive rational numbers for the 
operation * defined by 


axb=% foralla,be Q*. 


SOLUTION Lete be the identity element in Q*. Then, 


a*e=az=ex*a forallac Q’ 


= a*e=a and e*a=a forallae Q* 
=> oa and a for allac Q* 


= C= 


Hence, 2 is the identity element in oO” 
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EXAMPLE3 If * is defined on the set R of all real numbers bya * b = Na? +b" , find the identity 
element in R with respect to *. 


SOLUTION Let e be the identity element in R with respect to *. Then, 
a*e=a=ex*a forallaeR 
a*e=a and eta=a forallac R 


Ne te =a and Ve? +a? =a forallae R 


2 2 3 
a+e =a’ and e&+a=a" for allae R 


e=0 
Hence, 0 is the identity element in R with respect to *. 
EXAMPLE 4 Let S be a non-empty set and P (S) be the power set of set S. Find the identity 


element for the union (VU) as a binary operation on P (S). 
SOLUTION We observe that 


AU%=A=0UA _forevery subset A of set S 
= AUO=A=0UA forallAe P(S) 
= @ is the identity element for union (VU) on P (S). 


Yevaw 


EXAMPLES [11 example 4, find the identity element for intersection (A) as a binary operation 
on P (S). 
SOLUTION We observe that 
AMS=A=S OA for every subset A of set S 
= AMS=A=SNA forallAe P(S) 
=> S is the identity element for intersection (1) on P (S). 


EXERCISE 3.3 


1. If the binary operation * on the set Z is defined by a *b=a+b-—5, then find the 
identity element with respect to *. 


2. On the set Z of integers, if the binary operation * is defined by a * b=a+b+2, then 
find the identity element. 


3. Find the identity element in the set of all rational numbers except — 1 with respect 
to * defined bya * b=a+b+ab. 
4. Find the identity element in the set I* of all positive integers defined by 


a*b=at+bforalla,be I*. 
ANSWERS 


3. 4 Pea? 3, 0 4. 0 


y 


3.6 INVERSE OF AN ELEMENT 
INVERTIBLE ELEMENT Let ’*’ be a binary operation on a set S, end let e be the identity element 
in S for the binary operation * on S. Then, an element ae S is called an invertible element if 
there exists an element b € S such that 

a*b=e=b*a 
The element b is called an inverse of element a. 
Thus, an element b € S is called an inverse of an elementaé S, if 

a*b=e=b*a. 
Consiier the binary operation addition (+) on Z. Clearly, 0 is the identity element for 
addition on Z and for any integer 2, we have 
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at+(—a) = 0 = (-a)t+a 
So, — ais the inverse of ae€ Z. 
Multiplication is also a binary operation on Z and 1 is the identity element for multi- 
plication on Z. But, no element, other than 1 € Z, is invertible. 
THEOREM 1 Let ’*’ be an associative binary operation on a set S with the identity element e in 
S. Then, the inverse of an invertible element is unique. 
PROOF Leta be an invertible element in S. 
If possible, let b and c be two inverses of a € S with respect to ‘*’. Then, 
a*b=b*a=e anda*c=c*a=e 


Now, (b*¥a)*c =e*C [.-b*a = e] 
a 6 [-.. e is the identity element] 
and, b*(a*c) = b*e [--a*c = e] 
=b [-.. eis the identity element] 


Since ‘*’ is an associative binary operation on S. Therefore, 
(b*a)*c = b*(a*c) 
=> c= Db. 
Hence, a has unique inverse. 
OED 


REMARK The inverse of an element is generally denoted bya '. The inverse of an element a (if 
it exists) with respect to the additive (or multiplicative) binary opeations is generally called the 
additive (or the multiplicative) inverse and is denoted by — a (or 1/a). 


THEOREM 2 Let * be an associative binary operation on a set S and a be an invertible element 
of S. Then, 


(a aa =f 

PROOF Let e be the identity element in S for the binary operation * on S. Then, 
axa '=e=a '*aq 

=> a i*a=e=a*a} 

— a is inverse of a! 

= a= (ay! 


O.E.D. 
REMARK Let * be a binary operation on a set S and e be the identity element for * on S. Then, 
e*e =e = e*e, This implies that e is invertible and e l=e. 


Thus, the identity element (if it exists), with respect to a given binary operation defined on a 
given set, is always invertible and it is inverse of itself. 


ILLUSTRATION 1 Multiplication is a binary operation on Q and 1 is the identity element in 


m n 
Q. For every non-zero rational number ak Q there exists a rational number — such that 
m 


i) hin 
ES Artie SG eee ake ogee 
[ETL Titeeete 


Thus, every non-zero rational number has its inverse for multiplication on N. 


BINARY OPERATIONS SHS, 


pECEIRATION 2 Addition of vectors is a Beery operation on V3 with identity element 
0% € V3. For every vector a’ V3 there exists —@’€ V3 such that 


a+(-a Pye Oa(aa a’)+a° 
Therefore, every vector in V3 has its additive inverse. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 On Q, the set of all rational numbers, a binary operation * is defined by 


a*xb= 2 foralla,be Q. 
Find the identity element for * in Q. Also, prove that every non-zero element of Q is invertible. 


SOLUTION Lete be the identity element. Then, 
a*e=a=e*a forallae Q 


==' —=# and =a forallae Q 
5 5 
=> 2=5 


Thus, 5 is the identity element for the binary operation * defined on Q. 
Let x be the inverse of an element a € Q. Then, 
ee 


= a*x=5 and x*a=5 [-.. e=5] 
ax xa 

— 57 and ene 

— x= ifax0. 


rae : ae bd ile, 
Thus, every non-zero element 4 € Q is invertible and its inverse is ae 


EXAMPLE2 Let ‘*’ be a binary operation on set Q — {1} defined by 
a*b =a+b-ab;abeQ- 
Find the identity element with respect to * on Q. Also, prove that every element of Q — {1} is 
invertible. 
SOLUTION _ Let the identity element e exists in Q — {1} with respect to * on Q- {1}. Then, 
a*x*e=az=e*a forallae Q-{1} 


=> a*xe=a for allae Q-{1} [..- “*’ is commutative on Q - {1}] 
= at+e-ae=a for allae Q-{1} 
= e(1-a) =0 forallae Q-({1} 
=> en, 0 f-aeQ- {1} .a#1lsa-1 40] 


Thus, 0 is the identity element for * on Q - {1}. 
Let a be an arbitrary element of Q — {1} and let b (if exists) be the inverse of a. Then, 


axb=O0=bD*a [-.. 0 is the identity element] 
— a*xb=0 [-.. “*’ is commutative] 
= a+b-—ab= 
=> b(1-a) =-a 
x Weta . : Pane O- (ih. a-1+0) 
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a 


Since,a € Q- {1}. Therefore, b = PG 


er 


Thus, every element of Q — {1} is invertible and the inverse of an element a is £ 1 
EXAMPLE3 On the set R — { — 1} a binary operation * is defined by 

a*b=a+b+ab foralla,be R-{-1} 
Prove that * is commutative as well as associative on R — {—1}. Find the identity element and 
prove that every element of R — {— 1} is invertible. 
SOLUTION We observe the following: 
Commutativity: For any a,b € R-{-1}, we have 

a*xb=a+b+ab and b*a=b+a+ba 

a+b+ab=b+a+ba [By comm. of addition and multiplication of R — {— 1}] 
— a*xb=b*a 
So, * is commutative on R — {- 1}. 
Associativity: For any a, b,c € R—-{-—1}, we have 

(a*b)*c = (a+b+ab)*c 

(a*b)*c = (a+b+ab)+c+(a+b+ab)c 


(a*b)*c = at+b+ct+ab+be+ac+t+abce () 
and, a*(b*c)=a*(b+c+be) 

a*(b*c)= a+(b+c+bc)+a(b+c+ be) 

a*(b*c)= a+b+c+ab+be+ac+abe ...(ii) 


From (i) and (ii), we have 
(a*b)*c=a*(b*c) foralla,b,ce R—-{-1}. 
So, * is associative on R — {- 1}. 


Existence of Identity: Let e be the identity element. Then, 


a*e=a=ex%a forallae R-({-1} 
=> a+e+ae=a and e+a+ea=a forall ae R-{-1} 
= e(1+a)=0 foralla € R-{-1} 
= e= 0. 


Also, Oe R—-{-1} 
So, 0 is the identity element for * defined on R — {— 1}. 


Existence of Inverse: Leta € R — {— 1} and let b be the inverse of a. Then, 
a*xb=e=b*a 


=5 a*xb=e [-.. * is commutative] 

ae a+b+ab=0 [- @=i0] 
a 

ise ae 


Since, a € R — {— 1}. Therefore, 


a#-1 => a4+140 = b=——eR 
t 


AISO ie =—1 = —4=—a-1 = —1=0, whichis absurd. 
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ia 2! 


Thus, 
tae +1 


€ R—-({-1}. 


Hence, every element of R — {— 1} is invertible and the inverse of an element a is — = 
+ 
EXAMPLE 4 Let ‘*’ bea binary operation on Qg (set of all non-zero rational numbers) defined 
by 
ab 
a*xb= -y a, be Qo 


Then, find the 


(i) identity element in Qo (ii) inverse of an element in Qo. 
SOLUTION Identity element : Let e be the identity element in Qo. Then, 


a*e=az=e*a forallae Q 


= a*e=a for alla € Qo [-.. “*’ is commutative on Qo] 
— = =a forallae Q) 
=> = 4 [-.-a # O] 


Thus, 4 is the identity element in Qo for the binary operation ‘*’. 


Inverse of an element: Leta be an invertible element in Q, and let b be its inverse. Then, 


ax*b=e=b*a 

= a*eb=4 [-..e =4 and ‘*’ is commutative on Qo] 
ab 

=> 4 =4 

= pete [--a€ Qy -. a # O} 


Clearly, “8 € Qpy for all a€ Qo. Therefore, every element of Qo is invertible and the 


: Lo 
inverse of an element a € Qj is ar 


EXAMPLE5 Let X be a non-empty set and let * be a binary operation on P (X) (the power set 
of set X) defined by 
A*B=AUB forallA,Be P(X). 
Prove that “*’ is both commutative and associative on P (X). Find the identity element with espect 
to “*’ on P(X). Also, show that  € P (X) is the only invertible element of P (X). 
SOLUTION | In the chapter 1 on sets in class XI, we have proved that for sets A, B, iG 
AUB = BUA and (AUB)UC = AU(BUC) 
Therefore, for any A, B,C € P (X), we have 
AUB = BUA and (AUB)UC=AU (BUC) 


= A*B = Bx Aand(A*B)*C=A*(B*C) 
Thus, ‘*’ is both commutative and associative on P (X) 
We know that 


AU = A=0UVA forall Ae P(X). 
= A*o =A = 6*A forallA € P(X) 
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So, 9 is the identity element for ‘*’ on P (X). 
Let A € P (X) be an invertible element. Then, there exists S € P (X) such that 
INES RYT PSA 7 
= AVS = v=o eA 
— Shuai =) v'al 
Thus, $ is the only invertible element. 
EXAMPLE 6 Let X be a non-empty set and let ‘*’ be a binary operation on P (X) (the power set 
of X) defined by 
A*B=AQB forA,Be P(X). 
(i) Find the identity element with respect to * in P (X). 
(ii) Show that X is the only invertible element of P (X). 
SOLUTION (i) Let E be the identity element in P (X) with respect to *. Then, 
A*E=A=E*A forallAe P(X) 
=> lant AT Ey AL torall Ac < 
= IE = OX, 
Thus, X is the identity element with respect to * on P (X). 
(ii) Let A be an invertible element of P (X) and let S be its inverse. Then, 
At 1S =X 9S At 
= AVS AX, sl SimrA 
— A= — SEX [-ACX,S CX] 
Thus, X is the only invertible element of P (X) with respect to * and it is the inverse of 
itself. 
EXAMPLE 7 Let X bea non-empty set and let ‘*’ be a binary operation on P (X) (the power set 
of set X) defined by 
A*B = (A-B)U(B-—A) forall A, Be P(X). 
Show that : 
(i) is the identity element for * on P (X). 
(ii) A is invertible for all A € P (X) and the inverse of A is A itself. 
SOLUTION For any A € P (X), we have, 
A*o = (A-o)U(-A) 
=(ANW)UONA [.. A-B =AQB 
= (ANU) V6 
= Alo 
aA 
(0-A)U(A-9) 
=(0A)U(ANO’) 
= @U(ANU) 
=0UA 
= A 
A*>o=A=0*A_  forallAe P(X). 
Thus, is the identity element in P (X) for the binary operation * on P (X). 
For any A € P (X), we have 
A*A = (A-A)U(A-A) =0UO=0 


So, every element A of P (X) is invertible and is inverse of itself. 


and, oxeA 
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EXAMPLE 8 Let A=Q x Qand let * bea binary operation on A defined by 
(a, b) * (c,d) =(ac,b+ad) for (a,b),(c,d)€ A. 

Then, with respect to *on A 

(i) Find the identity element in A 


(ii) Find the invertible elements of A. 
SOLUTION (i) Let (x, y) be the identity element in A. Then, 


(a, b) * (x, y) = (a, b) = (x, y) * (a, b) for all (a, b)€ A. 
= (ax, b + ay) = (a, b) = (xa, y + bx) foralla,be Q 
= (ax, b + ay) = (a,b) and (a, b)=(xa,y+bx) foralla,be Q 
= ax =a andb+ay=b for alla,be Q 


and, xa = a,y+bx = b foralla,be Q 

=> x=1y=0 

Clearly, (1,0)€ QxQ =A. 

So, (1, 0) is the identity element in A. 

(ii) Let (a, b) be an invertible element of A. Then there exists (c,d) € A such that 
- (a, b) * (c,d) = (1,0) = (c,d) * (a, b) 


= (ac,b+ad) = (1,0) and (ca,d+bc)=(1,0) 
= ac=1,b+ad =0 andca = 1,d+be = 0 
— des lia de Bath eid. 

a a 


Thus, (a, b) is an invertible element of A, ifa # Oand in such a case the inverse of (a, b) 

buf bend 

is 5 - a : 

EXAMPLE9 Let A=NvU {0} xN wu (0} and let ‘*’ be a binary operation on A defined by 
(a, b) * (c,d) =(at+c,b +d) forall (a, b), (c, dye A. 

Show that: 

(i) ‘*’ is commutative on A. 

(ii) ‘*’ is associative on A. 

Also, find the identity element, if any, in A. 

SOLUTION (i) Commutativity : Let (a, b), (c, d) € A. Then, 
(a, b) * (c,d) =(a+c,b+d) and (c, d) * (a, b)=(c+a,d+b) 
atc=ctaand bid =dt+b forallab,c,deN 

ri: (a+c,b+d) = (c+a,d+b) for alla,b,c,de N 

== (a, b) * (c,d) = (c,d) * (a,b) for all (a,b), (c,d)e NX N=A 

=> ‘*’ is commutative on A. 

(ii) Associativity For any (@, b), (c, d), (e, f)€ A, we have ‘*’ 
{(a, b) * (c, d)} * (e,f) 

(a+c,b+d)*(e,f) 

(a+c)t+e,(b+d)+f 

a+(ct+e),b+(d+f) [-.. Addition is associative on N] 

(a,b)*(c+e,d+f) 
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= (a,b) * {(c, d) * (e, f)) 

So, ‘*’ is associative on A. 

Let (x, y) be the identity element in A. Then, 
(a,b) * (x,y) = (a,b) forall(a,b)e A 


= (a+x,b+y) = (a,b) forall(a,b)eE A 
= a+x=a,b+y =b foralla,be Nu {0} 
= x=0y=0 


Clearly, (0,0)¢€ A. 
Also, (0, 0) * (a,b) = (a,b) for all (a, b) € A. 
Thus, (0, 0) is the identity element in A. 
EXAMPLE10 Let A=N XN, and let * be a binary operation on A defined by 
(a, b) * (c,d) = (ad + bc, bd) for all (a, b), (c,d)e NXN. 
Show that 
(i) ‘*’ is commutative on A. 
(ii) ‘*’ is associative on A. 
(iii) A has no identity element. 
SOLUTION (i) For any (a, b), (c,d) € N x N, we have 
(a, b) * (c,d) = (ad + bc, bd) and, (c,d) * (a,b) = (cb + da, db) 
Since addition and multiplication are commutative on N. Therefore, 
ad+be = cb+daand bd = db 
=> (ad + be, bd) = (cb + da, db) 
= (a, b) * (c,d) = (c,d) * (a, b) 
So, * is commutative on A 
(ii) For any (a, b), (c, a), (e, f) € A, we have 
((a, b) * (c, d)} * (e, f) 
= (ad + bc, bd) * (e, f) 
= (ac + bc) f + (bd) e, (bd) f} 
= (adf+ bef +bde, bdf) ...(i) [By comm. and assoc. of add. and mult. on N] 
and, (a,b) * (c,d) *(e, 
= (a,b) * (cf + de, df ) 
= (a (df) + b (cf +de), b (af )} 
= (adf + bef + bde, bdf ) ...(ii) 
From (i) and (ii), we get 
{(a, b) * (c, d)) * (e, f) = (a, b) * {(c, d) * (e, f )} for all (a, b), (c, d), (fle NxN=A 
So, * is associative on A, 
(iii) Let (x, y) be the identity element in A. Then, 
(a, b) * (x, y) = (a,b) for alla, b)e N 


=> (ay + bx, by) = (a,b) — foralla,be N 
= ay+bx =aandby=b foralla,be N 
=> x=O0y=1 


But, 0 ¢ N. Therefore, (0,1)¢ NxN=A. 
So, there is no identity element in A with respect to ‘*’, 
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EXAMPLE 11 Let ‘*’ bea binary operation on N given by 
a*b = L.C.M (a,b) foralla,be N 
(i) Find 5 * 7,20 * 16 (ii) Is * commutative? 
(iii) Is * associative? (iv) Find the identity element in N 
(v) Which elements of N are invertible ? Find them. 
SOLUTION (i) We have, 
a*b=LCM ofaandb 
5 * 7 =(LCM of 5 and 7) =35 
20 * 16 =(LCM of 20 and 16) = 80 
(ii) We have, 
a*b=LCMofaandb 
and, b*a=LCM of banda 
We know that for any a,b e N 
LCM of aandb = LCM of banda 
ax*b=b*a 
So, * is commutative on N 
(iii) For any a, b,c € N, we have 
(a *b) *c=LCM ofa * bandc 
— (a * b) *c= LCM of (LCM of a and b) and c 
=> (a *b)*c= LCMofa,bandc 
Simiarly, we have, 
a*(b*c)=LCMofa,bandc 
(a * b)*c=a*(b*c) foralla,b,ce N 
So, * is associative on N. 
(iv) Let e be the identity element. Then, 


a*e=az=e*a forallae N 


= a*e=a for allae N 
= LCM (a, e)=a forallae N 
= Ca 


So, 1 is the identity element in N. 
(v) Leta bean invertible element in N. Then, there exists b € N such that 


axb=1 
— LGM (Gp) 1 
=> fal = ja) 2 ile 


Thus, 1 is the invertible element of N. 
EXAMPLE 12 Define a binary opeartion * on the set A={0,1,3,4,5} given by 
a * b=ab (mod 6). Show that 1 is the identity for *, 1 and 5 are the only invertible elements with 
tl=tand5 '=5. 
SOLUTION We have, 

1*0=0*1=0, 

1#1=1=1*1 
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1*2=2=2*1 

1*#3=3=3+*1 

1*4=4=4+*1 

1¥*5=5=5+#17 
Thatisx*1=x=1*xforallxe A 
So, 1 is the identity element for * in A. 
We have, 

1*1l=1=1*1 


a 1 is invertible and1 ‘=1 
Also 5 * 5 = (Remainder when 25 is divided by 6) =1 


5 is invertible and5 '=5 


EXAMPLE 13 On the set M=A (x) -| i a :xe€ R} of 2x2 matrices, find the identity 


element for the multiplication of matrices as a binary operation. Also, find the inverse of an 
element of M. 
Op & 


SOLUTION LetA @=|¢ 


| a € R be the identity element in M. Then, 


AKX) A (GO) =Ai@) =A (GA @foralla eR 


= LE [e Sie tf ona le Sie Z]-[E Z] toranzer 


| L 
ZO 2 On cr wax = 
=) be 3a [3 | forallxe R 
=> 2ax=x forallxe R 
=> qu 
Ee 
11 
1 ve By Se : : , 
Thus, A al=l, 71/5 the identity element in M. 
ye 


Let A (y) = b Y | be the inverse of an element A (639) oa x] in M. Then, 
yy x x| 


A(x)A(y)=A 2}4w4e 


ye: 
ae BEV YT | 22 Tay) ae 
~ xi iy yy |L 1) Ly ¥f[x x 

Died 

gin 

2X ONY oa ee 

= ere ine 

Rae 


= dry = > y= ifx40 
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fe 
: =e 

A= A(z. i a is the inverse of A (x) =|? * in w. 
4x 4x 


EXAMPLE 14 Show that the number of binary operations on {1,2} having 1 as identity and 
having 2 as inverse of 2 is exactly one. 

SOLUTION We know that a binary operation on a set S is a function from S x S to S. So, 
a binary operation on set S = {1,2} is a function from $x S > S ie., a function from 
{(1, 1), (1, 2), (2, 1), (2, 2)} to {1, 2}. 


Let * be the desired binary operation. If 1 is the identity element for * and 2 is the inverse 
of itself, then 


1*1=1, 1*2=2*1=2and2*2=1. 
Thus, * associates elements of S x S to elements of S in the following manner. 


Sies 5 


| ee 


Js ony sain 


Fig. 3.1 


Clearly, * can be defined in a unique way as given above. 
Hence, the number of desired binary operations is 1. 
EXAMPLE 15 Determine the total number of binary operations on the set S = {1, 2, } having 1 
as the identity element. 
SOLUTION Let * be the desired binary operation on S = {1, 2}. Then, * is a function from 
6%5=(07 1), 2) C1), © 2)} toS = {1 2). 
If 1 is the identity element for * on S. Then, 
1*1=1,1*2=2*1=2 
AC, * (1,1) =1, * (1,2) =* (2,1) =2 
Thus, the only choice left is to associate (2, 2) to some element of S. Clearly, (2, 2) can be 
associated to either 1 or 2 i.e., * (2,2) =1 or, * (2, 2) =2. 
So, there are two desired binary operations on S as given below: 
(i) * (1,1) =1, * (1,2) =* (2,1) =2 and +(2,2)=1 


nee? Six'9 S 


Fig. 3.2 
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(ii) * (1,1) =1, * (1, 2) = * (2, 1) =2 and * (2, 2) =2. 
ae SxS S 
oo ees 

7 

Fig. 3.3 
EXERCISE 3.4 
1. Let * be a binary operation on Q — {— 1} defined by 
a*b=a+b+ab foralla,be Q-{-1} 
Then, 
(i) Show that ’*’ is both commutative and associative on Q — {— 1}. 


(ii) Find the identity element in Q — {— 1} 
(iii) Show that every element of Q — {— 1} is invertible. Also, find the inverse of 
an arbitrary element. 


2. Let ‘o’ bea binary operation on the set Qp of all non-zero rational numbers defined 
by 


ON) = 2, for alla, b € Qo. 


(i) Show that ‘o’ is both commutative and associate. 
(ii) Find the identity element in Qo. 
(iii) Find the invertible elements of Qo. 


3. Let A=Rg xR, where Rg denote the set of all non-zero real numbers. A binary 
operation ‘©’ is defined on A as follows : 
(a,b) © (c,d) = (ac, be + d) for all (a, b), (c,d) € Rox R. 
(i) Show that ‘O’ is commutative and associative on A 
(ii) Find the identity element in A 
(iii) Find the invertible elements in A. 
4. Let * be a binary operation on Z defined by 
a*x*b=a+b-4 foralla,be Z 
(i) Show that ’*’ is both commutative and associative. 
(ii) Find the identity element in Z. 
(iii) Find the invertible elements in Z. 
5. Let Ro denote the set of all non-zero real numbers and let A = Ro x Ro. If *’ isa binary 
operation on A defined by 
(a, b) * (c,d) = (ac, bd) for all (a,b), (c,d)e A 
(i) Show that ’*’ is both commutative and associative on A 
(ii) Find the identity element in A 
(iii) Find the invertible element in A. 
6. Let * be the binary operation on N defined by 
a * b=HCE of aand b. 
Does there exist identity for this binary operation one N? 
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7. On R- {1}, a binary operation * is defined by a*b=a+b-—ab. Prove that * is 
commutative and associative. Find the identity element for * on R — {1}. Also, prove 
that every element of R — {1} is invertible. 


ANSWERS 
1. (ii) 0 ony yee la Lie 
(ii) (iii) a 44175 Q-{-1} 
2. (ii) 2 fi) a = for alla € Qo 
3. (ii) (1,0) (iveInverse of (1) be A is G ; ar 
4. (ii) 4 (iii) Inverse of ain Z is 8-a 
Beet acted) (iii) Inverse of (a, b) € A is E ; | 
6. No th e=0,a ‘= 2 
(oat 


3.4 COMPOSITION TABLE 


A binary operation on finite set can be completely described by means of a table known 
as a composition table. Let S = (a1, do, ...,a,} be a finite set and * be a binary operation 


on S. Then the composition table for * is constructed in the manner indicated below. 
We write the elements @, 4, ..., 4, of the set S in the top horizontal row and the left 
vertical column in the same order. Then we put down the element a; * a; at the intersec- 
tion of the row headed by a; (1 <1 <n) and the column headed by a; (1 <j <7) to get the 
following table : 


ay * ay 


From the composition table we infer the following results. 


(i) Ifall the entries of the table are elements of set S and each element of S appears once 
and is ronce in each row and in each column, then the operation is a binary operation. 
Sometinaes we also say that the binary operation is well defied which means that the 
operation * associates each pair of elements of S to a unique element of S. Many authors 
say that 3 is closed under the operation *. But for us, this is a consequence of the 
definition of binary operation. 
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(ii) If the entries in the table are symmetric with respect to the diagonal which starts at 
the upper left corner of the table and terminates at the lower right corner, we say that 
the binary operation is commutative on S, otherwise it is said to be non-commutative 
on S, 


(iii) If the row headed by an element say a coincides with the row at the top and the 
column headed by a; coincides with the column on extreme left, then a; is the identity 
element in S for the binary operation * on S. 


(iv) If each row except the topmost row or each column except the left most column 
contains the identity element then every element of S is invertible with respect to *. To 
find the inverse of an element say a;, we consider row (or column) headed by a;. Then 
we determine the position of Identity element e in this row (or column). If e appears in 
the column (or row) headed by Ai, then a; and a; are inverse of each other. 

We shall now introduce two binary operations on the set Z,, of integers modulo n. These 
two binary operations are called addition modulo n (written as +,, or, ® n) and multi- 
plication modulo n (written as x ,, or ® n). 


3.4.1 ADDITION MODULO n 


Let 1 be a positive integer greater than 1 and a, be Z,,, where Z,, = {0,1, 2, ..., (n—1)}. 
Then, we define addition modulo n i.e. +,, as follows: 
a +, b = Least non-negative remainder when a + b is divided by n. 
For example, 
(i) 7 +5 6 = (Least non-negative remainder when 7 + 6 = 13 is divided by 5) = 3. 
(ii) 6 +;98= (Least non-negative remainder when 6 + 8 = 14 is divided by 10) = 4. 
(iii) 11 +79 = (Least non-negative remainder when 11 +9 = 20 is divided by 7) = 6. 


The composition table for +; on Z5 = {0,1,2,3, 4} isas given below: 


ea Ml lh Nd ey (Chee w= 
er 0 Lee | SP 
istpl tlie Sed ae 
ne ea eee Oe a ae ee 
Sorahars Aed—|--O— bp 

—— ——_ 
AON) Gen Mme Way Belt asc aacieg 


We observe the following points from the composition table: 


(i) All entries of the table are elements of Zs. So, +5 isa binay operation on Zs. . 
(ii) The table is symmetric with respect to the principal diagonal. Therefore, +5 isa 
commutative binary operation on Zs. 
(iii) The row headed by 0 coincides with the top-most row and the column headed by 
0 coincides with the left-most column. So, 0 is the identity element forts on Zz. 
(iv) Each row and column consists of the identity element 0. So, every element of Z. 


is invertible. 
Also, 


0 +5=0= 0 is inverse of itself 
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1 +5 4=0 = 1 is inverse of 4 
2+53=0= 2 is inverse of 3 
3 +52=0= 3 is inverse of 2 
4+,1=0= 4 is inverse of 1 
(v) We have, 
(1 +5 3) +54=4454=3 and 14+5(3 +5 4)=1+5,2=3 
(1 +5 3) +5 4=1 +5 (3 +5 4) 


Similarly, it can be verified for other elements of Z, that +, is associative on Zs. 


3.4.2 MULTIPLICATION MODULO n 
Let n be a positive integer greater than 1 and a, be Z,,, where 
f= 101, 2, Spey WE )). 
Then, we define multiplication modulo n i.e., x,, as follows: 
a x,, b = Least non-negative remainder when ab is divided by n. 


For example, 
(i) 4x53 = (Least non-negative remainder when 4 x 3 = 12 is divided by 5) = 2 
(ii) 4xg6 = (Least non-negative remainder when 4 x 6 = 24 is divided by 8) = 0 
(iii) 7 x) 8 = (Least non-negative remainder when 7 x 8 = 56 is divided by 12) = 8. 


Consider xj9 on the set S = (2, 4, 6, 8}. The composition table for xj9 on S is given below: 


DIN |oO}P|N 
N |e |D }oO ] & 


eile els 
o 


We make the following observations from the composition table: 
(i) All entries of the table are elements of S. So, x49 is a binary operation on S. 
(ii) The table is symmetric with respect to the principal diagonal. Therefore, X19 is 
commutative on S. 

(iii) The row headed by 6 coincides with the top most row and the column headed by 
6 coincides with the left-most column. Their intersection is 6. So, 6 is the identity 
element for Xj on S. 

(iv) Since each row and each column consists of theidentity element 6.So0, each element 
of S is invertible. Also, 

2x;98=632 '=8 
8Xi92=6-38 '=2 
4x1)4=64 '=4 


6X,)6=6>6 | =6 
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REMARK Multiplication modulo n i.e., (x,,) is associative because the remainders when the 
integers (ax b) xc anda x (b xc) are divided by n are same.. 


It should be noted that the composition table is helpless to determine associativity of 
the binary operation. This has to be verified for each possible triad. 


To illustrate the points discussed above we consider the following examples. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE.1 Consider the set S = {1,- 1) of square roots of unity and multiplication (x) as a 
binary operation on S. Construct the composition table for multiplication (x) on S. Also, find 
the identity element for multiplication on S and the inverses of various elements. 
SOLUTION The composition table for multiplication S is as given below: 


Br os re 


We make the following observations from the table: 
(i) All the entries of the table belong to S. So, multiplication is a binary 
operation on S. 

(ii) The table is symmetric with respect to the pricipal diagonal (i-e., the diagonal that 
starts from the upper left corner of the table and terminates at the lower digit 
corner). So, the binary operation i.e., multiplication is commutative on S. 

(iii) First row of the table coincides with the top-most row and first column coincides 
with the left-most column. These two intersect at 1. So, 1 is the identity element 
for multiplication on S. 

(iv) Every element of S is invertible with respect to multiplication because the identity 


element 1 appears in each row and each column. Also, (1) '=1 and (-1)>!=1. 
(v) Since multiplication of numbers is associative. So, multiplication is associative 
on 5. 


EXAMPLE 2 Consider the set S = {1, w, 0} ofall cube roots of unity. Construct the composition 
table for multiplication (x) on S. Also, find the identity element for multiplication on S. Also, 
check its commutativity and find the identity element. Prove that every element of S is invertible. 


SOLUTION The composition table for multiplication on S is as given below: 


x 1 0) Ww 
fl i 00) w- 
2 
wo wo 0) 1 [-. o=1 and w'= wo] 
w* w* i 1 @ 


We make the following observations from the table: 
{i} All the entries of the table belong to S. So, multiplication is a binary operation 
on 5, 
(ii) The table is symmetric with respect to the principal diagonal. Therefore, multi 
plication is commutative on S. 
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(iii) First row of the table coincides with the top-most row, first column coincides with 
the left most column and these two intersect at 1. So, 1 is the identity element for 
multiplication on S. 

(iv) The identity element 1 occurs in each row and each column. So, every element of 
S is invertible. Also, 


1x1=1 BS Pi 
ox@?=1 > (wo) 1 =a? 


ot Xo= be (o*yil=m 


EXAMPLE3 Consider the set S = {1, —1, i, — i} of fourth roots of unity. Construct the composi- 
tion table for multiplication on S and deduce its various properties. 
SOLUTION The composition table for multiplication on S is as given below: 


is 


We make the following observations: 
(i) All the entries of the table belong to S. So, multiplication is a binary operation 
on S. 
(ii) The table is symmetrical with respect to the principal diagonal. Therefore, multi- 
plication is commutative on S. 

(iii) 1 is the identity element, because the row headed by 1 coincides with the top most 
row and column headed by 1 coincides with the left most column and these two 
intersect at 1. 

(iv) Each row and each column consists of the identity element 1. So, every element of 
S is invertible. Also, 


ix ied otes-4 
-1x-1=1 > (-1)'=-1 
ix-i=1 = (i) |=-i 
~ixi=1 > (-i =i 
EXAMPLE4 Consider the set S = {1, 2, 3, 4}. Define a binary operation * on S as follows: 
a* b=r, where ris the least non-negative remainder when ab is divided by 5. 
, Construct the composition table for “*’ on S. 
SOLUTION We have, 
tea A =, 1 ses = 341 eed, 24a? Be2=4, 2*3=1, 
2*4=3, 3*#1=3, 3*#2=1, 3*3=4 344 =2 etc: 
So, we obtain the following table as the composition table for the binary operation * 
on S. 
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We make the following observations from the composition table: 

(i) The binary operation * is commutative on S, because the composition table is 
symmetrical about the diagonal starting at the upper left corner and ending at the 
lower right corner. 

(ii) 1 is the identity element for *, because the row headed by 1 coincides with the top 
row and the column headed by 1 coincides with the extreme left column of the 
table and these two intersect at 1. 

(iii) Every element of S is invertible with respect to *, because the identity element 1 
appears in each row (column). Since 1 is the identity element, so 1 is inverse of 
itself. We see that in second row 1 appears at the intersection of row headed by 2 
and column headed by 3. So 2 and 3 are inverse of each other. Similarly we find 
that 4 is inverse of itself. 


EXAMPLE 5 Construct the composition table for the composition of functions (0) defined on the 
set S=({fy, fo, fa, fa} of four functions from C (the set of all complex numbers) to itself, 


defined by 
fi @=2zfo (@)=-2,@)=of1@) =-+ forallze C. 


SOLUTION In order to construct the composition table we write the elements 
fi for f5-f4 in a horizontal row as well as in a vertical column and fill up the cells with 


the composition given below : 


For any z € C, we have 

(fief) @) = fi (fA @)) = fi @) 

fio =f 
Similarly, fof, = fo = foof, fio =f =f fy frofs = fa = fa oh 
Also, = (fh of2 @) =f2 (2 ()) = fo (-z)=-(-2) =z =f, @) 


hrofe =f 

fit @ = hi(h@)=h(W/2)=-2=h@ 

hoofs = fa 

fafa = hifae@)=h{-Z]=-[-z]=2=4@ 
ffs = Sa 


Similarly, we can make other computations. 
We make the following observations from the table: 
(i) The table is symmetrical about the leading diagonal. So, ‘o’ is commutative on S. 
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(ii) f, is the identity element for ‘o’ on S. 
(iii) The composition of functions is associative. So, ‘o’ is associative on S. 
(iv) We have, 

-1 
fAofiafi-fA =f 
-1 
frofg=fi - fy =fo 
-1 
offs =fi-- fg “=f, 
-1 
frOfg =fi -- fa=fe 


EXAMPLE 6 Consider the infimum binary operation a on the set S = {1, 2, 3, 4, 5) defined by 
aaAb=Minimum of aandb 


Write the composition table of the operation a. 
SOLUTION We have, 


1A1=(Minimum of 1 and1)=1 
1 A2=(Minimum of 1 and 2) =1 
- 4A3=(Minimum of 4 and 3) =3 ete. 


So, we have the following composition table for A on S. 


EXAMPLE 7 Consider a binary operation * on the set {1, 2,3,4,5} given by the following 
multiplication table 


1 2 ull 5 | 
1 1 1 1 
1 2 2 1 
, 3 1 1 1 1 
4 1 2 / seis 
Ls pipe a? Sy aes ake eas we a 


(i) Compute (2 * 3) * 4 and 2 * (3 * 4) 
(ii) Is * commutative? 
(iii) Compute (2 * 3) * (4 * 5) 
SOLUTION (i) From the composition table we find that 
2*3=1 and 1*4=1 
(2*3)*4=1*4=1 
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(ii) Clearly, the composition table is symmetrical about the diagonal starting at the 
upper left corner and ending at the lower right corner. 


So, * is commutative. 
(iii) From the composition table, we find that 
2*3=1 and 4*5=1 
(2 *3)*(4*5)=1%*1=1. 
EXAMPLE 8 Define a binary operation * on the set A = {0, 1, 2,3, 4, 5} as 
a*b=a+b (mod 6) 
Show that zero is the identity for this operation and each element a of the set is invertible with 


6 — a being the inverse of a. 
SOLUTION We have, 


a *b=a+b (mod 6) = Remainder when a + b is divided by 6 
0 * 1 = (Remainder when 0 + 1 =1 is divided by 6) =1 

2 * 3 = (Remainder when 5 is divided by 6) =5 

3 * 4 = (Remainder when 3 + 4 = 7 is divided by 6) = 1 

4 * 5 = (Remainder when 4 + 5 =9 is divided by 6) = 3 etc. 


So, the composition table for * is as given below: 


* 0 1 2 | 3 
0 0 1 Z 3 
il 1 2 3 4 
an 
2 2 3 4 a 1 
3 3 4 5 0 PE 
4 4 5 0 1 7 3 
) 5 0 1 2 3 4 
eee a 


We observe that the first row coincides with the top-most row and first column coincides 
with the left most column. At their intersection, we have 0. So, 0 is the identity element. 


Each row (column) contains the identity element. So, each element of A is invertible. 
Also, a * (6 —a) = (Remainder when a + 6 — a = 6 is divided by 6) = 0 

6 —ais the inverse of a foreachae A. 
EXAMPLE9 Define a binary operation * on the set A = {1, 2, 3, 4} as 

a *b=ab (mod 5) 
Show that 1 is the identity for * and all elements of the set A are invertible with 2 =3 and 
ated, 
SOLUTION We have, 

a * b=ab (mod 5)= Remainder when ab is divided by5 

2 * 3 = (Remainder when 2 x 3 =6 is divided by 5)=1 

3 * 4 = (Remainder when 3 x 4 = 12 is divided by 5)=2 

4 « 4 = (Remainder when 4 x 4 = 16 is divided by 5) = 1 etc. 
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So, the composition table for * is as given below: 


We observe that the first row of the compositable coincides with the top-most row and 
first column coincides with the left-most column. These two intersect at 1. So, 1 is the 
identity element. 


Since each row (column) of the composition table contains the identity element 1. So, 
each element of A is invertible. 


From the table, we find that 
2*3=1=3%*2 and 4*4=1 
ao 4 2-1-3 and 41 =4. 


EXERCISE 3.5 
Construct the composition table for x4 on set SiO) jh 2 whe 


Construct the composition table for +5 on set S={0, 1 273, 4}: 

Construct the composition table for xg on set S = {0, 1, 2, 3, 4, 5}. 

Construct the composition table for x, on Zs = HQ 1b, Beh aah 

For the binary operation x; on set S = {1, 3, 7, 9}, find the inverse of 3. 

For the binary operation x7 on the set S=({1, 2,3, 4,5, 6}, compute 3- } x7 4. 
Find the inverse of 5 under multiplication modulo 11 on Z}}. 


Write the multiplication table for the set of integers modulo 5. 


pen aw FY VP Pp 


Consider the binary operation * and o defined by the following tables on set 
S =a, b, c,d}. 


Show that both the binary operations are commutative and associative. Write down 
the identities and list the inverse of elements. 
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10. Define a binary operation * on the set {0, 1, 2,3, 4, 5} as 
Agra atb ,ifa+b<6 
a+b-—6,ifa+b=6 
Show that 0 is the identity for this operation and each element a # 0 of the set is 


invertible with 6 — a being the inverse of a. [Hint: See Example 8 on page 3.36] 
ANSWERS 

5 Ree me 2 aed 1 2 wes eee etn 1 > Band 

0 oe 0) ft 0 0 0 0 1 D 3 4 

| 

1 0 1 2 3 1 1|2 3 4 | 0 
fie af | 

2 0 2 0 | 2 2 2 3 - o | 1 

| J at lee cibalg 
3 ) 3 Z 7 3 3 Ce) fy ee Bee 
leassaiele titel | | [ena | af 4 See 
4 4 @) 1 lol imeQosS ey 
—to— 4 ! —— 

ai Re 4H 


5 | 0 3 2 
2 
iy a 6. 6 Re 
i | | 
8 X5 0 1 P Serle a 
<4 eee te 
|» 0 0 | 0 0) 0 0 
=| 
1 0 1 2. 3 4 
2 0 2 4 1 3 
} see 
3 @) 3 1 4 ») 
ee mee Ae) 


9. (i) Identity=a,q '=a,b-=b,c7!=c, d-!=4 


(ii) Identity =b, a‘ does not exist,b~1=b,c7! =d,d_‘=¢ 
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VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1. 


N 


Sep oP 


Write the identity element for the binary operation * on the set Ro of all non-zero 
real numbers by the rule a * b= 2 for alla, be Ro. 


On the set Z of all integers a binary operation * is defined bya*b=a+b+2 forall 
a,be Z. Write the inverse of 4. 


Define a binary operation on a set. 

Define a commutative binary operation on a set. 

Define an associative binary operation on a set. 

Write the total number of binary operations on a set consisting of two elements. 


Write the identity element for the binary operation * defined on the set R of all real 
numbers by the rule 


a* p = 92" for all a,be R. 
Let * be a binary operation, on the set of all non-zero real numbers, given by 
a «b= for alla, be R- {0} 


Write the value of x given by 2 * (x * 5) =10. 
Write the inverse of 5 under multiplication modulo 11. 


. Define identity element for a binary operation defined on a set. 


Write the composition table for the binary operation multiplication modulo 
10 (x19) on the set S = (2,4, 6,8}. 

For the binary operation multiplication modulo 10 (x9) defined on the set 
S ={1,3,7,9}, write the inverse of 3. 


. For the binary operation multiplication modulo 5 (5) defined on the set 


S = (1,2, 3, 4}. Write the value of (3 x5 eS aye 


On the set of integers a binary operation * is defined by a * b=a +b +2. Write the 
inverse of 4. 


. Write the composition table for the binary operation x5 (multiplication modulo 5) 


on the set S = {0, 1,2, 3, 4}. 


. Abinary operation * is defined on the set R of all real numbers by the rule 


axb=Vae +b foralla,be R. 


Write the identity element for * on R. 


. Let +, (addition modulo 6) be a binary operation on S = (0, 1,2,3,4, 5}. Write the 


value of 2 +6 41 +63 


| Let* bea binary operation defined by a * b=3a+4b—-2.Find4*5. [CBSE 2008] 


If the binary operation * on the set Z of integers is defined by a * b =a + 3b", find the 
value of 2 * 4. [CBSE 2009] 


_ Let * bea binary operation on N given by a * b = HCF (a, b),a, be N. Write the value 


of 22 * 4. [CBSE 2009] 


Cot Minted at lb, Sea a ea SET ee ANSWERS 


aoe 2.-8 6. 16 ined hae a:125 9.9 
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ti heme ee — MULTI EE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. Ifa*b = q* -b then the value of (4 * 5) * 3 is 


(a) (47+57) +3? (b) (4+5)* +3? 
(cye4t 43° (d) (44+543) 

2. Ifa * b denote the bigger among 4 and band ifa-b = (a* b) +3, then 4,7 = 
(a) 14 (b) 31 (c) 10 (d) 8 


3. On the power set P of a non-empty set A, we define an operation A by 
XB NI=AR AYO CGAY) 
Then which are of the following statements is true about A 
(a) commutative and associative without an identity 
(b) commutative but not associative with an identity 
(c) associative but not commutative without an identity 
(d) associative and commutative with an identity 


4. If the binary operation * on Z is defined by a*b=a*—b* +ab4 4, then value of 


(2 *3) * 4is 
(a) 233 (b) 33 (c) 55 (d) —55 
5. Ifa*b=qr+ b> then the value of (4 * 5) * 3is 
(a) (47+5%) 432 (b) (445) 43? 
(c) 41743? (d) (44+5 +3)? 


6. Ifa binary operation * is defined on the sect Z of integers as a * b =3q — b, then the 
value of (2 * 3) * 4 is 


(a) 2 (b) 3 (c) 4 (d) 5 
7. Q” denote the set of all positive rational numbers. If the binary operation a © on 


Q" is defined as a oO b = 2 , then the inverse of 3 is 
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10. 


11. 


12. 


13. 


14, 


15, 


16. 


(a) ; (b) 2 (c) ; (d) z 


. If Gis the set of all matrices of the form R ‘| , Where x € R — {0}, then the identity 


element with respect to the multiplication of matrices as binary operation, is 
poe nase Le. 
Sib i (») Beye iA 


1/2 1/1 mes) 
(c) ae ve (d) Ee a 


- Q’ is the set of all positive rational numbers with the binary operation * defined by 


b 
a*xb= = for all a, be Q”. The inverse of an element a € QO’ is 


1 2 4 
(a) a (b) = cs (a) = 
If the binary operation © is defined on the set Q* of all positive rational numbers 
by aOb= Then, 30(50 2 sequal 
4 5 32) 
ca rsh a 3 
8) "160 ©) 760 © 40 () 40 


Let * bea binary operation defined onset Q - {1} by the rulea * b=a+b-ab. Then, 
the identity element for * is 


shee a 
(a) 1 (b) — OP 
Which of the following is true ? 

(a) * defined by a * pedestal 


sy) 
a+b 


(d) 0 


is a binary operation on Z 


(b) * defined by a * b= is a binary operation on Q 


(c) all binary commutative operations are associative 

(d) subtraction is a binary operation on N 

The binary operation * defined on N by 
a*b=a+b+ab foralla,be Nis 


(a) commutative only (b) associative only 
(c) commutative and associative both (d) none of these 


If a binary operation * is defined by a* b=a*+b*+ab +1, then (2 * 3) * 2 is equal 
to ‘ 

(a) 20 (b) 40 (c) 400 (d) 445 

Let * be a binary operation on R defined by a * b =ab +1. Then, * is 
(a) commutative but not associative 

(b) associative but not commutative 

(c) neither commutative nor associative 

(d) both commutative and associative 

Subtraction of integers is 

(a) commutative but not associative 

(b) commutative and associative 
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(c) associative but not commutative 
(d) neither commutative nor associative 


17. The law a+b=b+ais called 
(a) closure law (b) associative law 
(c) commutative law (d) distributive law 


a 
18. An operation * is defined on the set Z of non-zero integers by a * b =; for all 


a,b € Z. Then the property satisfied is 
(a) closure (b) commutative 
(c) associative (d) none of these 
19. On Z an operation * is defined by a * b= a +b’ for all a,b € Z. The operation * on 
Z is 
(a) commutative and associative 
(b) associative but not commutative 
(c) not associative 
(d) not a binary operation 
20. A binary operation * on Z defined by a * b=3a+b for alla, be Z,is 
(a) commutative (b) associative 
(c) not commutative (d) commutative and associative 


21. Let *bea binary operation on Q” defined bya * b= a 9 for alla, b € Q’. The inverse 
of 0.1 is 
(a) 10° (b) 104 (c) 10° (d) none of these 


22. Let * be a binary operation on N defined by a * b=a+b+ 10 for all a,be N. The 
identity element for * in N is 


(a) -10 (b) 0 (c) 10 (d) non-existent 
23. Consider the binary operation * defined on Q — {1} by the rule 
a*b = a+b-—-abforalla,be Q-{1} 
The identity element in Q — {1} is 


(a) 0 (b) 1 (5 (d) -1 


24. For the binary operation * defined on R — {1} by the rule a * b=a+b-+ab for all 
a,be€ R-—({1}, the inverse of a is 


(a) —a (NE ss 


(0) 2 (a) @ 


ae 


25. For the multiplication of matrices as a binary operation on the set of all matrices of 


the form is ‘| a,beé R the inverse of 6 : is 
-2 3 

need of 
2/13 -—3/13 

(c) eae oe @ |p ae 


26. On the set Q' of all positive rational numbers a binary operation * is defined by 


axb= & for all a, b © Q*. The inverse of 8 is 
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Zhe 


28. 


742), 


30. 


1 
Oe 6) 5 (c) 2 (d) 4 


Let * be a binary operation defined on Q" by the rule a * b = 2 for alla,b € Q". The 
inverse of 4 * 6 is 

9 2 3 
(a) 3 (b) 3 (c) 5 (d) none of these 


The number of binary operations that can be defined ona set of 2 elements is 
(a) 8 (b) 4 (c) 16 (d) 64 


The number of commutative binary operations that can be defined on a set of 2 
elements is 


(a) 8 (b) 6 (c) 4 (d) 2 
For the binary operation * on Z defined by a * b=a+b+1 the identity element is 
(a) 0 (bj (c) 1 (d) 2 


ANSWERS 


ae) FS (G, 3. (d) 4. (b) 5h (@) 6. (d) 7. (a) 8. (c) 
Wigan 10. (a) 11. (d) 12. (b) eh (& 14. (d) 15. (a) 16. (d) 
7. 
25. 


famed). 19. (c) 202 (ce) © 2 (a) 224d), 9235)" 9-24) 
(c) 26. (b) 27. (a) 28 (c) 29% (ad) 30. (b) 
SUMMARY 


A binary operation on a set S is a function from S x S to S. 
A binary operation * on a set S associates any two elements a,b € S to a unique 
element a*be S. 


A binary operation * ona set S is said to be 
(i) commutative, ifa*b = b*a_ foralla,be S. 
(ii) associative, if (a *b)*c =a*(b*c) foralla,b,ceS 
(iii) distributive over a binary operation o on S, if 
a*(boc) = (a*b)o(a*c) 
and, (boc)*a = (b*a)o(c*a) foralla,be S 
Let * be a binary operation ona set S. Anelemente € S is said to be identity element 
for the binary operation *,ifa*e = a = e*aforallae S 
Let * be a binary operation ona set S ande € S be the identity element. An element 
aé Sis said to be invertible, if there exists on element b € S such that 
axb=e=b*a 
A binary operation on a finite set can be completely described by means of com- 
position table. 
From the composition table, we can infer the following properties of the binary 
operation: 
(i) The binary operation is commutative if the composition table is symmetric 
about the leading diagonal. 
(ii) If the row headed by an element say e coincides with row at the top and the 
column headed by e coincides with the column on the extreme left, then eé is 
the identity element. 
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(iii) If each row, except the top-most row, or each column, except the left-most 
column, contains the identity element. Then, every element of the set is 


invertible with respect to the given binary operation. 
2 


6. Total number of binary operations on a set consisting of 1 elements is i. 
Total number of commutative binary operations on a set consisting of n elements is 


n(n—1) 


n 2 


INVERSE TRIGONOMETRIC FUNCTIONS 


4.1 INTRODUCTION 
In chapter 3, we have learnt about functions, types of functions, composition of functions 
and inverse of a function. In this chapter, we shall use these concepts to define the 
inverses of all trigonometric functions and to study their properties. Let us first recall 
the definition of inverse of a function. 
4.2 INVERSE OF A FUNCTION 
We know that corresponding to every bijection (one-one onto function) ‘h A — B there 
exists a bijection g : B > A defined by 

g(y) = xifandonlyf(x) = y 
The function g : B > A is called the inverse of function f: A > B and is denoted by f~ ; 
Thus, we have 


fGl=yor ‘W) =. 


We have also learnt that 


(f—* of )(x) = f (Fe) = f ly) = x, forallxeA. 
and, (fof) (y) = f(r) = f(x) = y, forallxe B. 


We know that trigonometric functions are periodic functions, and hence, in general, 
all trigonometric functions are not bijections. Consequently, their inverses do not exist. 
However, if we restrict their domains and co-domains, they can be made bijections and 
we can obtain their inverses. In the following sections, we shall do all these things to 
obtain the inverses of trigonometric functions. 


4.3 INVERSE OF SINE FUNCTION 


Consider the function f: R— R given by f(x) = sinx. The graph of this function is 
shown in Fig. 4.1. Clearly, it is a many-one into function as it attains same value at in- 
finitely many points and its range [- 1, 1] is not same as its co-domain. We know that 
any function can be made an onto function, if we replace its co-domain by its range. 
Therefore, f: R > [- 1, 1] is a many-one onto functions. 
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In order to make fa one-one function, we will have to restrict its domain in such a way 
that in that domain there is no turn in the graph of the function and the function takes 
every value between — 1 and 1. It is evident from the graph of f(x) = sin x that if we take 
the domain as [— 2/2, n/2] , then f (x) becomes one-one. Thus, 
f : [— 1/2, x/2] > [- 1, 1] given by 
f (8) = sin 6 
is a bijection and hence invertible. 
The inverse of the sine function is denoted by sin- ' Thus, sin | is a function with 
domain [— 1, 1] and range [ — 1/2, m /2] such that 
sin} x = Oe sinO = x. 
Also, Pe i, pao bs 
sin”! (sin 6) = @ for all 9 € [—n/2, 1/2] ba — pf J _ ae - i 
and, sin (sin i x) = x forallxe [-1,1] 
The graph of the function f: [- 2/2, m/2] > [- 1, 1] given by f(x) = sin x is shown in 


Fig. 4.2. In order to obtain the graph of sin}: [- 1,1] > [- 2/2, 2/2] we interchange x 
and y axes as shown in Fig. 4.3. 


y=sinx 


Fig. 4.2 Fig. 4.3 


REMARK 1 In the above discussion, we have restricted the domain of sine ‘function to the interval 
[- 2/2, n/2] to make it a bijection. In fact, if we restrict its domain to any of the intervals 
Lao 2, typ (0/2, 3.%/21.13.%/2,5 R121, 3 Tide —Rl2\, (= 5 1/2, —3 1/2] in general 
[un —1/2,nm+7/2],n € Z, then it becomes a bijection. We can, therefore, define the inverse 
of the sine function in each of these intervals. Thus, sin! x is a function with domain [ -1, 1] 
and range [~n/2, n/2j or [-3 2/2, — 2/2] or [n/2, 3 2/2] and so on. Corresponding to each 
such interval, we get a branch of the function sin™' x, The branch of the function 
sin}: [-1,1] > [- 2/2, n/2] called the principal branch as shown in Fig. 4.3. 


REMARK2 By considering sin} x as a function with domain. [-1,1] and range 
(—1/2, t/2] or [n/2,3 n/2] or [30/25 1/2] and so on, we get different branches. If all these 
branches are put together, we obtain the graph as shown in Fig 4.4. Clearly, this graph can be 
obtained from the graph of sine function by interchanging the coordinate axes. 


NOTE1 sin”! x is not equal to (sin x)! or aie 


sin x” 
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Graph of y = sin-! x 


Fig. 4.4 
4.4 INVERSES OF OTHER TRIGONOMETRIC FUNCTIONS 
In the above section, we have discussed about the inverse of sine function and its graph. 
Similarly, we can define the inverses of other five trigonometrical functions and their 
principal branches. The following table gives the domains, ranges and the principal 
value branches of all inverse trigonometric functions: 


Function Domain Range Principal value brach 

sin | [-1,1] [- 2/2, n/2] —n/2<ys<n/2, where y=sin ' x 
cos ' [-1,1] [0, 7] O<ySnt, where y =cos * x 

tan R (— 1/2, 7/2) —n/2<y<n/2, where y =tan | x 


cosecn} (—97,- 1] U[1,) [- 2/2, 0/2] - {0} — 1/2 Sy S1/2, where 
y=cosec | x, y#0 
sec | (—ee,- 1] U[1,e) [0, 2] — tn /2} 0 <y <n, where y=sec | x, y#n/2 
cot R (0, %) 0 <y <n, where y =cot dee 
NOTE1 If no branch of an inverse trigonometric function is mentioned, then it means the 
principal value branch of that function. 


4.5 GARPHS OF INVERSE TRIGONOMETRIC FUNCTIONS 


In section 4.3, we have learnt about the inverse of sine funciton and its graph. In this 
section , we shall draw the graphs of other inverse trigonometrical functions with the 
help of the graphs of the corresponding trigonometrical functions. Let us recall that the 
graph of the inverse of a function can be obtained from the graph of the given function 
either by interchanging the coordinate axes or by taking its image in the line mirror 


y=X. 

GRAPH OF cos" x 

We know that the function f: [0,7] > [-1, 1] given by f (8) = cos 8 is a bijection and its 
graph is shown in Fig. 4.5. Therefore, cos! is a function with domain [- 1, 1] and range 


[0, n]. The graph of cos” 1 is obtained from the graph of cosine function by interchanging 
x and y-axes as shown in Fig. 4.6. 


MATHEMATICS-XII 


44 
y " 
iF 
(0, 1) 
us 
x ee hee z 
ey Hayy 
Bao) Ben ed = 
= 1 
(0, eral : 2 
any, al 
y=cos x y = cos x 
Fig. 4.5 Fig. 4.6 


GRAPH OF tan ' x 

We have seen in earlier sections that the function f:(-—2/2,m/2)->R given by 
f (8) = tan 0 is a bijection and hence invertible. Therefore, tan 1 isa function with domain 
R and range (- 1/2, 2/2). The graphs of y = tan x and y=tan | x are shown in Figs. 4.7 
and 4.8 respectively. 


¥ ¥ 
x 
H 1gtt) Sars gy 2 
x" x x 
—, i____pa — — 
gl O i ' 
S 3 x O 
: Fee ee anaes i 
H 2 
yy yy 
y = tan x - y=tan1x 
Fig. 4.7 Fig. 4.8 


GRAPH OF sec! x 
The function f : [0, 2] — {1/2} > (— ee, — 1] U [1, ©) given by f (8) = sec @ is a bijection and 
hence invertible. Therefore, sec ‘isa function with domain (— 2, -— 1] U[1, &) and range 


[0, n] — {n/2}. The graph of y=sec x and y=sec_! x are shown in Figs. 4.9 and 4.10 
respectively. 


Yh Yh 


y=secx y=sec1x 


Fig. 4.9 Fig. 4.10 
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GRAPH OF cosec ' x 

The funtion: [— 1/2, 1/2] — {0} > (- ~~, — 1] U [- 1, ~) defined by f (8) = cosec 0 is a bijec- 
tion and is defined by f (0) = cosec @ and hence invertible. Therefore, cosec’ | isa function 
with domain (— ©, — 1] U [1, ©) and range [— 1/2, /2] — {0}. The graphs of y = cosec x 
and y =cosec_ ' x are shown in Figs. 4.11 and 4.12 respectively. 


y = cosec x y =cosec! x 


Fig. 4.11 Fig. 4.12 


GRAPH OF cot | x 
We know that the function f: (0, %) — R given by f (8) =cot @ is a bijection and hence 


invertible. Therefore, cot’! : R > (0, 2) exists. The graphs of y=cot xand y= cot ' xare 
shown in Figs. 4.13 and 4.14 respectively. 


Y tt 


Nia 


yy? 
y = cot x y=cot* x 


Fig. 4.13 Fig. 4.14 


REMARK The graphs of the principal values of inverse trigonometric functions are generally 
known as their principal value branches. In case no branch of an inverse trigonometric function 
is mentioned, # will mean the principal value branch of that function. 


ILLUSTRATIVE EXAMPLES 
; oO ee tol eel 
EXAMPLE1 Find the principal values of sin 5) and sin a) , 
SOLUTION We know that sin | x denotes an angle in the interval [— 1/2 ,~/2] whose 
sine is x for x € [-1, 1]. 
Tt 


eae t= eee APRs 
sin [a|-4n angle in| 2! 5 | whose sine is 5 
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=> sin’! oy Se 
ON 6 
Similarly, sin !|— a = An angele in| — Ef whose sine is — ss 
V2 5 patige V2 


TT 


— sin | vane 


= 18) =P aae 
EXAMPLE2 Find the principal values of cos : >, and cos ' i 2| . 


SOLUTION. For any x € [—1,1], cos” ly represents an angle in [0, 1] whose cosine is x. 


An angle in [0, m] whose cosine is = 


Nile 


uw 
6 
= An angle in [0, x] whose cosine is - 


EXAMPLE3 Find the principal values of tan” 1 (_ V3) and tan’ ! (1). 


1 


2 : ™ 1 
SOLUTION We know that for any x € R, tan “ x represents an angle in [- wt 5] whose 


oe 2 
tangent is x. 


tan’! (- V3) = An angle in 5 , 5) whose tangent is (— V3). 
= tan! Sass 
Similarly, tan” 1d) = An angle in [- S ; 5] whose tangent is 1 


— tan! (Oy = 


Pla 


EXAMPLE 4 Find the principal values of cot} V3 and cot !(-1). 


SOLUTION We know that for any xe R, cot !x denotes an angle in (0,7) whose 
cotangent is x. 


cot ' V3 =An angle in (0, m) whose cotangent is V3_ 
=> cot (V3) = z 
Similarly, cot” : (-1) = An angle in (0, m) whose cotangent is (— 1) 


poly ee 
= cot ~ (—1) mee 


. , . _— 2 
EXAMPLES Find the principal values of sec i yy and sec | (-- 2). 


: =i ag s eae & 
SOLUTION Since sec © : R-(-1,1)—>[0,2z]- {5 is a bijection. Therefore, sec ly 


represents an angle in [0, 7] — (5 whose secant is x. 
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) 
sec! + = An angle in [0, n] - (5 whose secant is + 
eden d anes 
=> sec V3 = 6 
Similarly, sec | (— 2) = An angle in [0, 1] - (5 whose secant is (— 2) 
— sec } (-—2) = = 


EXAMPLE6 Find the principal values of cosec_ 12 and cosec | [- | 


SOLUTION Since cosec!:R-— (-1,1)> = . 0 U [0 , 4 is a bijection. 


e Tt 
Therefore, cosec” ! 3° 


x represents an angle in - 0 U [o ? _ whose cosecant is x. 


cosec 12 = An anglein|-F,0]U(0,5) whose cosecant is 2. 

=, i 
=>. Ccosecaa 2. — 6 
Similarl =i (ee == A le in} —= ,0|U/0, =| whose cosecant is anus 
imilarly cosec ‘ails nangle in|— 5, a S e 3 

at f Z Tt 
= cosec [B hur 

EXERCISE 4.1 


Find the principal values of each of the following: 


1. sin! [- 3| 2. cos! (- 2 3. tan! (5) 4. tan”! (- V3. ) 


5. cos ! E | 6. sec! (- V2) 7. cot} (- V3) 8. cosec! (- V2) 


=1/ 2. -1 
9. cosec [ B) 10. sec (2) 


Evaluate each of the following: 


11. tan’! 1+cos ! i; 3| +sin’/ [- 4 12. cos ! ; +2sin ! | 
13. tan’! V3 -sec ! (-2)+cosec ! ts 
ANSWERS 
1-5 NE a -5 5, om 8" 6. 7. 
ASR Bes 10ve 9/11. # 12: = 13. 0 
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4.6 PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS 
PROPERTY! Prove that: 

(i) sin’! (sin @) =8, for all 0 € [- 7/2, /2] 

(ii) cos’! (cos 8) = 9, for all 6 € [0, 7] 


(iii) tan’ | (tan 0) =9, for all € (— 1/2, n/2) 

(iv) cosec” } (cosec 0) = 9, forall @e€ [—1/2, 2/2],640 
(v) sec ! (sec 8) = 0, for all 0 € [0, x], 0#7/2 

(vi) cot : (cot 8) = 0, for all 8 € (0, 7). 


PROOF We know that, if f: A — B is a bijection, then f |: B — A exists such that 
folof(x) =f! (F@))=x for allx€ A. 


Clearly, all these results are direct consequences of this property. 

ALITER For any 0¢€ [—1/2, t/2], let sin 6 = x. Then, 6 = sin! x. 
8 = sin ! (sin) 

Hence, sin! (sin @) = @ forall Oe [-2/2, x/2]. 

Similarly, we can prove other results. 


ILLUSTRATION 1 Evaluate each of the following : 


Be aco eae! = -1 20 AS a Pe 
(i) sin. [sin 5] (ii) cos [cos 3 (iii) tan fan i 
pend Ph fey ee: = 
(iv) sin '[sn 2) (v) cos [co a [CBSE 2009] (vi) tan” ‘(tan == 
SOLUTION Recall that sin”! (sin ®) =6, if — 5 <@< . , cos! (cos @) = 0, if O<O<n 
and tan 1 (tan 6)=0 if- 3 <0<e > Therefore, 
(i) sin’! [sin : = a 
-1/ 662%) 2% 
(ii) cos [cos 3 - 3 
e 
(iii) tan! [an i| = a 
-1f,, 20\ 2m en m m 
(iv) sin ae 3 } 3 8 3 does not lie between — 5 and 3 


=sin isin [. = 5 E sin 25 =sin \ = 3|| 
= sin } [sin 7] = sin ! [sn 5] [-.. sin (17-8) = sin 6] 
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= 7 
(v) cos’! [cos 7 + 8 because ie does not lie between 0 and 7. 
Now, 
cos | [cos 42 = cos ! {cos c tc val E & =2n- a 
5 7 
= cos! [cos oe = cos ! [cos 3 [-.. cos (2 1 — 8) = cos 6] 
= cos } eo eT 
6 6 
(vi) tan /| tan =f =2 Sg , because ad does not lie between — eand=, 
4 4 4 2 2 
Now 
=¥ Sie) et es rag bee oe 
tan [ten 4 = tan [ea [ Al E ee i| 
— tan | [tan =) = tan ! [- tan i] [-.. tan (7-6) = — tan 8] 
=e tan! tate = tan! Jtan ae 
4 4 
= 3m)_ _@ 
= tan [ten 4 ) Tika 
REMARK 1 It should be noted that sin’ + (sin 6) #9, if, 0,¢ [— 1/2, n/2]. 
In fact, we have 
—-n-@ , ifOe [—3n/2,-17/2] 
Re a yen , ifOe [-1n/2,2/2] 
sinters ey in 6 fy ifs eV 23n/2) 
—2n+0 , if@e [3n/2, 5n/2] and so on. 
Similarly, we have 
-@ , ifOe [-7, 0] 
=f Fok! , if Oe [0,7] 
cos (cos®) = jon_g@ | if@e [n, 2m] 
—2n+6, ifOe [2n, 3n] and so on. 
nmn+0 , if8e (—3n/2,-7/2) 
-1 SAS , ifOe (-2/2,7/2) 
fan © (ar 6) 16 a4) 0 Ec /2-, 3042) 
@-2n , ifOe (3n/2,5n/2) and so on. 
ILLUSTRATION 2. Express each of the following in the simplest form: 
q = 1—coss a = cos x ods, Bae 
(i) tan AES < V= K (ii) tan real 9 << 
ae a1 | Sores _t Tl : -1., COS *# + sine) . 7 Tl 
cats 5 Saal 2 Pas © Gy) fap aie ‘|. 4 ad 
SOLUTION (i) We have, 
i— cos x 


“15 
tan 
1+cosx 


4.10 
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Tae 
DSi me q 
=a tarie | . = tan Vian? 3} =tan?(|tan 3] 
2 cos? = 
tan" tan 3) if-n<x<o 


tan’ | tan), if0sx <n 


(ii) We have, 


cos’ ~ — sin? = 
Si] cos x al 2 
LOD el ages a taln 
1+sinx cos: <FLsin- — + cin cose 
2 2 we 2 
cos ~ ~ sin = || cos 2 + sin ~ 
2 oD 2 2 cos 5 ~ sin 5 
= tan! ee ikea Gaia 
cos ~ +sin~ cos ~ + sin = 
eS) _ : 
1 -tan 5 
Stans. oo = tan! tan ae = 
i x 4 2 
SP UNG 
2 
mT Xx x UN ae - = 
age ee ie SS SSS a at 
AG Raho aaa SPOT es Le I<] 


ALITER We have, 


tan _ i Cort: = tan) | | 
1+ sin x T 
1-—cos & + ‘ 


I 
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(iii) We have, 


en! COs x ) 
1-sinx 


x 5 VEG 
cos’ 5 — sin’ 5 
= tan”! x x 5% bs 
? Ae) : 
cos’ — + sin* — —2 sin = cos — 
2 2 2 BL 


= tan 


cos ~+sin~ cos ~—sin= 
2 a 2, 2. 
-1 
2 


2 
cos = + sin = 
1 2 2 
= tan 
cos ~ — sin= 
mA 72 
1+tan= 
es tanes 5 
1-tan, 
dn =i nmi x 
= tan {rn i+] 
mx 1 HS RIZE um xX 
DAES | ax <5 = ESB <b et<s| 


II 
oe 
be?) 
5 

ry 
\ 
ie) 
fe) 
w 
i PEREEN 
Nla 
| 
® 
tec BEERS 


i 
= 
p> 
es) 
R 
Y ace aN (8 ee 


Il | 
or co 
pe) p 
3 2) 
= 
Sa ee 
oS (o) 
5 = 
—— R 
Nia Ia 
| \ 
Fae 
SEY eee 
| eee 
Nik 
NSS 
—— 
ay 
iH 
5 
\ 
a 
S 
ae 
— 
ae 
| 
a 
NR 
Were Z 
Sess 
i] 
Pla 
ae 
NoleR 


(iv) We have, 


-1 (cosx—sin x 
tan eee 
cos x + sin x 


4.12 : ‘ MATHEMATICS-XII 


eee 1—tanx 
a 1+ tan x 
= tan! {te9(3-=]} 
T me Tt cL a 
= ues: E ZG. tt, ea, <5 


REMARK In order to simplify trigonometrical expressions involving inverse trigonometrical 
fucntions, following substitutions are very helpful: 


Expression Substitution 
ae x=atan®@ or, x=acot8 
ax x=asin@6 or x=acos 0 
aie x=asec®@ or, x =acosec®@ 

a-x at+x 

or, x =a cos 20 

at+x a-x 

oes an +x ee) 

Se 5 OF 5 Xi — Qe COSi20 

a+x a —x 


ILLUSTRATION 3 Write the following functions in the simplest form: 


' - x 5 * -_ a 
(i) tan : | a zh acerca (ii) tan ; az =2 Peed a 
a 


ay a+x 


Da Aes 5 : -1 x 
(iii) sin > (iv) cos S>= = 
Vx? + a? Vx? +a? 
SOLUTION (i) Putting x =a sin 0, we have 
fae) ee 
Vq2 — re 


= = asin 8 
= tan eae 


—a sin? @ 
x=asin®8 => sin @ =~ 
-1 fasin® £ 3 sh ij 
= tan! aes A (tan @)=0=sin ! Ea 
acos 8 a See eee 
=>) § = sin a 
(ii) Putting x =a cos 0, we have 
tang aN oe 
atx 
piers a—acos®@ 
a+acos®@ 
= tance 4/1—-cos 0 
1+cos@ 
A [2 sin? 2 
a D>: as 
= tan 9 = tan tan 2 
2 cos* = . 
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zi 6 
= Fan} fen] fs -a<x<a= 0<0<n = 0<8 


of Uh eller x ea 
= 5 Cos - ke A COg 8 2 COs Ue = 8@=cos 


on! 
2 
(iii) ‘Putting x =a tan 0, we have 
= ay a 
sin == 
raed 


a tan @0 


sei 
= Gin —————— 
BP 
figura (2 tan st 
= sin SS 
asecO 
= sin ! (sin@) 


1 
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0% 
2 


1 


= Gl ia 


(iv) Putting x =a cot 8, we have 
cos! (or 
y Vx +a 
= cos" | aacoté | 
Va‘ cot’ O+a 


a cosec 9 
= cos ! (cos 8) =O=cot '* E w= aicoud => cot 0 =~ = cota 
PROPERTY Il Prove that: 
(i) sin (sin! xii=" x for all x € [-1, 1] 
(ii) cos (cos”! k) =X, for allx € [-1,1] 
(iii) tan (tan— : Le forallxe R 


(iv) cosec (cosec’! x) = x, forall x € (—%,-1] U [1, 0) 
(v) sec (sec : ae) = oe for all x € (- 0, - 1] U [1, ~) 
(vi) cot (cot ! xy =x, for allxe R. 


PROOF We know that, if f: A > Bis a bijection, then f~ 1. B= A exists such that 


oe (y) = Tipe O) = y forall ye B. 
Clearly, all these results are direct consequences of this property. 


ALITER Let @e [-—17/2,2/2] and x € [-— 1,1] such that sin 0 = x. Then, 


@ = sin ! x. 


x = sin 0= sin(sin- 4 ) 
Hence, sin (sin ! x) = x forall xe [—1, 1]. 


Similarly, we can prove other results. 


[. x=atand = tand=* = 0= tan 


1x 
a 
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ILLUSTRATION 1 Evaluate each of the following: 


(i) sin [sin | (ii) sin [cos 5| (iii) sin tan 2) 


(iv) sin [cor 5 (v) sin [sec 13] (vi) sin [cosee"* | 


SOLUTION We know that sin (sin! x) =x for all x € [—1,1]. So, will convert each 
expression in the form sin (sin- x) by using 


1b 1b 


lee at B itt dear Ape 28 eh 
cos AP oe Fp see b sin i ee 
where b, p and h denote the base, perpendicular and hypotenuse of a right triangle. 


(i) We have, 


sin See Bie 
13} 13 


-1p Pome 
pee) s =sin 
b 


(ii) sin Raa d 3| 
aes Ee eas 
= sin |sin }2]== 
il aes) nes 
(iii) sin [ton 3 
h=A7, p=15 
=sin oe 20 
WEA IVE b=8 
(iv) sin [cos 3| 
h=5 of 
p=3 
=sin | sin ee 
5 5 b=4 
(v) sin [see "3 
h=17 S | = 
p=8 
=sin RS See 
Tel? b=15 


et 


(vi) sin [cosec ‘ 


for) 

Ce 0 |S 
| pS / 
|o0 

= 
i 
Me 
\ 
2 
r 
CO 


=sin [sin a 
ILLUSTRATION 2 Evaluate each of the following: 
: =19 _ false ae Ee 
(i) cos [os | (ii) cos [sin ta (iii) cos [ton | 
(iv) cos [cor a (v) cos [sex 5 (vi) cos [cosec" 5 


12 
SOLUTION We have, 


(i) cos [cos : 3 a 
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4.15 
steel ES 1.15.) ) 15 er AS =115 
il cos = —j=— 7 ee sue 
(ii) [sin 2 cos [co a 17 : sin 17 = 6s 17 

(hei tS) 
(iii) cos [ant Geos [cos $]=5 E tan"? = cost 3] 
h=5 p29 
b=4 
(iv) cos [cor feces Gomrcaber E cot Le ce “S| 
b=15 
-15)\_ -13\_3 -15 _ -13 
(v) cos [see J cos [os ae . sec 3 = cos 5 
h=5 a 
43 
; =A tb} iD Ss = pals ie 
(vi) cos |cosec 5, |= cos |cos “73 |= 43 " cosec “75 = COS “43 
h=13 p=12 
b= 5 


REMARK It follows from the above property that if b denotes the base, p denotes the perpendicular 


and h the hypotenuse of a right triangle, then 


sin! @ = cos" }=tan™ g = sec""(f) = cosec"'{ 
v=t (ie 1/4) _ p13) cot the wich 
sin g = cos [5}=ten a = sec a = cosec 5) 


ILLUSTRATION 3. Evaluate: 


= = 


(i) sin (cot ~ x) (ii) cos (tan 


a 
) h =V1 +22 
SOLUTION We have, 

b 


Bethel feral (A sal Too = 
(ii) cos (tan | x) = cos ° sag Tree ee seg p=x 


PROPERTY Ill Prove that: b=1 


(i) sin! x = cos 1 V1-x? = tan” 


2G fx cl 1 ) bs 
= Cot = sec 5) = cosec 5 
m8 i x 


4.16 MATHEMATICS-XII 


2 
= = eee 2 tebe 
(ii) cos }x = sin} V1-x7 = tan | 
1 


ll 
io) 
(e) 
+ 


2 u 2 “a 
(iii) tan !x = sin ! = =cos ! 5) 
V1+x 14+x 
1+ 
cor'(Z)- = sec | V¥1+x* = cosec” prea 


PROOF (i) Let sin’ ‘x = @. Then, x = sin@. 
Now, cos @ = V1—- sin? 6 


= cos@ = V1-x? 

=> 8 = cos !V1-x? 

=> sin! x = cos} V1-x* = al = 4 [-.- @=sin | x] 
-x 


Again, tan0= po) Sule 5 
cos® 1 -sin? 6 
=> tan@=—— 5 
1-x 
=> @=tan ! “ 7 
vex 
=> sin} x = tan’ !—— = [-.. @=sin | x] 
ec 
9 as x 
= sin} x = tan ! 7 = cot ! |. tan = ot ial 
1-x « 
Hence, sin! x = cos! V¥1-x* = sec} 5 
-x 
Ss al = | = cot "| Lee = cosee""| = 
L=x og . 
Similarly, the other results can be proved. 
PROPERTY IV Prove that: 
(i) sin’ ! (— x) = sin xy for all x € [—-1,1] 
(ii) cos! (xe m-—cos ! a6, for all x € [- 1,1] 
(iii) tan} (—x) = -tan! x, forallxe R 
(iv) cosec ! (- x)=-cosec!x, forallxe (—co,—1] U [1, o) 
(v) sec! (ae) = m—sec !x, for all x € (— %, — 1] U[1, 2) 
(vi) cot | (—x) = n-cot !x, forallxe R 
PROOF (i) Clearly, — xe [-1, 1] for all x € [-1,1] 
Let sin’! (-x) = 0 (i) 


Then, -x = sin@8 
=) x = -—sin@ 
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=> x = sin (- 8) 
=S -@ = sin! x 
= @ =-sin ‘x 


From (i) and (ii), we get 


sin’ ! (-x) = ~sin! x 


(ii) Clearly, — x € [-1,1] for all x € [- 1,1]. 


Let cos! (-x) = 90 
Then, 

—x = cos8 
= <= —ICOsio 
= x = cos (m- 8) 
=> cos }x = n-@ 
=> @=n-cos !x 


From (i) and (ii), we get 
E : cos !(-x) = n-cos !x 
Similarly, we can prove other results. 


PROPERTY V_ Prove that: 


| 
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--xe [-1,l)and-@e [-2/2,7/2] 


forallOe [-1/2, wen 
...(ii) 


(i) 


--xe€ [-1,1] and n-9€e [0,7] 
for all 0 € [0, 7] 


...(ii) 


(i) sin” 4 B = cosec ! 5a forall x € (--%, -1] U[1, ) 


(ii) cos” : e = sec !x, 


a = (a : 
(iii) tan ) = 


Cota 
PROOF (i) Let cosec }x = 0 


Then, 
x = cosec 86 
= Ls = sin9 
x 
ares e! RY 
—— 8 = sin 5 ...(1i) 
From (i) and (ii), we get 
Peet el = 
sin Sl = COSC a % 
x 
(ii) Let sec /x = 0 
Then, x € (-~,-1] U[1, ~) and 6 € [0, n] — {n/2}. 
Now, sec |x = 0 
=> x ="sec a 
= = = cos 8 
6 


, jorx>0 
+ cOl oe, forx <0 


forall x € (—,-1] U [1, &) 


a) 


+x € (-0,-1] U[1, -) > 1/xe [- ree 
cosec }x=0= 0 [-2/2, 2/2] — {0} 


(i) 
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= C= cos”! [re (— cc, — 1] U [1, ) ate [- 1, 1] {0} and @e 0, csi (in), 


From (i) and (ii), we get 
cos! G = sec !x 
x 


(iii) Let cot !x = 0. Then, xe R,x # 0 and @e (0,7) -.-(i) 


Now, two cases arise : 
CASEI Whenx>0 


In this case, 0 € (0, 1/2) 


Coty ==s0 
=> x = coté 
=> : = tan0 
=> @ = tn] ...(ii) [-.-@ € (0, n/2)] 


From (i) and (ii), we get 
tan”! *) = cot x PLoiallce= 0: 


CASEI Whenx < 0 


In this case, 8 € (m/2,7) [-.-x = cot@ < 0] 
Now, 5 <O<n 
T 
= ity <0-z<0 
= @-n € (-2/2,0) 
cot }x = 6 
= x = cot@ 
= see tan) 
ae 
dig 
=> x ~~ tan (n— 6) [... tan (w- 6) = — tan 6] 
= ay rs) 
x 
=> @-n = tan {+ ( 
& [6 —ne (-2/2, 0)] 
Shee VS 
as tan G =-7+0 ...(iii) 


From (i) and (iii), we get 


SFO Al = 
tan ie = —-1+cot ly ifx<0. 
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Hence: ian COE se at 710r-x> 0 
x —m+cot x ,forx<0 
PROPERTY VI Prove that: 
= if -1 Tt 
(@)esinwees costes 2! forall x € [-1,1] 
nie —1 —1 T 
(ii) stands x cott ex = 2? forallxe R 


(iii) sec. 1y+cosec !x 


PROOF (i) Letsin’'x = 0 


Then, 6c [—2/2, 2/2] 
Tt Tt Tt 
Se ine 223 
= 7 29S, — 5 
Now, sin ly = 
= x = sini6 
Tt 
a be cos{ 5-0] 
=> cos bx = 578 
— @+cos ix = a 
2 
From (i) and (ii), we get 
sin’! x+cos !x = 


(ii) Lettan}x = 0 


Then, Be (n/2,7/2) 
Tl Tt 

= Bone) 

= Ses 

=> 0<5-O<n 

= [F-9]< om 

Now, tan 'x = 0 

=> x = tan®8 


5 For all x € (—ce,—1] U[1, 2). 


< 


uy 
° 
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c(i) 
[:.: xe lz Lo 1) 


-@<n> 5 0c [O, 7] 


[-..x € [—1, 1] and (m/2 - 8) € [0, n]] 


(ii) 


...(i) 
[-.. xe R] 


[5 -0€ 0, Mm) 


...(ii) 
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From (i) and (ii), we get 


tans ocot x ere 
DD 
(iii) Let sec 1x = 0 
Then, 6 € [0,2] —{n/2) 
= 0<O<n045 
= te Ue Uae 
Ue le ™ 1 
a4 2 Bel ee Ss 
=> a) O< 719 ) EAH) 
TT |e 
= -o}e|-3.5],5-0 +0 
Now, sec 1, =0 
= x = secO 
Tt 
= x = cosee{ F-6) 
= cosec eae eG 
2 
— @+cosec” 1x = 5 
From (i) and (ii), we get 
sec | x+cosec” ae =5 


ILLUSTRATION Prove that tan! x+tan™! * 


SOLUTION We have, 


tan! G = 
a 


x 1 


= ait = 
Malwa fpetee e! G a Be x+cot 


cot 'x,forx>0 
—n+cot 'x,forx <0 


= TG 2 


MATHEMATICS-XII 


(i) 
[xe (-~,—1]U [1,~)] 


n/2,iux>0 


=n/2,afx<0 


piss 0 


tan x+cot x-nm=n/2-n=-7/2,ifx<0 
PROPERTY Vii Prove that: 
tn) PPh acount 
Lexy 


1 


(i) oe tare ty +tan” 


~ a tan 


es 


y= meta EEL) , ifx>0,y>Oand xy>1 


Z| , if x<0,y<Oand xy>1 
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tn) ,ifxy>-1 
i xy 


(ii) tan7’x-tan ly = re ton'() ,ifx>0,y<Oand xy<-1 


—1{ x- . 
—m™+tan fe /ifx<0,y>Oand xy<-1 


PROOF (i) Let tan! 


x=A and tan”! y = B. Then, 
x =tanA and y=tanB and A,B é€ (-1/2,n/2). 


— AanA+tanB . x+y : 
fo SB as 1-tanAtanB 1-xy 2Ay. 


Now, the following cases arise. 
CASEI Whenx>0,y>Oand xy<1: 
In this case, we have 


x>0,y>0 and xy<1 


ay es or 
z 1—xy 
= tan (A+B) >0 [Using (i)] 
= A +B lies in I quadrant or in III quadrant 
Tt 
= 0<A+B<F 5 th a 0<A<, =>0<A+Be<n 
y>0=>0<B<n/2 
tan (A+B) = 2% [From (i)] 
1—xy 
=> A+B = tan! (324) [0<a+B<5| 
LiazZy “ 
=> tan }x+tan ly = ton? #*4) 
— xy 

CASEI When x <0,y<Oandxy<1: 
In this case, we have 

x<0,y<0 and xy < 1 

1—xy 
=> tan(A+B) < 0 [From (i)] 
= A +B lies in II quadrant or in IV quadrant. 

shan SLi >i 90/2 eA) 

=> A + B lies in IV quadrant EO oan abcel tr a<A+B<0| 
= -5<A+B <0 

tan (A+B) = 28 E [From (i)] 


1~ xy 


4.22 
= A+B = tan! aa 
1-xy 
-1 ee atte tas 
=> tan xt+tan y = tan fee, 
CASEI Whenx>Oandy<0 or x<0O and y>0 


In this case, we have 


x>0O and y<0 
= Aeé (0,n/2) and Be (— 7/2, 0) 
= A+Be (-2/2,1/2) 
tan (A+B) = 24% 
1—xy 
= A+B = tant (3H) 
1 xy 
=) tan ix+tan ly = tan! fe 
1—xy 


Similarly, ifx <0 and y>0, we have 


= = = + 
1y+tan ty = tan lee 


tan 
It follows from the above three cases that 


tan 
n ie 


CASEIV Whenx>0,y>Oand xy>1 
In this case, we have 


x>0,y>Oand xy>1 


MATHEMATICS-XII 


{From (i)] 


leftan !y = tan’ keer if xy <1. 


= eer ay 

Lay 
=> tan(A+B) <0 From (i), tan A+a=7tr| 
=> A +B lies either in II quadrant or in IV quadrant 
aa ee esa Itndeant Se reat Nina ORS ULE 

=> A+Be (0,7) 

Tt 
= 5 <A+B<t 

T 
= 77h < (A+B)-n< 0 

ut 
= -> <(A+B)-xn <0 

X+ 

tan (A +B) = [io [From (i)] 

=> 


—tan {t-(A+B)} = Sy 


[... tan {t- (A +B)} = —tan(A+B)} 
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=> tan {((A + B)-1} eau & 
1—xy 
=> AtBon= tan! (FY) 
xy 
=> A+B =n+tan ! es 
P= xy 
= tan 'x+tan ly = n+tan ! jie 
lary 
CASEV Whenx<0,y<Oand xy>1: 
In this case, we have 
x<0,y<O0 and xy > 1 
iz. pee 1) 
fRexy 
= tan (A+B) >0 [From (i), tan (A+B) = a 
= A + B lies either in I quadrant or III quadrant 
Auth xX<0,y<0 =, A, Be (-2/2,0) 
= A + B lies in III quadrant Be (on 0) 
=, —-t < A+B < —-1/2 
=> mm <m+(A+B)<n-5 
= O<n+(A+B) < > 
Now, tan(A +B) = =a [From (i)] 
= tan (™+A+B) = rey [-.. tan(m7 +6) = tan 9] 
= m+A+B acer) 
fx 
= A+B = nestor (EH 
1— xy 
= tan Tettan ty = one tan EEE) 
1—xy 
(ii) Let tan 1x = A and tan‘ y = B. Then, 
= x = tanA,y = tanB and A, Be (-n/2,7/2) 
tan A -— tan B 
ee 1+tanA tan B 
Sa ee i 
= tan (A -B) = Lexy RL) 


CASEI When xy>- 1. 
Ifx>0O and y>0, then 
Ae (0,2/2),B € (0,7/2) 
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=> 


oT 
A-Be eae 


tan (A-B) = 7-4 
1+.xy 
A-B = tan ! cet 
1+ xy 


tan} x+tan | y= tan | fed 
+xy 


1 


tan! x-tan! iF tan’! ie for all x, y with xy >— 1. 


In this case, we have 


Again, 


x>0,y<0 


Ae (0,n/2),Be (-%/2,0) 
Ae (0,n/2),-Beé (0,2/2) 


A-Be(O,n) 


x>0,y<0O and xy <-1 
x>0,-y>0 and 1+xy <0 


x-y>0 and 1+xy <0 
dae He 

dexy 

tan(A-B) < 0 


A-Be (n/2,7) 

Tt 

7 <A-B < 

= <(A-—B)-7 <0 


xX=Y 


tan (A — B) = L+ay 


~ tan {t-(A—B)} = fer 


tan ((A --B)- 2) = = 


1+xy 
(A-B)-7m = tan- et 
ray 
A-B =n+tan! Fees, 
\l +XxY 


tan’! 


x=tan ‘y = m+ tan | 


1+xy 


1) 


MATHEMATICS-XII 


[From (i)] 


[«A-Be (0,n)] 


[From (i)] 


INVERSE TRIGONOMETRIC FUNCTIONS 
CASE Il Whenx<0,y>0 and xy<-1 
In this case, we have 


x<0,y>0 and xy < -1 


= x=—y <0. and-f+xy <-0 
= cee Ee | 
1+xy 
> tan (A-B) > 0 
=> (A — B) lies either in I quadrant or in III quadrant 
= ee te eae -x<0,y>0 = Ac (-2/2,0), Be (0, 2/2) 
- => -m<A-B<0 
=> O0<n+(A-B) ae 
tan(A-B) = 2—4 
1+xy 
= No be. 
= tan {1 +(A — B)} {hy 
=> rt A-B a tant (Soe 
1+xy 
=e A-B=-n+tan! ei 
1+xy 


4 = 2 = 
Ly tan ty =-n+tan ee 


= tan” ; 
ie ea 
REMARK [If xj, X2,X3, ...,X,€ R, then 


1 


tan” _ 


= a A [Or Sait S597. 45... 
x, +tan Iyo+...+tan 1y, = tant} —3 5 ft = 
1—S,4-54—-S,6 +... 


where S, denotes the sum of the products of x1, X, .-., X, taken k at a time. 


pores ee Pe bree Bed 
ILLUSTRATION 1 Prove that: tan 1 +tan mate tan 5 
SOLUTION We have, 
tae & aie 
tan rel + tan 4 
ve + we a 1 = 
z A es: 11.24 tan ie 
: pase: = tan! ree 
1d 424 
~1 | 48477 | 24 1257 Saal 
a ae a H ; Fale a ) 
-1 =5l 3n 
ILLUSTRATION 2 Prove that: tan 2+tan ~ 3= bie 


SOLUTION We have, 


tan ‘2+ tan” is 
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Apne 243 “ biiadte ot 
- t=2x3 = nttant( fe pif xy’> T 
Ly 
= Sle ay ee on 
= 1m+tan Cr I | 
ILLUSTRATIONS Prove that: sin’! 224cos"! 24 tan! Ban 
iS} 5 16 
SOLUTION We have, 
iyo 12 -14 -1 63 
sin 13 7 9S 5 + tan 16 
Are ee ship yr -14 
we eee eS d = 
tan | oe tani 4 tare Ue hah = : ae : 
: 5 4 13 bye 
= tan 
4 
12,3 1 1 
=n+tan | ees + tan idee, ay eet 
1 SOK Yes) 16 =nm+ tan Meer ,it zy >) 
= « 1- 
5 4 
2 1 (_63_ -1 (63 
= m+tan [Salt ey 
Saye ee) -1 63 Sd apy A Men gore 
= m—tan 167m" 16 [. tan  (—x)=-—tan x| 
= 1 


PROPERTY VIII Prove that: 
sin} (x Vi-y? +y V1 —x*} ,if-1<x,y<landx*+y/<1 


or 
: 2 
(i) sin !x+sin by = ifxy<0O and x +y>1 


m—sin’*{xV1-y?> +yV1-27} ,if0<x,yslandx*+y?>1 
-n-sin'{xV1-y? +yV1-x*)},if-1<x,y<Oandx*+y?>1 


sin | {x Vie y V1 —x7) ,if-1<x,ySlandx?+y°<1 
or 


x-sin ly = if xy>0 and my > 
m-sin* (x V1-y? -y V1-x*) ,if0<x<1,-1<y<0andx2+¥ 


—~n-—sin’ | {x Vi-y? -y V1"), if-1<x<0,0<y<landx241 


(ii) sin”? 


1y = A and sin | y = B. Then, 


PROOF Let sin~ 
x = sinA,y = sinB and A, Be [-n/2, 2/2] 
= cosA = V1-x ,cos B= V1 -y [A,B e l= m/2 nt{ 2) scosAcost = Ut 


sin(A +B) = sinA cosB+cosA sin B 


INVERSE TRIGONOMETRIC FUNCTIONS 


= 


and, — 


sin(A+B) = x Vi-y +yVi-x, 
sin(A-B) = x V1-y2-yV1_-x 
cos (A +B) = Nie V1- —xy 
cos (A - B) = Vi-x Vi-y? +xy 


CASEI When-1<x,y<1 and ry Li 


In this case, we have 


1, 0 vaya eu 


U 


=> 


x? ur == Al 

1 = ey and 1 = =x" 

els x’) (i y) >x* y? 

Vi-32 Vi-y? 2 xy 

Vi= 2 Vi-7 -xy = 0 

cos (A+B) 2 0 

A + B lies either in I quadrant or in IV quadrant 


A+Be[-2/2,n/2] 


sin(A+B) = x V1-y* +yV1-x* 


A+B=sin! {x Vi-y* +y V1 - x") E 


sin} x+sin‘y = sin | {x Vi-/ +y V1 — x7} 


CASE IL When xy <0 and x +y?>1 


In this case, we have 


xy <0 
x >Oandy<0O or x<0 andy >0 


[Using (iii)] 


--A,Be [-1/2,1/2] 
=> -nmsAt+B<n 


[From (i)] 


(A € (0,n/2] and Be [-7/2,0)} or {A E -3.0) and Be (oF 


A 270A PBNsS 
r+y eel 
tee <y" and Deans 1 

i-sjG-yj<ry 

1-2 Vi-¥) < (lay |) 

—| xy} <Vi-x2 Vi-y <| xy | 

xy<Vi-x Vi-y <-xy [-.. xy <0 
V1-2 Vi-¥? -xy >0 


NIA 


valV) 


[... xy < 0] 


“ | xy | =—-xyl 
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=< cos (A+B) > 0 

=> A +B lies either in I quadrant or in IV quadrant 
= A+Be [-1/2,n/2] 


as sin(A+B) = xVi-y+yV1-< 

= A+B = sin (xVi-y? +y Vi-2} 

=> sin! x+sin ly = sin’! {(x Vi-y +yVi-x}. 
CASE TL When0O<x,y<1 and x + Ye 1: 


In this case, we have 


MATHEMATICS-XII 


[Using (v)] 


[-.:-A+Be [-1/2,2/2]] 


0<x, ysl 
= Ae (0,n/2] and Be (0,7/2] 
= A+Be(0,7] ...(Vi) 
and, ty >1 
=> je gare te and l¥ <x" 
= G=A0-/~) << 
=> Vi-2 Vi-¥ <x bese E 
=> V1-x7 V1-y7 xy <0 
=) cos(A+B) < 0 [Using (iii)] 
=> A + B lies either in II quadrant or in III quadrant 
= 7 SATB SA [.-A+Be (0, 7], from (vi)] 

T 

= ~m S-(A+B) Ss —5 
= 0 <m-(A+B)< 5 

sin(A+B) = xV1-y+yV1-x [From (i)] 
=> sin{t-(A+B)} = xVi-y+yVi-x< [-.. sin (wt - @) =sin 6] 
=> nm-(A+B) = sin! (xV1-y° +y V1-x2} 
=> A+B=n-sin | [xVi-y +yV1-x7} 
=> sin! x+sin!y = n-sin ! (xVi-y? +yN1- 2), 


CASE IV When-1<x,y<Oandx*+y?>1: 
In this case, we have 

aise yx 0 
= Ae [-7/2,0) and Be [-1n/2,0) 
=> 


A+Be [-1,0) 


and, Oe y Sa 


... (Vii) 
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ee cae and 1-y <x 
(-x*)a-y)<xy 
a/ 2 
1-x Py? < xy [-.- xy > 0] 
V1 = 27 V1-y* -xy<0 


cos (A+B) < 0 [Using (iii)] 
A + B lies either in II quadrant or in III quadrant 


UU US 


—-n<A+B< : [Using (vii)] 


<-(A+B)<nt 


l 
Nila 


a <-n-(A+B) <0 


sin(A+B) =x NI ay? ey ia 
—sin {t1+(A+B)} = x V1 -y +yN1-x* 


te 
= sin (eh 2(A4 BY) = x Vi- ty Vie 

= (A+B) = sin! {x Vi-ytyVi-2x} 
s 
Ly 


u 


A+B=-n-sin!(xVi-y +yV1-2} 
sin! x+sin ly ==T-sin | {x Via +y V1 — 3). 


(ii) Do your self. 


1 3 ysin”! 2 gees 


ILLUSTRATION1 Prove that: sin- 17 


i} 
ee 
i=) 

\ 
| 


SOLUTION We have, 


Gel: Paes ee: 
sin Vasa 5 
ter Bo Alia (aha Soni te Rel. 
ie Fe : 5] Pee | 1 
= sin | Bee 2 eines 
17 5 ED 17 85 
We per P ATION: awecllakicos er > mom a par wae 
> 13 5 65 
SOLUTION We have, 
pals 2 15S 
COS , ric haa 5 
& Hae -13 ba Baler Ais as 
= sin 130" 5 cos ia 13 


i} 
n 
_ 
= 
—s 
(rm ioe any 
— 
a) Ol 
=t 
| 
Cea 
[orn hee) 
a AE, 
ie) 
2 
or] 
x 
—" 
| 
= 
alo 
a Ss 
(<) 
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PROPERTY XI Prove that: 


: “y= V1-x7 V1 y"} ,if-1<x,yslandx+y20 
eed pe ESP (= 2m — cos 1 xy - V1 - x? “Are VY), if-—1<x,yslandx+ys<0 


ee rN = y") ,if-1<x,yslandx<y 
Te Sai mae alee — cos lixy+V1- x fa ,if-1<y<s0,0<xs<landx2y 


PROOF Letcos-!x = A and cos !y = B. Then, 
x = cosA,y = cosB and A,Be [0,7] 

= sinA = V1-x2 and sinB = V1-y*_ [-. sin A,sin B20 for A, Be [0, n]] 
cos (A+B) = xy-Vi- Vi-y> ...(i) 
cos (A-—B) = xyt V1-2 Vi -y? ...(ii) 

CASEI When-1sx,yS1 and x+y2 


In this case, we have 


soil 65 Be gies Al 
= A,Be [0,7] 
=, 0s A+B S20 ...(iii) 
and, Pa) 
= cos A+ cos B 2 0 
—> cos A 2 —cosB 
= cos A = cos (1 - B) 
= Asxn-B [-.. cos @ is decreasing on [0, 7]] 
= A+B<nt ... (iV) 


From (iii) and (iv), we get 
OFS AG Bas Ir 
cos (A + B) =xy-Vi-2 Vi-/ 
=> A+B= cos! {xy- V1 -x2 V1-17} 
= cos 'x+cos ly = cos! (xy - Vi - x? Vi —y?) 
CASEM When-1sx,y<0 and x+y <0: 


In this case, we have 


ee sXe Ye A 
ay A,Be [0,7] 
= OSA+B S 21 ..(V) 
and, EOE SO) 


=. cos A+cosB < 0 
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=> cos A S$ —cosB 

= cos A < cos(n-—B) 

— A2n-B [:.. cos 6 is decreasing on [0 , 7] 
— A+B2n ...(Vi) 


From (v) and (vi), we get 
TSA+B Ss 27 


=) -m™ 2 -(A+B) = —-2n 
= m 2 2n-(A+B) =>0 
= 0 << 2n-(A+B) <n 
cos (A+B) = xy —-V1-x7 V1-y" 
=s cos {2m—(A+B)} = xy-V1=x* V1 —7 
= 2n-(A+B) = cos ! (xy — V1 — 27 V1-y*} 
= A+B = 2n-cos ! (xy — V1 =x V1-1} 
= cos }x+cos ly = 2n-cos’! (xy-V1-x° Via) 
(ii) Do yourself. 
Be RN ee -1 12 _ og) 38 
ILLUSTRATION 1 Prove that: cos 5 +cos 13 = 608 65 
SOLUTION We have, 
cos! eS. ake 
3 13 
ee sey) 4y 12° 
= co Se NEL —-|— 
Heels 5 13 
SR aoe, on NE Ne 48 S| oan yee 
val 65. 5% 13 65 65 65 
eee ieee ee cote es 
ILLUSTRATION 2 Prove that: sin 5 sin 17 = 008 85 
SOLUTION We have, 
sin | =-sin ! ae 
17 
the -1 15 ko coat) 2 cint i = eae 
E1608 oe —€ 17 > sin 5 CoS 5 /sin 75=C¢ 17 


gt Nene a foe ele cost Se 
bee he tS 


PROPERTY X Prove that: 
in’ | AI (ea i = ake ae 
sin (2x V1—x°) palit Sx S75 
(i) dsine x = In—sin™! x V1—2) ifs 
—~n—sin ! (2x V1-x7) jif-1<x<- 5 
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rae 

1 (3x — 4x) he 

< 


(ii) Ssingeta= n—sin ! (3x — 4x’) Plier <n 


1 
-n-sin ! (3x -4x°),if-1< oe 


PROOF (i) Let sin! x = 0. Then, 
x = sin @, 
=> cos @ = V1-x [-.. cos @>0 for 6€ [—n/2, 2/2] 


sin26 = 2sin@cos8 


PES sin2@ = 2x V1-x7 ...(i) 


1 
EI = = 
CAS When — eS = 


We have, 
-ExS 
Tt Tt 
Se Ree pay 
— 42°54 
Tt TL 
aE re wee 
=> > <0) 5 
1 1 
— <S < 
Also, 5) sxe 
=> = 1<2% Vix <1 
sin20 = 2x Vi-x” [From (i)] 


=> 20 = sin 1 QxA = x7) 
= 2 sin” Vy = sin’! (2x V1-x*) 


CASE II When esx s1: 


We have, 
Bers 
=> se sind <1 
Tl T™ 
= oo es 
Tl 
ee < 
=> 5 20<T 
™ 
=> =m S$ -20 < =-— 
2 
= 0<n-20< 5 


Also, Je Sxs1 3 0s2rVi-v <1 
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sin2@ = 2x V1—x? [From (i)] 
sin(t—-20) = 2x V1-x2 

n-20 = sin"! (2x V1—x2) 

n—2sin ‘x = sin’! (2x V1—-x?) 

2sin'!x = n-sin’! (2x V1-2’). 


CASEI. When -1<xe -Te 


Yudes 


We have, 
~l<x<-y 
— -1 Ssin @ <-> 
Tt Tl 
caning ee =a 
= 7 S98 4 
= =ns202-¢ 
= O<n+20<5 
‘Als, -lsxs-p = -1< 2 1-v <0 
sin20 = 2x V1-x? [From (i)] 


=> —sin (w+20) = 2x V1-x? 
= sin (-=-26) = 2x V1-x’ 
is —~n-26 = sin! (2x V1—x’) 
= 20 = —n-sin | (2x Vi — x’) 
* 2sin-' x = —n=sin'' @x V1 -x) 
(ii) Let sin’ x = 6. Then, 

x = sin8 


sin3@ = 3sin@—4sin°0 


aN sin3 0 = 3x-4x° 
CASEI When Sheed 
We have, 
1 ] 
ee ea 
22 ro 2 
1 : 3 
Se <i 
=> 7 2 sind s5 
Tt Tt 
EE Beate ee 
=> ra <0 es 6 
1 Tt 
ee <a 
oo ten 
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Also, -$ SxS 5-15 3x-40° <1 
sin3@ = 3x—4x° 

= 30 = sin! (3x-42°) 

=> 3sin'x = sin | (3x -4x°) 


CASEI When1/2 <x <1 


We have, 
peed 
1 
— = x2 ight) S I 
2 
Tt T 
pute < — 
= 6 ~ 945 
T 3m 
=> 7 < 3955 
31 Tt 
aS ae NE -_— 
— > = eile) = > 
Tt Tt 
— = <2 = Oe 
= 7 Sm 30< 5 
Also, 5x51 -153r-4r5 <1 


sin3@ = 3x—4x° 


= sin (7-39) = (3x — 4x3) 
= m-30 = sin ! (3x —4x°) 
=> n-3sin ‘x = sin | (3x-4x°) 
= 3sin}x = n-sin ! Gx—-4x°). 
CASE WI When —-1 <x<-3 
We have, 
1 
Sah = 
Ro ee > 
— —1]1 < sinO0<-= 
% T ae 
= aS < — 
= 5 < 0 6 
31 Tt 
aS 22 <p 
= > <0 5 
Tl 
=< —5 S7+305 86 
=> =n 3.005 
2 
1 1 3 
Also, Bo a5 ee Ss ae 4x = ii 


4 
; 


INVERSE TRIGONOMETRIC FUNCTIONS 


sin30 = 3x-4x° 


sin (-™—3 0) = 3x-4x° 
—~nm-36 = sin ! (3x - 4x) 
—n-3sin x = sin | (3x -4x°) 
=> 3 sin’ } 


{od ted 


x=-n-sin ! (3x — 4x?) 
ILLUSTRATION 1. Evaluate: 
(i) sin (2 sin”! 0.6) (ii) sin (2 sin’! 0.8) 
SOLUTION (i) We have, 
sin (2 sin! 0.6) 


sin | sin”? {2x 0.6 x Vi — (0.6) |] 


sin [sin 0.96) = 0.96 
(ii) We have, 


sin (2 sin! 0.8) 


sin | n- sin”! (2x08 x Vi -(0.8)"}] 


sin (x —sin~! 0.96 J 
sin {sin7! (0.96)} 


0.96 


ILLUSTRATION 2 Evaluate: sin (3 sin! 0.4) 
SOLUTION We have, 


sin (3 sin! 0.4) 


sin {sin7! (1.2 - 0.256)} 
sin {sin”! (0.944)} = 0.944 


PROPERTY XI Prove that 


(i) ee eres De exe) 
2n-cos !(2x7-1),if-1<x<0 
cos ! (4x? - 3x) ,if 5 Seat 

= oa ll 1 

(ii) 3cos }x = {2n-cos ‘(Axe = 32x) ,if-5 SxS5 

1 
Macos) (4x = 3%) if tecs— 


PROOF (i) Let cos !}x = 0.Then,x = cos 0 


-- 2sin"'x=sin ! {2x V1 - wey 


—sin(m+3 0) = 3x-4%° [sin (1 +30) = —sin3 9] 


7 
Sh 
VAN 
R 
lA 

5 


-- 2sin!x=n-sin ! (2x V1 - x’), 


il 
i= Ss 
if, Jo Sx< 


[... sin (1 — 8) = sin 6] 


sin [sin™? [3 x0.4-4 x (0.4)5|] [...3sin” 1 v= sin’ ' Gx -47)| 


4.36 


=> 


cos 26 


cos 2 8 


= 2cos* 0-1 


MD iee 1 


CASEI When0O<sx¥1 


We have, 


< 


Os 


Osis 


il 


0 <cos8 <1 


20<T 


G27 Sites el ete 1 
cos 2.0) = gee 
20 = cos ! (2x 


9 cos-ix = cos! (2x? — 1). 


2 


CASEI] When -1< x0 


We have, 


(ii) Let cos”! x = 0. Then, x = cos @ 
cos 38 = 4 cos’ 0-3 cos 0 


<> 


aS 
< 


cos 2 = (2x*-1) 


cos (2m - 20) = (2x*-1) 
2n-20 = cos !(2x*-1) 
20 = 2n-cos !(2x*-1) 
2cos 1x = 2n-cos } (2x* = 1): 


cos 30 = 4x°-3x 


1 


CASEI When > Sse 


We have, 


SO Nie NIP 


1A 


IA 


1A 


=) 
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= 0<30<t 
Also, SSxs1 5-15 49-351 


cos’ 3:6 = Ax? — 3x 


= 30 = cos! (4x° — 3x) 
=> 3cos /x = cos! (4x3 - 3x) 
4! 1 
CASE II —-=—< <= 
When 7X55 
We have, 
5 jl 
en a _ 
pet > 5 
1 1 
Bae —— 
= 7 Scos@ sy 
ans Ee ps = 
@ 3 
— T= oO S25 
=> -2n<-30<-n 
= O-=27-—30 = % 


cos 3'0'= 4x3 — 3x 


cos (2m™—-—38) = 4x? — 3x 


=> 
=> 22-30 = cos | (4x? - 3x) 
=> 30 = 2n-cos | (4x - 3x) 
= 3.cos’!x = 2n-cos ! (4x°- 3x) 
CASE Ii When-1 <x <-5 
We have, 
1 
es Os == 
1 GS 5 
— a4 eee 
= a 
= Megen 
5 
= 2n < 30 S 3n 
= —3n < -30s-2n 
= —-m<2n-30<0 
=> 0<30-2n<tT 


cosa) = 4x? — 3x 
cos (2m — 30) = 4x? — 3x 
cos (3 8 —2n) = 4x3 — 3x 


y 


J 
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=> 36-27 = cos’! (4x° - 3x) 
= 30 = 2n+cos | (4x° - 3x) 
= 3cos- 1x = 2n+cos ! (4x7 — 3x). 


PROVERTY XIil_ Prove that: 


(i) 


No 
5 
! 
_ 
R 
ll 
a 
+ 
5 
| 
ee 
Ca eS 
ea 
| 
R 
No 
jen Se 
~ 
Lone) 
R 
Vv 
— 


; 

af = -~1|3x-x : 1 
(ii) 3tan } x m+ tan fx > TE 
ly x 3 


1 


PROOF (i) Let tan x = 6. Then,x = tan8. 


tan29 = —2tan6_ 
1 -—tan* 8 
tan26 = cae 
1-x 
CASEI When -1<x<l1 
We have, 
-1l<x-1 
= —-l<tan6<1 
Tt T 
=) eg c0 <7 
Tt 
= 5 <28<5 
tan20 = a 
1-x 
= 20 =tan ! SS 
dae | 
\ 
— tay eee ian _2x | 
1x7] 


CASEM Whenx > 1 
We have, 


be Sy ii 


INVERSE TRIGONOMETRIC FUNCTIONS 


= tan6O > 1 
T Tl 
— > RC 9 
™ 
=> R>20>5 
TN 
= Be Ose 
— 0 <n-20<4 
=> -F<-+20<0 
tan2@ = —, 
1-x 
—> —tan (7-29) = —— 
1-x 
= tan (-7™ +26) = = 
-Xx 
= —n+20= tan ! a 
1-x 
— 20=n+tan ! ax 
1-x 
=> Ban’ tx = ne tan* | 3] 
1-x 
CASEIN Whenx < —-1 
We have, 
x<-l1 
— tan@8 < -1 
= oo) aie ai 
Tt 
— os Tent Oi en 
2 0<n+20<5 
tan20 = —~, 
1-x 
— tan (mn +20) = 25 
1-x 
= n+20 = tan! ae 
cee 


< ‘, 

4 ae Wl bee 
= m+2tan x = tan —— 
| 


4.39 


[tan (+o) == tan @] 


4.40 


ss =: Dye 
= 2 tan ly = —n+tan (775 | 


1-x< 
(ii) Let tan”! x = 6. Then, x = tan 6. 


3 tan. 0)— tan’ 0 


tan3 0 = 5 
1-3 tan’ 0 
3 
= fang 6 
1-3x 


" CASEI When Te <x<ye 


We have, 
hE Se 
15 eae a 
= ag EG 
3 B 
qT 3 
= aes et 
Tt Tt 
=> SFO eax 
tan 36 = = 
— 3x 
3 
= 36 = tan! {SX 
1-3x 
=> 3tan!x = tan! Ox = x 
1-327 
CASE II Wie ae 
CASE % 
We have, 
ee 
V3. 
—) ian bis 
V3. 
™ ™ 
=> poke aa 
n 3n 
=> pie. Oss 5 
“39 : 
=) 5) < OTS 
ag ae us 
=> 7% tar 
3 = t 
— > 30 eS 
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4.41 
<2) 
tan3@ = *— 
1-3x 
= —tan(n-30 _ Seat 
5 a ee [-.. tan (7-3 0) = —tan3 6)] 
3x-x° 
=> tan (30-7) = 5 
1-3x 
3 
> 30-7 = tan. ae 
1-3x 
3 
— 3tan 'x—-n = tan ! ot 
1-3x 
—1 =1 3x —x° 
= Stall 9 X= S0-tatan 3 
1-3x 
1 
CASEI -w —— 
CASE Ul hen x< 3 
We have, 
RAP e:: 
V3 
— tan 0 Sake 
Tt Tt 
= _! Sera 
3n Tt 
= ee eat 
Tt T 
— me <71+30 < 7 
Bes 
masp = 5 
— 3x 
ox °° 
= tan (™+390) = 5 [-. tan(m+x) = tan x] 
— 3x 
3 
= n+30 = tan ! = 5 
1-3x 
3 
=> n+3tan ix = tan! ae 
1-3x 
3 
= ian k= =n+tan * sen 
1-3x 


ILLUSTRATION 1 Prove that: 


3 
“4 =e! Ip des =# | Gx =x 1 
tan “x+tan =tan ,(x* [<a 
; 5 ae v3 
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SOLUTION We have, 


tan! x+tan’! oe 5) 
1-x 


_, [xt ox. 
en tas. E tan! x+tan! y=tan ! Ty ifaw 7 
1- ca a 
Tox 
gee! eed 
1-37-27 


3 
tan”! 3x = 
1-3x 
ILLUSTRATION 2 Prove that: 2 tan”! ; +tan ! . =tan ! nu 


SOLUTION We have, 


=e an 


Nin 


-14 es 

= tan Aree 7 
z (OS een =e 
= tan Ae esi = tan 7] 

SP eA 


ILLUSTRATION 3 Evaluate: tan 2 tan ! 5| 


SOLUTION We have, 


1 

DS 
Sil: = 5 Sa 0) 5 
tan 24an =| = tan tan | = iy Leet ae 
| 5 Ara an} tan |" 12 

25 


PROPERTY Xill Prove that: 


alee Ahee ls oee| 

+x 

(i) 2tan!x = Be oe Seieees i 
+x 


INVERSE TRIGONOMETRIC FUNCTIONS 


2 
cos" 1) 4=4 ,if0<x<co 
=e 1l+x 

(ii) 2tan!x = 


2 
anes ,if-co<x<0 
+x 


il 


PROOF (i) Lettan “x = 0.Then,x = tané 


Se —2 tan 9_ 

1+tan* 6 
= sin26 = = 
1+x 


CASEI When -1 <x <1 


We have, 
i eel 
= —1 <tan@ <1 
T Tt 
—_— < — 
Eins paheae 
Tt T 
See eee 
=> 7 2205, 
Si 2 0,— a 
1+x 
= 20 = sin’? |—*— 
1+x 
a4 es 2x 
— 2 tania asin 
3 
CASE IL. When x > 1 
We have, 
Ge Al 
= tan@ > 1 
=> pee 
s OE a 
=> a ai a ee 
2 
> Oo 7 a A 
sini2 6) = ma 
1+x 
sin (t-20) = a 


1+x 


4.43 


4.44 
—* n-20= sin! ce 
147 
= m—2tan~ ly = sin” fife 3| 
=A 
= DO tatiee ee sin 2] 
CASEI Whenx < -1 
We have, 
x<-l 
— tan6® < -1 
=> ney ee 
) 4 
Tt 
= SY ee 
= O<n+20<5 
= Se 
epbqieee) = = 
1+x 
; DX 
= —sin (™7+26) = 
14x 
= sin (-2-2 0) = ae 
1+x 
=s ~7=-20 = sin! a 
1+x 
= —~n-2tan}x = sin! ae 
1+2x 
= 2tan'x = -—n-sin"! ox 
1+x 
(ii) Let tan”! x = 0. Then, x = tan. 
= 2 
cos 29 = +—!an-8 
1+tan* 0 
PPL 2: 
= coe? Oi =, 
1+x 


CASEI WhenO0<x<o 
We have, 


IA 


xX <= co 


=> 0 < tan®@ < oo 
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Tt 
= OF br 
<9 
=> ORS 20s <at 
2 
cos 20 = 
1+<x 
p 
—s 20 = cos ! 1x 
1+x 
2 
— 2tan!x = cos ! 1=x| 
1+x 
CASEI] When-«~<x<0 
We have, 
—-o < x<0 
=> —o < tan@ < 0 
= -7< 850 
— —-m<2060<0 
— 0<-20<T7 
2 
cos0 = 5 
1+x 
> 
=> Ay Gays) 5 
1+x 
2 
— —20 = cos 1}1 = 
1+x 
y) 
=> ~9tan! x = cos! z = 
1+x 
=] -1 toe 
= 2tan, «xX = —icos 5 
1+x 


ILLUSTRATION 1 Prove that: 


2 
Sate err (x | <1,7>0 0nd xy <1. 


1 gest. Bees 
tan — | sin = 
1 1—xy 


2 


SOLUTION We have, 


2 
an 4 sin! +cos ! el 
: 14+ L+y 
Wing) se => ton x forall ve {- 1, 1] 
1 “1 y 14+ 
= tan 5[2tan x+2 tan y| 


2 
cos 1+—4 = 2 tan” 'y for all y 20 
i+y 
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= tan (tan! x+tan! y) 

= tan {tan Fel [... xy<1] 
xy 

PAE Sea 

~ 1-xy 


ILLUSTRATION 2 Prove that: 
-1 ee, pee UG ees ae 
an Vx => cos fescue 


SOLUTION We have, 


Le ee es 
? 1+x 
24 
= oe ate So tence a tanned 
2 1+ (vx) : 


ALITER Putting x = tan” 6, we have 


RHS = Z cos’! feeb 


a 2 
cos! Sate = cos! (cos 28) = @ 
1+tan*6} 2 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 If x,y,z ¢€ [-—1,1] such that sin! x+sin7! y+ sin p= 5 find the value of 
2006 5 007 4. 32008 _ 9 
2006 + 2007 4. 72008 


SOLUTION We know that 


Test Tl 
-_--—< <a = 
> =sin x S75 forall xe [ pe la| 


‘ ae : Tt 
Maximum and minimum values of sin”! x are and - 2 5 respectively. 


2 
Now, 
5s . —1 il 31 
sin x+sin “y+sin ae 
pal coal 1 ae Ue 
=> sin  x+sin +sin zZ=—+—+— 
4 2*9+9 
> sin} x=, sin y= =, sin eee 
2 D 5 
— 22S i oe 
2006 , 2007 , 2008 9 9 
a py +2 = = 1+1+1-———_ =3--3=0 
2006 eet! 4 72008 12Ts1 


EXAMPLE 2 Evaluate the following : 
(i) sin” | (sin 10) (ii) sin”! (sin 5) 
(iii) cos i (cos 10) (iv) tan”! {tan — 6} 


INVERSE TRIGONOMETRIC FUNCTIONS 4.47 
SOLUTION (i) We know that sin ! (sin @) = 0, if — 


Here, 6 = 10 radians which does not lie between — A and 
But, 3m — 6 i.e. 3m — 10 lies between — x and > : 
Also, sin (3m — 10) = sin 10. 

1 (sin 10) = sin! (sin (3x - 10)) =/an= 10) 
(ii) Here, 0 =5 radians. 


Clearly, it does not lie between — : and 5 


But, 2% — 5 and 5 — 27 both lie between — . and - such that 


sin (5 —2n) = sin (- (2n-5))=~sin (Qn — 5) == (=sin 5) =sin 5 
sin (sin 5) = sin} (sin (5- 2n)) = 352m, 


(iii) We know that cos’! (cos 6) =0, if0<@< 7. 
Here, 8 = 10 radians. 


Clearly, it does not lie between 0 and m. However, (4m — 10) lies between 0 and m such 
that cos (4m - 10) = cos 10. 


cos } (cos 10) = cos } (cos (4%-—10)) = 4n-10 


(iv) We know that tan- 1 (tan 0) = 6, if- a <O0< x 


Here, 6 =—6 radians which does not lie between — a and 


NIA 


We find that 27 — 6 lies between — Z and a such that 


tan (2% —6) = —tan6 = tan (—6) 
1 (tan (- 6)} = tan! {tan (2n-6)} = 2n-6 


EXAMPLE 3 Prove that: 


i) eat V1 +cos x + V1 —cosx _t Bo Oley ce 
(i v1+cosx—Vl—cosx{ 4 2 2 


yarn [Nie sine EVE sire 2 tee | CBSE 2009] 
Os eee ee reaee 7 apne, ; 
SOLUTION (i) We have, 
sane V1+cos x +V1-cos x 
1+cosx —V1l-—cosx 


a/ % OLX 
2 cos’ = + 2 sin? ~ 


=i 2 2 


V2 cos” 5 -\2 sin’ 5 


= tan 


4.48 MATHEMATICS-XII 


be pede 
cos = + sin — 
=I 2 Z ie ie Vee. x eed 
= tan Cage . <5 cos 5 > 0, sin, >0 
COR tap 
x 
a 1+ tan, 
= tan > 
1-tan, 
= 1 nm Xx 
= tan {e(3+3} 
Toa T 0 SX 
EP aes O<x<5 ss E<Eth<5| 


(ii) We have, 
BE V1+sinx +V1-—sinx 
: V¥1+sinx —V1—-sinx 


cos Ea sin = 
2 Zz 


="COun 
z ‘ny dak Feces 2): 
2 Pe 2 2 
XS TOR A MS OME ALS af 
oe “4+ =| = = o+ = = 
; [cos 5 sin 5) cos > + sin 7 t2sin, cos 5 
=1 25m x] 
cos 4 ein = + Gos sein = 
2 2) 2 2 
= cot ! E Nx" = {x | 
cos ~+sin~ - cos ~ — sin = 
2) 2 2 2 
cos ~ + sin ~ + cos ~~ sin ~ 
2 2 Z. 2 
= cot ! " Daeg cos 5 >sin 5 | 
cos 5+ sin 3] [cos §-sin ;| 
= 1 Leer x. ih 
cot [cot] 5 | 0<5<5| 


EXAMPLE4 Prove that: 
4) tan! V1l+cosx +Vl-cosx|_ 2 X if 3m 
Nl +cosx=Nl—cosx| 4 20° 3" "3 


(ii) cot? ta URS pos aes igmcyen 
V1+sinx —V1-sinx Ze 2. 2 


SOLUTION (i) Wehave, 


ann V1+cosx +V1—cosx 
N14 cos x —N1 —cos® 


INVERSE TRIGONOMETRIC FUNCTIONS 


(ii) We have, 


4.49 
V2 cos” + 2 sin” > 
= tan’! 
V2 cos a= V2 sin? = 
N2 |cos 5 +N2: sin 5 
stan" ss 
V2 |cos =| —V2 |sin= 
2 2) 
s ee TUT OTe 
— cos —+sin= Bo Glee eh Ee or 
= tan © : 2 DT, WIARZ 4 
cos —sin— cos & cone: sin = sin ~ 
2 2 Ds 2 2 2 
cos ~ — sin ~ 
= tan 2 2 
cos ~ +sin~ 
2. 2 
1-tan> 
= tan | ns 
1+tan, 
= <a eee: 
tan { fi Al 
58 2 repel eee SR 
te 2 ph AY 9) 4 
1 [V¥14+sin x +V1—sinx 
cot = 5 
1+sin x —Vl-sinx 
+ eee a et 
ae 2 2 2 2 
= cot 
2 
\( os 5 +sin 5 eos = Sin 2 
e 2 2 
ek + cos ~ — sin 
3 2 D 
cos ~+sin eS cps, sin = 
Z Zz 2) 
— [cos 5 - sin | 
2 Biba; 2 2 a: ere 
, é BAe ame RS <5 
Be x RT Bix x. OX 
x us ee By ad => cos = <sin — 
" + sin 5) +085 sin ; > 7 


i 


oo betas 


4.50 
i 1 HAS 8 
=) COL feo 5 A 
os US aS 
Qh 
EXAMPLE 5. Prove that: 


F -1y|Vlt+x-V1-x ug al = 
SS ,0 eG 
(i) tan pease Tesh i 9 COs aay Ulex 


(ii) a E 
Viexr-Vi-2| 4 
SOLUTION (i) Putting x = cos 2 0, we have 
Pee fee 
V1+cos20+V1—cos20 
Pe ae — V2 sin? = 
V2 cos? 6 + V2 sin? 6 


= il 


cos 6 — sin 8 
cos 8+sin 8 


at 


1-—tan ae 


ue 
fale 


= iil 


a eos tx 
4 2 


(ii) 


Putting x* = cos 20, we have 


tan} V1 + cos 20 + V1 —cos 20 
V1 + cos 20 — V1 — cos 20 


ee! V2 cos” 6 + 2 sin* 2sin’ 0 
V2 cos? 6 - V2 sin? @ 6 


lieecd a 6+sin 4 


cos 8 — sin 8 


s tae f1+tane 
1 —tan6d 


= tan fran [E+ ehh 


us 
9 p 
n 


E cos 20=x .«. 20=cos /x = Rees x 
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eid SS Age 
unity <ot =? 0, 5 = 


mon eae — ae Ste Oil 


Tt Tt 
— 0<20<,=>0<0<7 


™ Tes qT 
Uses ecw a ar 


1 
7 


ad wo-i<x<1 = 0<x%<1 > 0<20<4| 
=e 40 z 
Tl 
=> 0 > 
}<O0<7 
res -1 
igen 608 ad E x =cos20 => 2@=cos”! x7] 
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EXAMPLE6 Simplify each of the following: 


: {otro ae ~ 
(i) cos : [goose sins) (ii) sin i [ress 335i] 


SOLUTION (i) In order to simplify cos”! : cos x + s sin » , We will have to express 


3 eee lo : 
5 COS x + 5 sinxin the form of cosine of some expression. For this, let 


Sa Anos he 
5 1 cos ® and 5 = rsin@ 


2 2 
S 4 rsin@ 4 
= = sar =] eS Se 
ny i g (5) SEAT aa reos@ 3 
> r=1 and Bean vic 
— BARS: and aman 6, where 6 = tan” | 4 
5 5 3 
cos’! Bose stn 
5 "5 


= cos ! (cos 8 cos x + sin 6 sin x) 


= cos ! {cos (x-6)} = x-®@ = x—tan! 3 


ii) In order to simplify sin’! PO egety te gin , we will have to express 
gab 13 13 P 


73 cosxt re sin x in the form of sine of some expression. For this, let 


Eee easy and een 


13 13 
2 2 
AN, ee iia SPS Oe aos 
— v= fa +35] a Mar bated fan 0 = eG 1D 
= Cy ee 
=> = landse= tan 12 
aa 12_ Pye ee eed 
et 13 77sin® and 13 ~ 608 9, where @ = tan 12 
in’! Gey een 
E 13 13 


A ra este! 
= sin! (sin 8 cos x + cos 8 sin x) = sin i {sin (x + 6)}=x+0=x+ tan : 12 


EXAMPLE? Simplify each of the following: 


\ 


: \ 4-(f @ 5 
ne . = sin X¥ + cos X tr Tt ae =i] | Sin X + COS.X. | % 119 
G) sin ! a — a ee (ii) cos awe ; 4 <1 < 7 


V2 4 4 


a 


SOLUTION We have, 
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(i) sins 1 ( sin x + cos x 
V2 


sin’! Ge sin x + 3 cos | 


- -1 : Tl Aeeaid’ 
sin sin x pan + COS * ST 


bp a ua eter oe = ee 
sin {sin(x+ 3) = 244 . Rex<B a0<x43<9| 


(i) cos7! ra x + cos " 


v2 


Il 


cos! ( sin x + 7 cos : 


—1 . vee ae Tl 
cos Sin® Sin 7 eae x COS — 


4 


cost iccal ine (684 et es ea 
a aie 244 = 4 4 


REMARK This example can be solved by using the procedure given in the earlier example. 


EXAMPLE8 Prove that: sec” (tan t 2)+ cosec” (cot 13) =15 
SOLUTION We have, 


sec” (tan- : 2) + cosec” (cot b 3) 


= \sec (tan ' a} + {cosec (cot ' 3) 


~ fos (unr? fone(eor® 2 


2 
= \sec (sec s \5)?| + \cosec (cosec 110: Dt = (V5) a + (10° Ye = 15 
EXAMPLE9 Prove that: 
2 
(i) sin [cot 1 (cos (tan- ty] = NV 5 oat 
Smctae. 
ce 


(ii) cos [tan ! {sin (cot 1 x)}] = \ aes 


42 


SOLUTION (i) We have, 


cos (tan! me) 


= 1 1 
=cos jcos ===> = > .- tan! x=cos ! 
V1 =} V1 +x" | ; V1 +x* 


sin [cot 1 (cos (tan! x)}] 


= sinJcot ! s : 
Vi+x 


Il 
ie) 
hate 
=) 
ao 
ie) 
eae 
= 
_ 
pany 
+ 
R 
N 
— 
= 
tat 
No 
a 
Ni 
fb 
— 
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(ii) We have, 


: -1 ; eet 1 1 
sin (cot “ x) = sinJsin = 
| ices Nia 


cos [tan”! {sin (cot } x)}] 
cos Jtan! —— 
1+x 


= os coe" 1+x? _afitx VE 


or a 
and, y=sec[cot”" {sin (tan”! (cosec (cos a9) 


where a € [0, 1]. Find the relationship between x and y interms of a. 


SOLUTION We have, 
i lcos (cot™ d (sec (sin” : a)))] Soy 


, ; 1 i “sin a 
sec| sec 35] 1 
D =sec 
oe Hi 1-a 
= cosec jon’ fes [or j : al 
—a 


= cosec | tan”! Jcos| cos7! J -- cot ! : = col : 
= a 1- a V2 — ae 
= cosec [ia $7] = cosec (cosec * Mesa mt O25 


y = sec| cot” {sin (tan * (cosec (cos™ 2) 


EXAMPLE 10 If x=cosec [tan {cos (cot™ "(sec 


5 cosec| tan 


= cosec er 


eel 
—_— 


cos for 


cgmnans= = 


and, 


= sec cor {sin [ian cose [ose ers 
= sec a et tan” ay 


sec Ge - ; sec ger 3- 


roe | 


Be et ot 
V1 -a? oa ae 
V3 0° 
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EXAMPLE 11 Simplify each of the following: 
(i) tan! me pees 2 


b-ax a 


4% _1 (acosx—bsinx Tt m™ a 
—— rr? —,—tanx>-1 
Cas are pa S os: 
2) 3 
a = Oaee ae |e Se 
(iii) tan Seal Beg. 3 


SOLUTION We have, 


: -1 (at+bx 
(i) tan ae = a 


—+Xx b 
= tan! = tan! *+tan! x 
{-<x : 
b 
a eel acosx—bsinx 
bcosx+asinx 
4 _tanx . 
= tan | |_| = tan’! 4-tan™! (tan x) = tani 3 
ects : 
b nx 
: 2 3 
(iii) tan’! a ee 
a~ —3ax 
3 
3 xX) _ (x 
a a 3 
= tan! 5 = 3tan! Be | tan! (Sse | 
1-3x 
x 
1-3[3) 
a 
EXAMPLE 12 Prove that: 
: =i dh ait a = 
(i) tan ‘3 + tan a = tan i (ii) tan 1S +tan?2+tan } 5 = 5 
ay =4°3 celia aay {33 Hy Pes Bal aye 1 1 
iii) tam —+tan —=-t a & i hes ~1i -& 
(iii) 4 5 an 19 3e4 (iv) tan st tan 7 + tan 3 t tan Sip 
[CBSE 2008] 
SOLUTION We have, 
: =a i sil 
i LHS = tan” * 1 
(i) an 7 + tan 13 
Aryeal: 
Paani 13 ¥ : 
=> LHS =tan a1 --tan'x+tantystan $27” ifzy<i 
1-543 i= 
=> LHS = tans, = tan? = = RHS. 
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43 251] Pel sal al 
LHS = us Lee) 14 
(ii) HSs="tan 5) +tan 5 + tan 3 
= LHS = 1 Le pe 
{tan 5 + tan 5+ tan 8 
ag 1 i 
~ oo Ait ht tame ot fala 
— LHS = tan! + tan ve 
1-2 8 =tan7 1) 27% ,ifxy<1 
AG L-xy 
a aes =, 
= LHS)= tan g t tan 8 
eal 
ne 65 Tt 
= LHS = tan’! tan !|==|=tan-'1=2=RHS 
Tale 65 4 
9° 8 
-: te, 13 _ 4,-1.8 
(iii) BES r= tan Z + tan 5 tan 19 
RA 13 “137 1.8 
tno {tan qt tan | tan 19 
1 ae i as) 
= LHS)= tan ie ted — tan 19 
A 5 
Pa) Sa ee 
— LHS = tan 1 tan 19 
27, 8 
Se Lae eetls E92 yl A) te. tt 2 
=> ES) tain ee = tan 495 7 tan 1= 7 = RHS. 
Lael 9 
2 onl -1l mnie eit 
(iv) LHS = tan 5 + tan 7 + tan 3 + tan 3 
“ rie pd. -11 at-L 
— JS hee [ten 5 t+ tan 7)+(te 3 t+ tan 
fo iba 
= LHS = tan’! oe +tan! oa 
Salis 98s ee 
Fan a 8 
eqn 7 hehe -111 
= iL) hs ea iyeuqh 17 t tan 3 
6 
ee dade ee a) (820) eee 
=> bHSa—sta’ Nie: Ti =i & = tans. | 4 =i 
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EXAMPLE 13 Prove that : 


(i) sin} 3 + sin” = gin 1 Z 
nie. i ae wes = 1 Sp 64-116) % 
(ii) sin 5 on 13 tin 65 2 
(iii) sin’? 2 + sin”! = cos 122 
: ae AS) ot 2 aloe 
(iv) sin 5 + cos iste cos 


MATHEMATICS-XII 


[CBSE 2009] 


SOLUTION Using sin’) x+sin | y = sin”! {x Nia ty 1-x*}, we have 


: ee WL ee ok 
(i) sin 5 + sin 7 
men Ea GaN ercib a hesies 
rodeos : : (37) rhe 5) 
a lo eee erein eee 
a Ao Woe ea 85 
ts toed 8 th vO ai 16 
(ii) sin 5 + sin i3ts 65 
Sh rae ee ER -1 16 
= {sin 5 + Sin ze 65 
Ss Nae ae ao Nie & a 
sin r 1 falar 1 (5 +S 
ee CR eben eikomeee 
= sin {$xig+a5%s} ta 65 
Oe ee) 
=sin (ots 65 
16 = a 
= cos eats ue . sin ies on 
Tt 
a2 
oe ba $ ow genes Lek 
(iii) sin 5 + sin 17 
OF oss3. Bye & at 
Sed OO Oe Ae ee ee 
an Be 17 s}=s 85 
= 7-30. 


[.. sin’ x = cos !V1-27] 
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(iv) We have, 
nee -112 
sin “5 + cos 1B 
ate. ANG San aera £ 
= sin tg tsin =A [-.. cos 1y=sin ! 1-x"] 
2 2 
sain tie mt oe eed _{3 
= sin 5* 1 a + 75% 1 g 
ele eo eee si vol. Om Te Tey ers 
tae [ists] 7 3 ent (| = 65 
EXAMPLE 14 Prove the following : 
OIE GRR cor kg er ae 
(i) 4 tan 5 tan 70 t+ tan 99-4 
Be =e i -1 5V2. a4 1 2--% 
(ii) 2 tan 5 + Sec a +2t Cary 
SOLUTION (i) We have, 
<1 2 1 1) -1 1; 
4 tan 5 tan 70 t tan 99 
2 ee ee ee es 
-2{2tan _ tan 70 + tan 99 
-- 2tan /x 
Riess ae Sal ; 
‘ — ss — = BRON 
2 {tan met tan 70. ee 99 awiar = Sd aea 
-x 
~ 2 Wee Freres Wl eee Oe 
= 2 tan 1D {tan 70 ta | 
me 
=i | 2% 5/12 =tp 7a. 99 
= tan ae tan Seo ate at 
aoe hp pte 
70 99 
5 es, 
Br Viga ova Ceol 
(eWeek 
A -1120 , -1 1. iil WIC) PBS) ie ele 
ta Hi t 339 — tan aes tam, 1 4 
119 © 239 
(ii) Pian Yee -1 52 | ot sti 
5 7 
. i1 at =a SND 
= 2 {tan 5 t tan 3| tse - 
we : 
= 2tan ! cae +tan ! Fr) -1 [-.- sec ly stan! Vx?-1] 
Pa5%5 
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= lo re rides 
= 2itan 39 * tan ~ 
ta es Si) 
= 2tan 3 t+ tan 7 
ae -1 — A penal & 2? tan te<tan ! 5 if |x| <1| 
~ (1/3) y 1-x 
Shoal 
sgt yee BS ey es. 
= tan qian 7 = tan ag 1S el. LAT 1 sri 
Ae, 
EXAMPLE 15 Ifa>b>c>0, prove that 
cot "(Gp ]reot Sz] ror [SD igh 
a-—b b-c c-a 
SOLUTION We know that 
ay cot! x , forx>0 
tan = 4 
x —-m+cot <x,forx<0 
ba for n0 
= cot te is 3 1 
aes erin 
Le ab+1 oh | be + cat+1 
a-b b- c-a 
2 es 1{c-a 
tan 'ea}te (t ip fe, 
= tan 'a—tan 'b+tan7! b-tan” logn+tan 'c-tan la 
=F Gi 
EXAMPLE 16 Prove that 
=i] easy jl ee 7 1+x 
co: = 2) = 
Silex sin 5 2 cos 5 
SOLUTION Let cos”! x = y. Then, x = cos y. 
ae 1-x 
> 1 
sin 5 
1 
2 sin | aa = 2sin ! feng} = 23] = y 
2. 
and, 
2cos } a 
= 1+cos = 
= 20s case = 2cos"? {cos} = 2(5)=y 


Hence, cos }x = 2sin 1 V25% a 2 cos71 V2 +x 
> 
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EXAMPLE 17 If y=cot : (veos x) —tan! (Veos x |, prove that sin y = tan” & 
SOLUTION We have, 

y = cot. (Vcos x) — tan”! (Vcos x) 


= y = 5 ~ tan’ | (Veos x) - tan” * (eos x) 
= y= 5 7 2 tan”? (Woos x) 
= 2, =i] 1~-(Vcos x)* 2 alt Vee 25 1 
pres Pe pares 2 Soha tal a = COS. he 
1+ (Vcos x) 1+x 
= A a cos x 
pee 1 + coex 
ge ea | 2% 
= y= > cos [ton 5 
= cos! fen? 5) = 5 Y 
= tan” > = cos(F-9) 
=> tan” 3 = siny. 


1 


ET Z = =m) ai) _ ie 
EXAMPLE 18 Prove that tan 14 + tan yt 122 = 5, where ety tear 


SOLUTION We know that 


Sy —og + Seas | 


tan | x,t+tan /x,+tan /x3+...+tan /x, = tan} {+3 
eta as ter eee. 


where, S; denotes the sum of the product of x1, X9, ...., X, taking k at a time. Therefore, 


LHS = tan’! ¥2 stan’! *2 + tan! ou 
xr yr vA 


YZ xz xy xyz 
Bee ae 
Ae eS a = 4 


= LHS = tan a gy tal Pe =F=RHS 
,-|2 +42 
eels 
P BS ed abhi tees x? 2xy ve suid 
EXAMPLE 19 (i) If cos a toes py =O prove that Popes tue = Sit C. 


(ii) [fcos” 1x4 cos” ly +cos 'z = 17, prove that xo + y +2 4+ 2xyz=1 


(iii) If sin” 1y4+sin ! yt+sin- loen, prove that 

(a) xVi-x ¢yVi-¥ +2V1-2 = 2xyz 

(b) eyes ary 2a2 (7? y ty? 274+27 x) 
SOLUTION (i) Wehave, 
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cos” !~ + cos LY ee ro 
a b 
D 2 
= corns 1-5 ee = a 
Lab a b 
2 
Ben eh eee 
— ei 1 é 1 £ cos O 
ag 2 
=> xY _ cos a= ioe 1-% 
ab a” b 
2 2 2 
xy eh ghee WE 
=> (3 cos | a A 
xy _ 2xy 2 vy x 
=> co ees cos © + cos ae ra 2 pe 
2 
=> Fd Rata tt = cos 
ab 
ab 
2 
— Fag age ee, a ae ee 
a” pe * ab 


(ii) We have, 


cos }x+cos !y+cos !z = 


cos !x+cos ly = n-cos !z 


= 
= cos }x+cos ! y = cos ! (- 2) [== COS” a (-—z)=m-cos z] 
=> cos ! Ixy - Vi-x7 Vi-1} = cos ! (-z) 
=> xy-Vi-x2 Vi-y? =-2Z 
=> (xy+2z) = (1-x7)(1-y) 
= xy +22 + yz = 1- x? - y+ y 
= ey tz +2ryz = 1 
(iii) (a) Letsin’? x=A,sin | y=Band sin 'z=C. Then, 
x=sin A,y =sin B and z=sinC 
We have, 


sin! x+sin | y+sin™!z = 
A+B+C=nT 
sin2A +sin2B+sin2C = 4sinA sin BsinC 


2sin A cosA+2sinBcosB+2sinC cosC = 4sinAsinBsinC 
sin A V1—sin* A + sin B-V1 =sin? B +sinC Y1—sin?Ci=2sin A sinBsinC 
xNI—x* +yV1- +zV1-27 = 2xyz 


§ § duds 
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U 


l 


a | 


(b) We have, 

comet sel = _— 1] 

sin xt+sin yt+sin z=n 
sin x+sin !y =n-sin}z 


cos (sin™ lytsin’! y) = cos (m%-sin™ : z) 


cos (sin! x) cos (sin! y) — sin (sin™ 1) sin (sin” ! y) = —cos (sin! z) 


=V1-x 
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Vvi-<2 Vi-y? —xy Ay ai pee “- COS (sin” ! x) =cos (cos! oe 


Va-2)(1-y¥) = xy-Vi-2 


Pes y? +x ¥ = x* y Bios = 2xy V1 - 2? [On squaring both sides] 


x? by? a2 = 2xy V1-2" 
(e+ 2) = 47 ¥ 1-2) 
xo + yt +28 27 2? Oy? 27 4.207” = Ax? y* — 4x7 * 7 


xieyttzt ear y* 2? = 2 yYty 247 xr) 


EXAMPLE 20 Evaluate: 


Siete tT ‘ 1-1 8 
(i) tan 2 tan 5 4 (ii) tan C cos | 
SOLUTION (i) We have, 


(ii) 


Now, 


-11 
tan {2 tan 5 : 
il 
2x= 
= tan {tan | ; -tan/ 1 [2a teeter! [Aa] afb ta] 
pao -x 
: 25 
as ok 1 
= tan {tan 12 tan | 
1 on! 1{-7 —7 
= tan ;tan es = tan {tan iz) -37 
i 
Let cos! V5 +9. Then, od ase 
3) 3 
ae Sat 
tan [5 cos 3 
ES 
x“ @ _ ~/1-cosé@ x 3 
lls PE ie ee Pe V5 
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a5 ae 
go (3+ V5) (3- ea Besaee ae Saas 


EXAMPLE 21 If tan! hess, = a, then prove that x? =sin2 a. 
—Xx 


1+x° + 
SOLUTION We have, 


A Pete VT Hae a 
SIPS ee Wipa 


V1 yet V1 —x? aa 


“4 V1 +x fifan o.+1 
=? V1-x2 tana-1 


= Vio pele tani C 
Vi4+x2 » 1+tano 


Ale / cos o.— sin & 


tan 


— = ; 
14+x+ cos &+sin & 
; 2 
diye cos &@—sin & 
> Pia ae 
1x cos & + sin a 
2 ; 
1-x 1-sin2a 
= : = zs x 
14+%x7 1l+sin2a 
2 : 
= ie =) Sita 2 7 


1+cos acos B 2 oN 


EXAMPLE 22 Prove that cos’! oer ==) tan ? [ten = tan 5] 


SOLUTION We have, 


RHS = 2tan'! [on > tan 5 


— RHS = cos ! 


1 — tan o/2 tan B/2 
1+ tan? o./2 tan* 6/2 


= RHS = cos’! 


cos” a/2 cos” B/2 - sin* o/2 sin* B/2 
cos” at/2 cos” B/2 + sin? «/2 sin? B/2 


cos} oa (1 — cos a) (1 - Sat 


(1 + cos @) (1 + cos B) + (1 — cos &) (1 — cos f) 


ee een = LHS. 


= RHS 


iT 


> RHS 


1+cos acos 8 


EXAMPLE 23 Evaluate cos (2cos ‘+ x+sin7! ; 


1 ig 
x) at eae where O<cos “x<m7 and 


eye 


1 3 ™ 
—-—ssin Ss 
2 B 
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SOLUTION We have, 
cos (2 cas ly+sin’! 53) 
="COS (cos”! x+cos }x+sin7! x) 


= cas (cos! x+ 7/2) 

= -sin (cos! x) 

= -sin (sin! V1 — x") 
=-Viow = -Vi-% 


EXAMPLE 24 Prove that: 


3 3 
a 24 es AR 
3 cosec E tan 5+ 5 
SOLUTION We have, 

3 2 B 


Oo 3 
se 


2sin?@ 2cos? 
ee gee 
1-—cos20 1+cos20 


fe I ee 


=a ‘3 al 
1-—cos (tan “a/B) 1+cos(tan ~ B/a) 


+ 
ae Tear, 1+cas [soe 


ayes 


25 


sec” e tan’ | ae (c+ B) (a? + B*) 


2 a 


3 3 
— cosec* 5 tan! 8) = E sec* 5 tan’! 4 


1 


a2 pan-? & yd eee 
, Where Os tan and @ = 5 tan a 


B 


te: ecaaorb- 
(o7 
ar 


EXAMPLE 25 Prove that: 


{cu( Vo? + 6? +B)+B(Vo?+p? - «}] Vo? + 8? 


0. (07 + B°) + B (a? + B*) = (a +B) (0? + 8?) 


-11-x (Sh aad ps panera arate 
tan — tan =) Silt 5 5 
1+x l+y 1+2x° Vit+y 
SOLUTION We have, 
Pe igee hey 
LHS = tan meee lty 
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=> 
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LHS = (tan! 1-tan ! x) —(tan” ty oka y) 
LHS = tan} y- tan7! x 


LHS = tan™! eae] 
1+ yx 


SOLUTION We have, 


EXAMPLE 


SOLUTION Letcos ! 5) = @. Then, cos 9 = 


Now, 


~ = P= es a 
LHS = ‘sin bw aa Dek Reece = EL: 
V(1 + yx) (yx) V(1+x7)(1+y*) 
26 Evaluate: 
-1{ 3sin2o —-1} 2 x x 
os — tan a|- where -~<Qa<-—. 
ge rars [jan 2 2 
£1 {+3 sin 20 4 (1 \ 
ES Se = a 
tan (5S cona} E tan | 
2 
1 Using : cos 2a = 5 fan 
= tan! —S iano +tan’} Gj tan “| 1 Be al 
8 +2 tan“ o sin 20, = —= ho 
1+tan’ @ 
= tan! 3 fan o_ +tan ! ana 
4+ tan’ a 4 
ane +2 tana 
_-1 |4+tan° a 4 
= ta 
So tane & 
1 ee ee 
16+4 tan” a 
2 
= tan ! (e+ tan” 0) tan ot = tan! (tana) = a [.--2/2<a<2n/2] 
16+ tan” a 


27 Prove that: 


hy Sane ee ees WT eer? 
tan {T+ 008 jf +tan F 5 COs it - 
a 


= 
b b 


Ne m8 m9 
als) tan(F +3 |r on( 3 si 


_ i+tan6/2 1-tan0/2 
its 1—tan0/2° 1+tan 6/2 


LHS = (1+ tan @/2)?+(1 — tan 0/2)" 
1-tan? 0/2 


5 ; 
1+ tan’ 6/2 2 2b 
E ~ tan? a >: 
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‘EXAMPLE 28 Prove that: 


eee ee ces a 


5 | = tan ! \tan? (a +B) tan* (a— )| +tan 1 
SOLUTION We have, 
RHS = tan! {tan (a+) tan? (a —8)} + tan tt 


a erie staan) a (a+) tan? (a-f)+1 
1 — tan? (0. + B) tan? (a — B) 


ak RHS = tan”! sin? ee Bist 5 B) + cos” CAN Theses (a —B) 
[COs > (a + B) cos” (a — 8) - sin? (a +B) sin? (a -) 
a RES = tan Se B) sin (a - B)}* Ae BI: 
{2 cos (a + B) cos (a — B)}7 — {2 sin (a + B) sin (a — g)}" 
- =i (cos 2 B — cos 2 a)” +(cos 2% + cos 2 B)* 
=> RHS = tan 5 ; 
(cos 2 «+ cos 2 B)“ — (cos 2B — cos 2 a) 
a 2 
: a -1' cos’ 2a+ cos’ 28 
or Sap ae wal {soe 2as-cost 20) 
a rig] a! SS 
4) 4 ° 
EXAMPLE 29 Prove that: 
api Tt 
tan | b tan 2A) + tan (cot A) + tan’! (cot? A) = ae gan) 
m,if0<A<m/4 


SOLUTION We know that 


1 1 


tan! teal if xy<1 
tan x+tan‘y = 


rt tan! (FEE) fay 

1—xy 

Also, corA > 1; if0<A< 7 and, 0<cotA<1l, if Taha 
1 (cot A) + tan’! (cot? A) 


3 
oe ‘) VieA ce 


1-cot* A 4 2 

7 3 
n+tan ! Sule et Oa A = 
1-cot A 4 


tan’! — oe Rife Aer 
1-cot?A 4 2 


n+tan | —cot A ,if0<A<q 
1-—cot'A 
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aah es ip n 
tan [-ptn24) if <A<5 


retan'(-ptan2A),if0<A<j 


Sty ip 7 
tan [stanza itt <a< 


rota '{ tan 24], if0<A my, 


-1f1 -1 mite 38 _ j0,ifn/4<A<n/2 
tan : tan 2A) + tan (cot A)+tan ~ (cot A) =| Wiir0S M = n/A 
EXAMPLE 30 /f sin sin | grees tx}e1 then find the value of x. 


SOLUTION We have, 


< sic | a 
sin[ sn 4 =+ cos ae =| 


is 
= sin! ztcos!x=sin 1 
— sin! =+cos !x=% 
5 2 
— cos) !x==-sin7! e 
2 5 
eal =ay al sl | a iMAge 
=> cos = = eo es eee 
x=cos 5 . sin ate 5 3 
= xa 
EXAMPLE 31 Solve the following equations: 
: sh gee =—1x+1 2 
(i) tan yop tan Ice ae [CBSE 2008] 
(ii) tan”! 2x +tan~' 3x = a [CBSE 2009] 
wae 1 trl ee ad Wh I rye) 
(iii) tan xe tan eT en 36 
(iv) 2tan”' (cos x) = tan”! (2 cosec x) [CBSE 2009] 
SOLUTION (i) We have, 
=jhee il Seihodaoul T 
tan + SS 
ie a coe 
= tan ' = pttan 4) tan ty 
=1 1 1 Sah eacoul! 
— (ehgl Seay Pal at 
2 ee bc, 
geet 
= yee = tan ! aon 2 
SED x+1 
x+2 
Pact | 5 pe aa ee a 
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=i t ih al 
— t = 
CO SY ed ne OPT) 
e. oe bate 
X=-2° 2x43 
= (2x +3) (x-1)=x-2 
= je ee ary Pe) 
— 27-1=0 = x= tae 
(ii) We have, 
tan’! 2x+tan7!3x = 1 
iy eee ton, \ eal See ot? 
= tan (7 7ae eset = i alilener << il 
x Sk = Lif6x? <1 
1-6x 
=> 6x7+5x-1=0 and x <7 
— ran | rand ee ee 
Ve <* <6 
- 1 1 1 
=. fae 1, and geserek < e 
= hte 
ay 
(iii) We have, 
= Seki =| 28! 
tan eget oy 4 1 eR 36 
x-12x-1 
— eee geet) 123m. ad) x—1) 
a are: C2, si oe 2 G+ DOT 
x+1°2x+1 
2 
2a (i oe I ee By PX) (el )Qx—1) 9 
=> tan a! )= an 36 and (¢4 1) (x41) 1<0 
2 
2x* -1 23 — 6x 
— Soe 
=; Soe 2 5b SCHEER RE RER Nis 
2 4 . X 
=> 24x* —23x-12 = 0 and CUE mahees 
=> (3x — 4) (8x +3) = 0 and xe (-1,-1/2) -U (0, ~) 
— Za 


(iv) We have, 
2tan } (cos x) = tan” : (2 cosec x) 


2 2cosx x 
=> tan’! are ee heel @) cosec x) 
1-cos* x 

2 cos x 
= ee COSECEG 

mo 

sin’ x 

; Tt 

= cosx = sinx = tanx=1 3 x=] 
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EXAMPLE 32 Solve the following equations : 


iS. <r Tt 

(i) sin” + sino? = sin! x (ii) sin 1 (1 -x)-2sin les 2 
(iii) sin [2 cos | { cot (2 tan’! x) les 0 
SOLUTION (i) We have, 

pial ot > = 4k 2] 

sin 5 + sin 5 = sin & 

_-143xaf, 16x? 4xaf, 9x7]. -4 
= sin (3 1 “95 +5 1 35 = Sia t 

3x 16x* 4x 9x" 
“ eT Ty eh Te oi 
= 3x V25 - 16x2 + 4x V25 —9x? = 25x 
= x =0 or, 3V25-16x* +4 V25-9x* = 25 
Now, 

3 V25 - 16x* +4 V25—9x* = 25 
= 4.V25 - 9:2 =25-3V25 — 16x" 
= 16 (25 - 9x?) = 625 +9 (25 — 16x?) — 150 V25 — 16x” 
=> 150 V25 -16x2 = 450 
=> P5160 =. 9 te xe 41 
Hence, x = 0, 1,-1 are roots of the given equation. 
(ii) We have, ° 

sin’! (1x) -2sin7} x =5 
= sin’! (1 - x) =F t2sin 'x 
=> 1-x = sin(n/2+2sin'!x) 
=> 1-x= cos (2 sin! x) 
= 1-x = cos {cos ! (1 ~2x*)} [-.. 2sin”! x=cos7! (1 ~2x")] 
= 1—x = (1-2r’) 
= x= 2 = xQx-1) = 0 = x= 0,5 


Ss, ee Lk» tee Tt 
sin 5 2 sin > =7sin rie ars # R.HLS. 
So, x = 1/2 is not a root of the given equation. 

Clearly, x = 0 satisfies the equation. 


Hence, x = 0 is a root of the given equation. 
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(iii) We have, 
sin [2 cos 1 { cot (2 tan” y xt). ='0 


—* sin|2 cos! Jcot| tan! 4 : =) () 
1-x 
: 2) | eS 
=> sin| 2 cos cot} cot SER =" () 
Os 
2 
— sin 2cos"?(45*]|-0 
Dix 
2 2 \2. 
25) ee ie es or ret 
= a ( ‘ ) 1 pe 
1 iz - 
ee: oe BY: 
a 1—x Ne [ Z| £5 


=) "Or; ~ 


x 25 
¥ 2 
2 
ddl jee one 
=> 1-x moe (P| =3 
=> a= 1 OT (1—x*)* = 4x7 


(1 -x*)* =42 
= (1 — x”)? - (2x*) =0 
os (1 - x7 - 2x) (1- x7 + 2x) =0 
=> 1-x*-2x = Oor,1-x7+2x = 0 
= x°4+2x-1 = 0orx-2x-1 
= x =-1+V2o0rx =1+V2 


Il 
oO 
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“ 2tan-!x = tan! a 
1-x 


E cot !x = tan! | 
ye 


=0 [--2cos !x=sin ! (2x V1-x*)] 


Hence, x=+1,-1+V2,1+ 2 are the roots of the given equation. 


EXAMPLE 33 Solve the equation 
tan 1 Vx*4+x+sin 1 Vx*+x4+1 = 


SOLUTION This equation hoids, if 
x+x20 and OSx*+x+1<1 


x 
2 


Now, 
2 
x°+x20and0 <x +x+1<1 
=> xe4x>0andx*+x+1 = il 
=> x7 4+x2>0 and +x <0 
= v+x=0>5x=0,-1 


Clearly, these two values satisfy the given equation. 


Hence, x = 0, — 1 are the solutions of the given equation. 


[x7 +x+1>0 forall x] 
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EXERCISE 4.2 
1. Evaluate the following : 

eer ant | pee ve =| _t x3 3m 
(i) sin [sin 6 (ii) cos feos[ 4) (iii) tan” ‘tan 4 | 
(iv) sin” : (sin 2) (v) sin f -sin | iF Th (vi) cos {cos . c a > q 
(vii) cos tan | 2 (viii) cos! cos Di (ix) cos ! cos an 

4 “4 3 
(x) tan”! [en | (xi) cos” : [os te (xii) tan™ ; [ton a 


2. For the principal values, evaluate the following : 


ee eee i ae 
(i) sin 5 2 sin Yo (ii) sin 


Nie 


} +2cos ! [- x3" ] 
2 
(iii) tan” i (— 1) +cos_ i [- + (iv) sin” 1; Z| + cos ee 


3. Evaluate the following : 


a | 3 3 “ -1 4 
(i) cos [sin s (ii) sin [cos 5 
(iii) cos [sin Tie 3| (iv) tan [cos x 7] 
=1{_12 cy ge See 
(v) cosec {cos | (vi) tan 2 tan 57 A 
He d =4N5: ne eeaeilial aa 
(vii) tan 5 [cos = (viii) sin E cos 3] 
: eee se 
(ix) cos [sin : 5 +sin ! = (x) sin (tan- ty +cot! x) 


4. Prove the following results : 


(ii) sin} [- 3| = tan! ‘ 3] = cos ! : 3] —T 


(iii) tan [cos : +tan”! 2 = 2 
(iv) 2 sin’! : =tan ! as 
(v) sin” 1. + 005, 1S =tan 1 
5. Prove the following results : 
(i) tan<+ 5 +tan/ = = tan ! 5 
(ii) tan} it tan! 5 = cos’! 2 
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ae fe ea a er 
(iii) tan 3° > tan 5 


il = 
7+2tan 3 


(v) sin’! = +2 tan 


i 
3 

12 ie -1 63 
] 


(iv) tan7} 


(vi) sin" 53 + cos +tan ‘= [CBSE 2008] 


US eer —_ = 


Bs $F— Tt 
(vii) 2 sin 5 a a4 
1 


: 1 a ‘ 
(ix) 2 tan 'g ttan Peas = [CBSE 2008] 


2 
2a a _ £ =. 
7 > ~ cos i] e = tan! 2x, then prove that x = Heb 
l+a 1+b 15% 1+ab 
7. Prove that 


2 D2 
. =| tex —gulax) 
(i) tan x }p<o - }: >) 


y1l-x =i 


6. If sin 


” Gi) sin jtan7 


1 


8. If cos” = +cos / 4 = a, then prove that 9x? — 12xy cos a + 4y? = 36 sin? a. 


9. Prove that2tan (VES tan | = cos (f ome 


+b 2 a+bcos@ 


10. Solve the following equations for x : 


(i) tan | 2x+tan7/3x = nn 


1 


(ii) tan’ (x +1)+tan !(x-1) = tan™ = [CBSE 2008] 


(iii) tan 1542 tan”! 2+ tan” 


(iv) sin”! x+sin7} 2x = 


wa 


1 


(v) 3sin— 


(vi) cos” ly +sin”} 


te+tan! (x +1) = tan’! 3x 
; S : aril 
(viii) tan (cos 1 x) = sin} cot | 


(vii) tan- : (x-1)+tan > 


2 
(ix) tan} i; - A - 5 tan’! x = 0, where x>0 [CBSE 2008] 


1+x 


= x cot! (x +2) = 75 Where x > 0 


11. Write each of the following in the simplest form: 


(i) sin! {x VI—x - Vx Vi-x"| (ii) tan ! lv+V1i+2],xe R 


(x) cot 


4.72 


APs. 


13. 


14. 


15. 
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2 
= ; ml 1+x -1 
(iii) tan : i +x -x},xe R (iv) tan {Mee =31 coc 
V 2 — 
(v) tan! {Misr +3} 20 (vi) tan”! Va ,~a<x<a 
x+ 1-x* 
(vii) tan (iat (viii) sin” | es een od eed 
a+NVa-x 


: ee | Ne EN Lie , st 1-x 
(ix) sin pee pee (x) sin {> tan ee 


(xi) cot ! eo’ | ¥ | 2 
xo =a 


Find the values of each of the following: 
(i) tan” 2 cos G sin’ | 2 
(ii) cot (tan” a cot a) 
(iii) cos (sec" 1y+cosec | at [x Pet 


il 1 


Show that2 tan x+sin- = is constant for x > 1, find that constant. 
1+x 
Ifsin ! = 5 + sin”! —*2. =2 tan”! x, prove that x= a 4, 
1+a 1+b 1—ab 
Prove that : 
tan! ab +tan ! a, a tan ae 
Rau ay a= Bi 


where a =ax — by and B=ay + bx. 


16. For any a,b, x, y >0, prove that: 
2 = PAs is Pinan 
3 tan : a : +2 tan ! Say ae = = tan ! ae 
b’-3a°b} 3 y —3x° y ear *] 
where a = — ax + by, B = bx +ay 
ANSWERS 
= coy IC Bae 
ais == (ey) iG (ii) if (iii) ri (iv) m-2 38(v) 8 
V3 +1 tg AR oe Soh - 
(vi) ASCE (vii) 5 (viii) rt (ix) Ag (x) ae 
(xi) & (xii) = 
2 (i) Su Re OT nade ; Tt 
, 3 (ii) > (iii) > (iv) sar 
ned ak baal te 1 13 7 
3. 2 S +2 a2" (yj 
() 5 (i) = (ii) 5 SPO en aha 
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(vii) eae Cau ty (ix) = (1 

10. (i) -2 (ii) 7 (iit) -* fo) uN (v) 2 
(vi), 4 Gib aes aD 1 (i) ca (x) V3 

Tn i) cine oe Ste Vee B= cot 'x fi) 5 cot x 
(iv) sae x (v) Stan”! x (vi) : sae 
(vii) - sin’! . (viii) eS (ix) B45 cos"! iG 
(x) V1 - x? (xi) set 

12. (i) i (ii) 0 (iii) 0 13. 7 


HINTS TO SELECTED PROBLEMS 


fy laa Lingletices Ete -1 
7. (iti) LHS = ag sin 5 |g 


z: 
9 Using: 2tan !x = cos! A S , We get 
1+x 


al pera te 
2 tan’! Bo? an = cos! Bl z 
a+b 2 ie (eee 28 
+b 2 
a(1- tan? 6/2) +b(1+ tan” 6/2) 


— 2 tan} anb pares =fose. 5 5 
a a(1+tan 0/2)+b(1-tan 6/2) 


+b 2 
Coane 
ip 
a FA +b 
1+tan’ > 
=> 2 tan! ear pS) = "cos * = code acos0+b 
a+b 2 20 a+bcos® 
1-tan 9 
a+b 58 
1+tan 2 
10. (iv) sin’ 'x+sin 1 2x=3 
=> sin”! y— sin” = —sin” 122 
=> sin? {y 1-$ i= # | =sin 1(- 2x) 
x V3 pees 
= haat) (oe hs 


= By 2S NT = 25% =3 — 3x 
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(v) Given equation reduces to : 


3(2tan !x)-4(2tan }x)+2(2tan !x) = 2/3 
40, (Wr -1,_% ae 
= Dieta x= 3 => tan SN De 3 
(vi) We have, 
cos Aine Oo 
2 6 
=> 1 te tog (Sao 
Cosi ot @ Doe 
= MCR wecos |e 
pe | 
— Comet miro ee cost) 
2 2 
ets (regina Ena EEN pte 
cos = cos 41% 4 
Spa Fe SEN PRONE NSE gil EY PE) 
= dy tak 4 4 aaa 4-x 
(viii) We have, 
tan (cos! x) = sin [cot *5) 
=f 1=x es : ies 
= tan an i l=sin [sn 3 
= lene 2 ease 
en aS ripe: 
(x) We have, 
= ito 1 res 
tan c tan ¥ = 
ia ae 
=i regs 1 x x2! doa! 
eee ‘ 
x (x +2) 


2 TT 

<=» 2 = == 
NOP Ox +1 12 

2s 5 2 Base! 
M2 | | NS +1 

=> 2 2 


42x41 (V3419 
=> (x+1) = (i341) 
= ey NG. 

11. @) sin”! [x WI=x-vx V1- 22] 
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sin’! {x V1 (Vx)? - Ve V1 —27 | 
= sin} x-sin! vx. 
(ii) Putting x = cot 0, we have 


tan ! let V1 +x} 


= tan! {cot 6 + cosec 6} 


If 


ee ane 
sin 8 
atbse 
-1 2 
= tan er 
See toee 
2 2 
EAA -Q of m 0 Tt? 0.85 “The = 1 
= t et =: —S— SS SS Ss SS 
an [cot] tan {tan 3 | 77979 5 cot 6 
(iii) Putx=cotd (iv) Put x=tan®@ ; 
(v) Put x=tan8@ (vi) Put x=acos 0 


(viii) Put x=asin 0 
(ix) Putting x = sin 0, we have 


sin | te Pe 1-27 = sin! eJUEE Ast sin! {sin Lae 
2 V2 = 4 


Thee: 
Pattaya Bs 


(x)) Potx—=\cos 0 (xi) Put x=asec 9 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1. Write the value of sin =| +cos - =| 


2. Write the difference between maximum and minimum values of sin! x for 
xe [-1,1]. 


1 3m 


3. Ifsin }x+sin y+sin !z rw, then write the value of x + y +z. 


4, Ifx>1, then write the value of sin! = 5 
1+x 


NX 


jin terms of tan! x. 


2 
5. Ifx <0, then write the value of cos’! ; _ in terms of tan’! x. 


1+2x° 


6. Write the value of tan’! x+tan ! g for x > 0. 


R 


7. Write the value of tan 'x+tan’ ! : for < 0! 


8. What is the value of cos | : [cs 3 +sin ! [sin 5 ? 
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2 

es 2. =1|-L=% 
9. If-—1<x <0, then write the value of sin i on +cos ! 
1+x 1457 


10. Write the value of sin (cot : x). 


11. Write the value of cos ' 5) +2sin | | 


12. Write the range of tan” ee. 
13. Write the value of cos / (cos 1540°). 
14. Write the value of sin ! (sin (- 600°) } 


Lap al 
15. Write the value of cos [2 sin’! 3| : 


16. Write the value of sin’! (sin 1550°) . 


US Rei ae 3 
17. Evaluate sin 7 cos 5) 


18. Evaluate sin tan’! A 


19. Write the value of cos’! [ean ai 2 


20. Write the value of cos [2 sin’! 3] ; 


21. Write the value of cos”! (cos 350°) — sin” q (sin 350°) 


22. Write the value of cos” E cos ! 3| 


23. Iftan }x+tan ! y =7 , then write the value of x + y + xy. 
24. Write the value of cos’! (cos 6). 


25. Write the value of sin’ | [os 5| : 


26. Write the value of sin {5 -sin | [- 2] [CBSE 2008] 


A 


Sau! 
+25 =. 
sin > 


—tan = at 


27. Write the value of tan’! {tan Ch , 


28. Write the value of cos! : 


29. Write the value of tan 
a+b 


2 
a 
b 
30. Write the value of cos! [os 7) : 


31. Show that sin”! (2x Vi — x2) = 2 sin’) x [CBSE 2008] 


32. Evaluate: sin’! [sn a , (CBSE 2009] 


ANSWERS 


Tt 
3 pas iy 6h 8) 4. n-2tan !x 5. -2tan !x 
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Tt Tt 
On = Sanit 9. 0 10. > 
- - Vi+ x? 
2n tT 5 3 
11. 3 12. [ >! | 13. 100 14. 60 
7 1 3 
5S = >= = 
9 16. 70 T75 Vio 18 5 19. 7 
1 4 71 
2075 —= ¥ Sa 5 - aa 
0 > 21,20 22 5 pxey, 24. 2n-6 25 18 
ud 2n ™ 3m 2m 
26. 1 27. - 4 28. 3 29. 4 30. 4 32 5 
MULTIPLE CHOICE QUESTIONS (MCQs) 
xi ai a: 
1. Iftan ! =. : =, =O HEINE a 
1+x°+V1l-x 
(a) sn2a (b) sina (c) cos2a (d) cosa 
Sha Al Peed A 
2. The value of tan |cos BND sin tal is 
V29° 29 V3 3 
Ba) 5 b) 3 Gres (a) 55 


3. 2tan | {cosec (tan : x) — tan (cot t x} is equal to 


(c) tan” ly (d) none of these 


Rk |R 


(a) cot !x (b) cot ! 


ps 2 
4, WF cos”?% ¥'cos™! 4 = 0.) then % — 2 cos'in + 4 = 
a b a ab b2 
(a) sin? a (b) cos” 0 (c) tan? o (d) cot” o 
5. The positive integral solution of the equation 
as ¥ =4 y = 
tan x+ COS Vi+y sin 10 1S 
(a) x=1,y=2 (b) x =2,y =1 
(ec) x =3,y7,='2 (d) x ==-2,y =<1. 
6. Ifsin } x —cos ‘x=, then x= 
1 V3 . + 
(a) > (b) 7 (c) - 7 (d) none of these 
7. sin [ cot” , {tan (cos : x) is equal to 
(a) x (b) V1- x (c) , (d) none of these 
8. The number of solutions of the equation 
tan! 2x+tan 3x = iis 
(a) 2 (b) 3 fe) ok (d) none of these 


9, Ifa=tan : [tan | and B = tan - [- tan | , then 
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(a) 40 = 368 () Gar 46 (c) a- pat (d) none of these 
10. The number of real solutions of the equation 

V1+cos2x = V2 sin"! (sin x), -tMSx <7 is 

(a) 0 (b) 1 (a) & (d) infinite 
11. If x <0,y <0 such that xy = 1, then tan} x+tan ? y equals 


(a) . (b) - _ (c) -7 (d) none of these 
12. If u=cot !Vtan 0 —tan ! Vtan @ then, tan te A = 
(a) Vtan @ (b) Ycot 8 (c) tan9 (d) cot @ 
13. If cos 1 3+ cos! ae = 3, then 4x* - 12xy cos 2 + oy” = 
(a) 36 (b) 36-—36cos8 (c) 18-—18cos8 (d) 18+18 cos 6 
V3 x 1{2x=y¥ 
14. Ifa=tan- ieee 5 , P=tan— i) then B= 
nq wu tq _ 
(a) = ) 5 ae (d) -3 
=e 5 
15. Let f(x) =e (Sin (@+7/3)] Then, f (8 1/9) = 
(AiR ice (bene (c) e 77/18 (a) none of these 
-i1 1 fy Zens 
16. tan 1 +tan- ns equal to 
(a) 0 (b) 1/2 (c) -1 (d) 1 
17. If cos } . +cos ! Zs = 0, then 9x7 — 12xy cos 6 + 4y* is equal to 
(a) 36 (b) -36sin?@ (c) 36sin°@ = (d) 36cos? 0 
18. Iftan '3+tan ‘x = tan! 8, then x = 
1 — 14 
(a) 5 () = (ey (d) = 
19. The value of sin”! (i ali 
3m 2 7% 
a) = (b) - ra (a) = 
20. The value of cos”! is 3) +sin | [sin ) is 
T Dit 107% 
a) 5 (b) “3 Berns (d) 0 
: -1{-3)|. 
21. sin 2 cos | is equal to 
6 24 4 24 
(a) 55 (b) 55 (c) 5 (ay Se 


22. If@=sin | {sin (— 600°)}, then one of the possible values of @ is 


2n 


Tt Tt 27 
(a) 5 (b) 5 (cee (anes 
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23. 


24. 


vay. 


26. 


Aa f 


28, 


29. 


30. 


4.79 
2 

If 3sin ! ; 3] -Acos ! E : +2tan ! fee = z is equal to 

1 
Oe OO--~ () 8 ay 3 
If4cos }x+sin7! x= mt, then the value of x is 

3 1 V3 2 
(a) 3 (b) EE (c) cE (d) Cy 
If tan’! pean +tan 1+ = uel tan | (— 7), then the value of x is 
(a) 0 (b) yd (c) 1 (d) 2 
Ifsin }x-—cos !x = nt/6,thenx = 

1 V3. 1 V3 
(a) 5 Oars Gage (d) -*> 
Ina A ABC, if C is a right angle, then 
tan . Jt 2 - 

b+c ct+a 

n n Sn tn 
@) 5 ) 5 () *5 (a) & 
The value of sin F sin! ‘63 ) is 

1 1 1 aM. 
(a) > (b) cy () or (d) 3V3 
cot Fi = 2 cor 3 = 
(a) 7 (b) 6 (CES (d) none of these 
If tan | (cot 0) =20, then @ = 
(aya A (ay) as z (@)e= z (d) none of these 
ANSWERS 
1. (a) Dch) 3. (c} A. (a) 5. (a) 6. (b) 7: ~(a) 8. (a) 
9. (a) 10. (c) Lt) a2 ta) 13. (c) 14. (a). 15. (b) 16. (d) 

(c) 18. (b) 19. (b) 20. (d) 21. (d) 225.(a) 23. (a) DAC) 


Ze 
Zs 


(ijt 262. (bie) 27, (Dye PB alc) n ao 29ieta) nt 30: 
SUMMARY 


(i) sin” : (sin 8) =89, for all 6 € [- 1/2, 2/2] 


(ii) cos! (cos 8) = 8, for all 8 € [0, 7] 

(iii) tan”! (tan 0) = 0, for all 8 € (~ 2/2, 2/2) 

(iv) cosec_ , (cosec 8) = 9, forallO€ [—1/2, 71/2],0#0 
(v) sec” ; (sec 8) = 6, for all 6 € [0,7],0#7/2 


(vi) cot : (cot 0) =9, for all@ € (0, 7). 


(c) 
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2. (i) sin (sin! x) = 39 for all x € [-1,1] 
(ii) cos (cos! SBS Fey for all x € [—1, 1] 
(iii) tan (tan! x) =X, forallxe R 
(iv) cosec (cosec” | x) = x, forallxe (-~,-1] U[1,%) 
(v) sec (sec ly=ax, for all x € (+ ~,-1] U[1, %) 
(vi) cot (cot 4 CO) Sr ae forallxe R. 

REMARK It should be noted that sin | (sin 0) # 0, if 8 € [—n/2, n/2]. In fact, we have 


-n-98 , if Oe [-3n/2,-N/2] 

A) , if OE [-2/2,7/2] 

m~—O9 , if OE [n/2,3n/2] 

—2n+0 , if Oe [3n/2,5n/2] and so on. 


sin | (sin @) = 


Similarly, we have 


=O , if Oe [-7,0] 

ts) , if Ve [0,7] 

2n-6 , if 9E [n, 27] 

—2n+6 , if Oe [2n, 37] and so on. 


m-6 , if OE (—3n/2,-—2/2) 
=i RO , f Ve (— 2/2 pn /2) 
faliy tat) Shes , if OE (n/2, 30/2) 
O-2n , if OE (82/2, 5n/2) and so on. 


cos! (cos 8) = 


3. (i) sin '(-x) =-sin /(x), _ forallxe [-1,1] 
(ii) cos | (-x) =mnm-cos !x, forallxe [-1, 1] 
(iii) tan’! (-x) = —tan! x, forallxe R 
(iv) cosec_ , (— x) =—cosec_ 1y , forall x € (-~%,-1] U[1,2) 
(v) sec ! (-x) = n—sec 'x, forallxe (—<,-1]U[1,°) 


(vi) cot 1 (-x) = n-cot !x, forallxe R 


: ed Ll Pe 
4. (i) sin : G = cosec My for all x € (-%,—1] U[1, %) 
aA 24: (cn m 
(ii) cos ‘(| = sec ry, for all x € (-%, —1] U[1, ~) 


, fore!) 
—nt+cot !x, forx <0 


sas 1 fit 
(iii) tan (:) = 
1 


5, (i) sin 'x+cos 'x = x for all x € [-1, 1] 


2 
(ii) tan! x+cot hx = 5, forallxe R 
1 


(iii) sec” 14+ cosec}x = , forallxe (—c,—-1] U[]1, ). 
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6. (i) ‘tan > x+tan ly 


-1( x+y 5 
tan feed , ifxy <1 


= retan (724) , ifx>0,y>Oand xy>1 


~ne tan "() , if x<0,y<Oandxy>1 


(ii) tan! x—tan™! y 


tan! eee jifay >= 
1+ xy 


= rttan (Fo ,ifx>0,y<Oandxy<-1 
1+xy 


ne tan "(FSS ) ,ifx<0,y>Oand xy<-1 
iPap sah, 


REMARK If x4, X2, X3, «++, Xp, © R, then 


-1 -1 -1 = 
tan x, +tan ~x5+...+tan x, = tan 
: £ n Hes ers 


where S;, denotes the sum of the products of X1, Xz, «.., X, taken k at a time. 
Tae(h) sin} x+sin ! y 


or 
ifxy<0O and x+y >I 
m—sin’' (xV1-y' +y N1-x7} ,if0<x,ySlandx*+y7>1 
-n-sin}{xV1-y +yVi-2},if-1sx,y<Oand+y>1 


1 


1 


(ii) sin x-sin y 
sin’! {x Vi-y* -y V1- 2x’), if-1<x,yslandx?+y’<1 


or 
if xy>0 and r+y'>1 


n—sin ? {x Vi-y -y V1 — x") ,if0<x<1,-1<y<Oandr+y">1 
—n-—sin ! {x Vicy—y V1-x*), if-1<x<0,0<yslandx’+y>1 


8. (i) cos’! x+cos~! y 


pe cos! {xy -V1-x? V1 —y*) , if-1<x,yslandx+y20 


; 2n- cos! {xy -V1-x? N1-y*},if-1<x,ys<landx+y<0 


(ii) cos 1y-cos ! y 


per eee | 


4.81 


4.82 


go; 


10. 


11. 
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en os} {xy+V1-x? Vi -y’} ,if-1<x,y<landxsy 
—cos' (xy +V1-x? V1 —y") , if-1<ys0,0<xsSlandx2y 


sin” | (2x V1 - x”) eianaige rsp 
G).2 sinvias In-sin’’ @eNlo ©) jfjesxsl 


—m—sin (2x V1—x*) jif-1sxs-p 


inp (3x — 4x) jif-3 Sx <5 
(ii) 3sin-!x = |n-sin ! x —4x°) jifS<x1 


-n-sin | (8x -4x°) ,if-1< x<-5 


cos !(2x7-1) ,if0<x<1 


(i) 2cos !x = ny 
2n — cos”! (2x7 -1),if-1<x<0 


os! (4x° - 3x) if 
(ii) 3 cos 1x = 42n-cos” 14x? — 3x) ,if- 


2n+cos ! (4x9 — 3x),if- 


(i) ) taux = nian "(5 Pitoq 


A BS ST hor x \ il 
ii) 3tan' x = {n+tan 1| ~*~ f 
(ii) ( : e ait x> Te 


INVERSE TRIGONOMETRIC FUNCTIONS 


4.83 
Saat | , if—Tenet 
cs a 
12--G) 2tan !x = pee Phe dat 
Se 


13.0) sin. x = cos Nilo = tan = 
1- 


> 2 
oy = ee & 1-x 
(ii) cos ty = sin’! V1-2x* = tan po 

1 


(iii) tan! x = sin”! _ 3 =cos '{- e 5 
V1l4+x V14+x 
2 
si AG oe are B18 zs 1+ 
= cot iB = sec : Pees cosec (ues 
14. If x41, Xp, ...., X, € R, then 


5 A i <4 (91-93 + Ss— Sz + ... 
tan ‘x4 +tan Mapes tan 1x, = tan | |—1—3 5 
t= Op oa Oe te 


where S; = Sum of the products of x1, X9, ..., x, taken k at a time. 


a 


‘ qe ane! - , . 


5 tie bing 
oe ee o ion nA “ i eae > 
Settid 6 te broke ge 2 to aoa ee Yo Te = 


pe seit 


}enige's VEL Sek, od’ a 
: ii 


‘iG 
aT nS - uP yi = : + 
= pe 
{ ¢ + —?, 
| ’ ; 7 re 
ae ee oe er joe mY 
12 } 


ALGEBRA OF MATRICES 


5.1 MATRIX 


DEFINITION A set of mn numbers (real or imaginary) arranged in the form of a rectangular 
array of m rows and n columns is called an m x n matrix (to be read as ‘m by n’ matrix). 
An m Xn matrix is usually written as 


910712 013 ees Ain 
494 422 493 G90 49; s+» Aan 
A= 
> Qi 4i2 Aj3 +s aij see Ain 
aml Am? 4n3 aa Any vim ann 


In compact form the above matrix is represented by 

A = [dijlmxn OF, A = [aj]. 
The numbers 444, @9,.. Me are known as the elements of the matrix A. The element a; 
belongs to i™ row and ;' j " column and is called the (i, je element of the matrix A = fa). 
Thus, in the element a; the first subscript 7 always denotes the number of rows and the 
second subscript j, number of columns in which the element occurs. 


Following are some examples of matrices: 


(i) A= G : ¥: 4 is a matrix having 2 rows and 3 columns and soit is a matrix of order 


2 x3 such that a4, = 2, 449 = 1,443 =—1, a9, = 1, Ag) = 3, An3 = 2. 


a (sinx cosx]. ; ; a : 
(ii) B= he Ay aes | is a matrix having 2 rows and 2 columns and so it is a matrix of 


order 2 x 2 such that b,, =sin x, by = cos x, by1= cos x, bp = - sin x. 


NOTE It is to note here that to define a matrix we must define its order and its elements either 
by a general formula (See Ex. given below) or separately. 
ILLUSTRATION Constructa3 x4 matrix A= [aij ,] whose elements are given by 
G) Ay =i + f ii) aj =i -j 
SOLUTION (i) Wehave, 

bebe eri akh 3! 

A= 421 422 423 924 |, where a 
831 32) 433. 434 


gait]. 


a4, =1+1=2, 442 =1+2=3, a43=1+3=4, ay4=1+4=5. 
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Similarly, aj, =3, @y9=4, 493=5, @y4=6 and 43;=4, 432=5, 433=6, 434=7. 
2S AS 
At) 3 455. "6 
5 627 
(ii) Proceeding as above, we have 
0-1-2-3 
A= lO =] 2) 
2 1 0 1 


5.2 TYPES OF MATRICES 

ROW MATRIX A matrix having only one row is called a row-matrix or a row-vector. 

For example, A=[1 2-1-2] is a row matrix of order 1 x 4. 

COLUMN MATRIX A matrix having only one column is called a column matrix or a column- 


vector. 


3 
1 
For example, A= 2 ands B= : are column-matrices of order 3x 1and4x1 
-1 
4 


respectively. 


SQUARE MATRIX A matrix in which the number of rows is equal to the number of columns, say 
n, is called a square matrix of order n. 


A square matrix of order n is also called a n-rowed square matrix. The elements a; of a 


square matrix A = [aj], x , for which 7 =], i.e., the elements 411, 479, «.., @y» are called the 


diagonal elements and the line along which they lie is called the principal diagonal or 
leading diagonal of the matrix. 


2 id eek 
Forexample, the matrix! 3 -2 5 |is square matrix of order 3 in which the diagonal 
vo = 3 


elements are 2,— 2 and -3. 


DIAGONAL MATRIX A square matrix A = [aj], x , 18 called a diagonal matrix ifall the elements, 
except those in the leading diagonal, are zero i.e. 
ay, = 0 forall 1 #7 


A diagonal matrix of order n x n having dj, do, ..., d, as diagonal elements is denoted by 
diag [d}, d>, ..., d,]. 


T-00 
For example, the matrix A=| 0 2 0 | is a diagonal matrix, to be denoted by 
U205S 


A = diag [1, 2, 3]. 
SCALAR MATRIX A square matrix A = [aj] x » 1S called a scalar matrix if 
(i) aj = 0 foralli#j, and (ii) aj, = C foralli, where C#0. 


In other words, a diagonal matrix in which all the diagonal elements are equal is called 
the scalar matrix. 


For example, the matrices A = 


20 b—=2-y 0 0 
0 2 | B= OOP = 25 ae"O are scalar matrices of 


order 2 and 3 respectively. 


> 
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IDENTITY OR UNIT MATRIX A square matrix A = [ai]n, xn 4s called an identity or unit matrix if 
(i) ay = 0 forall i # jand 
(ii) ay = 1 foralli 
In other words, a square matrix each of whose diagonal element is unity and each of 
whose non-diagonal elements is equal to zero is called an identity or unit matrix. 
The identity matrix of order n is denoted BY. i 


For example, the matrices I, -| ; 4 


L0n0 

| =| 0 1 O |are identity matrices of order 2 
0 .O.x1 

and 3 respectively. 


NULL MATRIX A matrix whose all elements are zero is called a null matrix or a zero matrix. - 


For example, : ; ‘ i ; 5 are null matrices of order 2 x 2 and 2 x3 respectively. 


UPPER TRIANGULAR MATRIX A square matrix A = [a;] is called an upper triangular matrix if 
aj, = 0 for all i > j. 
Thus, in an upper triangular matrix, all elements below the main diagonal are zero. 


Aaah ae 
; OVS Tg aly : ; 
For example A = 0 0 2 9 |18an upper triangular matrix. 
O20 (Qes 
LOWER TRIANGULAR MATRIX A square matrix A = [a,J is called a lower triangular matrix if 


Thus, in a lower triangular matrix, all elements above the main diagonal are zero. 


240 Uhl 
For example, A=| 3 2 0 |is a lower triangular matrix of order 3. A triangular matrix 
i OS 


A= [a;;] n X nis called a strictly triangular iff. 


a;;=0 for alli = 1, 2,...,n. 


5.3 EQUALITY OF MATRICES 
DEFINITION Two matrices A = [4jj],q x, and B= [oily x s are equal if 
(i) m=r, Le., the number of rows in A equals the number of rows in B 
(ii) 1 =s,i.e., the number of columns in A equals the number of columns in B 
(iii) a= bj fori=1,2,...,mandj=1,2,...,n 


If two matrices A and B are equal, we write A = B, otherwise we write A # B. 


oo ea ome 2 V1 
The matrices A=|x y 5 jandB=|-1 0 5 are equal if x =-1, y=QO and z=4. 
TS = Tg -1 -12 


Matrices : and : 3 : are not equal, because their orders are not same. 


bet) MR Si NA tae 8 ae el WP 
ILLUSTRATION 1 Hai} eee 0 13 |find sy, 2, 3 


(HPSB 2000, 2002 C] 


" SOLUTION Since the corresponding elements of two equal matrices are equal, therefore 
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x-y el = ka: | 
2x-y 3z+w 0, 13 
= x-y=-1, Qx+z=5, 2x-y=0, 3z+w=13. 
Solving the equations x - y=— land2x—-y= 0 as simultaneous linear equations, we get 
x=1,y=2. 
Now putting x =1in2x+z= 5, we get z=3. Substituting z = 3 in3 z+w =13, we obtain 
w= 4. 
Thus, Ce Pk mT me Be eee and. w = 4. 
ILLUSTRATION 2. Find the values of x, y, zand a which satisfy the matrix equation 

aa reel " IS = 

z-1 4a-6 SA 

SOLUTION Since the corresponding elements of two equal matrices are equal. 
: YES = 07 2 +X = 7, z-1=3 and 4a-6 =2a. 
Solving these equations, we get a= 3, x=-3, y=-2, z=4. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 A matrix has 12 elements. What are the possible orders it can have? 
SOLUTION We know thatifa matrix is oforderm xn, then it has mn elements. Therefore, 
to find all possible orders of a matrix with 12 elements, we will have to find all ordered 
pairs (a, b) such that a and b are factors of 12. 
Clearly, all possible ordered pairs of this type are 
(1, 12), (12, 1), 3, 4), (4, 3), (2, 6), (6, 2) 
Hence, possible orders of the matrix are: 
1x12,12x1,3x4,4x3,2x6and 6x2. 
EXAMPLE2 If A = [a,j] isa matrix given by 
4-2 1 5 
AG— [aj] ll By fp 6 
ot 15 3185 —25 
write the order of A and find the elements a4, 434 - Also, show that a37 = @3 + 424 - 
SOLUTION We observe that there are 3 rows and 4 columns in matrix A. Therefore, it is 
of order 3 x 4. 
The element lying at the intersection of 2nd row and fourth column is 6. 


ar4 = 6 
Similarly, the element lying at the intersection of third row and fourth column is — 25. 
oe az4 See P48 
We have, 


a30 = 1Sy 453 = 9 and a24 = 6 
a39 = a93 + Arg. 
rates 
EXAMPLE3 Construct a2 x2 matrix A= [aj] whose elements are given by a= om 
(CBSE 2002] 


: a2 
SOLUTION Here a= 1<i<2 and 1<j<2. Therefore, 


Mato 1). (14-2), 8 
ap> 5 RAiLagi) ae 2 5 Say. 
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2+2x1)? : 
ee ee 
OF 25 
So the required matrix is A = UAE sims 
a2) 422 8 18 


EXAMPLE4 Construct a2 x3 matrix A= [aj] whose elements are given by a;;= aa : 
as 


SOLUTION We have aj = inj’ 1<i<2 and 1<j<3. Therefore 


1 1 
a4, =0, ads ae B= a Ori mas az = 0 and ages. 


So the required matrix is A= 


2x-y 2x+w)| {12 15 


SOLUTION We know that the corresponding elements of two equal matrices are 
equal. 


i xy 2240) 1 5 3 
; 2x-y 2x+w| |12 15 


=> x-y=5,2z+w=3, 2x-y=12 and 2x+w=15 


EXAMPLE 5 Find x,y, zand w suck that] eat 4 


Solving x — y =5 and 2x — y = 12 as simultaneous linear equations, we get x=7, y=2. 
Putting x = 7 in equation 2x + w= 15, we get 

14+w=15 > w=l 
Putting w = 1in 2z + w =3, we get 

2z+1=3 > z=1 


Hence, x=7,y=2,z=landw=l. 


EXAMPLE 6 If “3° Ae g | Find the values ofaand b 


SOLUTION Since the corresponding elements of two equal matrices are equal. 


+b 22 PONG ZS 
Bi AD | od es 
= at+b=6 and ab=8 => a+2 = 6 (-.. ab=8 => b=8/a) 


= a2+8=6a = a-—6a+8=0 = (a—-4) (@-2)=0 => a=2,4. 
Putting a=2 and 4 in ab = 8, we obtain 
b=4fora=2 and b=2 fora = 4. 
Hence, a= 2, b=4, or fel EN Ya) PA, 
EXAMPLE 7 For what values of x and y are the following matrices equal 


2 
az|2t) (3 jan=|*s* vgs 
ne ea 0 ate 
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SOLUTION Since the corresponding elements of two equal matrices are equal, therefore 
A=B => 2x+1=x+3, By=y°+2 and y’ -5y=-6 

Now, 2x+1=x+3 => x=2, By=y +2 => y -3y+2=0 

=> y=1,2 and y’ —5y=-6 => y’ —5y+6=0 => y=2,3. 

Since 3y = y + 2and y? — 5y =— 6 must hold good simultaneously, we take the common 

solution of these two equations. Therefore y = 2. 

Hence, A=B if x=2,y=2. 


EXAMPLE 8 Consider the following information regarding the number of men and women 
workers in three factories I, II and III. 


Men workers Women workers 
I 30 25 
II 25 31 
Ili 27 26 


Represent the above information in the form of 3 x 2 matrix. What does the entry in the third 
row and second column represent? 

SOLUTION The given information can be represented in the form of a 3 x2 matrix as 
follows: 


Men workers Women workers 


I 30 25 
A= Il 25 31 
Il PH 26 


The entry in third row and second column represents the number of women workers in 
factory III. 


EXERCISE 5.1 
1. Ifa matrix has 8 elements, what are the possible orders it can have? What if ithas 5 


elements? 
2253 i=) PA et 
2. IfA=[aj]=|1 4 9\andB=[b;])=|-3 4 
(0) =X 1 2 


then find (i) 422 ae bo4 (ii) ayy bi ae Aj2 boo 
3. Let A be a matrix of order 3 x 4. If R; denotes the first row of A and C, denotes its 
second column, then determine the orders of matrices R, and C, 


4. (a) Construct a 2 x 3 matrix whose elements aj are given by : 


(i) ay =i] (ii) ag = 2i-j 
spel) 
(iii) aij = hes (iv) aij = oe 
(b) Construct a 2 x 2 matrix whose elements aj; are given by : 
° Ae. 6 ae 
: + Es 
@ (i).¢j pee 


e i — 2)" i+) 
(iii) ay = er [CBSE 2002] (iv) aj = ery [CBSE 2002] 
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3 (er ‘ —3i+] 
(v) aij = 2 (vi) aij — Laat 
(c) Construct a 3 x 4 matrix A = [a;;] whose elements aj are given by: 
(i) aj = i+] (ii) ay = i-j (iii) aj = 2i 
, : 1 alge 
(iv) ay =] (v) aj = > | =3i+7 | 
5. Construct a 4 x 3 matrix whose elements are 
oat piel 
(a) ay = 21 i (b) ai = 2G (c) ayat 


6. Find x, y,a and b if 
(i) eyo a= 3 wi lL 42 3 
1 ox dy Saad | 1 16 29 
. : PP AE oh ae ST RS ea a 
7. Find x, y,a and b if JEP, Rae RO }-[2 _5 i 
8. For what values of x and y are the following matrices equal ? 
2 
poleee py |p a[2t3 P42 
halons "alee 4 0 6 
9. Find x, yand z so that A = B, where 


4 . SE 2h\, 3 B22 Ligh -z 6 
-| 18z yt+2 ae -|¢ x a 
2 eng ae [ieee Or es 
10. dese s|-| 0 5 | find x,y 2, 


x SL Ad ey] Do 2.) ¢2 
Kt a et AG 5} find x 9, 2,0 


12. Find the values of x and y if 
pave v2) = [4 3 | 
0 


~4 0 y¥'—5y 
x45 6 244 29 +7 0 6 3y-2 
13 ltl Av-46 7a—1) 0 = DE -3 2c-2 
h=3 3b 6z+2c 2b+4 —-21 0 


Obtain the values of a, b, c, x, y and z. 
14. Find the values of a, b,c and d from the following equations: 
2a+b a-2b|_|4 -3 
be re " ba iy 
15. Give an example of 
(i) a row matrix which is also a column matrix, 
(ii) a diagonal matrix which is not scalar, 
(iii) a triangular matrix 
16. The sales figure of two car dealers during January 2007 showed that dealer A sold 
5 deluxe, 3 premium and 4 standard cars, while dealer B sold 7 deluxe, 2 premium 
and 3 standard cars. Total sales over the 2 month period of January-February 
revealed that dealer A sold 8 deluxe 7 premium and 6 standard cars. In the same 2 
month period, dealer B sold 10 deluxe, 5 premium and 7 standard cars. Write 
2x3 matrices summarizing sales data for January and 2-month period for each 
dealer. 


5.8 MATHEMATICS-XII 
ANSWERS 


1. G)1x8,8x1,2x8,4x2 (ii) 16675 x1? 
2, (i) 1, Gi) 20 Sela po 


i he : 2 272 = 8 
4. (a) (i) re ; 4 (i i ; | (ii 3 ; | (iv) Be : 2572 | 
%3 ee ; 972 2 
es ise | a ia 0 | eH i "ef EZ | 


1 [Doin debated 12 
v) ee 1 vi) lap | 


2345 Omelet 2222 1234 
(i) 13.456) G1 Oete-3) Otay 4 eae (iv) |1 203 4 
Neipttor 2 1 0°-1 6 65% 1234 
ih We (0) hy 
(wile va Seccbl 
475. 3 8 
3 54 % ees ae Bs 111 
6 57-144 “wy p 14 222 
3 9155 rte teens aed ©) 3 3 3 
12 10 2% a. WY sia 4 


6. (i) x=2, y=1,a=3,b=5 7 x=2,y=-1,a=0,b=5 

8. A and B cannot be equal for any value of y. 9. x=11,y=9,z=3. 

10..x =1y=2,z=4,0=5 

11. x =3,y=7,z =—-2,@ = 14 13. a=-2,b=-7,c=-1,x=—-3, y=-5,z=2 
14a — De a 


DA ie 18) Gh ele 5) 
alleys (0) “| il Gah) te) (iit) | Oma 
00-1 On0n 2 
Deluxe Premium Standard 
=m Dealer Asi 3 4 
es ts Dealer B 3 2 al 
Deluxe Premium Standard 
Dealer A | 8 Z. 6 
Dealer B | 10 5 If 


5.4 ADDITION OF MATRICES 


DEFINITION Let A,B be two matrices, each of order mx n. Then their sum A + B is a matrix 
of order m x n and is obtained by adding the corresponding elements of A and B. 
Thus, if A = [4jj)n xn and B=[Djj)n x, are two matrices of the same order, their sum 
A + B is defined to be the matrix of order m x n such that 

(A + B)ij = ay + bi for, 4=1,.2; «wet; ands jf =5 Dane, n 


NOTE The sum of two matrices is defined only when they are of the same order. 
For example, if A = E 2 at a= he 5 t | then 
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sain pp 2+5 aa 7 5 


4+3 5+2 6+1 Veni d aeh 
123 = Ie Qed 1 
IfA= ,B=| 3 2 1 |,then A + Bis not defined, because A and B are not 
456 75 -2 


of the same order. 


For the following pairs of matrices A + B is not defined because they are of different 
orders: 


ihgnaeye. 
Shi eal Vs ee 2b ap cory 
(i) A=) 0-8 =(3| Gi) A=] 2s 5 | B= 3°14 
4 5 
5.4.1. PROPERTIES OF MATRIX ADDITION 


THEOREM 1 (Commutativity) If A and B are two m xn matrices, then A+ B =B + A. 1.e. matrix 
addition is commutative. 

PROOF Let A = [a], Be [bj] be two m Xn matrices. Then, A+B and B + A both are 
m Xn matrices such that 


(A +B) = ay + dj [by def. of add.] 
=>- (A+B) = by + aj [by comm. of add. of numbers] 
= (A ss B)ij = (B at: A); [by def. of add.] 


fori =1, 2,;,,iand j= 1,2, ..., 1 
Thus, A + B and B + A are two matrices such that their orders are same and the 
corresponding elements are equal. 
Hence, A+B=B+A 
NOTE To prove that two matrices are equal it is required to prove that their orders are same and 
the corresponding elements are equal. 
THEOREM 2 (Associativity) If A, B, C are three matrices of the same order, then 
(A +B)+C=A+(B+C). i.e. matrix addition is associative. 
PROOF Let A=[aj], B=[b;] and C=[c] be three m xn matrices. 
Then, (A + B)+Cand A +(B+C) are m xn matrices such that 


((A + BY + Cc). = (A+ Bj + Oj [by def. of add.] 
an (‘A + B) + ch = (ayy + by) + ci [by def. of add.] 
— ((A + B) + a, = Ai; + (dij + Cj) [by assoc. of add. of numbers] 
=> G +B) + cl, = (A) + (B+ Oj [by def. of add] 
ay (cA +B) + c), = (A+ (B+ O)j [by def. of add.] 


forii= 1, 2,20, 7 and, = 1, 2), ft 
Thus, (A + B) + C and A + (B+ C) are two matrices such that their orders are same and 
the corresponding elements are equal. 


Hence, (A+B)+C = A+(B+OC). 
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THEOREM 3 (Existence of Identity) The null matrix is the identity element for matrix addition, 
ier A+O=A=O+A. 


PROOF Let A = [aj] be any matrix of order m xn and O be a null matrix of order m x n. 
Then, A + O and O + A are m Xn matrices such that 


(A +O); = aj +0 = aj = (A); 3 
and, (O+A)y = O+ay = ay = (A)j for all 1,7 
Hence,y A+O=A= Berle 
THEOREM 4 (Existence of Inverse) For every matrix A=[dijlnxn there exists a matrix 
[-4ijlmx n , denoted by — A, such that 


A+(—A) = O = CA)+A. 
PROOF We have, 

(A+CA)), 
and, G A)+A), = (-a) +a, = -agtay =O  foralli,j. 
Hence, A+(—A) = O = (-A)+A. 


The matrix — A = [= aj] mx» is called the additive inverse of the matrix A = [4im xn- 


i 


ai; + (— aj) = Aa,—-a; = 


ILLUSTRATION a=|3 = oe A then (A) =|} 2 -4 ri 


2 Oh =e <2 = we 

THEOREM 5 (Cancellation laws) If A, B, C are matrices of the same order, then 

A+B>A+C => B=C [ Left cancellation law] 
and, BtrA=C+A>B=C [Right cancellation law] 
PROOF We have, 
Moe AB = ALPE 
= (-“A) + (A+B) = (Ay + (440) 
= (-A+A)+B = (-A+A)+C [By assoc. of add.] 
=> O+B = O0+C 
= Boas 


Similarly, we can prove that 
B+A=C+A => B= C. 


5.5 MULTIPLICATION OF A MATRIX BY A SCALAR (SCALAR MULTIPLICATION) 
DEFINITION Let A= [aj] be anm xn matrix and k be any number called a scalar. Then the 


matrix obtained by multiplying every element of A by k is called the scalar multiple of A by k 
and is denoted by kA. 


Thus, 
ae [Kk Gig xn 

ae aS 3 Or VL 
Forexample,if A=|-2 3 4 |,then3A=|-6 9 12 
Pak S79 6PS3 
Out |3 1.% 
If A=|2 3 -2 , then 4 5 A= D2) =) 
24> “1 ee 2 
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5.5.1 PROPERTIES OF SCALAR MULTIPLICATION 


Various properties of scalar multiplication are stated and proved in the following 
theorem. 


THEOREM [fA = [4jj)in xn, B= [bijlin x n are two matrices and k, lare scalars, then 
(i) K(A+B) =kA+kB 

(ii) (K+DA=kKA+I1A 

(iii) (kI)A = k (1A) = 1(k A) 

(iv) (-K)A = —- (kA) = k(-A) 

(v) 1A=A 

(vi) (-l)A=-A. 


PROOF (i) Since A and B are matrices of the same order m xn, A + B is also a matrix of 
order m x n. Therefore, k (A + B) is also of order m xn. Further, kA and kB are of order 
m xn,so that, kA + kB is also of order mxn. 


Thus, k (A + B) and kA + kB are matrices of the same order such that 


(x (A+ B)), = k(A+t+ B)ij [By def. of scalar multiplication] 
= (x (A+ B)), =k (a; + b;) [By def. of add. of matrices] 
= (x (A+ B)}. = kay+k by [By distributivity of mult. over add.] 
= (x (A+ B)). = (kA) jj + (kKB);j [By def. of scalar multiplication] 
= (x (A+ B)), = (KA + kB) [By def. of matrix add] 


fort=1, 2, ..., myand j=) y2pivy 
Hence, by definition of equality of two matrices, we have 
k (A+B) =kA+kB 


(ii) Since k and / are scalars, k +] is also a scalar. Therefore, (k + 1) A is a matrix of order 
m xn. Also,kA and /A are m x n matrices. Therefore, kA + JA is also an m X n matrix. 


Thus, (k +1) Aand kA +/A are two matrices of the same order m x n such that 


(« +1) A), = (k+l) ii [By def. of scalar multiplication] 
= G +1) A), = kaj + la; [By dist. of mult. over add.] 
= (K+) A), = (KA)y + UA), [By def. of scalar mult] 
= (« +N A), = (KA+1A)y [By def. of add. of matrices] 


iqope (= Ib, 2) vars m and j=1,2,...,n 
Hence, by definition of equality of two matrices, we have 
(k+l) A = kA+IA. 


(iii) Since k and / are scalars, kl is also a scalar. Therefore, (kl) A is an m x n matrix. Also, 
note that /A and kA are matrices of order m x n. Therefore, k (IA) and | (kA) are matrics 
of order m xn. 

Thus, (kl) A and k (IA) are two matrices of the same order m x n such that 
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© A), = (kl) aj [by def. of scalar multiplication] 
=> («en A), = k (Ia;) [by assoc. of multiplication] 
= («en A), = k(lA);j [by def. of scalar multiplication] 
=) @ A), = (x (1A), [by def. of scalar multiplication] 


fori=1,2,...,m and j=1,2,...,n 
Hence, by definition of equality of two matrices, we have 
(kl) A =k (IA). 
Similarly, it can be proved that (kl) A=1I (kA). 
Hence, (kl) A = k (IA) = 1 (kA). 


(iv) Putting / =-—1 in (iii), we obtain 

(-k) A = k(-A) = - (kA) 
(v) Putting k=-1 in (iv), we obtain 1A = A. 
(vi) Putting k=1 in (iv), we obtain (— 1) A=-A. 


5.6 SUBTRACTION OF MATRICES 


DEFINITION For two matrices A and B of the same order, the subtraction of matrix B from matrix 
A is denoted by A — B and is defined as A— B = A + (- B). 


Ey 2 JE Goad a ee 2s a 
For example, if A =] pees 7 [and B=| _| 4 73 | then 


aanascm-[ 3 37/9 23 2 [ 2-8 of 


SOLUTION We have, 
3A-2B = 3A+(—2)B 


Sev oe = Uae sae eee 
=> 3A-2B =| 0 12 18|+| -10 -6 -4{=]-10 6 14 
US aaa cee 0 =—8 =14 15 216013 

ILLUSTRATIVE EXAMPLES 


Ogee pes Oe leit iy kee 
EXAMPLE 1 ya=|; > Yona =|_9 - 3| find A + Band A ~B. 


SOLUTION Clearly, AandB both are matrices of the same order 2x3. So, 
A+ Band A -B both are defined. 


Now, ‘ 
Mbesas 051 
A+B =[} 2 Baie 7 : 


2 OR SE oma: 
si A+B =[7%) 2+7 204 


2 2 8 -4 
— AeB=|_7 5 | 
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and, A-B= A+(-B) =|} ; FGM | 5 
= A-B= A+B) = [7 4 2a 2 = a 
= ABs Asem =[T9 307 --3| 

= A-B= A+(-B) = (3 Pe a 


EXAMPLE 2 ya=| 3 ] [ana B=| 5 2 | find 34 ~ 28 


SOLUTION We have, 


_[6 -3 Pf i=3b ee 
3A=| § 4 and cne=| 5) a 


3A —2B = 3A+(-2)B=| § 3 aa rf | 


Ora | eas A 
4 "4 6+7C 2)) - 34+(-8))] . 4 -11 
‘ a 2B =| ort SERIE: Pr 


EXAMPLE3 If A =diag(1-1 2) and B= diag (23-1), find A+B, 3A + 4B. 
SOLUTION We have, 


Ls "OO 2 O32 0 
Aaland) e023 ane 
0) Oe: 00 -1 
OO OO 3 00 
At Bes i0 — 1-014) 0 3) 0 lf 02-0 = diag (3 2 1) 
0 ‘OP 0) OF=1 OPOrL 
S000 SanomenO itl @ 6 
and, 44446 2110 $3°0131 0 34270 la 0 9-0 = diag (11 9 2) 
oO FO '6 0 0-4 O70-2 
3) 


. : cos@ sin® é sin@ -—cos 0 
EXAMPLE4 Simplify cos of & aed caste | in | 


SOLUTION We have, 


pordfe: cos8@ sin@ ean sin@ -—cos@ 
—sin®@ cos9@ cos 8 sin 8 


pe cos* 9) sin 8 cos 8 a sin? 6 — sin 8 cos 8 
— sin 8 cos 8 cos* 6 sin 8 cos 8 sin? 6 


a cos? 0+ sin? 0 sin 8 cos 8 — sin 6 cos 8 | 0 
—sin 9 cos @+sin 6 cos 0 cos? 6 + sin? 6 01 


' aD oe U 
EXAMPLE 5 Find Xand YfX+Y =| 3 g Jona x= | 9 | 


SOLUTION We have, 


| 


Sys Ke} 
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{t). 2-9 3.0 
ar n+ar—¥9 = [7 aie H 


s ax =| 34) ue 


2+0 543 


eat as eee 


ABE aw+n-a-1 =] 5 || cS 


Thus, x=|} i fand ¥ =| 7 a 
EXAMPLE 6 Finda matrix A, f+] Ae | 


SOLUTION Let B = E j ; | and C = 3 Pysikg | Then, the given matrix equation is 


Now, A+B=C 


= (A +B)+(-—B) = C+(-B) 
== A+(B+(-B) = C+(-B) 
=> A+O=C-B 

= Jl = (C aui BY 


ij 2 3 -6 4 —2 &3i | 9342 £653)| & 1 -9 

as ee 8 164) 1-341 984i ol 2 4 

, ; 1 pie 3,5 

EXAMPLE7 Find x, y, z,t if 2) 33 Jeabay |= 33 a 


SOLUTION The given matrix equation can be written as 


2x 22 | [3 -3 |e ae15 
2y 2t|'|0 6 | Awe 18 


= 2x3 aot wile 9 15 

Dy 1 2F+ 68] | 12418 
= 2x +3=9,2z-3=15, 2y=12 and 2t+6=18 [By def. of equality] 
— x=3,z=9,y = 6 and t = 6. 


EXAMPLE 8 If A, B, and Care three matrices of the same order, then prove that 
A=B => A+G=9B+C. 

SOLUTION Let A = [4j}m x», B = [Dijlm xn and C = [Cijlin x n be three matrices of the same 

order m xn. Then, A + C and B + C are also of the same order m Xn. 

Now, A=B8B 
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— ay = bi forall =e ai: ; ya) 
=> ayt cy = bi + Cy forall t= 1, 2. nit of =, 2; Att 
= (A+ C)ij = (B+ Chi forall ie 2) ciel 2, 
=> A+ Cia B +C. 
EXAMPLE9 Find a matrix X such that2A +B+X = 0, where 
A= fe Ab Be i ce [CBSE 2000] 


SOLUTION We have, 
2A+B+xX =0 


»< 

i] 

| 
~) 

| 
wor 
wm NO 
a 

| 
lio paeh 
Rew 
! 
ON 
= ey 


2-3 -4+2 

. x= (203 Pa. 
ei aes 
a x =|75 a 


EXAMPLE10 Finda matrix A such that 2A —-3B+5C=0, where 
ach2 aeacig OOfiao~=—2 
B =| 3,4 gona c =| 1 .| 
SOLUTION We have, 
2A —-3B+5C = 0 


=. DAV= 3B —5E 

eh Hen dimiafcerasine pron 
SI ie ee 
Zoomed lsfngrtOesinde Oi 

5 teers ibaa 

= gee salad 


a a=| 


2 
: ; BS 1) eS 2 
EXAMPLE 11 Solve the matrix equation 7 , 3 | = Al 


SOLUTION We have, 


el-s[3]-[ 3] 
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> GEE 


- eke 
~ 6y 9 

=> x? -3x = -2 and y*-6y = 9 

= x? -3x+2 = 0 and y’ -6y-9 = 0 

=e (x-1) (x-2) = 0 and y = 226480 

=> * = 1,2%andy'= 3432. 


EXAMPLE12 Two farmers Ram Kishan and Gurcharan Singh cultivate only three varities of rice 

namely Basmati, Permal and Naura. The sale (in Rs) of these varities of rice by both the farmers 

in the month of September and October are given by the following matrices A and B 
September sales (in Rs) 


Basmati Permal Naura 
10,000 20,000 30,000} Ram Kishan 
a Gea 30,000 be Gurcharan Singh 
Basmati Permal Naura 
5000 10,000 6000} Ram Kishan 
az 20,000 10,000 ost Gurcharan Singh 


Find: 
(i) What were the combined sales in September and october for each farmer in each variety. 
(ii) What was the change in sales from September to October? 
(iii) If both farmers receive 2% profit on gross rupees sales, compute the profit for each farmer 
and for each variety sold in October. 
SOLUTION (i) The combined sales in September and October is given by A + B. 
We have, 


Basmati Permal Naura 
res 10,000 +5000 20,000 + 10,000 30,000 + 6000 | Ram Kishan 
+ = 
50,000 + 20,000 30,000+10,000 10,000+ 10,000) Gurcharan Singh 
Basmati Permal Naura 

15,000 30,000 36,000 | Ram Kishan 

=> A+B= 
70,000 40,000 20,000 | Gurcharan Singh 


(ii) The change in sales from September to October is given by A — B. 
We have, 


Basmati Permal Naura 


Deepa 10,000 - 5000 20,000 — 10,000 30,000 — nd Ram Kishan 


50,000 —- 20,000 30,000-10,000 10,000-10,000| Gurcharan Singh 
Basmati Permal Naura 

RP, 5000 10,000 ai Ram Kishan 
30,000 20,000 0} Gurcharan Singh 
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(iii) The profit for each farmer and for each variety sold in October at the rate of 2% 
of gross sale is given by 


Basmati Permal Naura 
2 5000 10,000 6000} Ram Kishan 
PO = ——= b= 0:02 B= 0.02 
100 20,000 10,000 10,000} Gurcharan Singh 
Basmati Permal Naura 
100 200 120 | Ram Kishan. 
400 200 200 | Gurcharan Singh 


Thus, in October Ram Kishan receives Rs 100, Rs 200 and Rs 120 as profit in the sale of 
each variety of rice respectively, and Gurcharan Singh receives profit of Rs 400, Rs 200 
and Rs 200 in each variety of rice respectively. 


EXERCISE 5.2 
1. Compute the following sums: 
Dano ie2 3 
(i) h ARO 3 (ay VDF 8% le 12 9. 61 
=) Pole seor 
}/ 2844~>2 Pp 16 el ee sige! 
2. Let A=| 3 3 | 8-[ 3 3 |anac=| 3 j | Find each ofthe following: 
(i) 2A-3B (ii) B-4C (ii) 3A —C fo _(iv)) OA = 2B43C 


AG 49 tel 1CONE eee ek 31 2 
3. wA=| 3 3 | B=| 3 4 abe Me] 5 | find 
(i) A+BandB+C (ii) 2B +3A and 3C — 4B. 


A Leta=[ 5 : 2] 8=[3 me } fandc=| § by _], | Compute2a -38 + 4c 


5. If A = diag (2-5 9), B= diag (11 — 4) and C = diag (- 63 4), find 


(i) A-2B (ii) B+C-—2A (iii) 2A +3B-5C 
6. Given the matrices 
Dy Bl. Pl 97-1 2 -4 3 
A-2)3) —1-0'}, B=} 35: 4] “and Cesta itd 
Oise 2s 4 Cee = Te Oo 465 


Verify that (A +B)+C=A+(B+C). 
7. Find matrices X and ¥,i#X+Y=| 5 5 fandx-Y=| 9 ay 


; 3-2 eas ass 
8. Find xi =| | j fonaax+y =| _3 iH 


9. Find matrices X end Y,if2X-Y=| _§ 13 { fandx+2¥=| 3 


sae Bao) ad 
40. IfX-Y=|1 1 0 jandX+Y=| -1 1 4 |,findX and Y. 
1 OU 178.0 
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11. Find matrix A, | 4 2 “34 cums = 


Oa eo =e eo 
= by, hers ; 5 | B= ee 3 | fina matrix C such that 5A + 3B + 2C is a null matrix. 
2-2 0 
Sef A= Ae) |e i —2]|, find matrix X such that2A+3 X=5B. 
=5> oh DheclalS 


(lgetes Ske 2-1-1 : ; : 
oes = B+C 
14, ItA 2 0 ;| and, B i oie A , find the matrix C such that A + is 


zero matrix. 


15. Find x, y satisfying the matrix equations 
i eat Fgh ea) al So i nn A a he ta 
a] x al aia overt Ss lovee yas 

(ii) [x y+2 z-3]+[y 4 5] = [4 9 12] 


3.4 Lu Pe? MOTs 
16. 12) 2 ale est p | find x and y 


17, Find the value of A, a non-zero scalar, if aE e ;| + 2| Pe | = bi 4 A 


GATS -1 -3.2 Bele 
18. (i) Find a matrix X such that 2A + B + X =0, where 
ee eat 2 _{3 -2 
A -| 3 ap B= F 2) [CBSE 2000] 
oy 2a 
(ii) If A =|4 -—2]/andB =| 4 = 2], then find the matrix X of order 3 x 2 such that 
Galo — OF 
2A +3X = 5B. 


19. Find x, y,z and t, if 


: Boy id |) x 6 4 tery 
ti 33 Hef Pe aaa 3 
(ii) A eye fel ia [CBSE 2002] 


20. In a certain city there are 30 colleges. Each college has 15 peons, 6 clerks, 1 typist 
and 1 section officer. Express the given information as a column matrix. Using scalar 
multiplication, find the total number of posts of each kind in all the colleges. 


ANSWERS 
eal 5 

[5 | 2 96 

2. (i) iE a (ii) kee afd (iii) fe a (iv) Be 2 


3. (i) A+ Bdoesnot exist, B+ C=| ~2 . ‘ 


(ii) 2B-+3A does notexit,3C- 48 =| _¢ oe z 
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A 2-14 a 

2/7 il hn 
5. (i) diag (0-7 17) (ii) diag (-9 14 - 18) (iii) diag (37-22 - 14) 
Eset lansudition eles tl 


a seni me ean eee 
9.x =| 3 Cn EE eed 


231 120 
Os 1. nV = 10 he n1.| : oe A 2. | 735 | 
640 5 40 Bi spate — 28 —38 
12 4/3 
oer a 4473), 14 Bs ; Hi 15. () x=2y=-3 (i) x=1,y=3,2=10 
25/3 28/3 
16. x=2,y=-8 
fig ches 35 10% 
17-2 = 2 18. (i) a za (ii) 4. 14/3 
3831/6; bace76 
| 15 450 
Pate Ost eB CES oe ers 180 
- fi) x=2, y=4,t=3,z=1 (ii) x=2,y =9 2OneAS— 1 POA = 30 
1 30 


5.7 MULTIPLICATION OF MATRICES 


DEFINITION Two matrices A and B are conformable for the product AB if the number of columns 
in A (pre-multiplier) is same as the number of rows in B (post-multiplier). Thus, if 
A = [4i) mn xn 4nd B= [bj], x, are two matrices of order m x n and n x p respectively, then their 


product AB is of order m x p and is defined as 
n 
(AB); ~ 2 ae by; = ay bij + Ain by; +... + Ay, bnj 
— 


bij 
bo; 


= (AB); = [4;, Aj -.» Ain) rs |e (Cas row of A) ce column of B) c(i) 


Onj 
ty lee, feandj=1) 2). -.ps 
*Now we define the product of a row matrix and a column matrix. 
b, | 
by 
Let A = [a az ... a,] be a row matrix and B=| ~ |beacolumn matrix. Then, 
by 


AB = a4 by + az b> Tee Ay bh slGub} 
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Thus, from (i), we have 


(AB); = Sum of the product of elements of i row of A with 
the corresponding elements of i column of B. 


NOTE If A and B are two matrices such that AB exists, then BA may or may not exist. 


2 ~“Ie3 Lia? 
ILLUSTRATION1 [fA=| 3 -2 1 |andB=|2 1 | then Aisa3 x3 matrix and Bisa 
ea i aN 8 Ry | 4i~3 


3 x 2 matrix, therefore, A and B are conformable for the product AB and it is of order 3 x 2 such 
that 


(AB), = (First row of A) (First column of B) 


il 
= (AB)i) S213) 2 = 2 x tel x 2s 4 216 
4 
(AB), = (First row of A) (Second column of B) 
—2 
= (AB)35. =1213]| 1) = 29x -2 +1x1 +3 %.-—3 ==-12 
-3 
(AB), = (Second row of A) (First column of B) 
1 
= (AB) = [3-21]| 2}=3x1+(2x2+1x4=3 
4 


Similarly, we have 
(AB)o5 = — 11, (AB)3; = 3 and (AB)35 =— 1. 


iKG <a 
AB. =3|.3 jl | 
oa qa 


NOTE In this case BA does not exist, because the number of columns in B is not same as the 
number of rows in A. 


2s 
ILLUSTRATION 2 Let A= 3 a ? A and B=|-1 2|. Find AB and BA and show that 
4 -5 


AB # BA. 


SOLUTION Here, A is a 2 3 matrix and B is a 3 x 2 matrix. So, AB exists and it is of 
order 2 x 2. 


2 3 
Wehave, AB =|} -2 i= 2 


eas ae 
(224123418) 16-16 
ne Ae op Soil Boer ie is 


Again, B is a 3 x 2 matrix and A is a 2 x 3 matrix. So, BA exists and it is or order 3 X 3. 


beta 3 
Now, . BA =|—4 Wie: ‘ 
3 Pie 

ee 
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2+9 —4+6" 6-3 18) a oo 
= BA =|-1+6 PTE ee Me pe 5 6—) 
4-15 -8-10 12+5 = 11 .=18. 17, 


Clearly, AB # BA. 


5.7.1 PROPERTIES OF MATRIX MULTIPLICATION 
THEOREM 1 Matrix multiplication is not commutative in general. 


PROOF Let A and B be two matrices such that AB exists. Then it is quite possible that 
BA may not exist. For example, if A is a 3 x3 matrix and B is a 3 x 2 matrix, then AB 
exists but BA does not exist. Similarly, if BA exists, then AB may not exist. Further, if AB 
and BA both exist, then they may not be equal (see example 2 in article 5.7). 

Hence, in general, AB # BA. 

THEOREM 2 Matrix multiplication is associative i.e. (AB) C = A (BC), whenever both sides are 
defined. 

PROOF Let A = [Gijhn x ne B= [biln xp and C= [cijhy xg: Then AB is an m x p matrix and so 
(AB) C is a mxq matrix. BC is of order nx q and so A (BC) is of order m xq. Thus 
(AB) C and A (BC) are of the same order. 


Now, 
p 
((4B) ay = E (AB)in (Oy 
P n p n 
= (<48) Ci) a5 | E dig | cy = EE gba) Gy 
r=1 \s=1 r=iis=1 
Pp n 
= (cB) (€ jf ar oe (b., Cy) [By assoc. of multiplication of numbers] 
n p n ce 
= (c4B) ou = 2 fis [Ee “) = E ais (BC)y = (a (BO)), for all i, j 


Thus, (AB) Cand A (BC) are two matrics of the same order such that their corresponding 
elements are equal. 
Hence, (AB)C = A(BC). 
THEOREM 3 Matrix multiplication is distributive over matrix addition 1.e., 

(i) A (B+C) = AB+ AC 

(ii) (A + B) C= AC + BC whenever both sides of equality are defined. 
PROOF LetA=[4j)nx 1 B= [Din x p and C = [cijln x p be three matrices. Then, B + Cis of 
order n x pand so A (B + C)is of order m x p. Since AB and AC both are of the same order 
m x p. Therefore, AB + AC is of order m x p. 
Thus, A (B + C) and AB + AC are of the same order m x p such that 


n 
(A (B+ OQ), = B ai, (B+ Cy 
r= 
: n 
= (A (B+ Sih = Bai, (by +C,) 
J y=] 
n n 
= (A (B+ aii = E aig bey +E air Cr 
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= (A (B+ 0}, = (AB); + (AC) = (AB+AC)y forall i,j 


Thus, A (B+ C) and AB+ AC are two matrices of the same order such that their cor- 
responding elements are equal. 

Hence, A(B+C) = AB+AC. 

Similarly, (A + B) C = AC + BC, 

THEOREM 4 If A isanm xn matrix, thenIl,, A = A = Al, 


PROOF Let A = [4jj] in xn» Then, I, A and Al, are of the same order m x n such that 


in A)i = 2 (Um)ir (A); 


=1 
m 
— Cin A); a 2 Omir ay 
ice 
= Cin Ag = Umdia 41j + Umdi2 92 +--+ + Umit 9ij + + + Udi %mj 
rt O for r#i 
— Um A)ij = 4 for alli, j E Cir = if for oot 
Hence, i 7ArS:A. 
n 
Now, (Aly) = sig Uy = % ir Cn)rj 
r= r= 
= (A Iii = ay C)1j + aig Cn)2; ctaeeencte aij Cn)jj “loiaseicts ain C)nj 
=> (A L)ij = aij for all | [-.- Cn)jj = Sana Cyr = 0 for r ¥j] 


Thus, Al,, and A are matrices of the same order such that their corresponding elements 
are equal. So, Al, =A. 

Hence, I,,A = A = Al, 

THEOREM § The product of two matrices can be the null matrix while neither of them 

is the null matrix. 


For example, if 


ae E | and B= i 0| , then AB = E 4 while neither A nor B is the null ma 


THEOREM 6 If A is m xn matrix and O is a null matrix, then 
(i) Amxn On xp = Om x p (1i) Op x m Amxn = Op xn 

i.e. the product of the matrix with a null matrix is always a null matrix. 
PROOF Let A= [aj], and O, x p= [biln xp, where b;, = 0 for all i,j. Then, 

Yes Vosges p is an m X p matrix such that 

n 

(An RO »; = © aipbyj = 0 forall i,j [b;=0 for all i, j] 
LIS re Aeay Clare p and On, are two matrices of the same order such that their 
corresponding elements are equal. 
Hence, Ay, x n- On x = On x p 


Similarly, other result can be proved. 
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THEOREM 7 In the case of matrix multiplication if AB = O, then it does not necessarily imply 
that BA=O. 


Le A= = = = = 
t 0 0 and B 0 of Then, AB=O} But, BA ooloo 00 oe (Oh 


Thus, AB = O while BA # O. 


5.7.2 POSITIVE INTEGRAL POWERS OF A SQUARE MATRIX 
For any square matrix, we define 
(i) AD = A 

and, (ii) A"*! = A". A, where n © N. 
It is evident from this definition that A? = AA, AeA Ae (AA) A. etc. 
It can be easily seen that 

(i) Aue ele — Aue +n 
and, (ii) (A”)" =A™” for all m,neé N. 
MATRIX POLYNOMIAL Let f (x) =a x” +a, x" ey Ay x" FEL s Ay, 1 X +a,, be a polynomial 
and let A be a square matrix of order n. Then, 
y f(A) = a9 A™ + a, A™) + ag AX +44, 1A + ay Ip 
is called a matrix polynomial. 
For example, if f (x)= e-Sx+2 is a polynomial and A is a square matrix, then 
A? -3 A+2 isa matrix polynomial. 

ILLUSTRATIVE EXAMPLES 

Type I ON MULTIPLICATION OF MATRICES 


EXAMPLE1 If A,B, C are three matrices such that A = [x yz], 


ahg x 
B=ih=be fi}, G=l yi, find ABC. 
Cpe BONS Z 


SOLUTION Since the product of matrices is associative, therefore we can find ABC either 
by finding (AB) C or by finding A (BC). Let us find A (BC). 
Since B is a 3X3 matrix and C is 3x 1 matrix. Therefore, BC is of order 3 x 1. 
ah ex ax + hy + gz 
Now, BC =|h b f |ly| =|hx+by t+fz 
(ee pee ee gx + fy +cz 
Clearly, A is of order1x3 and BC is of order 3x1. Therefore, A (BC) is of order 
i Perak: 


Now, 
ax + hy + gz 
A (BC) = [x yz]| hx + by +fz 
gx t+ fy +cz 
= A (BC) = x (ax t+hy +z) + y (hx + by +fz) + 2 (gx +fy + cz) 


= A(BC) = ax? + 2hxy + by” + cz” + 2fyz + 2gzx 
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2 a3. Lon0 
SOLUTION We have, 


ee wleret 
a=[1-2]maa-[? 2] 


EXAMPLE2 IfA=| } 3) 8-13 ) | Prove that (A + BYP A+ 2AB + BA 


= assy =| 3 ve Seabe 4 (i) 


2 a. | 4 282 52) ab Gad oe 
Also, A’ +2AB+B | 8 Ab Re i l+[2 elie, | rm 68D) 


From (i) and (ii), we obtain that 
(A + B)*# A? + 2AB + B’. 
EXAMPLE3 Prove that the product of matrices 


Oak 3 2 : 
cos’ 6 dene cos’ > seattind 


cos 6 sin 8 sin? @ cos $ sin sin? o 
is the null matrix, when ® and 9 differ by an odd multiple of 5: 


SOLUTION We have, 


cos?@ cos@sin | cos” od cosdsin 


cos 8 sin 8 sin? 6 cos @ sin o sin? o 


A cos” 6 cos” + cos 8 cos » sin O sin > cos” 6 cos sin 6 + cos 8 sin @ sin? 
cos” ¢ cos 0 sin 6 + sin? 6 cos sin > cos @ sin @ cos sin + sin’ 6 sin? > 


_ |cos@cos dcos(@—@) cos Osin > cos (8 - o) 
~ |sin@ cos cos (9—) sin ®@ sin cos (6 — 6) 


=|} dj E O-g=(2n+1) 5, neZ ” cos (0- @) = cos (@n +1) 5=0) 


eet 1 . 
EXAMPLE 4 yA=| > cae _] and (4+ BYP =A? BY find a and 
SOLUTION We have, 


(A+B)? = A248? 
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=> (A+B) (A+B) = A*+B? 
=> (A+B)A+(A+B)B = A?+B? 
= AT+RA+ ARTE ae B- 
an BA+AB = O 

aX wl*|i Ded Lae ei | Ome O 
ta E ae eyuibs ara ee 0 
a a+2 -a-1 a—0P2 4 Or 

Te eae ree | Oi bind ie 000 
a 2a—b+2 -a+1|_|0 O 

In a) pe 4] 02.0 
=> 2a-—b+2=0, -a+1=0, 2a-—2=0 and —b+4=0 
=> Pio — 4 


Vie al 
-1 0 
SOLUTION We have, 


EXAMPLES If A= 


ste 0 Oy 
> xI+yA (3 Te) | 
=> xI+yA -| pied 
Now, 
(xI + yA)" =e 


= x2-y = 0, 2xy = 1,-2xy = -1andx’-y 
=> x7-y* = Oand 2xy = 1 
= x = tyand 2xy = 1 


Now two cases arise. 
CASEI When x =y and 2xy =1 


In this case, we have 


1 
x = yand2y =132° =1=>x=275 


( = Sp and y = ca \ = -sand y = ~) 


CASEI] When x =—y and 2xy =1 


| find x and y such that (xI + yAy =A. 


5:25 


[By distributive law] 


[By distributive law] 
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In this case, we have 


x=-yand2xy=1 => -2x*=1 => x= ee 


page edb se oe (x enn ee 
2 V2 2 2 


EXAMPLE6 If A= ig and B= t | , find the values of o for which A? =B. 


le 1 Sem 
SOLUTION We have, 
ASB 
= Cons OF ECO] ten | nO) 
je Oy ics > i oe) 
= O70. 0 FU) Bala 0 
a+1 0+1 See 
2 
(eer, AOU fea 1G) 
= AGS Flees 
— Ct andi 2 BS 
= o& = +1and a = 4, which is not possible. 


Hence, there is no value of « for which A? = Bis true. 


a rae ee AE eee 
panne 7 teta-[2 “!] a-[8 3], ce[? 5] 


Find a matrix D such that CD —- AB = 0. 
SOLUTION LetD = B ; } Then, 


CD-AB =0 
=s CD = AB 
= 25) Bopp ea es Lee 
SON x yee ta eae re 4 
a 2a+5x 2b+5y|_| 10-7 4-4 
3a+8x 3b+8y| |15+28 6+16 
= 227 0X 2b 4 oy a PS OD 
3a+8x 3b+8y|  |43 22 
= 2a+5x = 3,3a+8x = 43,2b+5y = 0 and 3b+8y = 22 


Solving 2a + 5x = 3 and 3a + 8x = 43, we get 
a= -19landx = 77. 
Solving 2b + 5y =0 and 3b + 8y = 22, we get 


b =—-110andy = 44. 
Dow eee ee 190 
ae) 77 44 
0 = phe ; 
EXAMPLE 8 Let A -| tan (079) Sop Ue |ena I be the identity matrix of order 2. Show 


cosa —sinag 
that +A =(1—A)| oe au [PSB 2002] 
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SOLUTION We have, 
a 
Ne beht0|, 0 Puaed is 1 ~ tan, 
o1 tan & 0 tan & 1 
2 D 
0 tan — iY tan — 
and, 1-4=|55]+ i 2 
— tall — we —tan— 1 
2] 
5 tan = ‘ 
(I-A) cos 0 eas 2 || cosa —sina@ 
sin & =e sing cosa 
-tan> 1 
2a a 
1—- tan 5) : 2 tan, 
1 ta g 1+ tan? = 1 +tane = 
i (I alert ate p3 ps 9) 
nak Dalene — tan > 1 2 tan 5 1~tan” > 
20 2a 
1+ tan 5 1+tan 9 
Seas 2t 
= (I-A) cosa -singd ee he tee Seah tany oe 
s sina cosa es Oe ae ond PA 
ee iy 
1-fstee 52443 
rs (—A)| SOS @ reek | 1+ Teer 
sin ae —ftPu2t 2¢ 41st 
DFP ising 
(eee i Ee) 
aK (I-A) cos & sii 1+¢ 1+? te SA 
sin O be t (1+ £*) 14+£ ao | 
ee Lt 
F - tan 5 
4 a-a| ore he ot =I+A 
sin & ao 
tan 5 
EXAMPLE9 Find the value of x such that 
See allel 
{1 x 1] Dee tee 2a =a) [CBSE 2006] 


15 goed 
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SOLUTION We have, 


1.372 i 
fix ill 25 t3l=0 
15 3 2\|x 
7+2x 
= [1 x 1]/12+x |=0 
21+2x 
= 7 42x 4+ 1204 k +2002 x= 0 
= x? + 16x +28 =0 
= (+ 14) (x2) = 0 b> ex =? or i— 14, 


EXAMPLE10 [fA = bs 9 |and 1=| 9 | then find k so that A? = 8A + KI 
[CBSE 2005] 
SOLUTION We have, 


[9 


ws Ba ose er. StnetntD 
gad =| 7 ae 
_ 1 0 LO hele a 80 DIV Bak @ 
and, BA+K = 8) _| 9 |+¥| 4 aie ao eee a) 
A? = BA+KkI 
Pry Tee es 0 
=8 491 — |) =8 =56+k 
= 1=8+k and 56+k=49 >k= -7Z. 
ote a eG 
EXAMPLE11 If} 1 O}A=| 1-2 -5|,findA. 
=o ed One? 15 


SOLUTION Since the product matrix is a 3 x3 matrix and the premultiplier of A is a 
3 x 2 matrix. Therefore, A is 2 x 3 matrix. 


Let A -; ; ‘| Then, the given equation becomes 
2-1), 2 =L=6=— 10 
1 offs Z/- 1-2 -5 
—o4 9222 
2x=a 2-0 22 m= Sie) 
= x y Zz =| 1-2 -5 
-3x+4a -3y+4b -3z+4c O22 a LO 
= 2x-a=-1,x=1,-3x+4a=9,2y-b=-8,y=-2, 
-3y+4b=22,2z-c=-10,z =-5,-3z+4c=15 
=> x=1,a=3,y=-2,b=4,z=-5andc=0 


a i 
Hence, a = é a 3| 
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cosx —sinx 0 
EXAMPLE12 Let F(x)=|sinx cosx 0|. Show that F(x) F (y)= F (x+y). 
0 0) aks 
SOLUTION We have, 
cosx —sinx O|/cosy -siny 0 
F(x)-F(y) =|sinx cosx O||siny cosy 0 


0 0 1 0) 0 1 
cos xcosy—sinxsiny -sinycosx—sinxcosy 0 
=> F(x)-F(y) =|sinxcosy+cosxsiny —sinxsiny+cosxcosy 0 
: 1 
cos (x+y) —sin(x+y) 0 
= F(x)-F(y) =|sin(x+y) cos(xt+y) 0| = F(x+y) 
0 0 1 


Type II ON MATRIX POLYNOMIALS AND MATRIX POLYNOMIAL EQUATIONS 


AGL al 
EXAMPLE 13 Let f (x) =x" -5x+6.Findf(A)ifA=|2 1 3 | 
P= iO 


SOLUTION First, we note that by f (A) we mean the matrix polynomial A? -5A+ 613. 
That is, to obtain f (A), x is replaced by A and the constant term is multiplied by the 
identity matrix of order same as that of A. 


2 Oe dN? ea ok 


Now A= AAS! 2 T7312 °° 13 
11/0 1171 io 
44041 0+0—1' 25.040 pre Lag 
=: Ao = ae es Orde Dest d=) Oo. 2.) 
F25%0 0-401 33 40 Oia) 
(-5).2 (—5).0 — (—5).1 -10 0 -5 
5A =|(—5).2 5). 1 CE 5y23 | =| 10 650425 
(25) 5). 15). 0 -5 5 0] 
[0-0 6 00 
6l,= 6/0 10/=|0 60 
001 0 0 6 
Rote} f=10 0 25 1-fe 00 
f(A)=A2-5A+6l,=|9 -2 5 |+}-10 -5 -15|+|0 6 0 
42 26 O56 M400: 6 
143. -3 
a f(A)=A*-5A+6l3= | -1-1 -10 |. 
CD Le hex! 
EXAMPLE 14 If A =| pee | show that A? - 5A +7Iy =O. [HSB 2003] 


SOLUTION We have, A = ba si 
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_[(-5):3 © 5).1]_| iste =s 
“BARD ay a} oeberl 5 —10 


Si 2 ere 
7, =7| j t= “4 


A?-5A+7h “lr a/*| Ge ino [2 6 | 


2 1 Da? eo eo) to 
ss 5 ~5A+7h =| FS IETF mer hea a 
EXAMPLE 15 Let A = | Sr 3 [ena fe =x°~ 4x +7. Show that f (A) = O. Use this result to 


find a 
SOLUTION We have, 


f(x) =x? -4x 47 
f(A)=A?-4A4+71L 


ei oi Oks PT 4-3) “e+e 1. |) 4-19 
NOW srg =|_j lifes SP a eo Ses eles a 


S48 ss 12 ptt I XO 
~44 =| 4 33 | ane 71, =| 


f(A) = A*-4A+71 


> rival da} B15 9] 


= eo = Bare Heiet + i a oo 

Now, f(A)=0 

= A? -4A+7Ip=0 

= A= 4A —7],. 

~ A’ =A?.A=(4A-7l) A=4A?-7Iy A 

= A® =4 (4A -7Iy)-7A [Using : A? = 4A - 71] 
=> A> =9A — 2815 

=> A‘ = A°A = (9A - 2815) A 

=> A* =9A? — 284 =9 (4A - 71) -28A [Using : A* = 4A -71] 
= A* = 36A - 63ly - 28A = 8A - 631, 

= A? = A* A= (8A - 631) A= 8A? - 631, A 

os A? =8 (4A - 71) — 63A =- 31A — 5615 [Using : A* = 4A - 71] 


u 


Sor 2839p PO 
A? = a1 3 | 561 j "| 
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eee ee 


31 -62 Om 56 
Syne G2 eh PO 
a ’ | 31 srt 


Type III ON PRINCIPLE OF MATHEMATICAL INDUCTION 
The Principle of Mathematical Induction: 


Let P (n) be a statement involving positive integer n such that 
(i) P (1) is true, i.e., the statement is true for n = 1, and 
(ii) P (m+ 1) is true whenever P (1m) is true, i.e., the truth of P (m) implies the truth of 
P(m+1). 
Then, P (7) is true for all positive integer n. 
EXAMPLE 16 Prove the following by the principle of mathematical induction : 


IfA -| : es i then A" -| ; se ee Jf every positive integer n. 


[PSB 2002, HPSB 2001, HSB 2001] 
SOLUTION We shall prove the result by mathematical induction on n. 
STEP 1 Whenn = 1, by the definition of integral powers of a matrix, we have 


10. 3 pay BPO we 4 4A) 
Ss -4=|} “tl=| Les roa 


So, the result is true for n = 1. 
STEP 2 Let the result be true for n = m. Then, 


m _|1+2m —4m 5 
Ss =| m reed AD 


Now we will show that the result is true for n = m + lie. 


Amt tens ugha | 
ms m+1 1-2(m+1) 


By the definition of integral powers of a square matrix, we have 
A™ +1 = A™ A 


= Amel 142m, — 4m | 2 al [by supposition (i)] 


amti _| 3+6m-4m ae 


we =| 3m+1-2m —-4m—14+2m 
Aart. 3+2m -—4-4m 
_|m+1 —-1-2m 

m+ 1424419 —4(n+1) 

cs a | m+1 1-2(m+1) 


This shows that the result is true for n=m+1, whenever it is true forn =m. 
Hence, by the principle of mathematical induction the result is valid for any positive 
integer n. 

cosa sin a 


: | then prove that 
—sin ad cos o 


EXAMPLE17 If Ag= 


; “e cosn & sinn & Sait 
(i) Ag. Ag=Aa+p (ii) (Ag)" = Doras Beet , for every positive integer n. 


[CBSE 2004, PSB 2002 HPSB 2002] 
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SOLUTION (i) We have, 


cos & eel cos B as 


Aa Ap =| _E8 cosa || —sinB cosB 


PV, oe cos acosB-sinasinf sinacos Bh+cos asinB 
= a*“"B ~ | —sinacos B-—cos asin cos acosf-sinasinB 
_| cos(a+B) sin(a+B) | _ 
a An AN) eaatai coa:do.-4 B\rimoe task 


(ii) We shall prove the result by mathematical induction on n. 


STEP 1 Whenn =1, by the definition of integral powers of a matrix, we have 


ye « cosa sing | _ cos(1.qa) sin(1.q@) 
(Ag) = Ay =| SG ne [=F aR ey ee 


So, the result is true for n = 1. 
STEP 2 Let the result be true for n = m. Then, 


cosma sinma 2 
(Aa) = | ; ...(i) 
—sinma cos ma 


Now we will show that the result is true forn =m +1 i.e, 


m+1 _ cos(m+1)Q@ sin(m+1)a 
(Ag) = (a ele aera 


By the definition of integral powers of a square matrix, we have 


(Aes as (ALi As 


1 cosma sinma cosa sing : . 
=> A Os : : By assumption (i 
(Aq) eee Bee een — [By P (i)] 


as (Ant es cosmacosa-snmasina® cosmasina+sinmacos a 
—sinm acos®—-cosmasinga® —sinmasina+cosmacos a 


aA CET -| cos (m + Q) ea entee a cos (m+1)Qa Sena 


-sin(mat+a) cos(ma+a)} | —-sin(m+1)a cos(m+1l)a 
This shows that the result is true for n = m + 1, whenever it is true for n = m. 


Hence, by the principle of mathematical induction the result is valid for any positive 
integer n. 


EXAMPLE 18 If a is a non-zero real or complex number. Use the principle of mathematical 
induction to prove that 
n i 
IfA= al fevAtet * 14 
0a 0 a” 
SOLUTION We have, 
STEP 1 When n = 1, by the definition of integral powers of a matrix, we have 


er ae ee ee a Ligvact 
aean(51]-[% i 


So, the result is true for n = 1. 
STEP 2 Let the result be true for 1 = m. Then 


att q”™ ma™~} 
ES is m AG) 


| for every positive integer n. 
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Now we will show that the result is true for n =m +1 ie. 


Amt] _ aie ae 
ry 0 qutl 


By the definition of integral powers of a square matrix, we have 


FN ke Lr | 


oer Amel ema gt 
0 a" Oa 

m Amt] ge Ms Din 8 gt Ta anges ligt 
2 +O 0.1+a™.a 

i, amd PR qutl a” +ma™ - qgttl (m+1)a™ 
0 qutl 0 qttl 


This shows that the result is true for m = m + 1, whenever it is true for n = m. 
Hence, by the principle of mathematical induction the result is true for any positive 
integer n. 


EXAMPLE 19 If A -| : | prove that 


(al+bA)" = a"I+na"~!ba [HSB 2001] 


where I is a unit matrix of order 2 and n is a positive integer. 
SOLUTION We shall prove the result by mathematical induction on n. 


STEP1 Whenn =1, by the definition of integral powers of a matrix, we have 

(al + bA)' =al+ bA=a'I+1a°bA=a'l+1a'~'bA 

So, the result is true for n = 1. 

STEP2 Let the result be true for n =m. Then 

(al+ bA)”™ = a™1+ma™"~1bA (i) 
Now we shall show that the result is true for n = m + 1, i.e. 

(al+bA)™*! = a™*114(m+1)a™bA 
By the definition of integral powers of a matrix, we have 
(al + bA)™* + = (al + bA)”™ (al + DA) 
(al + bA)™*! =(a™ 14+ ma™—! bA) (al + DA) [Using (i)] 


= 
=> (al + bA)™*! =(a™ DT (al) + (a™ D (BA) + (ma™ ~} BA) (al) + (ma™ ~? BA) (BA) 
=> (al + bA)" *1 =(a™ a) (I. 1) +a” b (IA) + ma™ b (Al) + ma” | b* (AA) 
= (al +bA)" tt =a™t1 14.4" bA + ma™ bA + ma™~) ? A? 

[-. IA=Al=A,1.1=]] 
=> (al + bA)™*1 =a™*114(ma™ b+a™ b) A + ma™—} vb? A? 
=> (al + bA)™t 1 =a™*114+(m+1)a™bA+ma™"'bO 


[- A-[oo]=#e]0 offo ofr[o of 


=> (al+bA)™*! =a™*114(m+4+1)a™bA 
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This shows that the result is true for n = m + 1, whenever it is true for 1 =m. 


Hence, by the principle of mathematical induction the result is valid for any positive 
integer 7. 


PP Y 


1 1 
EXAMPLE 20 If A=| 1 1 |, then prove that 
1 1 
an] gn-i anol 
A" =| 3"-1 3"-1 3"-1 | for every positive integer n. 
3"- 1 gt 1 he 1 
SOLUTION We shall prove the result by the principle of mathematical induction on n. 
STEP 1 When n = 1, by the definition of integral powers of a matrix, we have 


111 gi-t git 31-1 


So, the result is true for n = 1. 
STEP 2 Let the result be true for n = m. Then, 
gm 1 gn gm 
Av= gmt gm gt—1 ...(i) 
gm 1 gm - 1 3m -1 


Now we shall show that the result is true for n = m + 1, i.e. 


gm gm 4m 
Amti a 3m qm qm 
a git att 
By the definition of integral powers of a matrix, we have 
Amti_a™ A 
gin gm- gm 111 
=> ANT) s| 3@-t gmat am-1 41 1 [Using (i)] 
gm-1 gm-l gm 1 iL Wale] 
gm-l gm-1,am-1 gm-1,agm-1,4m-1 gm—1,gm-1, gm-t 
= Amti_ gm-1,agm-1,am-) gm-liagm-1l,agm-l gm-1,agm-1,4m-1 
gm-l i agm-1,gm-l gm-1,gm-1,am-1 gm-1,agm-1, gm-1 
Bo ge 338 Sasa casa api 
= Amti. 337-1 337-1 3.3771 =| 37" gm gm 
B30 a stinks geo Sng? By 


This shows that the result is true for n = m + 1, whenever it is true for n = m. 


Hence, by the principle of mathematical induction the result is valid for any positive 
integer 7. 


EXAMPLE 21 Let A, E be two matrices such that they commute. Show that for any posittve 
integer n 


(i) AB" = B"A (ii) (ABy* = A” B" 


J 
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SOLUTION (i) We shall prove the result by the principle of mathematical induction on 
n. 
STEP 1 When n = 1, by the definition of integral powers of a matrix, we have 
di 
AB, = AB = BA [... AB =BA (given)] 
1 
= BIA [.. B'=B] 

So, that result is true for n = 1. 
STEP 2 Let the result be true for n = m. Then, 

AB™ = B™A ...(i) 
We shall now show that the result is true for n =m +1, i.e. 

AB™ oa = pm Sy A 
By the definition of integral powers of a matrix, we have 

AB™*! = A(B™B) = A(BB”) 


= An vs. (AB) B”™ [By associativity of matrix multip.] 
= AB™** = (BA) B™ [... AB = BA (given)] 
=> AB™*! = B(AB™) [By assoc. of matrix multip.] 
= AB™*1! = B(B™A) [Using induction assumption (i)] 
=> AB™*1 — (BB”) A [By assoc. of matrix multip.] 
=. CYR e wee bee | . [By def. of integral powers] 


This shows that the result is true for m = m + 1, whenever it is irue for n = m. 
Hence, by the principle of mathematical induction, the result is true for any positive 
integer n. 
(ii) We shall prove this result also by the principle of mathematical induction on n. 
STEP 1 When zn = 1, by the definition of integral powers of a matrix, we have 

(AB)! = AB = A'B! [.. Al= A,B! =B] 
So, the result is true for n = 1. 
STEP 2 Let the result be true for n = m. Then, 

(AB)” = A™ B”™ (i) 
Now we shall show that the result is true form = m+ 1, ice. 

(Any! = Amtipmt! 
By the definition of integral powers of a matrix, We have 

(AB) *" = (AB) (AB) 


U 


= (AB)” aa (A™ B™) (AB) [By induction assumption (i)] 
= (AB) * =A" (B”™ (AB)) iBy assoc. of matrix mule.) 
= (AB)™ +} = 4™ (B™ (BA)) [-.: AB = BA (given)] 
=> (AB)™* 1 = A™ ((B™B) A) [By assoc. of matri« multip.] 
(AB)™*!=A™ (B™t! A [Bs def. of integral powers] 
(AB)"*! = A™ (AB™**) [... AB" = 8" A forall ne N (proved in (i))| 
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=> (ABy7 Amal a) Be [By associ. of matrix multip.] 
ae pea yee 
This shows that the result is true for n=m-+1, whenever it is true fOU T= tte 


Hence, by the principle of mathematical induction, the result is true for every positive 
integer n. 


Type IV MISCELLANEOUS PROBLEMS 

EXAMPLE 22 Under what conditions is the matrix equation 
A2-B? = (A—B) (A+B) is true? 

SOLUTION We have, 
A*—B* = (A—B) (A+B) 


Z el i By dist. of matrix multip. 
a AC 82 Aaa? over matrix add. 
2 2 Ae _ p2 By dist. of matrix multip. 
vr eee tebe ee aE | over matrix add. 
o Grey BAAR = Bo AS + Be? 
eS 0 = - BA + AB 
= AB = BA 


Thus the given matrix equation is true if the matrices A and B commute with each other. 


EXAMPLE 23 If A is any m xn such that AB and BA are both defined show that Bisann xm 
matrix. 


SOLUTION Since A is an m X n matrix such that AB exists, therefore the number of rows 
in B should be equal to the number of columns in A. Thus, B has n rows. Further, BA 
exists, therefore the number of columns in B should be equal to the number of rows in 
A. So B has m columns.Hence, B is an n X m matrix. 


EXAMPLE 24 A, B are two matrices such that AB and A + B are both defined; show that A, B 
are square matrices of the same order. 


SOLUTION Let A be an mxn matrix. Since A + B is defined, therefore B is also an 
m Xn matrix. Further since AB exists, therefore the number of columns in A is same as 
the number of rows in B i.e. n = m. 


Hence, A and B are square matrices of the same order. 


EXAMPLE 25 If A and B are square matrices of order n, then prove that A and B will commute 
iff A-—X land B-—X I commute for every scalar i. 


SOLUTION We have, 

A-Aland B-A I commute 

(APN (BEA) NBSADA=-2) 
ABLRIAHK VIB P02 FS BA -—XBI- RASA 
AD AMR tA = BA) Be) At om 
AB = BA 


A and B commute. 


ttt 0 2 
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EXAMPLE 26 If AB= A and BA =B, then show that A? = A, B2 =B. 
SOLUTION We have, 

AB =.A and BA = B 
Now, AB=A 


(AB) A = AA [Multiplying both sides on right by A] 
=> ABA) = ae [By associ. of matrix multip.] 
> AB = A? [.. BA = B] 
= A = A’ bat omg 


Similarly, we have B’ =B 
EXAMPLE 27 Give an example of two matrices A and B such that 


(i) A #.0, B-# O, AB = O and BA # O [PSB 2001, HSB 2001] 
fi) Ai#.O, B+ O; ABo= BA =O: 
SOLUTION 
$ 
: sols (OE ue 
(i) Take A = lo 3| and B = k | 
@ wis 3 ee Le ol 
(ii) J Take A = i i and B = ie | 
EXAMPLE 28 Give an example of three matrices A, B, C such that AB = AC but B#C. 
[PSB 2002] 
1 0 00 00 : ; ey 
SOLUTION LetA = 0 0 B= 0 and C= 01 . Then, it can be easily verified that 


AB= AC =O. But B#C. 


Type VON APPLICATIONS OF MATRICES 


EXAMPLE 29 There are two families A and B. There are 4 men, 6 women and 2 children in family 

A and 2 men, 2 women and 4 children in family B. The recommended daily allowance for calories 

is : Man : 2400, woman : 1900, child : 1800 and for proteins is : Man : 55 gm, woman : 45 gm 

and child : 33 gm. 

Represent the above information by matrices. Using matrix multiplication, calculate the total 

requirement of calories and proteins for each of the two families. 

SOLUTION The members of the two families can be represented by the 2 x 3 matrix 
MUM) -C 


and the-recommended daily allowance of calories and proteins for each member can be 
represented by 3 x 2 matrix 
Calories Proteins 


M}| 2400 55 
R = W} 1900 45 
C | 1800 33 


The total requirement of calories and proteins for each of the two families is given by 
the matrix multiplication : 


re {3 6 7 rere Salers oH 
AN ee | 8 15800 332 
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Hence, family A requires 24600 calories and 556 gm proteins and family B requires 15,800 
calories and 332 gm proteins. 
EXAMPLE 30 Use matrix multiplication to divide Rs. 30,000 in two parts such that the total 
annual interest at 9% on the first part and 11% on the second part amounts Rs. 3060. 
SOLUTION Let the two parts be Rs. x and Rs. (30000 — x) respectively. Let A be the 
1 x 2 matrix representing these two parts 

PartI Part I 
ice. A = [x 30000 — x] 
Let R denote the 2 x 1 matrix representing the annual interest rates of interest on two 
parts i.e. 


Ron Part! ee 


Part IT} 0.11 

The total annual interest on the two parts is given by the matrix multiplication AR. 

AR = 3060 
os Py Ok ihe 
= [x 30000 al] 011 | = 3060 
= 0.09 x + 0.11 (30000 — x) = 3060 

9 11 

=> 100 ** 100 (30000 — x) = 3060 
=> 9x + 330000 -11 x = 306000 = x = 12,000 


Hence two parts of Rs 30,000 are Rs 12,000 and Rs. 18,000 respectively. 


Ss EXERCISE 5.3 
1. Compute the products AB and BA whichever exists in each of the following cases: 


eae is Cae) yra*s 
(i) A=|} A and B-|) 3 a 


on 2 


Dib) a [45 6 
(Gt))) val == 2 ; and B-| 6 1 | 
0 a 
(iii) A=[1 -1 2 3] and B= < (iv) [a, ny + b,c, d] : 
2 d| 


2. Compute the indicated products: 


3 Bape fk ee sa a 
w less male a a) 4 lee 2 il 
3 
2 
0 


3. Show that AB # BA in each of the following cases: 
: il Ws a | eet 
Oa Z and B=|3 4 
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10. 


11. 


1Be 


few 0 Nee) 
(i)"A=| *0,=1°1 | and (R= OP 0 
ie 3 4 t 1-0 
T*3'0 010 
(iii) A=|1 1 0 and B=|100 
41.0 0 541 


. Evaluate the following: 


cipseda bse calleoea 


i OS 2 
Gy fe e320" 1 
| 2 | 


Vet 
ses Lewis O81 2 
> 3 ( 2.0 £. 0,2 


. Show that AB # BA in each of the following cases: 


anc eae Oey 1 
liietnces 2e— 1 —d\) ond 2hl=ds ot 
Ga Uaiai 6s 


pF ndDsede=1 iP aoer| 
Gp A=) oi 5 | ands Baie AO 
1 2 


e Lely 0 +3 ay ese abe DIP t yee 

A= 4 1 | B={ 9 -{ fanac=| 5 j | then show that = Be =C =I). 
2 —3) —5 — le Ome 5 

IfA=|-1 4 5 ]andB=| 1 -—3 —5 |,show that AB=BA=0O3, 3. 
1-3 -4 -1 6) 5 
0 c-b a’ ab ac 

IfA=|-c 0 a |jandB=! gb b? bc |, show that AB = BA =0O3, 3. 
5 —p_ @ ac be 
2-3 -5 2-2 -4 

A=) —15 45 (5 and B=) —159 3 8-4) show that AB= Aand BA= B: 
1 -3 -4 1-2 -3 
= tl B31 Qi 3 ees 

Leta=ii 23-935 Stand p=) l= Sy 3; compute A =. 
Bay = 95 45 -=] 4 4 


ayes) 


For the following matrices verify the associativity of matrix multiplication i.e. 


(AB) C=A (BC): 


5,40 MATHEMATICS-XII 
10 
(i) A-|_j ; a B=|-1 2| and c-|_} 
0 3 
ae 1 
(i) A=|1 12), B=} 0 
301 2 


13. For the following matrices verify the distributivity of matrix multiplication over 
matrix addition i.e. A(B+C)=AB+AC: 


on = ait 
(A= 6 5 | B-| | and c=| 4 


2-1 
Gia ee B-|{ 4 ane c=| § st 


ee rel ae 
Lee? 0 5 =—4 1 52 
14,1 A=| BS. =1. 0178S) =—2.1  Srivand € l[=(*—2 1 0 |, verify that 
= 20 Oe ek = 1" Oo. 12 ae Bee 
A(B-C)=AB-AC. 
Ba =i 0 4 ; 2 
15. IfA= 3 (2 and B=| _ 17 find 3A° -2B +I [CBSE 2005] 
16. If wis a complex cube root of unity, show that 
Pe a | Veo ae 0 
w wei |tlw 1. w Ww j=h0 
wel w w we 1 w 0 


17. IfA= ; { |, Prove that (A -21)(A~31) = O 


18. EA=| 4 | | show that A*=|¢ { Janda? =| ¢ ‘| 


Qed Om 


2 
19. If A= 9 b |, show that 4?=0 
—ab 


year est 
20. IfA=|=-1 4 5 |,show that A*=A. 


ieee 4 
sw 4 
21. IfA=|3 0 —4 |,show that A?=]. 
ee ba 
hath Ol 
22. if[1 1 x}] @ 2°41 j|.1-)= 0, find x 
Darr ad 
Do lial 2, a 
23. If[x 4 1]}1 0 2|| 4] =0,findx. 
O° 2a a Net 
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24. 


255 


26. 


27s 


28. 


29. 


30; 


aL 


32. 


35s 


34. 


35. 


36. 


Sie 


38. 


ie 


Op alae 
Te fd Lex] 2504 23 He DAS0, finds 
C= seal eat 
A=| 4 3 |ands=| § | | then prove that A? A +21=0. 


a=|_} 3 Jandt=| 9 | | then find 2 so that A*=54 + 2 


Find the value of x for which the matrix product 


[ Sit Si lliax 14x. 7x 
+p ee 0 1 0 |equal an identity matrix. 
| Pe 2 x —4x -—2x 


bcs [0 
A =| ana s=| 4 1 | then 


(i) find’, uso that A?=AA+ul (ii) prove that A°-4A7+A=O [CBSE 2005] 


1A-| cos20 sin28@ 


ee AieebAD 6 | find A*. [CBSE 2000C] 


A matrix X has a + b rows and a + 2 columns while the matrix Y has b + 1 rows and 
a+3 columns. Both matrices XY and YX exist. Find a and b. Can you say XY and 
YX are of the same type? Are they equal. 


Compute the elements a4; and 49 of the matrix : 


pea Se 
sper aD Nees a) Omerlst alas pex,52 
=l032/|"3 3/ [3-3 4-4 0 
404 
If A= | ae | show that A?-5A + 71, = O [CBSE 2003, 2007] 
tA=|_} j |-show that A? 2A + 3f,= 0 


2.3 


Show that the matrix A -| 12 


| satisfies the equation A?“ 4A7+A=0 


Show that the matrix A -| - | is a root of the equation A> =12A—T=O 


A-| 3 3 | find 425A — 141 [CBSE 2004] 


1 
IfA=| 3 
ore 


tAq| 2 | show that AP 4a? + A=0. 
DW ; 
-4 5 |,compute A* — 4A + 3]3. 
3 


Daeg 
If f (x) =x" — 2x, find f (A), where A=| 4 5 0 
ih aek 
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Opps 
40. If f (x) =x? + 4x? — x, find f (A), where A = : os ’ 


Tie) 52 ; 
41. If A=| 0 2 1 |, then show that A is a root of the polynomial 
vB A ites! 
I= = 6x +Ux te 
de? 2. 4 
42. (i) If A=] 2 1 2 | then prove that A* —4A —5]=O. [CBSE 2008] 
PA a 
Uy ie 74) 
(ii) If A=|0 O 1], and I is the identity matirx of order 3, show that 
eek es 
ze =pl+qA+ TAS, 
43. IfA -| ; ; , prove that A” = i ; |for all positive integers n. 
n n 
44, IfA= | sss i: prove that A” = | sia BN PIES every positive integer n. 
ae | | 0 1 
ee beg 
45, LetA=/ 0 1 1]. Use the principle of mathematical induction to show that 
L Ural bay 
[1 nn (n +1)/2 
A = Veta n for every positive integer n. 
; 9 0 1 


46. If B, Caren rowed square matrices and if A=B+C, BC=CB, Ge O, then show 
that for every n € N, An Bt (B+(n+1)C). 


47. If A = diag (a, b,c), show that A” = diag (a", b”, c") for all positive integer n. 
48. Give examples of matrices 
(i) A and B such that AB¥ BA 
(ii) A and B such that AB =O but A #0, B<0. 
(iii) A and B such that AB = O but BA #O. 
(iv) A, Band C such that AB = AC but B#¥C,A <0. 


49. Let A and B be Square matrices of the same order. Does (A+ B)? = A7+2AB+ he 
hold? If not, why? 


50. If A and B are square matrices of the same order, explain, why in general 
(i) (A+B)? #A7+2AB+B2 (ii) (A-B)? # A? -2 AB+ B? 
(iii) (A+B) (A-B)# A2 - B2. 


51. Three shopkeepers A, B and C g0 toa store to buy stationary, A purchases 12 dozen 
notebooks, 5 dozen pens and 6 dozen pencils. B purchases 10 dozen notebooks, 6 
dozen pens and 7 dozen pencils. C purchases 11 dozen notebooks, 13 dozen pens 
and 8 dozen pencils. A notebook costs 40 paise, a pen costs Rs. 1.25 anda pencil 
costs 35 paise. Use matrix multiplication to calculate each individual’s bill. 
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52: 


Dos 


54. 


55. 


56. 


57. 


58. 


Se) 


60. 


61. 


62. 


63. 


The cooperative stores of a partcular school has 10 dozen physics books, 8 dozen 
chemistry books and 5 dozen mathematics books. Their selling prices are Rs. 8.30, 
Rs. 3.45 and Rs. 4.50 each respectively. Find the total amount the store will receive 
from selling all the items. 


Find the matrix A such that 


‘ae ha Gear a Se O 25 ns 1253) a oe 

ONiee heal deals cl at 4 6 

Find a 2 x 2 matrix A such that 
ye 27 © 

Aly i] = 6h 

IgA = | eaebings V2 sin a 


-V2 sina cosa-sin a prove that 


A" = cosna+sinna V2 sinn a fioy allaternt 
— V2 sinna cosna-—sinna : 
fA = 0) find Ale. [PSB 2000, HSB 2001] 
4 Z 
cas) at 
(i) If A =|1 4 01, show that A? -7A +101; =0 [PSB 2002] 
005 


(ii) If A= ey | show that A* —5A + 71 =0 use this to find Ae 


Without using the concept of inverse of a matrix, find the matrix ; 4 | such that 


BR, evi bh Xestiti ~\ abe O 
Ls Ze ]-[8 -9 re 
Solve the matrix equations: 


Feet iow Suk les 
(i) [x 1] E Z| s|=0 Gi) 1 21 : : ; an 
x 


1.0 2||x 
Gi) [x-5-1] (0 2 1} |4|= 
203 E 
IfA = fe a = find k such that A? = kA — 21, [CBSE 2003] 
~ 2 
ifA= - : | , find k such that A? -8A+k1=0. (CBSE 2005] 
Tae E | |f (x) =x? — 2x - 3, show that f(A) = 0 [CBSE 2005] 


(bg tp = gee po M , then prove by principle of mathematical induction that 


A" = eee carl for allne N. [CBSE 2005] 
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64. Ina legislative assembly election, a political group hired a public relations firm to 


65. 


promote its candidates in three ways: telephone, house calls and letters. The cost 
per contact (in paise) is given matrix A as 
Cost per contact 


40 Telephone 
Ams 100 House call 
50 Letter 


The number of contacts of each type made in two cities X and Y is given in matrix 

Bas 

Telephone House call Letter 

_ | 1000 500 oe +X 
3000 1000 10000; — Y 


Find the total amount spent by the group in the two cities X and Y. 


A trust fund has Rs 30000 that must be invested in two different types of bonds. The 
first bond pays 5% interest per year, and the second bond pays 7% interest per year. 
Using matrix multiplication, determine how to divide Rs 30000 among the two types 
of bonds. If the trust fund must obtain an annual total interest of 

(i) Rs 1800 (ii) Rs 2000 


B 


ic —————————————$—$<$<—<$<—<—— i i i nnn ANSWERS 


era 122 19422 He, 
TG) RABE BA does not exist (ii) AB=| -4 -5 -6|,BA= 
tole NER 3 2 
-4 -4 -4 
Cf 01020 
fe i ville iy eas : PW ela. Se Py 
(iii) AB = [11],BA = beat be ois (iv) [a° + b° +c° +d° +ac + bd] 
2-2 46 
2 14 O 42 
Feat ie +H 0 : (ii) lis? * 4 (iii) | 18 -1 56 
a+b 22 —2°70 
Q.=1) -2 -9 -1 
4. (i) Ee aie oa Gi)) 82%. Gli} }-aitisgelig th) ag. 3h) hae) 3 
5 -2 -3 ee) ails ae 
4 -20 
15.| 95 = 22x g =e 23, x=-2,-1 
24, 2 26. —7 2%, : 28. X=4,u=-1 
cos46@ sin480 
29, Lean a 30a PONG) = 3, No 31. 443 = 8, a>, =0 
36. ie i 38. | -—21 36 —25 SO te os 
-3 Banin5 8.1243 
6 -2 6 
AOS On 4) 4 51. Rs. 157.80, Rs. 167.40, Rs. 281.40 52. Rs. 1597.20 
dip al ye et 
53. 


(i) a i (ii) bs | 54, er ‘t 56. Null matrix 58. 3 5 
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Boek a a8 60. k=1 61. k=7 64. Rs 3400, Rs 7200 
65. (i) Rs 15000 each (ii) Rs 5000, Rs 25000 
HINTS TO SELECTED PROBLEM 


F a ay0 nat boot en!) <3 Bye 0 0 
48. (i) az|o 0 | =| 0 4 (ii) A=| 9 0 | B=[ 9 ‘ 
an a-[3 Sp e-[a gh e-["3 8 


5.8 TRANSPOSE OF A MATRIX 


DEFINITION Let A = [a;)] be an m xn matrix. Then, the transpose of A, denoted by A! or A’, is 
an n xm matrix such that 
(Aye ay forall ¢= 1,2, %,m9S 1,2,...,n 


Thus, A’ is obtained from A by changing its rows into columns and its columns into 
rows. 


ye seed ees 
For example, if A =|2 3 4 1 ,then A? = 341} 
ee ee | HAL ed 


The first row of A! is the first column of A. The second row of A! is the second column 
of A and so on. 


5.8.1 PROPERTIES OF TRANSPOSE 


We shall now state and prove some properties of transpose of a matrix as theorems given 
below. 


THEOREM 1 For any matrix A,(A " = 
PROOF Let A= [a;;] be an m Xn matrix. Then, A! is ann xm matrix and so (A ae is an 
m Xn matrix. Thus, the matrices A and (Arye are of the same order such that 
(47), = (A")ji [By the def. of transpose] 
=> (a1), = (A); foralli=1,2,...,.m and j=1,2,....m 
Hence, by the definition of equality of two matrices, we have 
(ATy" = 
THEOREM 2 For any two matrices A and B of the same order, 
(A+B)! = A7+B" 
PROOF Let A= ee: and B= [jj xn- Then, A + B will be a matrix of the order 


mxn and so (A+ B)! will be a matrix of order n x m. Since A’ and B! are both n xm 
matrices, therefore A! +B! will be a matrix of the order n xm. Thus the matrices 
(A+ By and A! +B! are of the same order such that 


(«A + By"), = (A+B); [By the def. of transpose] 
a (‘A +B)'), = ay + bi [By the def. of add.] 
5 (‘4 : By’ |, = (A) + (Bi 
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= (A + By"), = (AT+B"), for alli,j [By the def. of add.] 
Hence, by the definition of equality of two matrices, 
(A+B) = Ale 
THEOREM 3 /[f Aisa matrix and k isa scalar, then 
(kA)’ = k(A’) 
PROOER Lele [4ilm x n- Then, for any scalar k, kA is also an m x n matrix and so (kA)? 


is ann Xm matrix. Again A’ is an n xm matrix and so kA! is an n x m matrix. Thus the 
two matrices (kA)? and kA! are of the same order such that 


(««a)"), = (kA)jj [B y the def. of transpose] 
= («a)’), = kay [By the def. of scalar multip.] 
= («a)"), = Is (A’); [By the def. of transpose] 
= («4)"), = (kA"),: [By the def. of scalar multip.] 
Hence, by the definition of equality of two matrices, 

(kA)! = kA? 


THEOREM 4 [If A and B are two matrices such that AB is defined, then 
(AB)' = B’ At 
PROOF LetA = [djj],n  , and B = [bj], p be two matrices. Then AB is an m x p matrix and 


therefore (AB)' isa p x m matrix. Since A’ and B! aren x mand p x n matrices, therefore 


B’ Alisa p Xm matrix. Thus the two matrices (AB)? and B! A! are of the same order 
such that 


((4B)"), = (AB); [By the def. of transpose] 
T n 

= (c4B) i, = = ay bj [By the def. of matrix multiplication] 

r=1 

T n 

— (cB) i: Gan Diy [By comm. of multip. of numbers] 
n 

=> (c4B)"), = E (Bir (A‘),; [By def. of transpose] 
ter 

= ((48)"}, = (BT A’); [By def. of multip. of matrices] 


Hence, by the definition of equality of two matrices, 

(AB)’ = B’ At 
GENERALISATION If A, B, C are three matrices confirmable for the products (AB) C and 
A (BC ), then (ABC) =-CT BT al, 


REMARK The above law is called the reversal law for transposes i.e., the transpose of the product 
is the product of the transposes taken in the reverse order. 


ALGEBRA OF MATRICES 5.47 


ILLUSTRATIVE EXAMPLES 


4 
EXAMPLE 1 IfA=| 2\andB=[-2 -1 —A4l], verify that (AB)’ = B" AT 
3 
[CBSE 2002, 2005] 
SOLUTION We have, 
=f 
A =| 2 |andB = [-2 -1 -4] 
3 
(4 
ARS) 1242 -al = 4] 
3 
op be 4| 
= AB = (—4.=2 _g| 
ln6 3 -12| 
el eaayte 6 
=> (AB) =|1 -2 -3 ..-(i) 
4 -8 -12 
Also, 
a ~ er gfe Berke 
eget Sys ay? Pe ee 1 fan 2 83] = ieee .. (ii) 
3 pal Bet Boe 12, 


From (i) and (ii), we observe that 
(AB)! = B' A’ 


cos 8 —sin® 


EXAMPLE 2 If A = Ee cos 6 


| then find the values of ® satisfying the equation 


A'+A = bp. 
SOLUTION We have, 
Pe [cos @ eal 
|sin@ cos @ 


Awe cos98 sin®@ 
~ |—sin@ cos @ 


Now, A’+A=1, 


as cos8@ sin@ > cos@ -—sin8 kt il @ 
—sin8 cos@ sin8 cos8 (Qh 
Pe 2 cos 8 0 fe 1 0 
0 2 cos8 (Hah 
= 2 cos 8 = 1 
=> cos ea 
= cos § = cos 
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T2632 
EXAMPLE3 If A =|2 1 -—2|isa matrix satisfying AA! = 913 , then find the values of 
a°>2.)\b 


aand b. 
SOLUTION We have, 
th Bee 2 
Ag | 2i 1 y= 2 
en b 
2 2 4 
= Ab=|2 12 
l2 Boa) 
AA’ = 913 
ib 2. 1 Dk ip POO 
==> Dl a — 2 2 $2 = DOR TO 
ae: b 2 — Deb On0 Sa: 
9 0 a+2b+4 9 010 
= 0 9 2a+2-2b|/=|/0 9 O 
a+2b44 W42-2b a444h'b OS | 
=> a+2b+4 = 0, 2a+2-2b = 0 and a* +446 =9 
— a+2b+4 =0,a—-b+1=0 and @+h?=5 


Solving 4a+2b+4 = Oanda-b+1 = 0,we get 
a=-2andb=-1 


U2" te 
EXAMPLE 4 Find the values of x,y,z if the matrix A=| x  y —z| satisfy the equation 
X= OF 
Al A=lI.. 
SOLUTION We have, 
OF 2y az OB pe a) ee 
A=|x y -z| = A’ =| 2y Yom 
Eek 4 Pao ee 
A’A =1, 
OMEN TX iO tte 1) Oech 
= SYS Va—Y lx Yer edie| Osi 
Cee eee Sy) ez 0°0c1 
yee eO) On 
= Oprcyaeeee = | 0015 0 
Cie hore Ue at 
=> 2x*=1, 6y*=1,3z2=1 
1 1 1 
=+—— = +— 7vy-+4+— ~~ 
=> =e ary 27672 =f 3 
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OO EXERCISE 5.4 


1. LetA = Ee ~$ [and B=|) aah verify that 


(i) (2A)? = 2a? (ii) (A+B)! = Al +B? 
(iii) (A-B)? = AT- BT (iv) (AB)’ = B! AT 
3 
2. If A=|5}/andB=[1 0 4], verify that (AB)! =B! A? [CBSE 2002] 
2 
171% hee) 
3. LetA=/2 1 3 |andB=|2 1 3 | Find A’, B’ and verify that 
yt Oa 1 
(i) (A+ B)P =A%+BT (ii) (AB)’ = B’ AT (ii). @A)! 232A 


=o 
4. IfA=| 4]|,B=[13 -6], verify that (AB)' =B! A? 
5 


3 4 
5. IfA=|_ 7 4 ~) | B=|-1 2 |, find (AB)" 
std 2 
; Zoi 

21.3 pari 

6. (i) For two matrices A and B, A = ,B=|0 2 |verify that 
4-10 ees 

(AB)’ =B! Al. 


(ii) For the matrices A and B, verify that (AB)! = Bi al, where 
me ie ta el: 
ar[aaher[2 §) 
7. If l;,mj,nji=1,2,3 denote the direction cosines of three mutually perpendicular 
vectors in space, prove that AA! = I, where 
hom m4 


A =|{lp mz no 
Iz m3 N3 


8. IfA =| irs ac sie Alt then verify that A’ A = Ip. 
—sin@® cosa 


—cosa sing 


Got 
2. he 5 | 


5.9 SYMMETRIC AND SKEW-SYMMETRIC MATRICES 
SYMMETRIC MATRIX A square matrix A = [a;J is called a symmetric matrix, if 


9. If A -| SEAS sake ar verify that A‘A =I. 


ANSWERS 


ji forall i,j 
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Sei at 
For example, the matrix A=|-1 2 5 | is symmetric, because 42 =—1=491, 
all Me sc 4 


M43 = 1 = 431, 493 = 9 = 439. 
It follows from the definition of a symmetric matrix that 
A is symmetric 


= Ay = Ajj for all i, j 
= (Ajj = (Ay forall ij < A = AT. 


Thus, a square matrix A is a symmetric matrix iff AT =A. 
Aon & Dee oh 3 
Matrices A=|h b f| B=} 1 2  3+2i|are symmetric matrices because 
oar te 3.5428) 4 
Al =AandB' =B. 
SKEW-SYMMETRIC MATRIX A square matrix A = [aj] is a skew-symmetric matrix if 


Ajj = Aji for all 4 | 
Oe .2a= 3 
For example, the matrix A=|-2 0 5 |is skew-symmetric, because 
oy > 8 


M42 = 2, Ag, =~ 2 = Ay =— An, 
a43 =— 3,43, =3 = a3 =— 431; 
A93 =5, 32 =— 5 > agg = — A392 
It follows from the definition of a skew-symmetric matrix that 
A is skew-symmetric 


S a;;=—a;; for alli, j 
= (A) = - (A‘); for alli,j 
= A=-A’ @Al=-A. 
Thus, a square matrix A is a skew-symmetric matrix iff AT =-A. 
OF 2783 07=—3°5 
Matrices A=|-2i 0 4],B=| 3  O 2|areskew-symmetric matrices because 
-3 -4 0 -5 -2 0 


A! =-AandB' =-B. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Show that the elements on the main diagonal of a skew-symmetric matrix are all 
zero. 


SOLUTION Let A= [aj] be a skew-symmetric matrix. Then 


ay = —a; for alli,j : [By def.] 
= a;; = — a; forall values of i 
= 2a;; = 0 => a; = 0 for all values of i 
=> Ay, = Ag = 433 = «+» = Any = 0. 
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EXAMPLE 2 Let A be a square matrix. Then, 
(i) A+ A’ isa symmetric matrix, 
(ii) "A'= A’ isa skew-symmetric matrix. 
(iii) AA’ and A’ Aare symmetric matrices. 
SOLUTION (i) Let P = A + A!. Then, 
P’ = (A+A™)? = AT 4 (ADT 


> pA 4A 

= P'’=A+ Al =P 
P is a symmetric matrix. 

(ii) Let Q = A — A’. Then, 

qr Bi Aad Ayia (AT)? 

= Q’=A'-A 

= Q’=-(A-A)=-Q 
Q is skew-symmetric 

(iii) We have, 

‘ (AAT)? = (ATT AT 
a (AAT)? = AAT 


AA! is symmetric 


Similarly, it can be proved that A! Ais symmetric. 


5.5] 


[oo (AB) A eB 
[.» (A) =A] 


[By comm. of matrix odd.] 


[.. (A+B) =A’ +B] 
[.. (AT) =A] 


[By reversal law] 


[. (At! = A] 


EXAMPLE3 Prove that every square matrix can be uniquely expressed as the sum of asymmetric 


matrix and a skew-symmetric matrix. 
SOLUTION Let A be a square matrix. Then, 


A=3(A+A1) +5 (A-A7)=P+Q (say), where 


P=s(A +A’) and Q=5(A-A, 


ili 
Now, IneoPS = é a+a] = (A+at? 


= pt = 5 (AT + (AT?) 
= pl = 5 (AT +A) 
=> pl = 5(A+A) =P 


P is a symmetric matrix. 


[.. (kA) =k AT] 
[e-(AaB) =A +B] 
[. (A) =A] 


[By comm. of matrix add.] 


ih 
Also, of = (514-49) = 5 (A-ANl = 5 (aa 
Rowe Bt Lye BE Pe Se 
= Qh =F (AT-A) = - 5(4- A) =- 0 


Q is a skew-symmetric matrix. 
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Thus, A = P + Q, where P is a symmetric matrix and Q is askew-symmetric matrix. 
Hence A is expressible as the sum of a symmetric and a skew-symmetric matrix. 


Uniqueness: If possible, let A = R + S, where R is symmetric and S is skew-symmetric. 
Then, 


Al = (R+S)'=R' +57 
= iB wviptee's [.. R?=Rand S' =-S] 
Nowti,A =iR+ Gand A =k = S 
=r R=4(AtA) =P, 8 =5(A-A) =O 


Hence, A is uniquely expressible as the sum of a symmetric and a skew- symmetric 
matrix. 


EXAMPLE 4 If A and B are symmetric matrices, then show that AB is symmetric iff 
AB = BAi.e. A and B commute. 


SOLUTION AB is symmetric 


ran (AB)’ = AB 

rae B’ A’ = AB [.- (AB)! =B! A’] 

oa Pye *.° Bau B Spe SY TESG es 
matrices .. A =A,B A 


EXAMPLE 5 Show that the matrix B’ AB is symmetric or skew-symmetric according as A is 
symmetric or skew-symmetric. 


SOLUTION CASEI Let A be asymmetric matrix. Then, Al=A. 


Now, (B? AB)! = Bal (B’)! [By reversal law] 
= (B? AB)’ = B' ATB [.. BT)" =B] 
es (B’ AB)’ = B" AB [.. AT=A] 


B! ABisa symmetric matrix. 


CASEI Let A be a skew-symmetric matrix. Then, Al =-A. 


Now, 

(B! AB)’ = B! A’ B’)y? [By reversal law] 
= (B' AB)’ = B’ A™B [-.- (B")" =B] 
ar (B’ AB)’ = B'(—A)B [.. Ab=-A] 
=> (B' AB)! = — B! AB 


B' ABisa skew-symmetric matrix. 


EXAMPLE6 Show that all positive integral powers of a symmetric matrix are symmetric. 
SOLUTION Let A be asymmetric matrix and n € N. Then, 


A” = AAA... A upto n-times 


= (A")! = (AAA... A upto n-times)' 


nT 


— GN" = (At And. & Alupto n-times) [By reversal law] 
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ny" Te an if 
= (AT HA) =A [.. A =A] 
Hence, A” is also a symmetric matrix. 


EXAMPLE7 Show that positive odd integral powers of a skew-symmetric matrix are skew-sym- 
metric and positive even integral powers of a skew-symmetric matrix are symmetric. 


SOLUTION Let A be a skew-symmetric matrix. Then, Ale = A; 


We have, an = (Al)" forallne N. [See Ex. 6] 
(A")" = (- A)" [.- AT=-A] 
= (a9? = 1" A" 
28 (Ary? = 3 : n 5 even 
-A’ ifnisodd 


Hence, A” is symmetric if n is even and skew-symmetric if n is odd. 
EXAMPLE8 Let A and B be symmetric matrices of the same order. Then, show that 
(i) A+ Bisa symmetric matrix 
(ii) AB— BA is a skew-symmetric matrix 
(iii) AB+ BA is a symmetric matrix 
SOLUTION Since A and B are symmetric matrices. Therefore, 
A’=AandB! =B. 
(i) We have, 
(A+B) =A’ +B =A+B [.. A) =A,B! =B] 
a A+B is symmetric 
(ii) We have, 
(AB—BA)! = (AB)! - (BA)! 


= (AB - BA)! pA aA Be [By reversal law] 
=> (AB-BA)! = BA — AB [.. B’ =B, A’ =A] 
= (AB- BA)! = - (AB-BA) 


AB —- BA is skew-symmetric. 


(iii) Do yourself. 


ar2iie 
EXAMPLE9 Express thematrixA=| 4 5 3|asthesumofasymmetricanda skew-symmetric 
Zea 5 


matrix. 
SOLUTION We have, 
ce eee 3°42 
Ase £05) 2 Ves aA ee 8d 
245 pees 
2S ad wel na. 6a 5 
So, Ais Al =| acseal+/ 206 4/2P6 40 7 
> 2s ie Bees 5 © 7" 10 
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oak Ole ee ee eh eee 
and, ASAT a de S 3 Hl eek ele eeteeed 
a aie Wiel lake aks ad ha ae Me 
; 3, 3.58 
Let Pus (AeA) | Ge 58 
4 5 7h 5 
i 0-1 ¥% 
and, 0 ==(A-A)) = {A Oats 
: enh] WAY See 
Then, . 
giv guyses ible leg Og use 
Polaris To Se 5.74 ae 
5 7h 5 52 74 5 
eh Rag f. 1 = Q=-1.% 
and, Chats ahiqn= ys ys pom Sere ep So 4 ' 1249 
silo otoceeG ie = 1A 80 LAtiGgrye @ 
Thus, P is symmetric and Q is skew-symmetric. 
Also, 
352 = 35 Or ttae 5. 2a 
P+Q0=13 5 “wAl+| 1 0 %1=|4 Sta aA 
52 7h 5 -% %0 ae es 


Thus, we have expressed A as the sum of a symmetric and a skew-symmetric matrix. 


EXAMPLE 10 A matrix which is both symmetric as well as skew-symmetric is a null matrix. 
SOLUTION Let A = [a;] a matrix which is both symmetric and skew-symmetric. 


Now, 
A = [a;;] is a symmetric matrix 
= ay = a; for alli, j iy 
Also, 
A = [aj] is askew-symmetric matrix. 
ay = —a; foralli,j 
a ay = —ay foralli,j ..-(ii) 


From (i) and (ii), we have 


ay = —a;; foralli,j 
= 2ajj = 0 foralli,j 
= aj = 0 forallt,j 
= A = [aj] is a null matrix. 


EXERCISE 5.5 
1. IfA= F 4 prove that A — Alisa skew-symmetric matrix. [CBSE 2001] 


ALGEBRA OF MATRICES 2200 


Jee lh Ar ; mit show that A— A! isa skewsymmetric matrix. 


Rea 
3. If the matrix A=|y z -—3]is asymmetric matrix, find x, y,z and t. 
4 ¢t 


oid. £ 
Aue lete As 1 4 3 |. Find matrices X and Y such that X+Y=A, where X is a 
Se NS) 
symmetric and Y is a skew-symmetric matrix. 
£ -—2 = 1 
5. Express the matrix A=| 3. 5 7 |as the sum of a symmetric and a skew-sym- 
i= 2 1 
metric matrix. (CBSE 2008] 
6. Define a symmetric matrix. Prove that for A -| : | A+A' isa symmetric matrix 


where A! is the transpose of A. 


7. Express the matrix A = | ois as the sum of a symmetric and a skew-symmetric 


al 
matrix. 
ANSWERS 
ome 2 0w 
$e =4y=2,2E€Ct=-3 84..X=|) 34-4 |, Y=|-% 0 -1 
724 8 —-Y¥rri 0 
4 %0 0 -% -1 
5. Symmetric matrix =| 52 5 54 | Skew-symmetric matrix=| 4% 0 % 
0* 1 deat =0 
é 4H. AEB) pepe BifD . 1 Ontwne de 
7. Symmetric matrix = [2 3/2 -1 ] Skew symmetric matrix -| 5/2 4 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


4. If Ais an m xn matrix and B is n x p matrix does AB exist? If yes, write its order. 


9d Nae Sater | 
2Ali A= and B=|2 += 2/|. Write the orders of AB and BA. 
2S Aly ss 1 3 
mT. So _|-4 : 
Bg. 1A 1 5 and B-| 3 | waite AB. 
1 
4. If A=|2], write AA’. [CBSE 2009] 
3 
5. Give an example of two non-zero 2 x 2 matrices A and B such that AB =O. 
eripi=|ce: |. find A+ A’. 7, fAz=|* YI, write A? 
Be 7. OM: 


8. tA=| ety S20 £ |, find x satisfying 0 <x <5 when A+ AT =1 
—sinx cosx 2 
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9. IfA -(% x —sin ‘| find AAD 
sin X cos x 


10. If | +2 R | = I, where I is 2 x 2 unit matrix. Find x and y. 
y — 


di fA i t a | satisfies the matrix equation A? =kA, write the value of k. 


12. IfA -| [satisfies ae = iA, then write the value of A. 
P 2 
ASew lt Ar ee: -1 , find A°. 
Own. OF = : 
s 3 
14. If A= A —1 ,find A>. 
0 O- : 
15. IfA= Deca. 
: me —3 


16. If[x 2] ‘i find x 


17. If A = [aj] is a 2 x 2 matrix such that 4;;=1+2j, write A . [CBSE 2008] 


: : ade Woh 3. = 6 
18. Write matrix A satisfying A + Z 1 | = ie 3 | ‘ 


19. If A =[a;;] is a square matrix such that aj; = co 7, then write whether A is symmetric 
or skew-symmetric. 


20. For any square matrix write whether AA’ is symmetric or skew-symmetric. 
21. If A =[a;] is a skew-symmetric matrix, then write the value of = a;;. 
i 
225 tea — [aj i is a skew-symmetric matrix, then write the value of == aij 
ij 
23. If A and B are symmetric matrices, then write the condition for which AB is also 
symmetric. 


24. If B is a skew-symmetric matrix, write whether the matrix AB A! is symmetric or 
skew-symmetric. 


25eeltabsisva symmetric matrix, write whether the matrix AB A_ is symmetric or 
skew-symmetric. 


26. If A is a skew-symmetric and n € N such that (A”)! =), A", write the value of 2. 


27. If A is a symmetric matrix and neé N, write whether A" is symmetric or skew- 
symmetric or neither of these two. 


28. If A is a skew-symmetric matrix and n is an even natural number, write whether 
A" is symmetric or skew-symmetric or neither of these two. 

29. If A is a skew-symmetric matrix and n is an odd natural number, write whether 
A” is symmetric or skew-symmetric or neither of the two. 


30. If AandB are symmetric matrices of the same order, write whether AB-—BA is 
symmetric or skew-symmetric or neither of the two. 
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31. Write a square matrix which is both symmetric as well as skew-symmetric. 
: ; EG} y 0 Bivi6 
32. Find th Y * | = 
ind the values of x and y, if 2 lo | + t | F : [CBSE 2008] 
x+3 Ain | oa | oe 
Sanat F re: | = E i find x and y [CBSE 2008] 
34. Find the value of x from the following: a ~Y j a : 7 3 [CBSE 2009} 
; ox Vee te 
35. Find the value of y, if = {CBSE 2009] 
x 5 ee! 
‘ «ef SX+Y — oe 
6. F gt ats 
3 ind the value of x, | ye 8 eS | [CBSE 2009] 
37. If matrix A = [1 2 3], write AA’. [CBSE 2009] 
ANSWERS 
nthe 12 3 
1. Yes, mxp 23 2x2 and 3x3 x | 4,;2 4 6 
2 
)* eye Ue) 
FY 2S) PO FFG 4 8 hel) 
canbe tied ele.2c] salt 
a 10 fa i 
8. 3 2: E i 10. x=0,y=-2 12 12. 8 
81 0 oh Be) 
13. -A or 14. A 15. ‘i 4] 16.7—2 |} 1%: fs 4 
18. EB ‘. < i] 19. skew-symmetric 20. symmetric 
21. 0 226.0 23. AB=BA 
24. skew-symmetric 25. symmetric 26. (-1)” 27. symmetric 
28. symmetric 29. skew-symmetric 30. skew-symmetric 31. null matrix 
32. x=3,y =3 33. x=2,y=7 34. x=2 35. y=1 36. x=1 37. 14 
MULTIPLE CHOICE QUESTIONS (MCQs) 
yd § ee 8 
dait A=|0" 1 Oi then A’ is equal to 
a Sort 
(a) a null matrix (b) a unit matrix (c) -—A (d) A 
2 1A =|) A né N, then A*” equals 
0-7 0 0 0 0 i 
@ lle © ero] © fo enfea~ Abdyral 
3. If A and B are two matrices such that AB = A and BA = B, then B? is equal to 
(a) B (b) A (c) 1 (d) 0 
4. If AB=A and BA =B, where A and B are square matrices, then 
(a) B?=Band A*=A (b) B? # Band A*=A 
(c) A?#A, B?=B (d) A?#A,B’#B 
5. If Aand Bare two matrices such that AB = B and BA = A, then A’ + B’ is equal to 


(a) 2 AB (b) 2BA (c) A+B (d) AB 
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k 
cos oe Sin@oe 
6. If Y ee om = E 4; then the least positive integral value of k is 
ae 5 7 
(a) (b) 4 (c) 6 (d) 7 


7, If the matrix AB is zero, then 
(a) It is not necessary that either A =O or, B=O 
(b) A= OorB=O 
(c) A = OandB =O 
(d) all the above statements are wrong 


a 00 
8. LetA=|0 a 0|,then A” is equal to 
QO) @ 
qt 0 0 a” 0.0 qr 0 0 na 0 0 
(a) Ok aeOl = ()|0 a.0| (c) | Ow Oy te) Oe ne 0 
0 0a 0 0a QO) a 0 O na 
9. If A, B are square matrices of order 3, A is non-singular and AB = O, then Bisa 
(a) null matrix (b) singular matrix 
(c) unit matrix (d) non-singular matrix 


fig, ‘O70 Le atts HE 
105 1A Oland B=|b; bz 63}, then AB is equal to 
n Cy 2 C3 
(a) B (b) nB (c) B" (d) A+B 
item tien { il , then A” (where n € N) equals 


1 nea 1 na n na 
w |} ic [5 0 @ [5 


1 x bes 2ay 
es We yal =) 0 {and B=|0 1 
0 1 0 0 


0|and AB = 13, then x + y equals 
1 
( 


(a) 0 (b) -1 e)2 (d) none of these 
13. IfA= ; “i}2-(3 =i and (A + B)* = A* +B’, values of aand bare 
(a) a=4,b=1 (b)a=1,b=4 
(@) a= OS 4 (Gh) iS los 2! 
| 14. A=|" P| isauch that A* =I, then 
(a) 1+0°+By=0 (b) 1-07 +By=0 
(c) 1-07? - By=0 (d) 1+0°-By=0 


15. If S =[5;] is a scalar matrix such that s;;=k and A is a square matrix of the same 


order, then AS = SA =? 
k 
(a) A (b) k+A (c) kA (d) kS 


If A is a square matrix such that ee A, then (I + Ay -7A is equal to 
(a) A (b) I-A (ciel (d) 3A 


16. 
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17. 


18. 


19. 


20. 


PA 


22. 


23. 


24, 


25. 


If a matrix A is both symmetric and skew-symmetric, then 


(a) Aisa diagonal matrix (b) Aisa zero matrix 
(c) Aisa scalar matrix (d) A is a square matrix 
0 5 -7 
The matrix} —5 Ome isis 
POSTS AU 
(a) askew-symmetric matrix (b) asymmetric matrix 
(c) a diagonal matrix (d) an uppertriangular matrix 
If A is a square matrix, then AA isa 
(a) skew-symmetric matrix (b) symmetric matrix 
(c) diagonal matrix (d) none of these 
If A and B are symmetric matrices, then ABA is 
(a) symmetric matrix (b) skew-symmetric matrix 
(c) diagonal matrix (d) scalar matrix 
IfA= i 3| and A= Al, then 
y 0 
(a) x=0,y=5 (b) x+y=5 
(c) x=y ; (d) none of these 
If A is 3 x 4 matrix and B is a matrix such that A’B and BA’ are both defined. Then, 
B is of the type 
(a) 3x4 (b).3.x3 (c) 4x4 (d) 4x3 


If A = [a;;] is a square matrix of even order such that a;; = ee fier then 
(a) Aisaskew-symmetric matrix and | A | =0 

(b) A is symmetric matrix and | A | is a square 

(c) Ais symmetric matrix and | A | =0 

(d) none of these. 


ThA pee tO) Pin enA! 4A = iy it 
sin@ cos@ 


(a) 0=nn,neZ (b) 8 = (2n+1)F,neZ 
(c) @=2nn+5,nEZ (d) none of these 
ZED) ~'3 
IfA=| 4 3. 1|is expressed as the sum of asymmetric and skew-symmetric 
nS Aas 
matrix, then the symmetric matrix is 
202 = 4 Cae Sere 
(2) bap hed ee 4 (oy Pips 4 7 
-4 4 2 oleh af 2 
LS oat foie, ial Vibro 
(che| idee 18 (PFO Seid 20 
-§ 5A OW Oa 
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26. Out of the given matrices, choose that matrix which is a scalar matrix: 
0 0 000 Pe 
a (b) | (c) |0 0 (d) |0 
(a) i °| 0=0 0 0 0 0 
27. The number of all possible matrices of order 3 x 3 with each entry 0 or 1 is 


(a) 27 (b) 18 (c) 81 (d) 512 


28. Which of the given values of x and y make the following pairs of matrices equal? 


3x +7 Se 2 
Yt -2= 3x18 4 


1 2 
(a) a VR, (b) U3 Ie Le 
(c) x=- ; j,4= -2 (d) Not possible to find 
20 li De * and kA = Ofee then the values of k, a, b, are respectively 
i “13 -4 2b 24)’ 
(a) —6,-12,-18 (b) —6,4,9 (c) —6,-4,-9 (d) -—6, 12,18 
kG Sete Out _| cos@ sin®@ 1 
30. If I = E a3 = ce a |ands = Bee sn | then B equals 
(a) Icos8+Jsin® (b) Isin@+Jcos® 
(c) Icos8-—Jsin® (d) —Icos 8+Jsin® 
ie ay 
31. The trace of the matrix A =| 0 Jo" Silas 
11 8 9 
(a) 17 (b) 25 (Gy) (d) 12 


32. If A =[a;j] is a scalar matrix of order n xn such that aj; =k, for all x, then trace 
of A is equal to 


(a) nk (b) n+k (c) = (d) none of these 


ANSWERS 
1. (b) 2. (c) 3. (a) 4. (a) 5. (c) 6. (d) omta) 8. (c) 
9. (a) §-10.-{b)~ “11 ay) "12. (a) 13. (bh) ate Tate ai 
17. (b) 18. (a) 19. (d) 20. (a) 21. (c) 22. (a) 23. d) 24. (c) 
25. a) 26. (a) 27a ta) 28. (d) yi ae (0) 30. (a) 31. "(a) 32. (a) 


SUMMARY 


A set of mn numbers (real or imaginary) arranged in the form of a rectangular array 
of m rows and n columns is called an m x n matrix. 


2. A matrix having only one row is called a row matrix. 
3, A matrix having only one column is called a column matrix. 


A matrix in which the number of rows is equal to the number of columns, say n, is 
called a square matrix of order n. 
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5. 


Sh 
10. 


The elements a;; of a square matrix A = [a,j], , for which i=], ie., the elements 
A341, 472, «+. , ayy are called the diagonal elements and the line along which they lie is 
called the principal diagonal or leading diagonal. 
A square matrix A = [4;/],, x, is called a diagonal matrix if all the elements, except 
those in the leading diagonal, are zero 
ie., a =0 fori #). 
A square matrix A = [4;],, ., is called a scalar matrix, if 

(i) aj, =0 for alli #7 
and, (ii) a;;=c for alli, where c #0. 
A square matrix A = [aj], x, is called an identity or a unit matrix, if 

(i) aij = 0 for alli #j 
and, (ii) a;;=1 for alli. 

A matrix whose all elements are zero is called a null matrix or a zero matrix. 
A square matrix A = [a;] is called 
(i) an upper triangular matrix, if a;;=0 for alli >] — 
(ii) a lower triangular matrix, if a;; = 0 for alli <j. 


11.- Two matrices A = [4jj] nx» and B = [Bilin x n Of the same order are equal, if 


ae 


13. 


aj = bj for ALi 1 2rics tite oof Sky dyisne, 1 
If A = [4jj)in x n and B= [biglm xn are two matrices of the same order m x n, then their 
sum A + B is an m Xx n matrix such that 
(A +B), =a; + bj fort=1,2,...,m BNO ek 27070 anit 
Following are the properties of matrix addition: 
(i) Commutativity: If A and B are two matrices of the same order, then 
A+B=B+A 
(ii) Associativity: If A, B, C are three matrices of the same order, then 
(A+B)+C=A+(B+OC) 
(iii) Existence of Identity: The null matrix is the identity element for matrix addition 
Le 
A+O=A+OxA 
(iv) Existence of Inverse: For every matrix A=[djj]nxn there exists a matrix 
-A=[-4ijlmxn Such that 
A+(-A)=O=(-A)+A 
(v) Cancellation Laws: If A, B, C are three matrices of the same order, then 
A+B=A+C => B=C and, B+A=C+A => BEC. 
Let A = [a,j] be an m x n matrix and k be any number called a scalar. Then, the matrix 
obtained by multiplying every element of A by k is called the scalar multiple of A 
by k and is denoted by kA. Thus, kA =[k dij] xn 


Following are the properties of scalar multiplication: 
If A, B are two matrices of the same order and k, | are scalars, then 


(i) k(A+B)=kA+kB 
(ii) (K+ 1D A=kKA+IA 
(iii) (kl) A =k (IA) =1 (KA) 


5.62 


14. 
15. 


16. 
We 


18. 


19. 


20. 


2An 
p22, 


205 
24. 


MATHEMATICS-XII 


(iv) (-k) A=- (kA) =k (- A) 

(v) 1A=A _ 

(vi) (-1)A=-A 

If.A and B are two matrices of the same order, then A - B= A+(-B). 

Two matrices A and Bare conformable for the product AB if the number of columns 


in A is same as the number of rows in B. 
IfA =[4jj)mxn and B = [bj], x pare two matrices, then AB is an m x p matrix such that 


n 
(AB)jj = > fir by 
r=1 

Matrix multiplication has the following properties: 
(i) Matrix multiplication is not commutative. 
(ii) Matrix multiplication is associative i.e., (AB) C=A (BC) 
wherever both sides of the equality are defined. 
(iii) Matrix multiplication is distributive over matrix addition 
ie, A(B+C)=AB+AC and (B+C)A=BA+CA 
wherever both sides of the equality are defined. 
(iv) If Aisanm xn matrix, then I,, A=A=AI1, 
(v) If Ais an m xn matrix and O is a null matrix, then 

Amxn On xp = Om x p ANd Op xm X Am x n = Op xn 
ie., the product of a matrix with a null matrix is a null matrix. 
If A is a square matrix, then we define A=A anda’ =A"-A 


If A is a square matrix and dg, a1, ... , a, are constants, then 
=I = : : : 
ay A” +a, A" * +a A” ee A, -1A+a, iscalled a matrix polynomial. 


Let A= [aj] be an m xn matrix. Then, the transpose of A, denoted by al is an 
i X m matrix such that 


(A’);i = Gj for all?=1, 2, m;j =1, 2, ..., n. 
Following are the properties of transpose of a matrix: 
(i) (A’) =A (ii) (A+B)' =A’ +B? 
(iii) (kA)’ =k AP (iv) (AB)' =BT AT 
(v) (ABC)’ =C! Bt at 
A square matrix A = [aj] is called a symmetric matrix, if 
aj; =a; for alli,j <> A=A™ 
A square matrix A = [a,j] is called a skew symmetric matrix, if 
ay = —a;foralli,j = Al=-A., 
All main diagonal elements of a skew-symmetric matrix are zero. 


Every square matrix can be uniquely expressed as the sum of a symmetric and a 
skew-symmetric matrix. 


All positive integral powers of a symmetric matrix are symmetric. 
All odd positive integral powers of a skew-symmetric matrix are skew-symmetric. 


DETERMINANTS 


6.1 DETERMINANTS 


DEFINITION Every square matrix can be associated to an expression or a number which is known 
as its determinant. If A = [aj] is a square matrix of order n, then the determinant of A is denoted 


by det A or, | A| or, 


44, 42 «=: ay; oss Ay 
@2, 492 +. 49; «+s Adon 
4i1 ai sits ai; ate ain 
By Any 4n2Q >: anj --+ Ann 


6.1.1 DETERMINANT OF A SQUARE MATRIX OF ORDER 1 
If A = [a4,] is a square matrix of order 1, then the determinant of A is defined as 
[A] =a or, Jan | = 41 
6.1.2 DETERMINANT OF A SQUARE MATRIX OF ORDER 2 
prope 44, 442 |. : ; : . 
if A= ayn Gs is a square matrix of order 2, then the expression a1 A) — 417 4; is defined 
21 
as the determinant of A. 


44, 442 


i.e. | A| = pinta 


= 441 492 — 442 491 ses{i) 


Thus, the determinant of a square matrix of order 2 is equal to the product of the diagonal elements 
minus the product of off-diagonal elements. 


ILLUSTRATION 1. Evaluate: 


: a ou! be sin8 cos@ ree x-1 1 
os BD Ci) cos@ sin@ (ili) Ee a 
: +xyty’ x+y 1 logy 4 
(iv) 2 2) (v) lo b {i 

x =xy ty xX y 8a 


SOLUTION By definition, we have 


(i) re i =5x3-4x-2=15+8=23 

(ii) es ee = sin? 6 — (— cos” 6) = sin? @+.cos@ =1. 

(iii) ae 5 . E(x tee— r= -1)-Kr =-1. 
Xs Ke tei 
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(iv) oxy ty ree, =e +xy+y) (x-y)-(P-xy ty) (x+y) 
x -xy+¥ x= 2 
= (P-)-@ +) =—2y 
1 log, b | _ Pare oT geatkes 
(v) log, b 1 =1-log,a-log,b=1-1=0 li Og), 4 log, B 


6.1.3 DETERMINANT OF A SQUARE MATRIX OF ORDER 3 
Ay, 442 413 
If A=| 421 422 43 | is a square matrix of order 3, then the expression 
43; 432 433 
Ay1 477 433 + 447 423 431 + 443 932 421 — 441 423 932 — 422 413 931 — 412 421 433 
is defined as the determinant of A 1.e. 
44, 42 43 
| A |= |421 422 423 
43, 432 433 


i} 


Ay 927 433 + 442 493 431 + 443 432 421 
— Ay 473, 439 — A792 431 943 — 933 412 421 ..-(ii) 
44, 42 443 
or, | A | = |@1 422 43 
43; 432 433 


= | A | = 444 (492 433 — 423 432) — 412 (433 421 — 423 431) + 443 (432 421 — 422 431) 
492 493 a4 42, 422 
= PN oat vial ery ee C6: +4y3 
32 433 431 4933 431 432 


[Using notation given in (i)] 


es 1+1 A22 423 1+2 oA ee nd 
=  |Al=C0'*tan |, Sp ea pee fas 
32 433 43) 433 
14+3 Ax, Ago) 
+ Cd) eis 
43; 439 


Thus the determinant of a square matrix of order 3 is the sum of the product of elements ay; in 


first row with (— 1) '*7 times the determinant of a2 x 2 sub-matrix obtained by leaving the first 
row and column passing through the element. 


The above expansion of | A| is known as the expansion along first row. For example, if 


Smi= 2 om 
A=|1 B2 1 |is a square matrix of order 3, then 
ITS Epes ah 
Pe ee 
AT eee es 
Oo ol at 
=. RAT eit 2 1+2 1+3 Hay? 
me fae 1) Go 2) 19 ten -4 ct 
= | A | Ye Te =: te a 
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There are three rows and three columns in a square matrix of order 3. The expression 
(ii) for the determinant of a square matrix of order 3 can be arranged in various forms 
to obtain the expansion of |A| along any of its rows or columns. Infact, to expand | A | 
about a row or a column we multiply each element aij in i row with (- 1) */ times the 
determinant of the sub-matrix obtained by leaving the row and column passing through 
the element. 


For example, 


44, 412 443 


| A | =|421 422 493 
9314. 852.933 
2+1 Api ie B | 2+2 Poy ale) 2+3 Qhiy 3442 
= A.| = 1) a +(-1 a +(-1 a 
| A | BUD yey ee) MISS Pe EY 9S I an. 
is the expansion of |A| about second row. 
The expansion of |A| about 2nd column is given as 
Ay, a ay, a ayy 4a 
Aspe) ita 1 ae <) SP ee Lk) ach ys Les 
PB href eet eat fa crete 4 ae oir fringe ee ean danas opel 
po es 
ILLUSTRATION 2 EvaluateA = | 1 2 3] byexpanding it along the second row. 
= 
SOLUTION By definition, we have 
25302 
Ais) dee eS 
cv ay Ue 
ne 2+1 a eet ar || ete ye FS el oS 
= et Tear ey yen 1) 2 | a) aes +(-1) 3 aes i 
pb! AB Re aA ae spas 
ii 7 F ti ne | ete) i 
=> = —(-9 +2)+2(-6-4)-3 (2+6) = 7-20-24 = —37. 
pam ce Canes 
ILLUSTRATION 3 Evaluate the determinant D= | 1 2 3) by expanding it along 
=2) WL ie-3 
first column. 
SOLUTION By definition, we have 
2. 3) SZ 
Dy= 1 9T2) 3 
=-2) 1-=3 
- 1+1 DUES a gel 4) 18) 27 4 eer ae, (O02 
= D = (-1) Zab aA + (—1) 1 F _3|t( 1) ( |) 3 
cee oo kl ato & 
a p= 21) 4 Fi be 2/3 5 
=> D = 2(-6-3)-(-9+2)-2(9 +4) = —-18+7-26 = -37. 


NOTE1 Only square matrices have determinants . The matrices which are not square do not have 
determinants. 


NOTE2 The determinant of a square matrix of order 3 can be expanded along any row or column. 
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NOTE3 If a row or a column of a determinant consists of all zeros, then the value of the 
determinant is zero. 


6.1.4 EVALUATION OF THE DETERMINANT OF A SQUARE MATRIX OF ORDER 3 BY USING 
SARRUS DIAGRAM 


The determinant of a square matrix of order 3 can be evaluated by the following procedure: 
palin Cg gt: 
Consider the determinant |42; 422 23]. 
Ogi < 432) 433 
Enlarge the determinant by adjoining the first two columnson the right and draw broken 
lines, as shown below, parallel and perpendicular to the diagonal. 


(al Cea les SO 
~ 


AS) fa 433 ee AS 432 
The value of the determinant is the sum of the products of elements in lines parallel to 
the diagonal minus the sum of the product of elements in lines perpendicular to the 
diagonal. 

hte Saabs aie! 
i.e. A914 999 473 

M3, 432 433 

= Aq1 Ap2 433 + 442 473 431 + 413 491 432 — 443 922 431 — 411 423 432 — 412 421 433 


NOTE This method does not work for determinants of order greater than 3. 


$2 MS 
ILLUSTRATION4 Evaluate A=|4 1 2) by using Sarrus diagram. 
Ley Ss 


SOLUTION First we enlarge the determinant by adjoining the first two columns on the 


right and then draw the broken lines parallel and perpendicular to the diagonal as 
shown below. 


oe 

1 5 ee 

Noy, A = [2x1x5+(-1)x2x1+3x4x(-1)] 
-(3x1x1+2x2x(-1)+(-1)x4x5] 


=> ~— ‘A= [10-2-12]-[3-4-20]=(-4)-(-21) =17. 
pets Wounds 
ILLUSTRATION 5 Evaluate A=| 2 1 11 by two methods. 
4s 1 = 3 
SOLUTION. We have, 
ets os 1 2 ae 2 ol 
A=-1), zee he pix Toot 1| [Expanding along first row] 
=> A = -(-3-1)-6(-6-4)-2 (2-4) 
= A = 4+60+4=68 


To find A by a Sarrus diagram, first enlarge the determinant by adjoining the first two 


columns on the right and then draw the broken lines parallel and perpendicular to the 
diagonal as shown below 
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peers 
Now, NEEM Ba Net co BLEEP A Ls Lov oy 


= A =[3+24-4]-[-8-1-36]= 


6.1.5 DETERMINANT OF A SQUARE MATRIX OF ORDER 4 OR MORE 


To evaluate the determinant of a square matrix of order 4 or more we follow the same procedure 
as discussed in evaluating the determinant of a square matrix of order 3. 


For example, 


pe ae oe 
ot ble Gg! Gee) 
erry Chiles it 
= 022 
Ws tear 3 pe eee tee) 
=> ERS gE I ef Fe Ras Oe CS 
‘eng paged si peeloney 
te See tens To ADE ee 2S 
#11 6-(-1)> 13. 1h Ga e138. eRe 
: 13213 (rat en 
=> A = 1(16)—2(12) + (-1) (-11)-3 (14) = -39. 


REMARK It is evident from the above discussion that every square matrix A = [aj] of order n 


can be associated to a number (real or complex) or an expression which is called determinant of 
the square matrix A. Thus, determinant may be thought asa function from the set M of all square 
matrices to the set of all numbers (real or complex). 


6.2 SINGULAR MATRIX 
DEFINITION A square matrix is a singular matrix if its determinant is zero. Otherwise, it is a 
non-singular matrix. 


ae ee 5 a} 
ILLUSTRATION 1 For what value of x thematrixA =|1 2 1 jis singular? 
2 SpA EES ache 
SOLUTION The matrix A is singular, if 
| A| =0 
1. +255 °S 
> TL 2g etd) 
be he el te) 
2 tg ih pay ee Lele 
=> 1 fp ealee |b Mg 3|2 50 
=> (—6—2) +2 (© 3—x)4+3:(2 —2%) = 
= -8-6-2x+6-6x =0 > -8x«-8=0>5%=-1. 


ILLUSTRATION 2 Determine the values of x for which the matrix 


Kishilenides S 4 
Ade hea Oo eee ee is singular. 
4 Ife ek = 6 


SOLUTION Given matrix A is a singular matrix, if 
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Pair 
x+1 -3 4 
=> -5 x+2 Z =a) 
4 i X= 6 
Xo 2) ee = 2 =—§ FF 2) _ 
e: scaae a ies) poeta 4 x6 +4 sped p 


(x +1) (x + 2) (x— 6) 2} +3 [- 5x + 30-8} + 4 (-5-4x-8} = 
(x +1) (x2 — 4x - 14) +3 (— 5x + 22) + 4 (- 4x - 13) =0 

x (x* - 3x — 49) =0 

x=0, x= (3+ V205) 


{ Vudy 


6.3 MINORS AND COFACTORS 
MINOR Let A=[a,] be a square matrix of order n. Then the minor My of aj A os is the 


determinant of the square sub-matrix of order (n — 1) obtained by leaving i " row and j' j * column 
of A. 


For example, if A -| e Sei. 4 , then 


Del o2 
My, = Minor of ay, = 2, My2 = Minor of a}2 = —3, 
M>, = Minor of ag, = —7, Mz = Minor of az) = 4 
1 Zee 
Tf As) 35) 260- Inj, then 
a =4 3 
My, = Minor of ay, 
= M,, = Determinant of the 2 x 2 square sub-matrix obtained by leaving 
first row and first column of A 
2 
= My = _4 e} = Bae 
Similarly, we have 
: = 37 = il 
M2 = Minor of a, = | > 5; 7 
; =e) 3 
M = = = 
13 = Minor of 413 | ee A 8 
: 253 
M>y, = M = = 
1 inor of a51 |. 4 4 18 
ey WE ee 
Mp» = Minor of a9 = eae an Ctc. 
COFACTOR Let A = [a;;| be a square matrix of order n. Then, the cofactor C;; of aj in A is sue 
to (— ay */ times the determinant of the sub-matrix of order (n — 1) obtained by leaving i” row 


and j" column of A. 


It follows from this definition that 


Cj = Cofactor of aj in A = (- ae Mi, where Mj; is minor of aj in A. 
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Thus, we have 
ee My if i+j is even 
4 -M; if i+j is odd 
For example, 


fA=| 5 3 | then 
1 
C= 1)! My = My =2, C= 1) *? My =- My) =~ (-3)=3, 


Cy = (— 1)? ** My) =-My, =-(-7)=7, and Cy =(-1)2*2 My =4 


1 2 3 
If A=| -3 2 -1 |,then 

[ 2 -4 3 
Cy = (1) *'My = My = 3 = 2, 
Cae C1? My = My = [3 4 ee aol 

, - 2 

Cry = C1)? Mig = Maa = | : a = 8, 
Ce 1-1)" $5 = — Ma, == : sy =" etc. 


REMARK Some authors define the minors and cofactors for the elements of a determinant which 

is not correct. Infact, minors and cofactors are defined for the elements of a square matrix. 
ILLUSTRATIVE EXAMPLES 

EXAMPLE1 Evaluate the determinant 

log3 512 log43 

log; 8 log49 

SOLUTION We have, 


log3512 log,3 
log3 8 log, 9 


log3 9? log, 3 
log; y af log, 3? 


9 log; 2 5 logs 3 
= A= E log,p m” = 


> log, m 
3 log; 2 5 log, 3 


9 logs 2 ; logs 3 
3 log; 2 log, 3 


J 
> 
I 


(9 log 2) x (logy 3) — ¢ logs 3 (3 log3 2) 
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=> A = 9 (log 2 x log 3) — > (1082 3% 1085 2) 

= A=9-3 E logy ax log, b = 1] 
15 

=> A= > 


EXAMPLE 2 If [-] denotes the greatest integer less than or equal to the real number under 
consideration, and -1<x<0,0sy<1,18z<2, then find the value of the determinant 


[xJ+1  [y] [z] 
[xj tye [zi 
[x] fyy lz) +2 


SOLUTION We have, 


Nee 


=j5-<0, 0syaland 1) sz <2 


=> [x] = -1, [y] = Oand [z] = 

[x]+1 [y] [z] 

Are) aie) ely te) 

[x] [y] [z]+1 

OS OF 
= A=j|-111 

ail (0) 
= A = 0x A 5|-2x|2t +1x iy ; [Expanding along first row] 
= A = 0(2-0)-0(-2+1)+1x(0+1) = 


les 
aA 
SOLUTION We have, 


EXAMPLE 3 If A = | ina the determinant of the matrix Armee. 


sone 

- eas 

- 2A =| 7 a eal =laea cosine 
ee = |? &| = 25-0 = 25. 


EXAMPLE 4 Evaluate the determinant 


1 sin 8 1 | 
A = |-sin@ 1 sin ®@ 


Also, prove that2<A<4 
Sis ee sin: Bie | 
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SOLUTION We have, 


iL sin 0 1 


A = |-—sin@ 1 sin 6 
-1 —sin9@ 1 
e 1 sinO| _.. —sin® sin®@ —sin 8 1 
a ser aco Ra Bo | ee eh ge OSA tl ein 


{Expanding along first row] 


= A = 1x(1+sin* 6) —sin 0 (—sin @+sin 0) +1x (sin? +1) 
= A = (1+sin? 0) -04 (sin? 6+ 1) 
=> A = 24+2sin?9 
=> A = 2(1+sin’ 6) 
We know that 

—l1<sin@<1 for all 8 
=> 0<sin*0<1 for all 0 
= 1+0<1l+sin?6<1+1 for all 0 
=>. 1<1+sin?0<2 for all 0 
= 2<2(1+sin?6)<4 for all 0 
=> Dy hee for all 0 


EXAMPLE 5 Find the minors and cofactors of elements of the matrix 


1 “Si =2 
A = [a;] = 4-5 6 
Sa ee ee 


SOLUTION Let Mj and C; denote respectively the minor and cofactor of element aj; in 
A. Then, 


Miy= ie 5 2819-30 s2400S-C,¢ SN, S40 
Mig = E | RAS oO eM Ceca M10 
M43 = g ie =20+15. = 35 = Cy =. My =35 
My, = € “a Serene eee ot. 1, = 216 
Mos = E 3-246 =8 = Cn = Mo =8 

My3 = E ; =5-9 =-4 => Cy =-My = 4 

My = ke ~g| =18-10 = 8 = Cx, = Mz, = 8 
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Mz = F “4 =6+8 = 14 = Cao Mn=— lt 
M33 = r 4 =-5—-12 = -17 = C33 = M33 =-17 


x-2 ~3! _ 3 find the values of x. 
EXAMPLE 6 i | Be 4 3, find the va of 


SOLUTION 


Yrvy.d ga 


u 


EXAMPLE 


SOLUTION 


i 


et. 2b 


EXAMPLE 


We have, 


x-2 -3 
eed pee 


(x — 2) x 2x -(— 3) x3x = 3 
2x (x-2)+9x = 3 


=3 


2x* -4x+9x = 3 

2x7 +5x-3 = 0 

(2x -1) +3) = 0 
Ox — a0 Or eto =O 


1 
x=5 =o. 
as sin@ cos®@ 
7 Prove that the determinant |-sin® —-—x 1 |is independent of 9. 
cos 8 1 x 
We have, 
x sin® cos@ 
A= |-sinO —-x i 
cos6 1 i 
ete ah ale laa ='siO~= i = aioe = © 
Se ye LN eoeGox| oo cos@ 1 
A = x(-x*-1)-sin 0 (-x sin 0 —cos 6) +cos 0 (- sin 6 + x cos 8) 
A = -x°-x+xsin’ 6 + sin 0 cos @ — sin 6 cos 0 +x cos” @ 
A = -x°-x+x (sin? 0+ cos? @) 
A = -x°-x+x=~-x°, whichis independent of 0. 
gs Let | ¥| = |3 21. z; : 
aad Wee . Find possible values of x and y if x, y are natural numbers. 


SOLUTION We have, 


I 


Swen toe 
KO LPO TAP 
3-xy = 3-8 
xy = 8 


x=1y= 8;x=2,y=4x=4, y=2x=8, y=1 
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SOLUTION We have, 
Lier an Fak 
a=(j 3] 2 24 = [5 ‘| 


|Al=| 


EXAMPLE 9 y A-| |: show tat | 2A | =4|A|. 


24 


|=2-8=-6 and | 2A |= i 4 


= |2A | =-24=4x-6 =4]A| 


EXERCISE 6.1 


Write the minors and cofactors of each element of the first column of the following matrices and 
hence evaluate the determinant in each case (1-7) : 


pss ol 
1 A=|6 a4 2a=(7) | BA [4 1152 
3 ic) ed 
ly 6 be Ce eS ah & 
are! ba Ss. A= |r op 6. A= hb Ff 
) a ee eye al emf we 
2 -1 0 1 
_|-3 0 Lb. +2 
eet ta 2 dy 
2 -1 5 0 
8. Evaluate the following determinants: 
(i) x =7 (ii) cos@ -—sin®@ Gil) cos 15° sin 15° 
Be aye all sin 9 cos 8 sin 75° cos 75° 


a+ib c+id 


apie peie [CBSE 2008] 


(iv) 


9. Show that 


sin 10° -—cos10°| _ 1 
sin 80° cos 80°] — 


10. If 


3x | = 10, find the value of x. 


20 4, 


Fs 4 -3 
at? A=| 3 } Jana =| 3 S | verify that | AB |= | A | Bi. 


a a 


12; Evaluate }13 1765 
15" 20412 


13. Find the integral value of x, if 


14. For what value of xthe matrixA =| 1 x-1 1  |jis singular? 
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15. Evaluate| 7 1 —2| by two methods. 
-3 4 1 
0” smia —cos oe 
16. Evaluate (i) A = | —sina 0 sin B 
cosa —sinB 0 


i] 


cosacosB cosasinB -sina | 
(ii) A —sinB cos B 0 
sinacosB sinasinB cosa | 


17. IfA = , then show that | 3A | = 27|A |. 


oor 
or © 
em N R 


18. Find the values of x, if 


@ |2 4|=|2* 4 Gi) (2 Slaile® 2 
Saal er Orex PMc eH ee oil Poh d 
ANSWERS 
Minors Cofactors 
1 My, =—1,Mp>; = 20 Cy =-1,C,, =- 20 
2. My, =3, Mo, =4 Cy =3, Co, =-4 
oe My, =o 25 Cy Sal 
Mp) =~ 16, Cai = 16, 
M3; =— 4, C3,;=—4 
4. My, =a (b? = c*), Cy =a ( =s cy, 
My = b (a’ oy c*), Co aie b (a a @)} 
Mz, =¢ (a2 -b?) C31 =c (a? — b*) 
5. My =5, M2; =— 40, C11 =5, Co, = 40, 
M3, = — 30 C3, =-30 
2 
6. My =be-f*,My,=he-fg, Cy =be-f°, Coy = fg —ch, 
M3, = hf — bg ¢ C31 = hf — bg 
7. My =-9,M,=9, Cy =— 9, Co) =-9, 
M31 =— 9, Mg = 0 C31 =— 9, C4, = 0 
8. (i) 5x* + 8x (ii) 1 (iii) 0 Gv) a 4b +c7 ea" 
10. 2 12, 10. ile P2 14, -1,2 15. — 140 
16. (i) 0 (ii) 1 18. (i) +V3 (ii) 2 


6.4 PROPERTIES OF DETERMINANTS 


In section 6.1, we have defined the determinant of a Square matrix of order 4 or less 
Infact, these definitions are consequences of the general definition of the determinant Be 
a square matrix of any order which needs so many advanced concepts. These concept: 

are beyond the scope of this book. Using the said definition and some other re 
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concepts we can prove the following properties. But, the concepts used in the definition 
itself are very advanced. Therefore we mention these properties and verify them for a 
determinant of a square matrix of order 3. 

PROPERTY 1 Let A = [a;;] be a square matrix of order n, then the sum of the product of elements of 
any row ( aes’ with their cofactors is i iti equal to | A| or, det (A) i.e. 


E046; = |A| ‘and Bac f= |All. 
Ay. 42 943 
VERIFICATION Let A =| 4, 42 43 |be a square matrix of order 3. Then, by defini- 
&3; 432 433 
tion, we have 
41 42 413 
| A| = |421 422 493 
43, 432 433 


1+1 499 423 2 491 493 
JA, =(D'*1a +(-1)'*? ayy ‘i 
932 933 131 433 
+S Zonas 721, f22. [Expanding along first row] 
431 432 
OF, | A | = ay Cy +449 Cy2 ar 413 C13 [By def. of cofactors] 
Similarly, we have 
| A | = apy Coq + p92 Cop + 473 C3, 
| A | = a3; C3 + 439 C39 + 433 C33, 
| A | = ay Cy +421 Co1 +431 Cai ete. 


PROPERTY2 LetA=[aj ]bea square matrix of order n, then the sum of the product of elements 


of any row (column) with the cofactors of the corresponding elements of some other row (column) 
is zero i.e. 


a Cy = 0 and E ay i Cik = 


ai” “M2 “413 
VERIFICATION Let A=| 421 422 4923 |be a square matrix of order 3. Then, the sum of 
43) 432 433 
the product of elements of first row with the cofactors of elements in second row is given 
by 
Ay, Coq + 442 Cz2 + 443 C23 
ayy 412 
43, 432 


a2 443 2+2 2+3 

A392 4933 
= ayy (Ayo 433 — 473 439) + Ay (441 433 — 13 931) — 413 (11 432 — 912 431) 
2 () 

Similarly, we have 
Ay, Cai + 442 C32 + 413 Cag = 9, 


a4 913 
= ty Col) a eee col a aa LS 


ayy Cy ie a2 Ci2 te a93 C43 =0 etc. 
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PROPERTY 3 Let A = [a,j ]be a square matrix of order n,then| A|=|A |. 


By the abuse of language this property is also stated as follows : 
The value of a determinant remains unchanged if its rows and columns are interchanged. 


a by 
VERIFICATION Let A=] 4 0) Cz |be asquare matrix of order 3. 
a3 bz 63 
Cg eo ee BUS | 
Then, AT=| by by b3 
Cy Cp C3 
a by Cy 
Now, | A|=|42 bo ¢ 
a3 bz 63 
by ay C¢ ay b> 
1+1 oan 1+2 oes) eee ee 
=> | ANF ait | i 1) debs ies | le ah 
[Expanding along first row] 
=> | A | =a, (b> C3 — bz Co) — by (az C3— a3 Cy) + Cy (az b3—-43 b>) ma Si 
and, 
Ce Meee Ge) 
| AT | =|b1 by by 
frac. cs 
by b ay a ay a 
y ro re ee 2 May" Lee Ze Tel e5 Re 
= PASSE Oat tn dy cee 
[Expanding along first column] 
= | AT | =a; (bp c3 — bg cp) ~ by + (ay €3 ~ a3 C9) + Cy (az bg — a3 by) ...(ii) 


From (i) and (ii), we have 
r 
pA A |e 
PROPERTY 4 Let A=[aj; ]be a square matrix of order n (= 2) and let B be a matrix obtained 


from A by interchanging any two rows (columns) of A, then |B| =-|A|. 
Conventionally this property is also stated as : 


If any two rows (columns) of a determinant are interchanged, then the value of the determinant 
changes by minus sign only. 


a4 by Cy 
VERIFICATION LetA=| 4 09 Co |bea square matrix of order 3 and let B be the matrix 
a, bz C3 
obtained from A by interchanging first and third row i.e. 
a, b3 c3 
B= ay by C5 Y 
4 bh 
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a, by cy 
Then, |A[=|4 62 
a3 bz 63 
bo c rey te Ge 0 
= we ores} cae ie eee. mailer’ Ph ig 
| | ( ) ay bs C3 + ( 1) by k C3 + ( 1) Cy a3 bg 
[Expanding along first row] 
=a, (bz C3 = b3 Cp) = b; (a c3 me C>) ot Cy (ay b3 — ag bo) Alby) 
a, b3 C3 
and, | Bl =|4 by © 
my by Cy 
bn C¢ a. C a. Db 
nye ee Sl a, SSE oe? 3 ahs! ha.ouG 5 U3 
= PPIRCIN Thay | IRE T he BN GU Ren 
[Expanding along third row] 
bz C3 a3 C3 a3 bg 
- Fob need PS Gr flay col 1 lay Oe 
=~ | B | =a (b3 cp — bp €3) — by (@3 C2 — Az €3) + Cy (43 bz — Az b3) 
= | B | =— a, (bz cz — b3 Cz) + by (ag C3 — 43, Cg) — Cy (Aq bg — 3 bp) 
= | B | =— [aq (2 c3 — b3 Ca) — by (az Cz — 43 Cn) + Cy (Aq 3 — 3 b9)) std) 


From (i) and (ii), we obtain 
Pel = [4 i 
PROPERTY 5 If any two rows (columns) of a square matrix A=[a;, lof order n (2 2) are 
identical, then its determinant is zeroi.e. |A| =0. 
Conventionally this property is stated as: 


If any two rows or columns of a determinant are identical, then its value is zero. 


a by cy 
VERIFICATION Let A=| 42 bz C2 |be a matrix having first and third rows identical 
a b 
and let B be the matrix obtained from A by interchanging the first and third rows. Then, 
by property 4, we have 
Bolas epi] -=-(i) 
ah oy 
But, B =| 4 bz Cy |=A. Therefore, | B| =| A | -«(il) 
ma by 


From (i) and (ii), we obtain 

(A [= =A PP Seaypa Pars" A] = 0. 
PROPERTY 6 Let A=[a; ] be a square matrix of order n, and let B be the matrix obtained from 
A by multiplying each element of a row (column) of A bya scalar k, then |B| =k | A]. 
Conventionally this property is also stated as: 
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If each element of a row (column) of a determinant is multiplied by a constant k, then the value 
of the new determinant is k times the value of the original determinant. 


lay {6 

; sie be a square matrix order 3, and let B be a matrix 
VERIFICATION Let A=| 4 02 C2 
a3 bz 6% 


obtained from A by multiplying each element of second row by the same constant k, 
Gy Pip ch 
then B = | ka kb key |. Then, 


am by Cy 
| A | = |ao by Co 
a3 bz ¢3 
=> | A | = ay (bp 63-3 Cp) — by (a C3 — 43 Cg) + Cy (gq 3 — 3 bp) ...(i) 
ay by Cy 
ana, WeBtl a lkag kore, 
a3 b3 63 
=> | B | =a, (kbp C3 > kb3 Cp) =< by (kay C3:— ka3 Cp) + Cy (ka bz = kb, a3) 
[On expanding along first row] 
=> | B | Silk [ a, (bz C3 — b; C2) ore: by (a> C3 — a3 C2) + Cy (az bz = a3 b>)] ntl) 


From (i) and (ii), we obtain 
| B | =k) (aAl le 


REMARK 1 It follows from the above property that we can take out any common factor from any 
one row or any one column of a given determinant. 


REMARK 2 Let A = [a,j] be a square matrix of order n, then | kA | =k" | A |, because k is 
common from each row of kA. 


PROPERTY 7 Let A bea square matrix such that each element of a row (column) of A is expressed 


as the sum of two or more terms. Then, the determinant of A can be expressed as the sum of the 
determinants of two or more matrices of the same order. 


Conventionally this property is also stated as: 


If each element of a row (column) of a determinant is expressed as a sum of two or more terms, 
then the determinant can be expressed as the sum of two or more determinants. 


+O J, +B, +H 


VERIFICATION Let A = ay by Cp be a square matrix such that each 


a3 b3 C3 
element in first row of A is the sum of two elements. Then, 
a,+O, by +B, cy + 
| A | = ay by C5 
M3 b3 C3 
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by Cp fy C ay b 
=> Al= fe z 2 2 
| A | =(@, +) ae (by + By) eat, + (Cy +Y3) as 
[Expanding along first row] 
by C9 Ay C2 ay by 
rh 
a ip in by | [as ca| 1 |a5 dy 
[|b | 2 © Ay by 
+40 e 
[71 [bs c3| Pi a3 3) 1 |a3 bs 
a, by cy} | BY 
=> | A|=|a. by Cg|+ |ap by co 
a3 bz C3) |a3 bz C3 
a bh oo Bi 
=< \Mej= | B)]+|C\|, where B=| a bs €oa|) and) @=)aorebse cpm) 
a3, bz 63 a3 bz C3 


PROPERTY 8 Let A be a square matrix and B be a matrix obtained from A by adding to a row 
(column) of Aa scalar multiple of another row (column) of A, then |B| = | A]. 
This property is conventionally stated as: 
If each element of a row (column) of a determinant is multiplied by the same constant and then 
added to the corresponding elements of some other row (column), then the value of the determinant 
remains same. 
ay by Cj a4 + kb, by Cy 
VERIFICATION Let A=| 4) bp C2 | be a matrix, and let B =| 4) +kbz bp cp | be the 
ag b3 C3 a3 =F kb; b3 C3 


matrix obtained from A by multiplying the elements of second column by k and then 
adding them to the corresponding elements of first column. Then, 


ay + kb, by Cy 


| B4= ay + kb by op) 
a, + kb3 b3 C3 
ay b, Cj kb, by Cy 
ae | Bl = [42 bz ¢2) + }kbg bp cg [Using property 7] 
a3 b3 C3 kb3 bz c3 
a by |b) by cy 
es [Bl =|42 bo Co) +k {bg bg oe [Using property 6] 
a3, bz C3 bz b3 C3 
=> |B|/=|A[+k0 [Using property 5] 
=> | Bl=|A| 


PROPERTY9 Let A be a square matrix order n (2 2) such that each element in a row (column) 


of A is zero, then | A | =0. 


Conventionally this property is also stated as: 


If each element of a row (column) of a determinant is zero, then its value is zero. 
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Om Omee U 
VERIFICATION Let A=| 4) 2 C2 |beasquare matrix. Then, 
az bz C3 
One ae 
[|Al=|42 2 & 
a3 b3 C3 
=> |A| =0 vac A +0 eh =0. [Expanding along first row] 
b3 C3 ag C3 a3 b 


PROPERTY 10 If A =[a;] isa diagonal matrix of order n (2 2), then 
| A | =441 * 422° 433 --- Fn 

PROPERTY 11 If A and B are square matrices of the same order, then 
| AB f= |-A0| Be). 


6.5 EVALUATION OF DETERMINANTS 

If A is asquare matrix of order 2, then its determinant can be easily found. But to evaluate 
determinants of square matrices of higher orders, we should always try to introduce 
zeros at maximum number of places in a particular row (column) by using the properties 
given in article 5.4 and then we should expand the determinant along that row (column). 
We shall be using the following notations to evaluate a determinant: 

(i) R; to denote i” row. 
(ii) Rj << R; to denote the interchange of i” and Fi rows. 


(iii) R; > R; +A R; to denote the addition of 4 times the elements of i row to the 
corresponding elements of i™ row. 


(iv) R; (A) to denote the multiplication of all elements of i row by A. 
Similar notations are used to denote column operations if R is replaced by C. 


ILLUSTRATIVE EXAMPLES 


TypeI DETERMINANTS IN WHICH TWO ROWS (COLUMNS) BECOME IDENTICAL BY 
APPLYING THE PROPERTIES OF DETERMINANTS 


EXAMPLE1 Without expanding evaluate the determinant 


Al A5 
7979 
20 OS 
At <1 5 
SOLUTION Let A=j|79 7 9}. 
25553 
Applying C; > C; + (— 8) C3, we get 
ah ale) 
IN & d s : =i [-.. Cy and Cp are identical] 


EXAMPLE 2 [fw is a complex cube root of unity. Show that 
2 


1 w 
eo w {HPB 2002 C, PSB 2001, 2001C] 
ar il 
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1 w we 
SOLUTION Let A=|w w?* 1 


we 1 w 


Applying C; > C, + Co + C3, we get 


l+w+w* w we 


A=|w+u-+1 w 1 
wetliw 1 w 


O w we 
=> A=|0 w* 1 
Ome w 
—- A=0 
1a b+e 
EXAMPLE3 Show that |1 b c+a}=0. 
1c a+b 
1.a b+t+c 
SOLUTION Let A=]1 b c+al. 
1c at+b 
Applying C, > C2 + C3, we get 
1 at+bt+c b+e 
A= 1/1 b+c+a cta 
1 ct+at+b a+b 
11 b+e 
= A= (at+b+c)]1 1 cta 
1 1 a+b 
= A = (at+b+c)-0=0 
b-—c c-a a-b 
EXAMPLE4 Show that |c—a a-—b b-c|=0 
a-b b-c c-a 


a-b 
b-c| =0 
c-a 


1 be a(bt+c) 
EXAMPLES Show that |1 ca b(c+a)| =0. 
1 ab c(a+b) 


il) besa (be) 
SOLUTION Let A=]1 ca b(c+a)}. 
1 ab c(a+b) 
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[-.- l+wt+w*=0] 


[:.. C, consists of all zeros] 


Taking outa+b+c 
common from C3 


[-.- Cy and C, are identical] 


[CBSE 2009] 


[-.. C, consists of all zeros] 
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Applying C3 > C2 + C3, we get 


1 be ab+be+ca 
A=\1 ca ab+bc+ca 
1 ab ab+bc+ca 


Tee 
= A= (ab+bc+ca)|1 ca 1 [Taking out ab + bc + ca common from C3] 

jab 1 
= A=(ab+be+ca)-0=0. [-.. Cy and C; are identical] 

xty y+Z Z+x 
EXAMPLE6 Without expanding prove that | z x y =0 
1 1 
x+y YZ Z+X 
SOLUTION LetA=| z x y 
1 1 1 


Applying R, — Rj + R2, we get 


X+Yt+Z Xtytz x+ytzZ 


A= Z EG y 
1 1 1 
pa wal 
= A= (X+Y+2Z) |Z xX Y [Taking out (x + y + z) common from R;] 
ade eh 
= A=(x+y+z):0=0 [-.. Ry and Rg are identical] 


bce be bte 
EXAMPLE7 Without expanding show that \c* a* ca c+a\ =0. [CBSE 2001 C] 
ab? ab atb 


bc? be b+e 
SOLUTION Let A= c a Ca ct+al- 


abe ab a+b 


Applying R, — R, (a), Rz > R (b) and Rz — R; (c), we get 


ee gry. be? a? abe be + ba 


ab’c 6abe =6ab+ac 
abe act+be 


- Ry, Ry Rg are multiplied by a, b and c 
respectively, therefore we divide by abc 


be 1 ab+ac 


1 
= A= = (abc)* ca 1 be+ba [Taking out abe common from C, and C3] 
ab 1 ac+be 


be 1 ab+bce+ca 
= A=abc |\ca 1 ab+bc+ca 


[Applying Cs =3°C400C 
ab 1 ab+be+ca VA chet ls 3+] 


le tl 

= A=abc(ab+be+ca)|\ca 1 1 [Taking out ab + be + ca common from C3] 
a il 

=> A=abc (ab+be+ca)-0 = 0 [.. C, and C3 are identical] 
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EXAMPLE8 Without expanding evaluate the determinant 
sing@ cosa sin (a+) 
sinB cosB sin(B+8) 
siny cosy sin(y+8) 


sina® cosa sin(a@+5) 
sinB cosB sin(B+5)}]. 
siny cosy sin(y+5) 


SOLUTION Let A= 


— A=|sinB cosB sinBcos&+cos Bpsind 

siny cosy sinycosd+cosysin$ 
sina cosa 0 
sinB cosB O [Applying C3 — C3—cos §- C, -sin Cy] 
siny cosy 0O 

= A=0 [-.. C3 consists of all zeros] 


sina® cosa sinacosé+cos asind 
+cosA sinB 


-+ sin(A+B)=sin A cos B | 


> 
i 


EXAMPLE9 Without expanding evaluate the determinant 
(a* a ae (a* ee ay 1 
(a¥+a¥)* (a¥—a¥)? 1|,wherea, >Oand x, y,z€ R. 
(+a 7)" ia—a 77 1 
SOLUTION Let A be the given determinant. Applying C; — C; — Co, we get 
4 @-a*y 1 
A=|4 @-a¥ 1 [Using : (a + b)* - (a — b)* = 4ab] 
bole nel a 


i ige-aty i 


=> A=4)y (laa %* 1 [Taking out 4 common from C,] 
isa ical Gheah ne 
=> A=4x0=0 [:.. Cy and C3 are identical] 


EXAMPLE 10 Ifa, b,c are in A.P., find the value of 


2y+4 Sy +7 sy+a 
3y+5 6y+8 9yt+b 
4y+6 7y+9 1l0y+c 


SOLUTION Applying R» — Rp (2), we get 


1 PST Me GV oa 8y +a 
A= 2 6y+10 12y+16 18y+2b 
4y+6  7y+9 10y +c 
1 LY AR OY ts, 8y+a 
=> A= 2 0 0 20 (nC) Applying R2 > R2 — (R; + R3) 
4y+6 7y+9°. 1l0ytc 
1 2y+4 Sy+7 8y+a 
= IN = > 0 0 0 [-..a,b,careinA.P. «. 2b=a+c] 


4y+6 7y+9 10yt+c 
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REMARK One can also apply the transformation R, > Ry + R3— 2R, to get the value of A. 


2D mt 
EXAMPLE 11 Find the value of the determinant A= | 5 6 8] . [CBSE 2009] 
atl es) saat Wes 
SOLUTION Taking 3x common from R3, we get 
2 one 
APaox beeen G 
23 4 
=> A = 3xx0 = 0 [-.. R,; and R3 are identical] 
EXAMPLE12 Without expanding evaluate the determinant 
265 240 219 
Az=i240 7.225 198 
219 198 181 
SOLUTION Applying Cy > C; - C3 and Cz > C2 - C3, we get 
46 21, 219 
A=|42 27,198 
Bou LOL 
4 21 9 
= De a ee a ee [Applying Cy > C, — 2 Cp and C3 > C3 — 10C,] 
4 17 11 
Gu 4 1-2 
=> A=|0 78 -39 [Applying R, > R, — R3 and R, > Ry + 3R3] 
Ae 7a. elt 
Osndals 1 
= A =2(39)|0 2 —1|[Taking 2 common from R, and 39 common from Rp} 
Ae Aye 11 
= A =78x0 [-.. R, and R> are identical] 


Type II EVALUATING DETERMINANTS BY USING THE PROPERTIES OF DETERMINANTS AND 
PROVING IDENTITIES 


Hl Oe lh Ly AP Le Mol 
EXAMPLE13 If Ay = |x? y* z*|and Ay = |yz zx xy| , without expanding prove that 
yo yee 


Ay == A». 
SOLUTION Applying C; > C, (x), Cp > Cp (y) and C3 — Cz (z), we get 


tab safhe 22 
af 
Ay = —~' |xyz xyz xyz 


Be 
N 
N 


[Taking xyz common from R9] 
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ih Ys es | 
= Be Saye Ay” bz Applying Rz = Ry 
x2 y 2 
Leet t 
= Ao = |x? y? 7 Applying R, << R3 
y 
=> A> = Ay 
a2 ~-O7).c Gu? 
EXAMPLE14 If A; = |x y z|and A, = |-p a —-x , without expanding or evaluat- 
ah ae Fe roles 


ing A, and A», show that A, + Ay = 0. 


SOLUTION Taking — 1 common from second row, we have 


q -by 
Ay =F" |p. —a@ &x 
Tec 32 
q bry 
=> An = |p a x [Taking (-1) common from C)] 
Pacem 
eee te ; 
= Ang = |b ac [Interchanging row and columns] 
Te a 4 
Pred £ 
=> Ao = — la) bc [Applying C2 Cy] 
5 Oe fe 
law th Fc 
= Ao= |p 4 7r [Applying R, @ Ry] 
x yz 
Be Ds re 
= ho =—|xX Y Z [Applying Rz <= R3] 
PET ae 
=> A> = Ay 
=> Ay + A> = 0 
at+bx c+dx p+qx ac. p 
EXAMPLE15 Without expanding, prove that jax+b cxt+d px+q| = (I—x*) |b d q 
u v w uvw 


SOLUTION Applying R, > R,-x R to A, we get 


a(i-x2) c(1-x’) p(l-x’) 


A= | ax+b cxt+d px+q 
u v w 
a c p 
=> A =(h=27) ax+b cx+d px+q 


u Vv W 
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Cer 

d q [ Applying Ry — Rg - xRy| 
v w 


a abs Fae ae 
EXAMPLE16 Prove that| ba —b*  bc| =4a boc’. 


ac beret 


Te ab ac 
SOLUTION LetA=| ba —b* bel. 


ac be — ie 


Pet ae ar ime Taking a, b,c common from 
ar A=abec : 4 ; C,,C> and C3 respectively 
=1 0 0 
=> Neate |1 0" 2 [Applying C) > Cy + Cy, C3 > C3 + Cy] 
ys AY 
= A =a bc*x (-—1)x 5 4 [Expanding along R,] 
=> A =a? bc? (-1) (0-4) = 40° Bc" 
iL 1 1 
EXAMPLE17 Prove that |1 1+x 1 |= xy 
eee eek iy 
il 1 1 
SOLUTION Let A= |1 1+x 1 
ene eee icy 


Applying Cz > Cp-C, and C3 C3-C,, we get 


me Ome) 
js cS. |ak - 32 0) 
HPO oy 
Seren x0 ‘120 1 x 
= A=1x{) 9] -o% roa +0x a [On expanding along R,] 
=> A = xy 
Tia? 
EXAMPLE18 Evaluate: |1 bh p2 
nc fo 


we get 
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tea 
Taking out (b — a) common from 
A =(b- 2. & 

= ees es) 0a b+ a Ry and (c — a) from 2, | 

O° Peta 

ech Bee 
=> A = (b-a)(c-a)|0 1 b+al, [Applying R3 — R3— Ro] 

O70: ecb 

1 a Par 
= A = (b-a)(c-a)(c—b) |0 1 b+a|_ [Taking out (c — b) common from R3] 
On 
= tba : 
= A = (b-a)(c—a)(c—b)x1x On 4 [Expanding along C,] 
=> A = (b-a) (c—a) (c—b) x1 = (a—b) (b-c) (c—a) 
Xie 
EXAMPLE 19 Show that |x? y* z?| = xyz (x-y) y-z) (Z-%) [CBSE 2000] 
; ig? y° 2 
<2 V2.2 
SOLUTION LetA=|x* y? 2*|. 
° y Zz 


Taking x, y and z common from C , C2 and C; respectively, we get 


| oes ee | 
A= XYZ |x y Zz 
Be y ws 
1 0 0 
= A= xyz|x y-x 2z-x|, [Applying Cp > C2 - C; and C3 > C3 - Cy] 
2 jag! 2 x2 
4 ‘ : Taking (y — x) common from 
= A = xyz (y—x)(Z-X) |x 1 1 C> and (z — x) from C3 
x UN iae eae x 
1 1 s 
=> A = xyz (y—x) (z-x)x1™x be, mh [Expanding along Rj] 
— A =xyz(y =x) (@—-%) (24x —-Y —%) 
=; A =xyz(x—y) Y—z) @—%) 
EXAMPLE 20 Prove that 
a B i! 


oe pf ¥ |= (a-B)(B-¥)(¥-% (a+Bt+Y) 


B+y y+a at+B 
[CBSE 2000C, 2007C, 2008, HPSB 2001] 


bee 7B y 
SOLUTION LetA=| o? = 8? y |. Applying R3 > R; + R3, we get 


B+y y+a a+B 
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a B Y 
A= |..07 B? v 
a+B+y a+Pt+y a+Bt+y 
CD any, 
=> A=(a+B+ylo* Be [Taking out (a + B + y) common from R3] 
oe lal 
Oo) p—-a Wea 
~ A=(a+Bt+y le Br-o? Y-o% [Applying Cy > Cy - Cy, C3 7 C3- C1] 
1 0 0 
|o , i [ Taking (B — a) common from 
, A=(a+B+y)(B-@) (Y¥—-® jae Bra yta | C, and (y — &) from C3 
il 0 0) 
1 1 : 
= A = (a+B+y) (B-@ (y-a@) x1x B+a +a [Expanding along R3] 
= A = (a+B+y) (B-& (y-@ (y+a-B-«a@) =(a-B) (B-¥) Y¥-a) (a +B +). 
Ik fa a 
EXAMPLE21 Prove that |1 b b°| =(a—b)(b-—c)(c—a) (at+b+c) 
ac °° 
aa 


SOLUTION LetA=|1 pb b°|. Applying Ry > R2—- R; and R3 — R3— Rj, we obtain 


ic Ge 


1 a a° 
A= \0eb=a b= ae 
0 


cone — a 


ow a 
Taking out (b —a) from 
ihe w Deed eiostes 
a A= (b a) (c a) One! DS gaae eae aeons 
O11 -cata: tact 
hf a | 
— A =(b-a)(c—a)|0 0 (6 =c*)+(ab-a0)|, [Applying Ry — R2 - Rs] 
a +a tac 
i @ a 
=> A =(b-a)(c—4)|0 0 (b-c)(b+c+a) 
@) +a +ac 
ia a 
=> A =(b—@) (C= 2) (0c) 100 ™ aeb ec [Taking out (b —c) from R,] 
0 1 ctar+ac 
ey A =(b—a) (c—a)(b-c)x1x O at+b+c : 
eS Pea [Expanding along C,] 


=> A =(b—a) (c—a) (b-c) {0-(at+b+c)} =(a—b) (b-c) (c-a)(at+b+c). 
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EXAMPLE 22 Show that 


6.27 


[CBSE 2007, HPSB 2001 C, 2002 C] 


ae DwaC Te Las 
ak el=la bb | =(a—5) (b-0) (c—a) (ab + be + ca). 
be ca ab \a> b° c3| 

a “bic 


SOLUTION LetA=|q? Bp ¢7}. 
be ca ab 


Multiplying C,, C2 and C3 by a, b and c respectively, we get 


1 | ve be es | 
= | Ras GR eh 
|abc abc abc | 


pk Dees eae 
ate oe 
= A= ate 2 RP [Taking abc common from R3] 
if gall 
| 2 be 2| 
=> A=-j1 1 1| [Applying Rp <= Rs] 
2B | 
ae ol: 
a A=|7 Be? [Applying R, © R,] 
3 Bb 
1 0 0 
= Km A a ic =a" [Applying C2 > C2- Cy , C3 + C3- Ci] 
a b-a xa 
1 0 0 | 
=> A=(b-a)(c—a) |a? b+a _cta 
a> b- +a +ab | 
as (b — a) common from C3 and (C — a) from C3 and ps 
e—pa(x-y) (x +xy+y) 
b+a ct+a : 
=> A=(b-a)(c-—a)x1*x [Expanding along Ry] 
( us b? +a +ab C +a tac , 2 as 
b—c ct+a ‘ 
=> A=(b-a)(c-a [Applying C, > Cy - Cy] 
i b* —c* +ab —ac +a +ac ciecua ea : z 
= A=(b-a) (c-a) oe fae 
(b* -c*) +a (b-c) co +a’ +ac 
Cone Taking (b -c) | 
= A=(b-a)(c-a) (b-c 
(b-a) (c—a) (b-c) ee a ee ee lanai con 
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= A=(b-a)(c-a) (b-0) (2 +42 +00 -be—c* —ac - ab -ac=a') 
= A=(b~a) (c-a) (b—0) (— be — ab — ac) = (a — b) (b-c) (c—a) (ab + be + ca). 


ae x 1+x° 


EXAMPLE 23 Ifx#y#zand|y y* 1+y°| =0, then prove that xyz=— 1. 


4 Act 2 
[PSB 2001, 2002] 
SOLUTION We have, 
9% x 1+ °° 
A=ly y 1+¥ 
2; 2 1+ 2 
2 2 3 
1 
a Ad - ee 4 oe sa Ss Since each element of third 
Ty up y Y, y ; column is sum of two elements 
i, VA va) os 
») 2 
ae ne % oa it ut a: =, Taking x, y and z common from 
TWh op UY AG| Lae Si/ C1, Cy, and C3 in second det. 
Gi WEE Laz 2 
x eel a ieee: x 
a Ay eye yi yy [Interchanging C, and C; in first det.] 
|z 1 2 eZ 2 
x x ex ? 
= Ai teary cue | yt [Interchanging C, and C) in first det.] 
Tez 2 i 2 
I x? 
=> IN == 1 y y al + xyz) 
ab. 74 2 
1 a x 
=> A=|0 y-x y —x*| (1+ xyz) [Applying R > R, — R; and R3 >R3 — Ry} 
0 z-x 2- x? 
I ge x? z 
: Taking (y — x) and (z — x) 
= A=(Y-x)(Z-x)|0 1 ytx| (1 +xyz) common R, and R; resp. 
0 1 z+x 
= oe = 1 Yy ride 
= Di YX KK UK OS y| (1h + xyz) [Expanding along C,] 
= A= (Y—x)@—x)@+x-y-x) (1+ xyz) 
a A =(y—x)(Z—x)(Z—y) (1 + xyz) = (x - y) (y-z) @- x) (1 + xyz) 


A=0 
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=) (x=) (=z) (2x) (14 xyz) =0 
=> 1+xyz=0 [.. x#y4#z =>x-y0,y-z#0 and z-x#0] 
= xyz= -1. 


EXAMPLE 24 For any scalar p prove that 


x x 1+ px? 
A= |y y¥ 1+py?| = A+pxyz) e-y) Y-DE-* 
2 2 1 4p2? 
SOLUTION We have, 
xx? 1 + px? 
in bg die ia a's 
z 27° 14+ pz 
2 2 3 
= | oe - a ‘ + * ns ‘— - Each element in III column is 
yy y y 4, PY 5 sum of two elements 
aes Zoe UZ 
< les noe JME C, and C; in first 
ere 2 vee 2 det.Taking x, y, 2 common from 
=a 1 vs WA ered ee Ry, Ro, R3 respectively and 
ts: 122 p fromC3 in 2nd det. 
Lex x7 1x x 
=> A=!1 y y? + pxyz 1 y y [Interchanging C, and C; in first det.] 
aoe oat ean 
1 eee 
= A = (1+pxyz)}1 y y? 
i 2nG4 
1 oe x 
= A = (1+ pxyz)}0 y-x y’?-x?| Applying Rp — Ry - R; and R3 > R3- Ry 
Owe -x 02 4 
Uae a Taking (y— x) and (z— x) 
ad Ava (1+ pry) {y — X)(Z— x) ; Leytx common from R, and R3 resp. 
Zt x, 
y i Ley tx ‘ 
= A = (1+ pxyz)(y—x) @ =) ies [Expanding along C;] 
= = (1+ pxyz) (y-x) (z-x)(z+x-y-Xx) = (1+pxyz) (x-y) (y-2) (z— x) 


EXAMPLE 25 Lising properties of determinants, show that 


ib ei a —be 
1,2) +b2—cal = 0 [CBSE 2002, PSB 2001] 


1 c cab 


6.30 
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1a a —be 


SOLUTION LetA = |1 b b*-ac|- Then, 


| 

A= 11 
il 

1 

= Mal 
1 

I 

=> A= 4 
F 


> 
li 
See Be PRP RSP BP ee 


I 
> 
i 


EXAMPLE 26 If me Nand m22, prove that |""Ci 


SOLUTION Let A = 


i) c* —ab 


a la- be| 
pel+i1 b -ca 
a 1 c -ab 
a” IL yee slates 
be |i l b eca [Taking (— 1) common from C; of second det.] 
2 ib @ (do 
ae a a abc Were. £ 
2 1 2 Multiplying Rj, Rz and R30 
D, ~ abc b us abe second det. by a, band c respectively 
c Cc abc 
A P ow 
be Bie beb? 1 [Taking abe common from C; of second det.] 
abc 
Cc his nifoee tA 
a dae! 
b\t+lb 1 [Applying C2 < C3 in second det.] 
c cer 
a I fi . 
bell eb be [Applying C, < C) in second det] 
2 
é 1% 


il 1 1 
mete ss oy Hs 
eG, Lee oto Cake 
1 1 1 
oer Usa Se inner There 
Cs LIne ee HS 2G5 
1 i 
1 1 1 
moms Lo male [-. gore et 
Dahl ae: Ee Ce aA 
1 0 
m+1 m+1 
O Co [ Applying Cz>C3- C2 
m+1 m+1 
G G 
1 0 


.. nGa fe EC, th ptt rey 
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1 0 0 
m +1 
=> A= |"Cy "Co ™*°Cy [Applying Cy Cp - Cy] 
kee eal BS a 
ac Bt iG. 
=> A= mo. mic [Expanding along R;, ] 
1 1 
= 227 lan mal =(m+1—m)=1 
EXAMPLE 27 Evaluate: 
THO RE Ge 
Nps RW eth ake 
12! 13! 14! 
SOLUTION We have, 
10! 11! 12! 
As=siltilee 12!5 913! 
12! 13! 14! 
TOL ie Ol 2 a0! 
=> A = |11!* 12x«11! 13x12~x11! 
\ 1D al eA SoG 12! 
PPIs 132 ead f 
= A = 10!x11!x12! {1 12 156 kos ie aH Assisi 
1 wigarise 1.2 oie y 
diggel 132 
= A = 10f><ti!xt2F 10 1) 24 Applying R2 > R2- Ry, R3 > R3- Ry 
Oo 2a 50: 
1 24 : 
= A = 10!x11!x12!x]}, 5 [Expanding along C,] 
=> A = (10! x11! x12!) x2 


ey Bax 
EXAMPLE 28 Prove that |5x+4y 4x 2x} =x° [CBSE 2002 C, 2009] 
10x+8y 8x 3x 


x+y Xo 
5x+4y 4x 2x}. 
10x+8y 8x 3x 


SOLUTION Let A= 


1 
Since each element in the first column of A is the sum of two elements. Therefore, A can 
be expressed as the sum of two determinants given by 
Ge) ed Wes Up eae as 
A=| 5x 4x 2x|+|4y 4x 2x 
10x 8x 3x Sy 8x ~3x 


Lol bg | 
= A=xl5 4. 2)+yx?|4 4 2 
10 8 3) Ba Ss oy 
11 4 
=> A=x°|5 4 2| + yx? .0 [- Cy and C, are identical in the second det.] 
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OPO eel 
=> A= x ey 2 OP [Applying Cy => Cy = C3, C5 > C, = C3] 
fs miaywn (8) 
=x° cee [Expanding along Rj] 
=> A=x" x1x - 5 
= A= (15-14)=x° 


EXAMPLE 29 Show that 
de ce 1l+pt+q 
Z cee 1+3p+2q| = 1. [CBSE 2009] 
3 6+3p 1+6p+3q 


eps 1 + pg 
2 3+2p 1+3p+2q 
3 64+3p 1+6p+3q 


SOLUTION LetA = 


Applying C2 > Cp - pC, and C3 — C3 - qC;, we get 


lei 
A= 253° Lop 
Gaon lt 6p 
eae: 
= Ae 42 eee [Applying C3 > C3 — pC)] 
2G. il 
ORO mat 
=> (Naa econ [Applying C, > C; - C3, Cy 3 C2 - C3) 
pa ey al 
= Ae=s5— 40>" [Expanding along R4] 
a at+b a+b+c ; 
EXAMPLE 30 Show that |\2a 3a+2b 4a+3b+2c|=a 
3a 6a+3b 10a+6b+3c 
[HPSB 2001, PSB 2001 C] 


a atb at+bt+c 
2a 3a+2b 4a+3b+4+2c |. 
3a 6a+3b 10a+6b+3c 


SOLUTION Let A= 


Since each element of the second column is sum of two elements. Therefore, 


fl ff at+b+c fa Ip at+b+c 
A=|2a 3a 4a+3b+2c}+/2a 2b 4a4+3b4+2c 
3a 6a 10a+6b+3c 3a 3b 10a+6b+3c 


hte atbt+c ih a+b+c 
= A= |2a 3a 4a+3b+2c|+ab|2 2 444+3b+2c 
3a 6a 10a+6b+3c 3 3 10a+6b+3c 
6 at+b+c 
=> A= |2a 3a 4a+3b+2c | +ab.0 [-. Cy and C3 are identical in second det.] 
3a 6a 10a+6b+3c 
aoa a me he iy Rik fe, 
— A= |2a 3a 4a\+}2a 3a 3b\+1]2a 3a 2c 
3a 6a 10a 3a 6a 6b 3a 6a 3c 
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' ct ib al ‘ ikea al Load 1 
= A=a°|2 3 4/+a°b|2 3 3) +a’c|2 3 2 
aeo 710 2866 3° OFS 
3 eae: 2 2 - Cy and C; are identical in second det. 
= A=a" 12 3. 4) +a°b.0+a%c.0| | 4 : ee eee: 
3 6 10 and C, and C3 are identical in third det. 
5 1070 
= A=anv2ied) 2 [Applying Cy — C2 - Cy, C3 > C3 - Cy] 
So Se 
3 (ly 2 
= A=a~x1x E | [Expanding along Rj] 
= A=a°(7—-6)=a° 
b+aq C+ ap-a+5 ae ba 
EXAMPLE 31 Show that |q+r r+p pt+q|=2\|p q r 
YZ Z+x x+y ne alge 


[CBSE 2004, 2006 HSB 2001] 
b+ec cta atb 
SOLUTION LetA=|qg+r r+p p+q}. Applying C; > C; + Cy + Cz, we get 
Yrteg +x Ee y 
2(a+b+c) c+a ath 
A=|2(p+g+r) r+p pt+q 
Pity +c kX Oey 
atb+c cta ath 
=: A=2 |p+qg+r r+p ptgq [Taking 2 common from C,] 
ery Pz. 2X XT Y 


at+b+c -b -c 

= R=2l ip taste t=] pat [Applying Cy > C2 — Cy, C3 > C3 - Cy] 
X+y+Z -Y -Z 
a -b -c 

=> Az=2 |p=q"=r [Applying Cy > C; + Cy + C3] 
XP =—Zz 
ae0R Cc 


=> A=2\p g r [Taking (- 1) common from both C) and C3] 
nee 


EXAMPLE 32 Prove that 


1l+a 1 il ne esl 
1 1+b 1 wate(1e pj] abe boca +a 
1 ibe ghey: 4 © 


[CBSE 2004, 2009] 


SOLUTION Let A=; 1 1+b 1 


Taking a, b and c common from Cj, C) and C3 respectively, we obtain 
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Y+l1 Yy Yy 
Y 1+% Y% 
Yq Y 14+% 


NG=T10G 


1+4M%t+Mw+hv WM \Y% , 
A = abe|1+Y¥atMt+V 1+ MM [Applying C, > C; + C2 + Ca] 
1+ Vat+Vy+Ve Y 1+%& 


Lay Mb Me Takin if ee 
= Meta ip eee hia gi Wisiaad 9 Nk 
ee REIT y 1+% common from C; 
11212 y k% 
= n= ae +i+5 +0 1 O| [Applying R2 > R2- Ry, R3 > R3- Ry] 
Me id oe 
Oar Cee | 
=> A = abc tee al aan [Expanding along C,] 
a diac Oct 
= aaae(eseet 
ib oc 
EXAMPLE 33 If a, b, c are the roots of the equation x° + px +q =0, then find the value of the 
ipeame 1 
determinant |1 Tee sl 


1 1 l+c 


SOLUTION From Example 32, we have 
A = abc+ab+bc+ca 


It is given that a, b, c are roots of the equation x4 px+q = 0. 
at+tb+c =0 ab+bce+ca = p and abc = —q 
Hence, A=p-q 
(b+ c)* a a 
EXAMPLE 34 Prove that | (c +a) be =2abe (at b+c)° 


C7 ¢? (a+ b)? 


[HSB 2001, CBSE 2006 C] 
(b+ c) a’ a’ 
SOLUTION Let A=| b* (c+ay 2b 


fa c (a+ b)* 


Applying C,; > C, —- C3 and C, > Cy — C3, we get 


(b+c)-a" 0 a’ 
A= 0 (c+ar-V 
e-(a+by -(a+b (a+b) 
b+c-—a 0 a 
= A=(at+b+c)* 0 Reeeth b2 | Peres | 


common from C; and C 
c-a-b c-a-b (a+by* “ 2 
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b+c-a 0 a” 
=> A=(@4+b+c) | 9 e+ c+a=b- bl, [Applying Rj > R3-(R, + Ro)] 
—2b -—2a 2ab 
ahaa 2 
“ Ra@ebeoe dt ey ane Applying 
Bh 0 be+ba-—b  b’|, Go OG Gide OS @) 
—2ab —2ab 2ab 
b 2 | 
ih Ciarrrar yee "fo Applying 
ab b be + ba b af Cj > C, + Cg, Co 9 Oo + Cy 
0 0 2ab 
A ee (a+b+ce) can b 2 ot ae 4 Taking a, b and 2ab common 
ai ab ree 0 . K 1 from R, , Rz and Rg respectively 
=> A = 2ab(at+b+c)* y H ‘ E ‘ [Expanding along Rs] 
= A = 2ab(at+b+c) ((b +c) (c +a) — ab} =2abe (at b+) 
| (b+ c)* ba ca | 
EXAMPLE35 Show that | ab (c+ a)? cb = 2abe (a+b+ cy 
| ac be (a+ by 
[HSB 2001, CBSE 2006 C] 
(b+ c)* ba ca 
SOLUTION Let A=| ab (c+ay cb 
ac be (a+ by? 


Multiplying R,, R2 and R; by a, b and c respectively, we get 


1 a(b+ cy* bat ca’ 
AN ire ab” (c+a)b cb” 
ac* bc (a+ b)* Cc 
2 2 2 
a) @ ia ; 2 ie Taking a, b and c common 
pe aia abc AoC tet (c +a) b from C, , Cp and C3 respectively 
a 2 
ime c (a+b) 
— A = 2abe (a+b+ cy. [See Example 34] 
EXAMPLE 36 Show that 
L+a-t >) Qab 2h) 
Dabo SB a+b" aq. | aC eat [CBSE 2009] 
2b Se A etn 
Lael ey 2gb — 2b 
SOLUTION Let A= ab 1-2 +b* 2a 
2b One Ia tb" 
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We shall try to introduce zeros at as many as places as possible keeping in mind that we 
have to introduce the factor 1 +a” +0*. 
Applying Cy zy Cy a bC3 and Cy ==3 C5 oP aC3 , we get 


tea? +b8 ) —2b 
No 9) 1 Bat bt 2a 
b(l+ae+ 7) aera het 1 —2 Oe 


oa 7) 
Nee (1 + 24 by? : Taking (1 par awe b’) common 
= ark ae Oy A 2a from both C, and C, 
eye Shae 
5 omg) — 2b 
= A=(1+a+by lo 1 2a [Applying R3 > R3- bR, + aR9] 
0 0 1+a7+b?| 
= A=(l+a°+b)71. : a i 2 [Expanding along C,] 
a 
= A= (1+a°+b7y. 
Peace ab ac | 
EXAMPLE37 Show that | ba cC+ae be |=40°bc* 
ca ch a+b? 
bodes? Sab ac 
SOLUTION Let A=| ba c*+a" bc 
ca ch oa +h 
Multiplying Rj, Ry and R3 by a, b and c respectively, we set 
1 a (b* + c’) a’b a°c 
A= 0S ba b (c? +a”) b*c 
ca cb c (a +b?) 
be +2 a’ a é 
Bee ee abc 42 ean ee 2 Taking a, b and c common from 
abc ; 5 te Cy, Cp and C3 respectively 
c c a + 


2(b+c2) 2(a24+02) 2~@2+b%| 
=> A=| pF oa b? [Applying R, > R, + Ry + Rg] 
G (é ae ho 
bo ce a+ c* a+b? 
=> WS2 | pt +a b? 


2 a 


[Taking 2 common from R,] 
c c a+b? 


Bec chat Gb? 
ze 2 ; 
=> A =2 as uy = 2° [Applying Ry > Rj - R, and R3 > R3- Ry] 
—D aa 0 
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| 0 a 2 
= A=2)-¢ ‘anaes [Applying R, > Ry + Ro + R3] 
Die 2a 
a8 oat 2|-< a be —¢ 0 , 
= | Se 52 ‘ +e in ok [Expanding along R,] 
— A =2 (ab? ct +07 Bc) = 407 bc? 
EXAMPLE 38 Prove that 
a b ax + by 
b c bx + cy = (b" — ac) (ax* + 2bxy + cy’) 
ax+by bxt+cy 0 
a b ax + by 
SOLUTION Let A= b c bx + cy}. 


jax + by bx+cy 0 
Applying C3 >C3-— xC; — yC2, we get 


a b 0 
A= b. 4 c 0 
; axtby bx+cy —x (axby)—y (bx + cy) 
tee b aes 
= A=| 5 c 0 


ax bY (bx cy -= (ax? + 2bxy + cy’) 


= =(Gx4+ 2bxy + cy’) |4 


a [Expanding along C3] 


= A =— (ax? + 2bxy + cy’) (ac — b*) = (0° - ac) (ax* + 2bxy + cy’). 


a a° ie 


EXAMPLE 39 If a,b,c are all different and |p b> pb*—1| =0, show that 


Cc roa ee tes) 


abe (ab+be+ca)=a+b+c 
ae dur aia 
SOLUTION Let A=|p p° 54-1]. Then, 
lc Cee al 


4 3 


a he a Gyre aN 
= loeb ob lathe a1 
Cc roa cf fe roa -—1 
1 a a’ a a° 
=> Az=abel1 BB Pl-|lb WP 
Loe IC 3 
' 2 3 ! 3 ! 
1 gh , a : a se f 1 Applying Rp > R2- Ry 
=e sOve lb ag =a |) ibSa* bas -0 and R3—> R3- Ry 
0 eed es ely c-a oa" 0 


: II 
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Aiea a a a Hee 
Eons ane baa (e- Geeh ea be + a2 +ab| —(b-4) (c-4) }1 b? +a +ab 0 
0 cta c+a° tac 1 @+a’+ac 0| 
2 
b+a b4+a*+ab 1 b+a°+ab 
ia es = —(b-a)(c-a 
= A = abc(b-—a)(c—a) Re eR ee ew) ne co +ae+ac 
Dee? 
patie? Ao aren 1 bo +a°+ab | 
2 = = —(b-a) (c—@) 
= A = abc(b-a)(c-—a) eh ee | 0 c? —b* +a (c—b) 


[Applying R2 > Rz- Ri] 


b+a b? +a +ab 


= (A=abe (b=) (e— a) (CoB) ee 


1 b +a? +ab 


-—(b- - —b 
ere OTE No at+b+c 


> A=abe (b-a)(c—a) (c-b) (+a) (at+b+0)-(’ +a’ +ab)} 

—(b—a) (c—a)(c—b) (a+b+c-0) 
= A =abc (a—b)(b—c) (c—a) (be +.ca + ab) — (a— b) (b—c) (C-4) (A+ +C) 
> A =(a—b) (b-c) (c—a) {abe (ab + be + ca)— (a+b +0)} 


Now, 
A=0 
—) (a —b) (b—c) (c—a) {abe (ab + bc + ca) — (a+b +c)} =0 
= abc (ab + bc +ca)-(a+b+c)=0 [.. a#b#c ~.a—b#0,b-—c¥0,c—a#0] 
5 abc (ab+ be+ca)=a+b+c 
EXAMPLE 40 Without expanding the determinant, show that (a + b + c) is a factor of the 
Pinen eh ae 
following determinant: |b c a 
fie Ge gs 
pe NBS 
SOLUTION Let A=|b c aj}. Applying C; > C, + Co +C3, we get 
Cera SD 
a+ D+enD -€ 
A=|b+e+a oc a 
\etatb ab 
ane 
= A=(a+b+c)|1 ¢c a [Taking (a + b +c) common from Cy] 
ae 
i Me @ 
a A=(a+b+c)|0 c-—b a-c|_ [Applying R. — Rp —- R; and R3— R3- Ry] 
0. a-b b-c 
=> A =(a+b+c)1 Oe Lares 4: ~ 
‘la-b bc [Expanding along C;] 


A =(a+b+c)(-(b-0)-(a-0) (a@—b)) =-(a tb +0) [(b—- 0 + (a-0) (ab) 
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= A =-(atb+o) (a° +b + c*—ab— be - ca) 


Clearly (a+ b +c) is a factor of — (a+ b+c) (a” +b* +c? —ab — be — ca). Hence (a +b +c) is 
a factor of A. 


EXAMPLE 41 Ifa, b,c are roots of the equation x px +q=0, prove that 


ave lee Te 
Boca | a0, 
c ab 


SOLUTION It is given that a, b, c are roots of the equation x + px+q =.0. 


at+b+c = 0, abt+be+ca=p and abc = -q 
From example 40, we have 
ta 8? “c' 
bie Pa = —(at+bt+o) (a° +b? +c? — ab — be - ca) 
Cab 
PE ae 9 
= became 0 [.atb+c=0] 
cab 


EXAMPLE 42 If a,b,c are positive and unequal, show that the value of the determinant 
Vd dae 
b c a| is always negative. 


(eer Ame i, 
Te tie MG 
SOLUTION Let A=|b c_ a|.Applying C; > C, + C) + Cz we get 
fee The mo, 
at+bt+c bc 
A= Dee his Ca 
ctat+b a b 
pele ve 
— A=(atb+c)|1 c a [Taking (a + b +c) common from Cj] 
(ey le 
Aig yd c |} 
25 A =(at+b+c)|0 c-b a-c [Applying Rz > R2 — Ry and R3 > R3- Ry] 
0 a-b b-c 
c-b a-c s 
= Areula+ bt c)+| > apiig ls © [Expanding along Cy] 
= = (atb+0)  (c—b)2- (@-b) (a-O)} = (at b +0) (a —b?—c" + ab + be + ca) 
=> A = -5 (a+b +c) Qa? + 2b? + 2c? — ab ~ 2be ~ 2ea) 
=> A = -F(a+b+0)[(a—by +(b-c) +(€-a)] 
— A <0 [ a+b+c>0,(a— by >0, (b-c) >0, (C- a) > 0] 
EXAMPLE 43 Ifa, b, c are real numbers, prove that 
@20"<C : é 
a ge ate! = —(a+b+c)(at+bwt+cw’) (a+bw + cw), 
car B 


where w is a complex cube root of unity. 
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SOLUTION Let A = . Applying C; > C; + Cp + C3, we get 


ao, 
CE vals Mey 
Sa 9 


a+b+c be 
A=|b+ct+a ca 
ctat+bab 


| 

Lane 
= A= (a+ b2c) \l"ea [ Taking (a+b+c) common from C1] 

lab 

1 b 6 
= A=(at+tb+c) |0 c-—b a-c| [Applying R, > R2—- R, and R3— R3- Ry) 

0 a-b b-c 
Sie A = (a+b+c) ce, ame [Expanding along C] 
=y A = (a+b+c) {-(b-c)*-(a-0) (a-b)} 
=> A = -(atb+c) (a+b? +c? —ab—be-ca) 

[ 2. (ee 

=> A =-(at+b+c) (a+ bw +cw’) (a+ bw* + cw) Re eh hace | 


=(a + bw + cw’) (a + bw* + cw) 
a b-c ctb oder 

EXAMPLE 44 Show that |a+c b c-al =(at+b+c) (a+b +c) 
a-b b+a c 


ae De Schb 
SOLUTION LetA=/a+c  b  c-—a}. Multiplying first column by a, we get 
ESN Ge sGh 


a’ b-c ct+b 
ele as 
ese a+ac b c-a 
a’-ab b+a Cc 
1 a+b 4+? b-c c+h 
= \ A a +be +2 b C—a [Applying C; > C, + 0C, + cC] 
a+b +c b+a @ 
het ears 1 b-c c+b 
=> A= af +b° +c) |1 b  c-a [Taking a? + b? + c? common from C,] 
1 bt+a c 
1b Se cray . 
=> A= 2+ P42) GAS ednt=q@esb eS Rae oe 
Qoute ab Rg > R3— Ry 
en OMe ee et GaSb 
= ee Ua co) als a eae | [Expanding along C,] 
= ee 


Nee 4 owe 2 
ra +b°+c*) (-be+a +ac + ba + be) =(a* +b? +2) (atb4c) 
EXAMPLE 45 Show that 


3a -at+b -at+e 
—bt+a Sly) SNES 
—ct+a —c+b 3c 


= 3(a+b +c) (ab+ be + ca) [CB' E 2006 C] 
| 
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3a —at+b -at+ec 
—b+a 3b —b+c 
—cta -ct+b 3c 


SOLUTION Let A 


Applying C; — C; + C2 + C3, we get 


at+b+c -a+b -at+c 
A= |ja+bt+c 3b -—b+c 
at+b+c -—c+b 36 
1 -a+b -at+e 
= A= (a b3-c) il 3be bbe [Applying Cj > C) + C, + Cs] 
1 -c+b 3c 
1 -a+b -a+c 
= A =(at+b+c) |0 2b+a —bta [ Applying Ro— Ro ~ Ry, R3 > Rs ~ Ri] 
0 -c+a 2ct+a 
2b+a —bt+a : 
= A = (a+b+c) ey TOY BRUTY [Expanding along C;] 
= A = (a+b+0) |(2b+a) (2c+a)-(—b +a) (-c+a)} 
— [se (a+b 4c) {(4be + 2ab + 2ca +a”) ~ (be - ab —ac +.a°)} 
=> A = (a+b+c) (3bc + 3ab + 3ca) 
— A = 3(a+b+c) (ab+be+ca). 
EXAMPLE 46 Ifa, b,c are all positive and are pth, qth and rth terms of a G.P., then show that 
loga p 1 
A= jlogb g 1| =0 
loge rl 


SOLUTION Let A be the first term and R be the common ratio of the G.P. Then, we have 
a = ARP~! = loga = log A+(p—1) logR 
b = ARI! = logb = logA+(q—1) logR 
c = AR’! = loge = log At(r-1) logR 
log A+(p-1)logR p 1 


A = |logA+(q-1)logR q 1 
log A+(r—-1)logR r 1 


log A+(p-1)logR p-1 1 


=> A = |logA+(g-1)logR q-1 1 [Applying C,— C2 - C3] 
log A+ (r=1) log Rsr=1.4 
|? p-11 

=> Aj=o10. Vi teal [ ApplyingC, — C - (log A) C3 ~ Gog R) C2 
[Oi sek nd 

= js == (@). 


EXAMPLE 47 If A is a skew-symmetric matrix of odd order n, then |A | =O. 
SOLUTION Since A is askew-symmetric matrix. Therefore, 
Al=-A 
= | AT) = 1-A| 
=> [Ab {= Ei) {4} [.- | kA] =k" A 1] 
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2 [A] =CD" [A] [1471] = 141] 
= FAM | == Aq [-. nis odd] 
=> 2|A|=0 
— | A | =0 


Hence, the determinant of a skew-symmetric matrix of odd order is zero. 
Type-III ON ADDITION OF DETERMINANTS 


Two or more determinants can be added by using the following property: 


a, x p b} x p Cy, xe a,t+by+c, x p 
a y qlt+|boy q|+|eoo ¥ 7] = [att y 4g 
Ga) Zit De 2 oF Ca 2 Tr. a,+b3;+c3 2 fF 


i.e. the sum of two or more determinants having all columns (or rows) identical except 
a specific column (or row), say first, is a determinant whose first column (or row) is the 
sum of the corresponding elements of first columns (or rows) of various determinants 
and the remaining columns (or rows) remain same. 


n(n +1) | 
2 | 7 
EXAMPLE 48 Let A,=|2r—1 y n? . Show that >* A, =0. 
r=1 
2 
n(n+1) 
: 2 
SOLUTION Wehave, A,=|2r-1 y n> 
. 3n —1) 
Spo TA 
loon 
vr n(n+1) 
z 
r=1 
n ‘ n 
Dy 4 =} Cr=1)y n? 
r=1 (pad 
n 
SS Gr=2) n (8n-1) 
2 
r=1 
n 
Now, § Mr=1+2+..4n5 ae 


Dy (2r=1) = 143454...4(2n—1)= BiL+ (Qn —1)} <9? 


n 
and, >) Gr=2) = 144474 0.4 Gn= 2) 


r=1 


n 
=> Dd Gr-2) = Fi +Gn-2]= 2822) 
r=4 ° 2 
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n(n +1) n(n+1) 
5 2 2 
» A, = n y n° = 0 [-.. C, and C3 are identical] 
fad n (3n—1) : n(3n-1) 
2 2 
Yeh 30 at n 
EXAMPLE 49 IfA,=| x y z |. Show that $\ A, = Constant. 
p iigeets (ame eee ea | Pet 
SOLUTION Using the properties of determinants, we have 
n n n 
ae SO Se AK S 
r= r=1 r=1 
n 
we x y ez 
r=1 
2"-1 37-1 5" —4 
ees eet 
Now 2 Hi Ba ad Matalates ieee: 
(2-1) 
r=1 
- a4 
yi 2x37) = 2{1+34+37+ at] w ox( Sat] agra 
r=1 
: ees 
toa 2 ijdoel! n 
ender ae, ata he aed ae 1 
r=1 
Wid BS Poe 4 
py A, = x y z =10 (i R, and R3 are identical | 
rat Qt 21 Se 51 
2r-1 Ch 1 
EXAMPLE 50 If m is a positive integerand D,= m-1 is mt+1 
sin? (m2) sin? (m)_ sin® (m +1) 
m 
Prove that a Dae Uk 
r=0 


SOLUTION Using properties of determinants, we have 


m m m 
¥ @r-1) mG boa 
r=0 r=0 r=0 
m 
¥ D,= m-1 ea m+1 


sin? (m?) sin? (m) sin? (m+ 1) 
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m , 
¥ (Qr-1W)H-14 {14+ 3454...+(Qm-Vj=-1t+m =m -1 
r=0 
m m 
YMC = Cyt Cy +. + Cy = 2” and D1 = (+1) 
r=0 T= 0 
m m-1 she m+1 
Dasa mtd lt 27 m+1 
r= sin? (m”) sin? (m) sin? (m +1)| 
m 

=> > De= 0 [..- R, and R, are identical 
r=0 


Type-IV EVALUATION OF DETERMINANTS BY USING FACTOR THEOREM 


If f (x) is a polynomial such that f (a) = 0, then (x — @) is a factor of f (x). 

For example, x° — 6 x* +11 x — 6 vanishes for x = 1. Therefore x — 1 is its factor. 

Thus, if a determinant is a polynomial in x such that its value is zero for x = a, then 
x-aisa factor of A. 


EXAMPLE 51 Without expanding evaluate the following determinant. 


‘Loe ee 
A=|a4.b -e 
iO ie 


SOLUTION If we put a= bin A, we find that its two columns C, and C, become identical. 
Therefore A becomes zero and thus a — bisa factor of A. Similarly b — candc — aare factors 
of A. Since the product of principal diagonal terms is be’ which is a third degree 
expression. Therefore A is of third degree. Since a — b, b—c and c—a are factors of A, 
therefore (a — b) (b —c) (c —a) isa third degree factor of A. Thus, there cannot be any other 
factor of A in terms of a, b and c. The only other factor of A can be a constant, say A. 


eee 
a b c|=A(a—b)(b-c)(c-a) 
ae pe ce 


In order to find the value of 4, give values to a, b and c such that calculations are easy 
and the two sides do not vanish. 


Putting a=0,b=1,c=-1,we have 
aah aoe 


Ome 1) =) (=1) 0. = 1) 1-0) SS 2 =92 = X= 1. 
Oy he al 
od) 
Hence, a b c}| = (a—b)(b-c)(c-a). 
Devs co 


EXAMPLE 52 Without expanding, show that 
(a-x) (a-y)? (a-zP 


(b-x)? (b-y)* (b—2)* = 2(a—b) (b-c) (c~a) (x—-y) (y-2) (z—- 2). 
(c- x)" (c-y) (c—z)* 


eee 
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SOLUTION If we put a=b, we observe that two rows R, and R, of A become identical, 
therefore A=0. Thus a — b is a factor of A. Similarly it can be easily shown that b —c, 
c—a, X—-y, y—z, 2—x are factors of A. Therefore (a—b) (b—c) (c—a) (x-y) (¥-2Z) 
(z—x) is a factor of A. 


The product of diagonal elements of A is (a — x) (b- y) (c- z) which is a sixth degree 
expression. Therefore A can have six linear factors. Thus there cannot be any other factor 
of A except a constant A (say). 


(a—x) (ay) (a-2)" 
(b—x)* (b-y) (b-2z)° | = A@—4) (6-6) (C—4) (&-y) Y-2) (Z- 2) 
(c-x)? (c-y)* (c-2 
In order to find the value of A, we give small values to a, b, c, x, y, Z such that two sides 
do not vanish together. 
Putting a =0,b = -1,c=1,x =1,y =0,z = — 1, we have 


a Ole 
4 1 0} =A(0+1)G1-1) (1-0) (@— 0) (0 +1) (—1-=1) 
Oe 44 

= Sy se ANN es IN 


(a-x)* (a-y) (a-z)? 
(b—x)> (b-y)* (b-z)* | =2 (a@—b) (b-c) (c-4) (x -y) Y-2) @-%) 
(ce-x (c-y) (c-2) 

“ |-~2q¢ a+b ate 


EXAMPLE 53 Prove that|b+a -—2b b+c 
ct+ta c+b —-2c 


=4(b+c)(c+a) (a+b) 


| 


—-2a atb ate 
SOLUTION Let A=|b+a -2b b+c}. 
c+ta ct+b —-2c 


Putting b=—a, we have 


A= | 0 PSF Meh et 
c+a c-—a.—2c 
) 22 Osa 0) 2a ‘ 
a A\= sa toea Gy aah ad eee ie [Expanding along R;] 
= A = —2a {-4ac—(c-a)*}- (atc) .2a(c +a) 
= A = 2a {(c—a)* + 4ac} — 2a (c +a)* = 2a (c +a) -2a(c +a) =0 


Therefore, by factor theorem a + bisa factor of A. Similarly, we can show that (b+c) and 
(c +a) are factors of A. We find that A is a third degree homogeneous polynomial in a, b 
and cand (b +c) (c+ 4) (a+b) is also a third degree homogeneous polynomial in a, b and 
c. Hence, we must have 


A = k(a+b) (b+c) (c +a), where k is a constant. 


—-2a a+b at+c 
or, b+a —2b b+c| =k(at+b)(b+c)(c+a) Bd) 
c+ta ctb —-2c 


Putting a=0,b=1andc=2in (i), we get 


6.46 


Hence, 
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0 1 2 
yess Dilton d lege KALVG) (2a 24, = 6k. => ko =s4 
Da tect Oe 


A = 4(a+b) (b+c) (c +4). 


ALITER Leta+b=2C,b+c=2A andc+a=2B. Then 


=>) 


es 


at+b+b+ct+c+a=2C+2A+2B 
atb+c=A+B+C 
a=(A+B+C)-(b+0c)=(A+B+0)-2A=B+C-—A. 


Similarly, we have 


U 


a sata 


b=C+A-—Bandc=A+B-C. 


= Ny chip. (ede 
b+a -—2b b+c 
ct+ta ctb — 2c} 


A 


2A —2B—2C 2C 2B 


Taking 2 common from 
Ci, Cy and C3 


Ai Berta 
A=8| 0 2Re As [Applying Ry — R» + R; and R3 — R3 + Ro] 
2B OteeG 2 


2B Ace 
tee Gia 


C+B B 
2B A+B 


A =8{(A—B) 2B(C - B) + 2B [(C + B) (A + B) — 2B°} 
A =16B {(A -B) (C—B)+(C +B) (A+B) —2B°} 
A =16B (2AC + 2B? - 2B?) = 16B (2AC) = 32 ABC 


A w22(*5°)(852\ 254s (b+) (c+a). 


a =8{(4-B)| + 2B 


[Expanding along Cy] 


Type-V_ SOLUTION OF DETERMINANT EQUATIONS 


EXAMPLE 54 Solve |a—x a+x a-—-x| =0 


SOLUTION 


(Eee Ol) — 90 SPIN a 


[CBSE 2004, 2005] 
a-x a-x at+x 
at+x a-x a-x 
LetA=|a-x at+x a—x). Applying C, + C; + C) + C3, we get 
a-x a-x atx 
3a-xX a-x a-x 
A= |\3a-x at+x a-x 
3a-x a-xX at+x 
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1 Vidic dg ook 
= (NG a(Gd sO LG ene ee 
SE) Whew 715 oes 


taxa =x 
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| Taking (3a — x) common from C1] 


= Ar (3a 0m 92% 0 [Applying Ry > Rp — R; and R3 > R3- Ry] 
Sbeimengi 2x 
= é Mee. (9) : 
= A =(3a-x)X1X|Q 94 [Expanding along Cj] 


= A = (3a — x) 4x”. 


N= >> (3a — x) 4° =(0) = x = 0,32 
~—2 82¢—3 3x—4 
4 24-9 ox 16 
x-8 24-27 -3x 04 


EXAMPLE 55 Solve =); 


x2 2X53 3x4 
SOLUTION Let A=|x-4 2x-9 3x —-16 
Seo Lee Pl 3x — 64| 


Applying C2 > C2 — 2C; and C3 > C3 - 3C1, we get 
[r-eb) 192 2] 


net bene: elec cas 
\x—8 —11 -40 
fcc 2p talsh acl 
= Ace W218 £9) 6 [ Applying Ro > Ro - Ry and Rg > R3- Ry | 
-6 -12 -#2 
x-2 1 2 Taking (- 2) and (- 6) common 
ul oe rd had, : is from R, and R; respectively 
a-2 Wee 
= rahe Beal | Tap DE [Applying R3 > R3 - Ral 
O,- 19:4 
1¢3 ee 
= A =12 \@-2 ft Hl 4 & al [Expanding along C,] 
=> A =12 {(x-2) (4-3) -(4-2)} =12 («-4) 
Bf A=0> 122-4 =05%=4 
Se ee ee eee eee cp penceesta Aim ciean etic mse cmmn aman MS RA EI EXERCISE 6.2 


1. Without expanding, show that the values of each of the following determinants are 


Zero: 
Rep hee, Oldie ec, 
Cyt ean (ii) hots ba 
16 4 3 Tae 
Mee Az Vareg bt 
Gi) 14317 8 (iv) |Yy b? ac 
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1 a’ —be 
a+b 2a+b 3a+b a A 
(v) |2a+b 3a+b 4a+b (Vi) it bb ae 
4a+b 5at+b 6a+b Te fen 
49 1 6 ee : 1 43 6 
(vii) 139 7 4 (viii) |-x 0 z (ix) 17 35 4| [PSB 2001] 
2oa2 3 -y -z 0 ine 
ploy, te] 
Teo 4 
me Be oe ee i 3 5 
(x) : ao (Xa) yhart 2etbs 2y c+ 2z 
ARS 8G P V z| 
Web e Gey. 
2. Evaluate the following determinant: 
tay 3 (ays AICR 9 
@) 2G AO (Gi), [BO ey Tee 
sul inl Ske! 81 24 26 
aveh 9g doer ere 
GHD WN Wakes? ivy 4 = 12 
eae 3 By 9 
[1 4 9| D6 nee 32] 
(v) 14 9 16 (vi) | 2 =f 2 
1s BS —10 S 2) 
(eer eh Bh oye Dead wi 
(vit) Same 2)/ ae cL (ii) —3 0 1 -2 
CO RF ih 8 1 1 =] if 
2 i oO 2 eT 5 0 


Evaluate the following (3-7): 


x+xX x G iL ae 
3am xX X+A x [HSB 2000] 40 lei beecn [CBSE 2006] 
x OG x+X 1 fe ede) 
OM ie b+c a a 
Gy ie gk [CBSE 2004] 6. b ct+a b 
De Cua Cc e a+b 
a b+c. a 
TN be es ae Br [CBSE 2006] 
C athe 


Prove the following identities (8 — 24): 


lat+h+2c a 
8. Om Spec Oa. b =2(a+b+cy 
(e a C+a+2b 
[PSB 2001, CBSE 2006C, 2008] 
a-b-c¢ 2a 2a 
9. 2b” b-c-a@ |oh “ho@tb+o° [CBSE 2000C, 2004, 2007] 


2c 2c c—a—b} 
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at+b+c -C —b 
10. —c a+b+c -a =2 (a+b) (b+c) (c+a) 
—b -—a a+b+c 
a+b b+e cra me Ip ‘| 
11. ald wee C+ 2. .a +b). =210 ca {CBSE 2001, 2004, 2006 C, 2007] 
|c+a a+b  D+c¢ Cuma b! 
4 a We 
12, |a2 1° al =@-1? 
a ae 1 
b+c a a 
13. Bi c+a ~~ 8) =4abe [CBSE 2006 C] 
(é Cc at+b 
0 ba Ca 
14. |p 0 Cbl=2 bo [CBSE 2003] 
a’c b*c 0 | 
a b fa 
15; laabk b=e c—al en ths = Babe [CBSE 2009] 
b+c ct+a at+b 
bea ab ac . 
16. ite ta te be X= 4a” b? ¢? 
ca cb ae +b 


b+c a-b a 


Ae ee eee he a a Se 
la +b ca C| 
1 a’ +be a> 
18. 11 B+ca Bb) =-G@—b) (b-) (c-a) @ +B +c) [CBSE 2008] 
1 <+ab °° 
a be ac+c’ seo 
19. |q?+ab b ac | =4a°b’c 


ab b* + be Sa 


a’ a? —(b-cy* be me 
20. |b? b2-(c—-a)* ca =(a—b) (b—c) (c-a) (at b +0) (a +b’ +c") 
C (a — by ab 


(b+c)* a be ee 
Bieviesay bs, ca =(a—b)(b—c)(c-a)(atbt+c)@ +b°+c) 
(a+b) c* ab 


3 3 


Sate sae) 2b ae 
22. 2a? hb hua eS) 2c = abc (a* +b +c‘) 


2a° 2b° Sere oO) 
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(a+1)(a+2) a+2 1 
23. |\(a+2)(a+3) at+3 1 =-2 
(a+3)(a+4) a+4 1 


ix +4 x x 
24. a6 x+4 x |=16(6x+4) 
x x x+4 


25. Using properties of determinants, show that 
1 bte B+e 
1 cta@ c+a-|=(@-b) b-0c) (c—2) [CBSE 2002] 
Ll a+b a+b? 

26. Show that 


a a+b a+2b 
peop a0 latbl = 9th ee [CBSE 2002] 
a+b at+2b a 


27. Prove that 


EY Hz 2x 2x : 
2y Wines Zou 2y = (x+y+zZ) [PSB 2001C, 2002] 
2z 22 Pia, 
28. Prove that 
POTS Ve? 
ye a 2abl = @ +b? [HSB 2001, PSB 2001] 
ab be. a" 
29. Prove that 
a b-c c—b 
a-c b c-al| = (at+b-—c)(b+c-a)(c+a-b) [PSB 2001, 2002] 
2-0 > b=—ay'¢ 


30. Prove that 


ox YY x Y Z@ x? y 2 
pices 
ve ¥ = xy? 2] = [4 yt Al = xyz (x-y) Y-2) &-x) (Wty +2). 
ae X oe xt y* z* Pade Vader 
[HSB 2002] 
a+b Cc Cc 
c be +c? 
31. Prove that - a a = 4abc [HSB 2001] 
a! 2 
b Cust 
b b 


—be W+be cet be 
32. Prove that a + ac — ac 2 +ac| =(ab + be+ ca) 
a+ab b+ab —ab 


33. Without expanding the determinants, show that 


il eh fore ina teat 
1b cal=l1 6 
ML ele, 


Tec: 
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34. (i) Without expanding, prove that 
Leo» as a AMZ vy Ong 
ey Spay r= |x a p 
pegat a hide BM Coyit 


(ii) Using properties of determinants prove that 


x+4 De Ox. 
2x x+4 2x | =(5x+4)(4-x)* 
2X 20) X44. 


sing cosa cos(a+85) 
(iii) |sinB cosB cos(B+8)|=0 
siny cosy cos(y+5) 


(iv) Using properties of determinants prove that | x? 


x+1 x+2 xt+a 


(v) Show that |x+2 x+3 x+b6|=0wherea,b,careinA.P. 


x+3 x+4 x+Cc 
x-3 x-4 x-@ 


(vi) Show that |x-2 x-3 x-f| =0,wherea, B,yare in AP. 


Sl Be Sy eS 


(vii) Show that |z+x z x = (x+y +z) (x-2z)? 


Solve the following determinant equations (37-43): 


x+a b c 
SE a x+b Cc V=0 
a b x+C 
3x -8 3 3 
38. 3 3x -8 3 =0 [CBSE 2008] 
3 3 3x -8 


x+1 3 5 
40. 2 x+2 sy eal) 
2 3 x+4 


15-2x 11-3x 7-x 
42. 11 17 14 | = 0 [PSB 2002] 


10 16 13 


44, Show that x = 2 is a root of the equation 
ble SF incall 


6.51 


[CBSE 2007] 
Ley x? 
Genny fae aie? 
x x 1 
[CBSE 2005] 
[CBSE 2007] 
[CBSE 2007]. 
1l+a 1 1 
1 = fo 3a" 
1 1 l+a 
[PSB 2000 C, CBSE 2003] 
x x 
39. 11 a a = Ona 0 
at 
iL. % x 
44, }9. bP P=0.bec 
tl ave o 
ay 1 ae 
43. |p +1 p+1 pr+x|=0 
3 x+1 x+2 


2 -3x x-3]=0 and solve it completely. 


-3 ON RAD, 


6.52 MATHEMATICS-XII 
ee ee ANSWERS 


> (i) 0 Gi) -43 Gili) abc + 2fgh — af? - bg? - ch” (iv) 40 


(v) 8 (vi) 0 (vii) 512000 (viii) 0 
3, 17 Bx +A) 4. (a—b) (b-c) (c-4) 
5. (at+b+c) (a +b +c? —ab — be - ca) 
6. 4abc 
7. —(a+b+c) (a—b) (b-c) (c-4) 35. (x~ 1)" (et Qe + 487-0 + GOTO 
38. At 39. a,b 40. 1,1,-9 41. b,c,-—c(b+c) 
42. 4 43. x=1,2 44, Bal 


INT SYFOSSELECTEDRROBLERS 
1. (i) Apply : R3 > Rg - Ro, Rp > R2- Ry 
(ii) Taking (- 2) common from C,, C, and Cy become identical. 
(iii) Use : R3 > R3- Ry 
(iv) Multiply R;, Ry and R; by 4, b and c respectively and take a b c common from 
C3. 
(v) Apply : C3 C3- C2, C2 > C2- Cy 
. (vi) Apply: Ry R, + (3) Rp and R3 > Rg + 5Ro 
. Apply : C; > Cj + C2 + C3 and take out (3x + 4) common from Cy 
. Apply : Ry > Rp — Ry, R3 2 R3- Ry 


. Apply : C; > C; + C2 + C3 and take out (a4 + b +c) common from C; 


ana a fF OO N 


. Apply : R,>R,+R,+R3. Take 2 common from C, and then apply 
Ry > Rp — Ry, R3 > Rg - Ry 
7. Apply :C)—C)+Cy. Take (@ + b + c) common from C and then apply 
Ry > Rp — Ry, Rg > Rg - Ry 
8. Use : C; > C,+C,+C3. Take 2(a+b+c) common from C; and then apply 
Ry > Ry — Ry, R3 > R35 - Ry 
9. Apply :R,; > R,+Ry)+R3. Take (a+b+c) common from R,; and then use 
Cy Co -C, , C3 9 C3 - Cy 
10. Apply :C, > C, + C3 and C) 4 C)+C3 
11. First apply C, > C, + C) + C3 and then Cy > Cy - Cy, C3 9 C3-Cy 
12. Apply Cy; C,+C)+C3. Take 1+a+ a’ common from C, and then apply 
Ry > Ry - Ry, R3 > R3- Ry 
. Apply C;>C,+C,+C3. Take (a@+b+c) common from C; and then apply 
Rao ahy ee 
- Multiply Rj, R2 and R; by a,b and c respectively. Then take a, b and c common from 
Cj, Cy and C3 respectively. Now apply R,; > Ry +R, +R; 
18. Apply R, > R,- R, and R3 > R3- Ry 
. First take a,bandc common from Cy, Cy and C3 respectively. Then apply 
Ry > Ry +R. +R 


. Apply Cy C)-2C,-2C3 and then take — (q* +b? + c”) common from C, 
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21. Apply C; > C; + Cp — 2C3. Take (a? + b? +c”) common from C, 

22. First take a, b and c common from C,C) and C3 respectively and then apply 
R, > R, + R3, Rp > RQ+ Ry 

23. Apply Rp > R2- Ry and Rz > R3-R, 

24. Apply C; ~> C, +, +C3 

32. First multiply R;, R, and R3 by a, b and c respectively and then take a,b andc 
common from (C,,C,andC3 respectively. Now perform the operation 
Ry > Ry + Rot Rg 

33. Apply R; > R; 4, Rp > Rzb, R3 > R3¢ 

34. (ii) Apply C} > Cy + Co + Cg 37. Apply C} > C,+C2+C3 

38. Apply C; > C, +C2+Cz 40. Apply C} > C,+C)+Cy 

6.6 APPLICATIONS OF DETERMINANTS TO COORDINATE GEOMETRY 

6.6.1 AREA OF A TRIANGLE 

We know that the area of triangle whose vertices are (x1, 3), (2 , y2) and (x3, y3) is given 

by the expression: 


it f , 
= Ls [x1 (Yo — ¥3) + X2 (3 - ¥1) + %3 Y1 — Y2)] =) 
xq cyge 1 
Also, Xp Yo 1 
x3 yz 1 
Y2 1 y, 1 y, 1 
= -—Xx +x Expanding along C 
Ate. A Alias t > ys) A [Exp g gC] 
=X, (Y2 — ¥3) — X2 (Y1 — ¥3) + %3 (Y — Y2) 
= X1 (Y2 — 3) + Xp (Y3 — YW) + X31 — Y2) ...(ii) 
From (i) and (ii) 
eq M1. 4 
1 
— x9 Yo i 
2 
x3 ¥3 1 


NOTE Since area is always a positive quantity, therefore we always take the absolute value of 
the determinant for the area. 


6.6.2 CONDITION OF COLLINEARITY OF THREE POINTS 
Let A (x1, 3), B (xz, yz) and C (x3, y3) be three points. Then, 
A, B, C are collinear 


eS Area of triangle ABC = 0 
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/ xy yy, 1 moiyirt 
Se 5 |*2 y2 1, =0 © |%2 ¥% 1) =0 
x3 Y3 1 x3 ¥3 1 


6.6.3 EQUATION OF A LINE PASSING THROUGH TWO GIVEN POINTS 
Let the two point be A (x1, y,) and B (x2, y). Let P (x, y) be any point on the line joining 
A and B. The points P, A and B are collinear. 
ae oe 
1 ¥1 1) =0 
x2 2 1 
Thus, the equation of the line joining points (x;, y;) and (Xp, y2) is given by 
ay a 
x, ¥, 1) =0 
x2 y2 1 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the area of the triangle with vertices A (5, 4), B (— 2, 4) and C (2,-6). 
SOLUTION The area A of triangle ABC is given by 


el come a! 
2 -6 1 
1 5) 4 1 
aS K = 5 —7 @ @ [Applying Rp > Ry - R, and R3— R3- R,] 
-3 -10 0 
=> til bee u [Expandi 1 & 
Sey eet panding along C3] 
== = 5 170-0] =35 sq. units. 


EXAMPLE2 If A (xj, 3), B (Xp, y2) and C (x3, y3) are vertices of an equilateral triangle whose 
each side ig equal to a, then prove that 
2 
|" y, 2 
Xo Yo 2| = 3a 


x3 Y3 2 

SOLUTION Let A be the area of triangle ABC. Then, 
xy 1 

Xo ¥2 1 

x3 y3 1 


Ie 
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2 
Xj yy 2 

= 16 A? = Naive Yorund. ...(i) 
%3 ¥3 2 


But, the area of an equilateral triangle with each side equal toa is ae Oe 


A = 132 = 16A? = 3a4 ...(ii) 
From (i) and (ii), we obtain 
2 

Xj yi 2 

%2 Y2 2| = 30% 

x3 3 2 
EXAMPLE3 A triangle has its three sides equal toa, band c. If the coordinates of its vertices are 
A (x1, ¥1), B (x2, y2) and C (x3, y3), show that 


2 
Xy yy 2 
X2 Y2 2) /=(at+b+c)(b+c-a)(c+a—b) (at+b-c) 
x3 Y3 2 
SOLUTION Let A be the area of triangle ABC. Then, 
xy yy 1 
1 
A =e Ya A 
2 
3 ¥3 1 
x1 yy 1 
=> PAIN = Xo Y2 1 
x3 y3 1 
xy yy, 1 
= 4A=2 |X. yo 1 
x3 ¥3 1 
4 yy 2 
=> AA= {Xp Yo 2 
x3 Y3 2 
2 
Xy y, 2 
=> 16 A? = Ky 5 2 ...(i) 
x3 ¥3 2 


We also know that the area of triangle ABC is given by 


A = Vs (s—a)(s—b)(s—c), where s=4(atb+o) 
But Peli gp Dae yor che sy pay Maps papreotary aren 
any 4 3) 2 ‘ 


Similarly, s — =F (c+a-b) and s-c=5(at+b-o). 
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it 
mrad rbre.5 brea). 7 e+a-b)-9 @tP~0) 


= 16 A2=(atb+c) (b+c-a) (c+a—b) (a+b+e) ...(ii) 
From (i) and (ii), we get 

xy yy 2 

X2 Yo 2 =(a+b+c)(b+c-a) (c+ a—b) (at b—c) 

x3 y3 2 


EXAMPLE4 Show that the points (a,b +c), (b,c +a) and (c,a + b) are collinear. 
SOLUTION We have, 


a lace il aat+bt+ec 1 
R= ib tte t= |bobreta 1 [Applying C) > C2 + Cy] 
c a+b 1 c ctat+b 1 
fe Ak od 
— A=(at+btc)|b 1 1 [Taking (a + b +c) common from C3] 
Cee 
= A = (a+b+c)x0 = 0. [-.- Cy and C3 are identical] 


Hence, the given points are collinear. 

EXAMPLES If the points (ay, b,),(az,bz) and (a, + 42, b, +b») are collinear, show that 
A, by = Ag Dy. 

SOLUTION The given points are collinear 


ay by il 
ad by 1| = @) 
ay + ag by ete by 1 
ay by 1 
= ag-a, bo-b, 0) =0 [Applying R, > Rp — Ry, R3 > R3- Ry] 
ay by 0 
ay by : 
=< era bg sb leo 0 [Expanding along C3] 
en a, by 1 
err Bae [Applying Rp > Rp + Ry] 
= ay by — ay by = 0 
=> ay by = ay by 


EXAMPLE 6 [If the points (2, — 3), (A, — 1) and (0, 4) are collinear, find the value of x. 
SOLUTION The given points are collinear 


2a Ome 
aes Aah) 
One 4a i 
jie Se ha Ml 
=> fe : ==) [Applying Ry = Ry — Ry and R3 ae R3 = Ry] 
s A-2 2) _g 
rey ee [Expanding along C3] 


= 7-14+4 =0 => dA = 10/7. 
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EXAMPLE7 Using determinants, find the area of the triangle whose vertices are (—2, 4), 
(2, — 6) and (5, 4). Are the given points collinear? 
SOLUTION Let A be the area of the triangle. Then, 


ie 2 ce 
A= > Bue'6l 
3 4 1 
riz 2: 4 1 
=> A=, 4 -10 0 [Applying Rj — Ry — R; and R3 > R3 - Rj] 
7 0 0 
= meets S10 [By expanding along C,] 
aT 0 
= A= 570) = 35 sq. units. 


Since A # 0, therefore the given points are not collinear. 


EXAMPLE 8 Find the equation of the line joining A (1, 3) and B (0, 0) using determinants and 
find k if D (k, 0) is a point such that area of A ABD is 3 sq. units. 
SOLUTION Let P (x, y) be any position line AB. Then, 

Area of A ABP = 0 


ai |12-3-1 
s Zorg et) <0 
2 
XV 1 
= 5 {1 @-y-3 0-H +1 0-0) = 0 
= 3x-y =0 


This is the required equation of AB. 
Now, Area of A ABD = 3sq. units 


1 eros | 

=> > QO> 0 i) S=3 
hk eO? 41 

lierS T1. 
=> EL aS Pa a 

kee Oe 
=> 1(0-0)-3(0-k)+1(0-0) = +6 
=, 3k =16 
=> he, Sag ep 


EXERCISE 6.3 


J. Find the area of the triangle with vertices at the points: 


(i) (3, 8), (- 4, 2) and (5, — 1) (ii) (2, 7), (1, 1) and (10, 8) 

(iii) (— 1, - 8), (2, - 3) and (3, 2) (iv) (0,0), (6, 0) and (4, 3). 
2. Using determinants show that the following points are collinear: 

(i) (5, 5), (— 5, 1) and (10, 7) (ii) (1, -— 1), (2, 1) and (4, 5) 


(iii) (3, — 2), (8, 8) and (5, 2) (iv) (2,3), (-1,-2) and (5, 8) 
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3. If the points (a, 0), (0, b) and (1, 1) are collinear, prove that a + b=ab. 

4. Using determinants prove that the points (a, b), (a’, b’) and (a — a,b —b’) are collinear 
if ab’ =a’b. 

5. Find the value of J so that the points (1, — 5), (— 4, 5) and (A, 7) are collinear. 

6. Find the value of x if the area of A is 35 square cms with vertices (x, 4), (2,-—6) and 
(5, 4). 

7. Using determinants, find the area of the triangle whose vertices are (1, 4), (2,3) and 
(- 5, —3). Are the given points collinear ? 

8. Using determinants, find the area of the triangle with vertices (3, 5), (3, -6), (7, 2): 

9. Using determinants, find the value of kso that the points (k, 2-2 k), (—k + 1, 2k) and 


(- 4 -k, 6 — 2k) may be collinear. [PSB 2001 C} 
10. If the points (x, — 2), (5, 2), (8, 8) are collinear, find x using determinants. 
[HSB 2002] 
11. If the points (3, - 2), (x, 2), (8, 8) are collinear, find x using determinant. 
[HSB 2002] 


12. Using determinants, find the equation of the line joining the points 
(i) (1, 2) and (3, 6) (ii) (3, 1) and Q9, 3) 

13. Find values of k, if area of triangle is 4 square units whose vertices are 
(i) (k, 0), (4,0), (0,2) (ii) (- 2, 0), (0, 4), (0, k) 


ANSWERS 
1. (i) ge! sq. units (ii) a sq. units (iii) 15 its (iv) 9 it 
‘ > 84: > 84: sq. uni iv) 9 sq. units 
SO A= =D (iby ead 4 ze sq. units, No 8. 46 sq. units 
9 b=-1,5 10. x=3 Wx =5 
12. (i) y=2x (ii) x =3y 1300) kevl6 (ii) 0,8 


6.7 APPLICATIONS OF DETERMINANTS IN SOLVING A SYSTEM OF 
LINEAR EQUATIONS 


Consider a system of simultaneous linear equations given by 
ayx+b)y+c,z = d; 
AgX+byy+Cyz = do (i) 
a3,X+bz,y+c3Z = ds, 
A set of values of the variables x, y, z which simultaneously satisfy these three equations 
is called a solution. 
For example, x = 3, y= 4 and z =6 is the solution of the system of equations 
5x — 6y + 4z = 15 
7x + 4y —3z = 19 
2x+y+6z = 46 
A system of linear equations may have a unique solution, or many solutions, or no 


solution at all. If it has a solution (whether unique or not) the system is said to be 
consistent. If it has no solution, it is called an inconsistent system 


Ifd,= i: = ds = 0 in (i), then the system of equations is said to be a homogeneous system. 
Otherwise it is called a non-homogeneous system of equations. 
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6.7.1 SOLUTION OF A NON-HOMOGENEOUS SYSTEM OF LINEAR EQUATION 


We now intend to solve a system of simultaneous linear equations by Cramer’s rule 
named after the Swiss mathematician Gabriel Cramer. 


THEOREM 1 (Cramer's rule) The solution of the system of simultaneous linear equations 


ay to by y = cy ...(i) 
Aayx+byy = Cy sre AL) 
D, 
is given by x D’ Eee where 
_ (a, by {ey by a, Cy 
Ls az by 17, ) by and D2 = ag C5 
provided that D #0. 
PROOF We have, 
a, by 
ay b\ 
- ay by 53 ay x by 
xD = x ay j by Ay x bz 
os soe ERATE [Applying C, > C,+y Co] 
agx+boy dy Pplying <1 tna 
cp 
om or) = x b, =D, [Using (i) and (ii)] 
Similarly, we have 
= a G4 ae 
yD wires) D2 
oy leat bs See . 
X= DH and y= D’ provided that D #0. 


ay 


a, b 
REMARK Here D= |, is the determinant of the coefficient matrix ie al 
P4 2 


by 
by 
The determinant D, is obtained by replacing first column in D by the column of the right hand 
side of the given equations. 

The determinant Dp is obtained by replacing the second column in D by the right most column 
in the given system of equations. 

THEOREM 2 (Cramer’s Rule) The solution of the system of linear equations 


a,x+byyt+cyz = dy Be(1) 
ayxt+byy+coz = dy ell) 
a3x+b3y+¢3z = dy ... (iii) 
ae D, D2 D3 
is given by x = pey Yep: and z= D’ where 
a by Gy |d) by cy a, dy cy a, b, dy| 
D= a2 by CoI, D, = dy by Co, Do = {a2 dy C2 and D= ag by dy 
a3 53 ¢3 dz bz c3 a3 dz 3 a3 bz ds 


provided that D0. 
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PROOF We have, 


a, by cy 
D=|a bp 
a, bz 63 
a, by Cy a,x Uy Cy 
xD =x |az by Co| = |aox bg 
a, bz C3 a,x bz 3 
ayxtbyytcaz by 
=> xD =|agxt+boytCoz by [Applying C, > Cy +y CQ) +z] 
a4x+bz3y+C3z bz 6 
d, by Gy 
= xD =|dy by €o| = Dj [Using (i), (ii) and (iii)] 
d3 bz ¢3 
Similarly, we have 
a, dy cy a, b, a, 
yD=|az dz ¢2|=D, and zD=|a_ bz d2| =Ds3. 
a, d3 C3 a3 b3 dg 
D, Dy D3 
jos dD’ y= D and Z= D’ provided that D +0. 


REMARK Here D is the determinant of the coefficient matrix. The determinant D, is obtained 
by replacing the elements in first column of D by d,,d) d3.D 2 is obtained by replacing the 
elements in the second column of D by dy, d>, d3 and to obtain D3, replace elements in the third 
column of D by dy, dz, d3. 

The above method of solving a system of three linear equations in three unknowns can 


be used exactly the same way to solve a system of n equations in n unknowns as stated 
below. 


THEOREM 3 (Cramer's Rule) Let there be a system of n simultaneous linear equations n 
unknowns given by 


Ay XT Aya Xo t+... +A, Xn= by 
an, x4 + Ag9 Xo + ears + Ay, Xn = by 
Oa x4 + Oy Xo vet Oi Xy = Oy 
Ay, 449 My 
47, Ag) 49 
TetD=| > . and let D; be the determinant obtained from D after replacing the 
GQny An2 ann 
by 
th by 1 Dy 
column fal = =— eet i 
j nby|<|. Then, x, 1 %2=T7-+%, =, provided that D #0. 
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6.7.2 CONDITIONS FOR CONSISTENCY 


CASEI For a system of 2 simultaneous linear equations with 2 unknowns 


(i) If D #0, then the given system of equations is consistent and has a unique solution 
given by 


(ii) If D=0 and D, = D2 =0, then the system is consistent and has infinitely many 


solutions. 


(iii) If D =0 and one of D, and Dj is non-zero, then the system is inconsistent. 


CASEI For a system of 3 simultaneous linear equations in three unknowns 
(i) If D #0, then the given system of equations is consistent and has a unique solution 


given by 


(ii) If D=0 and D, = D2 = D3 =0, then the given system of equations may or may not 


be consistent. However, if it is consistent, then it has infinitely many solutions. 


(iii) If D=Oand at least one of the determinants D,, Dz, D3 is non-zero, then the given 


system of equations is inconsistent. 


In order to solve a non-homogeneous system of simultaneous linear equations by 
Cramer’s rule, we may use the following algorithm. 


ALGORITHM 


STEP I 


Obtain D, Dy, D> and D3. 


STEP II Find the value of D. 


If D #0, then the system of equations is consistent and has a unique solution. To find 
the solution, obtain the values of D,, D, and D3. The solution is given by 


If D =0, go to step Ill 
STEP IM Find the values of Dy, D2, D3. 


If at least one of these determinants is non-zero, then the system is inconsistent. 
If Dy = D2 = D3 = 0, then go to step IV. 


STEPIV Take any two equations out of three given equations and shift one of the variables, say 


z, on the right hand side to obtain two equations in x, y. Solve these two equations by 
Cramer’s rule to obtain x, y in terms of z. If these values of x and y satisfy the third 
equation, then the system is consistent and the values of x, y and z constitute a solution. 
If the values of x and y do not satisfy the third equation, then the system is inconsistent. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Solve by Cramer’s rule 
2x-y = 17 
3x+5y = 6 


SOLUTION We have, 


2° =] 


5 4 22%5—(-1)x3 = 13, 
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(We eal - <2 eA Peer eat 
D,; = | 6 5 = 85 +6=91and D2 = 3 |= 51 39. 
So, by Cramer’s rule, we have 
D bas 
Pe 7 ad ae ee 


Hence, x = 7 and y =— 3 is the required solution. 
EXAMPLE2 Solve the following system of equations using Cramer’s rule: 
5x-7y+z=11, 6x—8y-z=15 and 3x +2y-6z=7. 
SOLUTION The given system of equations is 
5x-7y+z = 11 


6x -8y-z = 15 
3x +2y—-6z = 7 
Sea, eel 
D=16 -8 -1| =5(48+2)+7(—36+3)+1 (12+ 24) 
Sin y 29l='6 
= 250 — 231 +36 =55 
17a 8 
D, = }15 -8 —1] = 11 (448+2)+7(-—90+7)+1 (30+ 56) 
Z 2 -6 
= 550 - 581+ 86 = 55 
SRE e Hh 
D2, = |6 15 —1] = 5(—90+7)-11 (-36+3)+1 (42-45) 
eh YP ENS 
= — 415 +363 -3=-55 
nee ai! 
and D3 = |6 -8 15) = 5(—56-30)+7( 42-45) +11 (12 + 24) 
ey eR ys 


= 450 — 21 +396 = —55 


Hence, x=1, y=-1andz=-1is the solution of the given system of equations. 


ty ye 
4 8 


Thus, D=D,=D,=0 


D= =Q,D,= 


Gy 
12 §| =O and Dp = 


So, the given system has infinite number of solutions.. Let y =k. Then 
X+2y=3 => x=3-2k. , 


Hence, x = 3 — 2k, y=k is the solution of the gi i i 
oa teal oie given system of equations, where k is an 
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EXAMPLE4 Show that the following system of equations is inconsistent 
2x+y = 3, 4x+2y = 5; 
241 | 


SOLUTION Wehave, D= | res 


=0 and D, = 2 3|- 140. 
Thus, D=0 and D, #0. 


So, the given system is inconsistent. 


EXAMPLE5 By using determinants, solve the following system of equations: 


Cy =a 


x+2y+3z=4 
x+3y+5z =7 
SOLUTION We have, 
H Moot lt 
D=}1 2 3}=1x(10-9)-1x(5-3)+1x(3-2)=0, 
143-% 
11 
D, = |4 2 3)/=1x(0-9)-1x(20-21)+1x (12-14) =0, 
Fas oO 
? taeiiel 
Dy = |1 4 3] =1x(20-21)-1x(S-3)+1x(7-4)=0, 
eo 
a 
and, D3 = |1 2 4) =1x(14-12)-1x(7-4)+1x(3-2)=0. 
pa eae A 


Thus, we have 
D = D, = D, = D3 = 0 


6.63 


So, either the system is consistent with infinitely many solutions or it is inconsistent. 


Consider the first two equations, these equations can be written as 
EY =7l—Z 


x+2y = 4-32 
To solve these equations we use Cramer’s rule. 
Here, De|; 3) =2-1=1 De= re 3) =2-22-4432=2-2 
and, Da=|t ho og| 247 92-1 +2=3-22. 
D, Dy 
X=D and Y=D 
= X=Z-2, Y=3— 2z, 


Let z =k, where k is any real number. Then, we get 
x=k-2, y=3-2k and z=k 
These values satisfy the third equation. 


Hence, x =k-2,y =3 — 2k,z=k is a solution of the given system of equation for every 


value of k. 
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EXAMPLE6 Lising determinants, show that the following system of linear equation is inconsis- 
tent. 

x-3y+5z=4 

2x -6y+10z = 11 

3x -9y+15z = 12 
SOLUTION We have, 


—-3 5 
D= ; me 10} = 0 [-.. C> is proportional C,] 
3a 9815 
4 -3 5 Ano Leet 
D, = |11 -6 10) =-15 |11 2 2) = 0 [-.. Cp and C3 are identical] 
12 -9 15 12i63 8S 
rae 14 1 
Do = |2-11pg10) 05.92, A. 21 = 0 [-. Cy and C3 are identical] 
@ 127-15 oz 3 
1-3 4 lee. 
and, Dz = "124-6. 11 =a3ei2endl) =O [-.. Cy and Cz are identical] 
3 =9 12 Boole 


D = D, = D2 = D3 = 0. 
So, the given system of equations may or may not be consistent. 


If we now put z = k in any two of three equations, we find that the two equations 
obtained are inconsistent as they represent a pair of parallel lines. 


Hence, the given system of equations is inconsistent. 


REMARK If we examine the given system of equations closely, we find that the three equations 
represent parallel planes. So, they have no point in common. Consequently the given system has 
no solution. 


EXAMPLE7 Using cramer’s rule, solve the following system of linear equations: 
(at+b)x-(a—b)y = 4ab 
(a—b)x+(at+b)y = 2a =) 

SOLUTION We have, 


a+b -—(a-—b) 


DS a-b a+b 


= (a+b)? +(a—by=2 (a2 +b?) + O. 


So, the given system of equations has a unique solution. Now, 


4ab =(a—b) 
DD. = 

1 \2@?-b) (a+b) 
= Dyers 2ab -(a—b) Taking 2 common from C, 

1 a-b 1 and (a+ b) from Ry 
= Dy = 2 (a+b) {2ab+(a-by} 
=> Dy = 2(a+b) (a? +0’) 
ithe hope hee 

2= \a-b 2(a2-B 
= Dy =)2@—b) a+b 2ab Taking (a — b) common 

1 (a+b) from R, and 2 from C2 
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= Dy = 2(a-b) {(a +b)? - 2ab | = 2(a-b) (a2 +B) 


By Cramer’s rule, we have 


Eh ear by a+b) 


= = =at+b 

D 2 (a? +b?) 
and = Bo 2 Ge a) hg 
Per OMIDIeS A easy 


Hence, x =a +b, y=a— bis the solution of the given system of equations. 

EXAMPLE8 Using determinants, show that the following system of equations is inconsistent. 
2x -y+z=4, x+3y+2z=12, 3x+2y+3z=10. 

SOLUTION The given system of equations is 


2x-y+z=4 
x4 Sy 422 = 12 
ox + 2y +3z =)10. 
as We 
Here, Delt 3 22 19-4) 41 Ceo 12-9) =(), 
3 2k 3 
4 eae Me 
D,;=|12 3 2|=4(9-4)+1(36- 20) + (24-30) =30+0. 
10 pee 3 : 


Hence, the given system of equations is inconsistent. 
EXAMPLE9 Solve the following system of equations by using determinants: 
6bY az = 1 
ax+by+cz =k 


ax+Dytcz =k 


SOLUTION We have, 


ce) eel 
BAN is tele haa 
os ie 
a 0 0 
=> (= a b-a c-a [Applying C2 > Cz — C; and C3 > C3- Cy] 
ain ox Rae 
1 0 0 : 
[Taking (b—a) and (c — a) common 
ad de ah oats! \ Gree) eae 1 from C, and C; respectively] 
a’ b+a cta 
1 1 ‘ 
ms D =(b-a)(c—a).1. ede a aes [Expanding along R;] 
= D =(b-a)(c—a) (c+a-—b-a)=(b-c) (c—a) (a—b) wh) 
Te lanl 
Dp = k= be (G.) =(b— @) (C—k) KB) [Replacing a by k in (i)] 


er vy ce 
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ih ok 
D,=\a k c|=(k-o)(c-4) (a —k) [Replacing b by k in (i)] 
We ce 
ib ab ow 
and, D3=\a b k =(a—b) (b—k) (k-a) [Replacing c by k in (i)] 
ee Kk 
D, Dy Ds 
x SF mei and 2 = oy 
_(b-0) (c—k (k-5) _ (k-0) (c-a)(@-k) gg, @- WO -b (k-a) 
oS *=(b—c)(c—a)(a—by’ 4" (b=) (ca) (a-b) (a — b) (b—c) (ca) 
_(-k k-5) _ k-o @-h _ (b-k (k-a) 
Hence, x= (Tay qaapy Y= b-c)(a—b) 4 = bc) (C=a) 


is the solution of given system of equations. 

EXAMPLE 10 The sum of three numbers is 6. If we multiply the third number 2 and add the 
first number to the result, we get 7. By adding second and third numbers to three times the first 
number we get 12. Use determinants to find the numbers. 

SOLUTION Let the three numbers be x, y and z. Then, from the given conditions, we 
have 


x+y+zZ=6 or, x+y+z=6 
x+2z=7 x+Oy+2z = 7 
ox +y +2 = 12 3x+y+z= 12 
et hag | 
Here, D=|1 0.2) =1(0-2)-1@=26)+'0—0) ==245+124 
om tee 
Goglanl 
Dy = \\7" 0 2) =.6 (0=2)= 17 = 28) 417 =0) = —12417 +7 = 12 
i2m tel 
LNG aL 
D,= {1 7 2| = 1(7-24)-6(1-6)+1(12-21) = -17+30-9 =4 
SD tee 
SG: 
and, D3 = |1 0 7} = 1(0-7)-1(12-21)+6(1-0) = -7+9+6 = 8 
Spl el2 
gar 12 D2 D 
oe eet eee et ae Bek te oS 
nD 4 Died tandz == 45 2 


Thus, the three numbers are 3, 1 and 2. 
EXAMPLE 11 If f(x) = ax*+bx+cisa quadratic function such that f (1)=8, f (2)=11 and 
f (3) =6, find f (x) by using determinants. Also, find f (0). 
SOLUTION We have, f(x) = ax +bx +c 
fQ) =8 >at+btc=8 
f(@) = 11 => 4a+2b+c = 11 
and, f(-3) = 6 > 9a-3b+c = 6 
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Thus, we obtain the following system of equations 
a+b+c=8 


4a+2b+c = 11 
9a-3b+c = 6 
Here, 
5 rey bay 
D= {4 2 1) =1(2+3)-1(4-9)+1(-12-18) = 5+5-30 = -20 
9 = 3 1 
Sa) Mie) 
D,;=j11 2 1) = 8(2+3)-1(11-6)+1(-33-12) = 40-5-45 = -10 
6 -3 1 
Lt Sh 
Dy = |4 11 1} = 1(11 -6)-8(4-9)+1(24-99) = 5+40-75 = -30 
ee ee 
and, 
F Gacag 
D3 = |4 2 11] =1(12+33)-1(24-99)+8 (- 12-18) =45+ 75 — 240 =— 120 
= ho Ie a) 
. D,; _-10 1 D, _-30_ 3 D3 _ -120 
AES I uad £20: 260", Ee Ege = SILO DAO EAI FAN FO 
Hence fe) = A242 x46 
J ~ 2 2 
=> f(0) = 6. 
EXAMPLE 12 Solve the following system of equations by Cramer’s rule : 
BAS =i a gee Soustons 64 6:00 14, 
Xess 42 U2 x Zz 


=v and 5 = w. Then, the above system of equations can 
be written as 
2u+3v+10w = 4 
4u —6v+5w = 1 
6u+90—20w = 2 


2 3 10 
Here, 9D = |44-6% 5| = 2(120~45)~@ & 80 — 30) 410 (864-36) 
BINGE, 
= D = 150+330+720 = 1200 
4 &-* 10 
D,={|1 -6 5] = 4(120-45) -3(-20-10)+ 10 (9+ 12) 
|2 9°=20 
es D, = 300+90+210 = 600 
24 10 
Dy Pete SPI 22 (2 20~ 10) —4 (80-30) +10 (B 6) 
6 2 -20 


= Dz = — 60+ 440 +20 = 400 
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asa 
and, D; = |4 -6 1|= 2(-12-9)-3 (8-6) +4 (6 + 36) 
6 92 
= D3 = —42-6 + 288 = 240 
tel A COL El eM ip 
it De wel 2003) 255 x + (2 ; 
aie te 100g oy ea 
TOUT ela aes Be ee 
eye oC Os ie ol 
and 950 aasa= Fond chs a oa Sake one 


Hence, x = 2,y = 3 and z = 5. 


EXAMPLE13 Determine the values of d for which the following system of equations fail to have 
a unique solution: 


Ax+3y-—z = 1 
x+2y+z=2 
-Ax +y+2z=-1 


Does it have any solution for this value of h? 
SOLUTION The given system of equations will fail to have unique solution, if 


De a0) 
3-1 
i.e., LQ Ie 
=e 2. 
as A(4=1)-3 (2+%)=(14+2d) = 0 
— 3A-6-3A-1-2A =0 
= —-2A-7=0 
a 
=> ede 
For } =—=, we have 
13 1 
D, =e 202)0! 11(@ -16 = 0. 
= deed 2, 


Thus, forA = -2, we have D = 0 and D, #0. 


Hence, the given system of equations has no solution for A = — Z : 
EXAMPLE 14 For what values of a and b, the following system of equations is consistent? 
Ky Eze = 06 
2x+5y+az =b 
x+2y+3z = 14 


SOLUTION The given system of equations is consistent, if D #0 or, if D=0, then 
D, = Dy = D3 Fi 0. 
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We have, 
uh at wl 
Deai2e5 a= lo 20 oto = 87 
(pe ee 
(yoke 3h 
D,; =| b 5 a| = 6(15 - 2a) — (3b —- 14a) + (2b- 70) = 2a -b +20 
1S) 
Ib Mee a! 
Dy = |2 b a} = (3b-14a) -6(6-a)+(28—b) = —-8a+2b-8 
13453 
ie ah ye 
and, D3 = |2 5 bl = (70-—2b)-(28-b) + 6 (4-5) = 36-b 
Pee abet 


Now, D#0 => a-8#0 a#8. 
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Thus, the given system of equations will be consistent and will have unique solution for 


a8. 
For a= 8, we have 
D=0 and D, = 36 — b, Dy = 2b — 72, D3 =36-b 
Clearly, D, = Dy = D3 =0 forb = 36. 
Thus, for a = 8 and b = 36, we have 
D = D, = Dy = D3 = 0. 
Putting a = 8 and b = 36 the given system of equations reduces to 
x+y+z=6 
2x +5y+8z = 36 
x+2y+3z = 14 
Taking z =k, first and third equation become 
x+y =6-k 
x+2y = 14-3k 


Solving these equations by Cramer’s rule, we get 


we | 
14-302 
x= = 12-2k-14+3k = k-2 
F | 
it wl 
‘ = 
1 414— 3% 
y = —y = 14-3k-6 +k = 8-2k 
ia 
f 2| 


Thus, we have 
x =k-2,y = 8-2k,z =k. 


Clearly, these values satisfy the second equation. 


Thus, the given system of equations will be consistent and will have infinitely many 


solutions for a= 8 and b = 36. 
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Hence, the given system of equation will be consistent if a#8 and be Ror, ifa=8 and 
b= 36. 
EXAMPLE15 For what values of a and b, the system of equations 


2x tay+6z = 8 
x+2y + bz =5 
x+y+3z=4 


has 
(i) a unique solution 
(ii) infinitely many solutions 
(iii) no solution. 
SOLUTION We have, 


2. do 
D=}1 2 b 
torts 
=> D = 2(6-b)-a(3-b)+6 (1-2) 
= D = 12-2b-—3a+ab-6 
=> D = 6-3a—2b+ab = (b-3) (a-2) 
8 a 6 
Dea 15,2 2 
\4 1.3 
=> D, = 8(6-b)-—a(15- 4b) +6 (5-8) 
=> D, = 48- 8b — 15a + 4ab - 18 
=> D, = 30~15a—-8b+4ab = (a—-2) (4b — 15) 
2 $46 
Dose S.B 
\1 43 
=> Dy = 2 (15 — 4b) —- 8 (3 — b) +6 (4-5) 
=> Dz = 30 -8b- 24+ 8b-6 = 0 
ag & 
and, D3 = |1 2 5) = 2(8-5)-a(4-—5)+8(1-2) = 6+a-8 =a-2 
Leis 


(i) For unique solution, we must have 

D#0 = (@-2) (b-3) #0 = a#2, or O43. 
(ii) For infinitely many solutions, we must have 

D = D, = Dy = D; = 0 
= (a - 2) (b-3) = 0, (a-—2) (4b~-15)=0 anda —2 


=> Qa 2: 


fi 


Putting a = 2 in the given system of equations, we get 
2x +2y+6z = 8 
K+2y+4bz = 5 
x+y +37 = 4 

=> KY z Ie 
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x+2y+bz=5 
Putting z =k, we get 

x+y =4-k 

x+2y = 5-—bk 


Solving these two equations, we get 
x = 3-2k+bk, y=1—bk+k 
Thus, the given system has infinitely many solutions given by 


x = 3-—2k+bk,y = 1—bk+k,z = k, whereke R. 
Hence, the system has infinitely many solutions for a = 2. 


(iii) For no solution, we must have 

D = Oand at least one of D; , D> and D3 is non-zero. 
Clearly, for b = 3, we have 

D = Oand D; # 0. 


Hence, the system has no solution for b = 3. 


Sdlve the Following Systems of Linear Equations by Cramer’s Rule 


1. x-2y=4 2. 24=y= 1 
si toOye—7 Ie — 2y aa 7 
a 2x—y=17 4, 3x+y=19 
3x + 5y =6 3x - y= 23 
Si22x y= 2 6. 3x+ay=4 
3x + 4y =3 2x +ay=2,a#0 
7. 2x+3y=10 8. 5x+7y=-—2 
x+6y=4 4x + 6y=-3 
9. 9x +5y= 10 10. x+2y=1 
3y — 2x =8 3x+y=4 
Solve the following system of the linear equations by Cramer's rule 
ii, Sxtytz=2 12. x-4y-z=11 
2x —-4y+3z=-1 24 = bY +t 22 = 39 
4x+y—-3z=-11 =x +2y+2=1 
13. 6x+y-3z=5 14. x+y=5 
x+3y=—2z2=5 y+z=3 
2x+y+4z=8 x+z=4 
15. 2y -3z=0 16. 5x-7y+z=11 
x+3y=-4 6x - 8y -—z=15 
3x+4y =3 3x + 2y -6z=7 


17, 2x —3y ~42= 29 
—-2x+5y-z=-15 
3x = £5z=—11 
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18. x+y=1 19. xty+z+1=0 
x+z=-6 ax + by+cz+d=0 
x-y—2z=3 ax +b’y+c2z+d° =0 

20. xt+y+z+w=2 21, 2x-3z+wel 
x—2y+2z+2w=-6 x-y+2w=1 
2x+y—-2z+2w=-5 -3y+zt+w=l 
3x -y+3z-3w=-3 x+y+z=1 

Show that each of the following systems of linear equations ts inconsistent 

22. 2x-y=5 23. 3x +y=5 
4x —2y=7 — 6x -2y=9 

24. 3x-y+2z=3 25. 3x -y+2z=6 
2x+y+3z=5 2x -y+z=2 
x-2y-z=1 3x + 6y + 5z = 20. 


Show that each of the following systems of linear equations has infinite number of solutions and 
solve (26 — 30) 


26. x-y+z=3 27. x+2y=5 
2 eae 3x + 6y=15 
=x = '2y +'2z=1 

28. x+y—-z=0 20. 2x+y—-2z=4 
x-2y+z=0 4 = 29 Fo 2 
3x + 6y —5z=0 5x by ee 


30 x= +37 =0 
X+3y—3z=—4 
5x + 3y + 3z=10 
31. A salesman has the following record of sales during three months for three items 
A, B and C which have different rates of commission 
Month Sale of units Total commission 
drawn (in Rs) 


A B G 

jan 90 100 20 800 
Feb 130 50 40 900 
March 60 100 30 850 


Find out the rates of commission onitems A, B and C by using determinant method. 


An automobile company uses three types of steel S,, S, and S3 for producing three 
types of cars Cy, Cy and C3. Steel requirements (in tons) for each type of cars are 


32. 


given below : 
Cars 
Cy Cy C3 
Steel S; Z 3 o 
So 1 1 2 
S3 8 2 1 


Using Cramer’s rule, find the number of cars of each type which can be produced 
using 29, 13 and 16 tons of steel of three types respectively. 


nes ANSWERS 


1 t==6/Y=—5 2. x=-3,y=-7 3. x=7, y=-3 4. x=7,y=-2 
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5 12 2 16 2 9 If, 
5 = SoS = ia = S/S 
ss Sipe GRAD Ais y RO mrlgghL Belinea SOR ARR [te OO PINE RS 
10 92 Zz 1 
9. = i I fra ae =— = = 
x 397 37 LOM 5 5 LAX 1y=2,z=3 


~.xXx=2,y=-3,z=-4 
ea otto) id 8) 
(a—b) (b-c)(c—a)’ 


13. x=1,y=2,z=1 
16. .= 1 y= — 1 z= — 1, 
18. x=-2,y=3,z=-4 


_ (a—d) (d-c) (ca) 
(a — b) (b-c) (c—a)’ 


14. x=3,y=2,z=1 


7 = =) (b-d) da) 
(a — b) (b—c) (c—a) 


3 1 2 2 1 

20. == 2, =O, ==) =i =i, =i—' = =S=— SS 

Se ayy. 3,Z=5,W 5 21'S Wry we 7 7 
25°e=—S3,y=—1,2 =/ 

5 4 

26. x= 3, yak—-3,25h 27. x=5—2k, y=k 
28. x =k, y = 2k, z=3k, 29. ya SASk y BEM Dak 

: 7 — 3k 3k-—5 
30. x= > , y= 5 Pai 


HINTS TO SELECTED PROBLEMS 


31. Letx, y and zbe the rates of commission in Rs ofitems A, B and C respectively. Then, 
we have 
90x + 100y + 20z = 800, 130x + 50y + 40z = 900 
and 60x + 100y + 30z = 850 


6.7.3 SOLUTION OF AHOMOGENEOUS SYSTEM OF LINEAR EQUATIONS 


In the previous sub-section, we have learnt about the solution of a non- homogeneous 
system of linear equations and its consistence and inconsistency. 


Let us now consider a homogeneous system of equations given by 


a,x+b,y+c,z = 0 
Aayx+boy+Coz = 0 
a,x+b,y+c3z = 0 


For this system of equations, we have 


0 b, Ci a, 0 cy ay b, 0 
D, = |0 by cy} = 0, Dp = |42 9 ¢2| = Oand,D 3 = |4 by 0} = 0. 
0 b3 C3 a3 0 C3 az bz 0 
ay by Cy 
If = a> bo C9 # 0, then 
a3, bz C3 
D, 2 3 
ae edd, Vie ae a Y anc 2° ean 


Thus, if D#0, then the homogeneous system of equations has unique solution 
x=0,y=0,z=0. This solution is called the trivial solution. 
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If D =0, then a homogeneous system of equations has infinitely many solutions. Solu- 
tions other than the trivial solution are called non-trivial or non-zero solutions. 

In order to solve a homogeneous system of equations by Cramer’s rule, we may use the 
following algorithm. 


ALGORITHM 
STEPI Obtain the system of equations and compute D i.e. the determinant of the coefficient 
matrix. 


STEP If D#0, then the system has only the trivial solution te. x=y=z=0. So, 
x =0=y =z is the only solution of the given system. 


STEP If D =0, then take any two out of three equations and replace one of the variables 
z (say) by k. 
Solve the system so obtained by Cramer's rule. The solution so obtained with z =k gives 
a solution of the given system. 


REMARK It is evident from the above discussion that a homogeneous system of equations will 
have non-trivial solution iff | D | =0. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Solve the following system of homogeneous equations: 


3x -4y+5z = 0 
KAY 2Z, = 0 
2x+3y+z= 0 
SOLUTION We have, 
59-4 5 
D=}i1 1 —2] = 46 #0. 
OM SO ae | 


So, the given system of equations has only the trivial solution i.e. x = y =z =0. 
EXAMPLE 2 Solve the following system of homogeneous equations: 


x+y = 2 00 

x-2y+z=0 

3x + 6y—5z = 0 
SOLUTION We have, 

fof. =41 


D = Le : = 1x(10-6)-1x(-5-3)-1x(6+6)= 4+8-12 =0 


So, the system has infinitely many solutions. Consider the first two equations. Putting 
z =k in first two equations, we get 


xt+y=k 
x-2y = —-k 
Solving these equations by Cramer’s rule, we have 
Ke 
Tf 18k 
Date = k | | 
poet ire hk Dy ie oe 
Dig alt WAL PR 23 30 Has eer Tec 
12 F Hy 
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Clearly, these values satisfy the third equation. 


k 


Hence, x = 3° y= ,z=k gives the solution for each value of k. 


3 
EXAMPLE 3 Find the value of d for which the homogeneous system of equations: 
2x +3y—-2z =0 
2x=y+3z = 0 


7K FAY AZ, =) 
has non-trivial solutions. Find the solution. 
SOLUTION The given system of equations will have non-trivial solution if 


D = Oie. 
2g 22 
2b 3].=0 
K- Ay +1 
=> 2(1=32)=3 2=21)-201+7) = 
= 2-6A+69-4A-14 = 0 
=> ~102+57 = 0 
57 
= A= 10° 
Hence, the given system of equations will have non-trivial solutions if A = 2 ; 
5Z 
Now, we shall find solutions for A = 10° 
Taking first two equations and replacing z by k, we get 
2x +3y = 2k 
2k =¥ = = GK 
Solving these two equations by Cramer’s rule, we get 
2h * $3 
aga nih wpe Ys pe 
a 2 -2-6 ° 8 
eon 
2 ar 
LE tea ees lO a BE 
cor s -8 4 
SB | 
Substituting these values of x and y in the third equationi.e. 7x +A y—z = 0,we have 
li: 5k mels 
LHS = 7 xg t AK =k . a 
4 Oo OL eK iow 
8 k+ 10% 4 k = 0 = RHS 
7, 5k ; : Phe 
Hence, x =— 3 k, y= Wuieen k gives the solution of the given system of equations for 


each value of k. 


XII 
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EXAMPLE 4. If the system of equations 


x= cy + bz 
y = aZ+Cx 
Zs bx + ay 


2 : 
has a non-trivial solution, show that a+b? +c +2abe=1 
SOLUTION The given system of equations can be written as 


x-cy—bz =0 
cx-y+az = 0 
bx t+ay—z = 0 
It has a non-trivial solution. 
1 -c -b 
c -l fill = 0 
i) ee dl 
— 1x (1—-a*) +c (-c-ab)-b(ca+b) = 0 
a 1-a?-c*-abc-abe-b’ = 0 
= ath +c +2abe = 1 


EXAMPLE 5. If a,b, care distinct real numbers, and the system of equations 
axta-yt(at+1)z =0 


bx +b yt (b+1)z = 0 
ext cy+(C+1)z = (0) 
has a non-trivial solution, show that abe = —1. 


SOLUTION | It is given that the given system of homogeneous linear equations has a 
non-trivial solution. 


Roaa tt 
bb? b?+1| = 0 
Bee ese 
= (a —b) (b—c) (c—a) (1 +abc) = 0 [See Example 17 on page 6.25] 
=> 1+abe = 0 2p ED ee 
- a—b#0,b—c#0,c-—a#0 
= abo = -1. 


EXAMPLE 6 If x,y,z are not all zero such that 
axt+y+z=0 
et by+z = 0 
oe ycz =) (), 
1 2 
1-b* 


SOLUTION It is Eire that x, y, z are not all zero. This means that there are non-trivial 
solutions of the given system of equations. 


then prove that = foe =) 


a il A 

toi itl so 

sy Ake a 
= abe-a-c-b+2=0 
= abo = a+b+c-2 


(i) 
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1 1 th 

Now, ——— 
aoe ee ee, 


_ (1=b) ~c)+ (1-0) 1-a) +(1-a@) (1-1) 
(1 —a) (1 — b) @>.c) 
_ 3-2(a+b+c)+(ab+bc+ca) 
1-—(a+b+c)+(ab + be + ca) — abe 
de 3-2 (a+b+c)+(ab+bc+ca) ‘ : 
1—(at+b+c)+(ab+be+ca)—(at+b+c)+2 Teenie @) 
3-2 (a+b+c)+(ab+be + ca) 
3-2 (at+b+c)+(ab+be+ca) 


EXERCISE 6.5 
Solve each of the following system of homogeneous linear equations. 


le Seyi 24 =40 2. 2x+3y+4z = 0 


3. 3x. + yz = 0 
2x+4y—32 = 0 x+y+z=0 x-4y+3z = 0 
5x+4y—-9z = 0 25 4-32 = () Det OY mae Zuo) 


4. Find the real values of 4 for which the following system of linear equations has 
non-trivial solutions. Also, find the non-trivial solutions 


2hix=2y +3z°=0 
x+hy+2z=0 
2x+hz=0 


5. Ifa, b,c are non-zero real numbers and if the system of equations 
OSA? ae ore 


a Ahi eect x. 
(Gael) 7% eras 


has a non-trivial solution, then prove that ab + be + ca = abc. 


ANSWERS 


k,y =k,z =k,whereke R 2a 
=k, t= tok, z 


A. rK=2x0%=k y= fa = —kwhereke R 


13k, where, ke R. 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1. If A isa singular matrix, then write the value of | A]. 


2. For what value of x, the following matrix is singular? 


5-x x+1 
2 4 


De ee 
3. Write the value of the determinant |2x 3x 4x |. 
by 16) te) 


alta is singular or non-singular. 


4200 4201 
4202 4203 


4. State whether the matrix i 3 


5. Find the value of the determinant 
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TO L102 S105 
6. Find the value of the determinant |104 105 106 
107 108 109 
a 1 b+c 
7. Write the value of the determinant |b 1 c+a). 
c 1 a+b 
Ont BG be : B 
. , |and B= _ find the value of |A| + |B. 
if dl a 0 | 


9. WA=|5 flame B=|_] p|find | AB|. 


8. rA=| 


) 1g) 
4785 4787 
10. ashe a 4789 4791 ' 
1 w x 
11. If w is an imaginary cube root of unity, find the valueof | W w? 1|. 
w HE 22 
To I cl ane andes abel And ApABs 
‘ [3 -1 (a= 2% 
ioe it A= [a;,) is a3 X3 diagonal matrix such that a); = 1, 47) =2 and 433 = 3, then find 


| A |. 
14. If A = [aj] is a3 x3 scalar matrix such that aj; = 2, then write the value of |A|. 
15. If I; denotes identity matrix of order 3 x 3, write the value of its determinant. 
16. A matrix A of order 3 x 3 has determinant 5. What is the value of |3A |? 


17. On expanding by first row, the value of the determinant of 3 x3 square matrix 
A= [ajj] is ayy Cyy + 442 Cio + 443 C13 , where C;; is the cofactor of a; in A. Write the 
expression for its value on expanding by second column. 

18. Let A = [aj] be a square matrix of order 3 x 3 and C;; denote cofactor of aj in A. If 

|A| =5, write the value of a3; C3) + @32 C32 + 433 C33- 


19. In question 18, write the value of a1; Coy +.@42 Coo +443 C3. 


20. Write the value of sin 20° — cos 20° ; 
sin 70° ~— cos 70° 


21. If A is a square matrix satisfying A’ A=I, write the value of |A|. 


22. If A and B are square matrices of the same order such that |A| =3 and AB =I, then 
write the value of |B|. 

23. A is a skew-symmetric of order 3, write the value of | A]. 

24. 


If A is a square matrix of order 3 with determinant 4, then write the value of 
(= Al. 


25. If A isa square matrix such that | A | =2, write the value of | AA’ |. 


243 156 300 
26. Find the value of the determinant | 81 52 100). 
-3 0 4 
. 2-3 5 
27. Write the value of the determinant |4 —6 10] . 
6 -9 15 
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x 
-10 1 
29. if A is a square matrix of order nxn such that |A| =A, then write the value of 

|-Al. 


28. If the matrix 2 4 is singular, find the value of x. 


ry ape 
30. Find the value of the determinant |2° 24 2°) . 
ig bebe 
31. If A and Barenon-singular mairices of the same order, write whether AB is singular 
or non-singular. 
32. A matrix of order 3 x 3 has determinant 2. What is the value of | A (3) |, where I is 
the identy matrix of order 3 x3. 


33. If A and B are square matrices of order 3 such that | A| =--1, | B| =3, then find the 
value of {3AB]|. 


: a+ib c+id 
34. Write the value of Laer ee {CBSE 2008] 
2-3 5 
35. Write the cofactor of a). in the following matrix| 6 0 4} (CBSE 2008} 
1 5 7 
B53) 
36. -If 5x +2 5 = 0, find x. (CBSE 2008] 
37. Find the value of x from the following: 
eeaY Se 
> apne [CBSE 2009} 
[ 2 By 
38. Write the value of the determinant | 5 6 8 (CBSE 2009] 
6x 9x 12x 
ANSWERS 
i. 0 ye 3. © 4. Non-singular ee 6. 0 7. 0 
8. 0 9. 0 10. 8 11. 0 12.-—70 1326 14. 8 15. 1 
16, 135 a7. a49 Ci2 + ar Cop + 439 C39 1s. 5 19. 0 20. 1 Pa es |) 
225 : 23. 0 24. -4 255 4 26. O Dis, BG) 28. —4 
29. (-1)"A 30. 0 31. Non-singular 32. 54 33. -81 
34. a-+b*+c7+d* 35. 46 «36. -13 37.42 > 38.0 


- MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 
1, If A and B are square matrices of order 2, then det (A + B) =0 is possible only when 
{a) det (A)=0 or det (B)=0 (b) det (A) + det (B) =9 
(c) det (A)=0 and det(B)=0 (d) A+B=O 
2. Which of the following is not correct? 
(a) | A] =| AY | where A= [ajlsxs 
(b) | kA | =k 1A |, where A = [aj)5 3 
(c) If Aisa skew-symmetric matrix of odd order, then | A | =0 


(d) a+b c+d ae b d 
e+f gth eg fh 
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10. 


a Let. | xa dae — 250 y S| = ax" +x 
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ayy 442 443 


.IfA = [421 422 423 | and Cj is cofactor of aj in A, then value of | A | is given by 


431 932 433 
(a) ayy C3, +442 C32 +443C33 © (B) gy Cy + 412 Car + 413 C31 
(c) ayy Cy $499 Cy +493 Cy3 (A) yy Cy +421 Co + 431 Ca 


. Which of the following is not correct in a given determinant of A, where A = [aj]3 x3 - 


(a) Order of minor is less than order of the det (A) 

(b) Minor of an element can never be equal to cofactor of the same element 

(c) Value of a determinant is obtained by multiplying elements of a row or column 
by corresponding cofactors 

(d) Order of minors and cofactors of elements of A is same 


be nies 


. Let |x? =art +b +ex* +dx+e 
x 


xx 6 


Then, the value of 5a + 4b + 3c + 2d + e is equal to 


(a) 0 (b) —16 (c) 16 (d) none of these 
. The value of the determinant 
a a 1 


cosnx cos(n+1)x cos(n+2) x} is independent of 
sinnx sin(n+1) x sin(n+2)x 


(a) n (b) a (eye (d) none of these 
ee uae it Yate fei 
iAge=)) @ > (cl A, = |1)fea by, then 
oe ec lisab c 
(a) A; +A, = 0 (b) Ay +2A, = 0 (c) A, = Ay (d) none of these 
1 n n n 
.4ifD, = | 2k n+nt+2 nn and }) D, = 48, then n equals 
2k —1 n° n+nt2 k=] 
(a) 4 (b) 6 (c) 8 (d) none of these 


43x x-1 x43 
St oxttdxt+e 


x-3 x+4 3x 


be an identity in x, where a, b,c, d,e are independent of x. Then the value of e is 
(a) 4 (b) 0 (@) i (d) none of these 


Using the factor theorem it is found that a + b,b +c and c +a are three factors of the 
determinant 


—-2a a+b at+c 
b+a -—2b b+c 
ct+ta c+b -2c 
The other factor in the value of the determinant is 


(a) 4 (b) 2 (c) a+b+ce (d) none of these 
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11. If a,b, c are distinct, then the value of x satisfying 


0 vr-a xP -—b 


kta te ee tc) = Cis 
xt+b x-c 0 

(a) c (b) a (c) b (d) 0 

12. If the determinant 
a b 2a a+ 3b 
b c 2ba+3c} = 0, then 
2aa+3b 2ba+3c 0 

(a) a,b,c areinHP. (b) ais a root of 4ax® + 12bx +9c =0 ora, b, c are in G.P. 

(c) a,b,c are inG.P. only (d) a,b,c areinA.P. 
13. If @ is anon-real cube root of unity and n is not a multiple of 3, then 

1 wo" w2" 
A = |@2" 1. "| is equal to 
w" w2” 1 
(a) 0 (b) @ (c) w (d) 1 
‘ ; 1 ie qr n 
& n 2 : 
re A, eer Chit aK ER © then the value of >} A, is 
n nt+1 r=1 
3 2 

(a) n (b) 2n (c) =—2n (d) n? 

15. Ifa>0 and discriminant of ax” + 2bx + c is negative, then 
a b ax+b 
a b Cc bx + c| is 
ax+b bx+c 0 
(a) positive (b) (ac - b*) (ax + 2bx +c) (c) negative (d) 0 


N 


bia 15 
16. The value of {5° 5% 5°] is 
frm lor te! 


(a) 5° (b) 0 (c) 5° (a) 5° 
log. 3 logg 3 
log; 4 log34 


log; 512 log,3 
log3 8 log,4 9 


(a) 7 (b) 10 (c) 13 (d) 17 
18. Ifa,b,carein A-P., then the determinant 


ee pee HiOM xe 
x+3 x+4 x+2b 
x+4 x+5 x+2c 


(a) 0 (b) 1 (ova (d) 2x 
sin(A+B+C) sin(A+C) cos C 
19. If A+B+C=T7, then the value of — sin B 0 tan A| is equal to 


cos(A+B) tan(B+C) 0) 
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(a) 0 (b) t (c) 2sin Btan A cos C (d) none of these 
cosec x sec X sec Xx =; 
20. The number of distinct real roots of secx cosec x secx}| = 0 lies in the 
sec Xx secx cosec x 
interval Ea AOC ar is 
(a) 1 (b) 2 (c) 3 (d) 0 
‘il sin 8 1 
21. Let A =|-sin®@ 1 sin 9@|, where 0 <6 < 2n. Then, 
-1 -sin@ 1 
(a) Det (A) =0 (b) Det (A) € (2, ) 
(c) Det (A) € (2, 4) (d) Det (A) € [2,4] 


22. Ifa,b,carein A.P,, then the value of the determinant 


x+2 x+3 x+2a 
x+3 x+4 x+2b), is 
x+4 x+5 x+2c 


(a) 0 (b) 1 (c) x (d) 2x 


ANSWERS 
1. (d) 2. (a) 3. (d) 4, (b) 5. (d) 6. (a) 7. {a) 8. (a) 
9. (b) 10. (a) ¥1, (d) 12. (b) 13. (a) 14. (c) 15 (c) 16. (b) 
17. (b) 18. (a) 19. (a) 20. (b) 21. (d) 22. (a) 
SUMMARY 
1. Every square matrix can be associated to an expression or a number which is known 
as its determinant. 


: 11 9412 |, : 
(i) IfA= aya | is a square matrix of order 2 x 2, then its determinant is denoted 


by |A| 


Ay, 442 
471 


or, and is defined as a4; 49 — 44 a1 


ie; | A} = 


Ay Ayn 43, 
(ii) IfA= ayy A797 Ao 


431 432 433 

denoted by | A | 
lay 442 443 
or, 1@9, 22 493 
431 4932 433 


and is equal to a4) ay9 493 + 447 a3 Ay 


+ 443 432 M91 — Ayy 493 439 — Ap A433) — A712 421 433 


This expression can be arranged in the following form: 
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44, 442 443 hy 

+ 
4, 472 473) = (-1) an 
43; 432 433 


499 493 
439 433 


42, 422 
43, 432 


921 993 


1+2 
+(- 1) a42 
431 433 


This is known as the expansion of | A| along first row. 
In fact, | A| can be expanded along any of its rows or columns. In order to expand 
| A| along any row or column, we multiply each element aj; of ith row (say) with 


(—1)'*/ times the determinant of the submatrix obtained by leaving the row and 
column passing through the element and then they are added. 
Similarly, we can find the value of the determinant of square matrices of order 4 or 
more. 

2. A square matrix is a singular matrix if its determinant is zero. Otherwise, it is a 
non-singular matrix. 

3. (i) Let A=[a,] be a square matrix of order n. Then the minor Mj or a; in A is the 
determinant of the sub-matrix of order (n — 1) obtained by leaving ith row and jth 
column of A. 


i 1 , 3 
For example, if A=| -—3 2 -1 1, then 
2 -4 3 
2 -1 -3 -1 
BER te i = 2, My = | 2 5, taal 
and so on. 


(ii) The cofactor Cj of a; in A = [ailn x n is equal to (— 1)'*/ times My. 


1 ie Oe Ba 
For example, ifA=}-3 2 -1} then 
2040 x3 


Cy = tI My = My = 2 and Cy = (-1)'*? My = ~My = 7 and so on. 


4. Following are some important properties of determinants: 
(i) Let A= [a;] be a square matrix of order n, then the sum of the product of 


elements of any row (column) with their cofactors is always equal to |A| or, 
det (A), i.e., 


n n 
eit Ci = | A | and ney Ci = | A | 
J= = 


(ii) LetA= [a;] be a square matrix of order n, then the sum of the product of elements 
of any.row (column) with the cofactors of the corresponding elements of some 
other row (column) is zero i.e., 


n n 
2 ag Ch = 0 and 2 aij Ci =a) 
j=1 i=1 


(iii) Let A = [aj] be a square matrix of order n,then | A | =| A’ |. 
By the abuse of language this property is also stated as follows: 


6.84 


(iv) 


(v) 


(vi) 


(vii) 


(viii) 


(ix) 
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The value of a determinant remains unchanged if its rows and columns are 


interchanged. 
Let A = [a;; ] be a square matrix of order n (= 2) and let B be a matrix obtained 


from A by interchanging any two rows (columns) of A, then |B| =-|A|. 
Conventionally this property is also stated as : 

If any two rows (columns) of a determinant are interchanged, then the value of 
the determinant changes by minus sign only. 

If any two rows (columns) of a square matrix A= a; ] of order n (2 2) are 
identical, then its determinant is zeroi.e., | A | =0. 

Conventionally this property is stated as: 

If any two rows or columns of a determinant are identical, then its value is zero. 
LetA= [a;,] be a square matrix of order n, and let B be the matrix obtained from 
A by multiplying each element of a row (column) of A by a scalar k, then 

|B| =k |A|. 

Conventionally this property is also stated as: 

If each element of a row (column) of a determinant is multiplied by a constant 
k, then the value of the new determinant is k times the value of the original 
determinant. 


If A = [a;] be a square matrix of order n, then | kA | =k’ | A | 


Let A be a square matrix such that each element of a row (column) of A is 
expressed as the sum of two or more terms. Then the determinant of A can be 
expressed as the sum of the determinants of two or more matrices of the same 
order. 

Conventionally this property is also stated as: 

If each element of a row (column) of a determinant is expressed as a sum of two 
or more terms, then the determinant can be expressed as the sum of two or more 
determinants. 

Let A be a square matrix and B be a matrix obtained from A by adding to a row 
(column) of A a scalar multiple of another row (column) of A, then |B| = | A]. 
This property is conventionally stated as: 

If each element of a row (column) of a determinant is multiplied by the same 
constant and then added to the corresponding elements of some other row 
(column), then the value of the determinant remains same. 


Let A be a square matrix of order n (2) such that each element in a row 
(column) of A is zero, then | A | =0. 
Conventionally this property is also stated as: 


If each element of a row (column) ofa determinant is zero, then its value is zero. 


(i) 1iAss [4;] is a diagonal matrix of order n (2 2), then 


| A | = EG) "Ag * €33 ... Any, 


(xi) If A and B are square matrices of the same order, then 


| AB| = |A||B| 


(xii) If A= [ajj ] is a triangular matrix of order n, then 


|A | = ay, . a9 + AZZ seen ann 
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5. Area ofa triangle with vertices (x1, y;), (x2, ¥2) and (x3, y3) is given by 


xy yy 1 

1 
= 2 x2 Y2 1 
%3 y3 1 


6. (i) If A isa skew-symmetric matrix of odd order, then | A | =O. 
(ii) The determinant of a skew-symmetric matrix of even order is a perfect square. 
7. Consider a system of simultaneous linear equations given by 
ajx+byy+ce,z = dy, 
Aayx+bay+Cyz = dy ad) 
a3x+b3y+0c3z = dz 
A set of values of the variables x,y,z which simultaneously satisfy these three 
equations is called a solution. 
A system of linear equations inay have a unique solution, or many solutions, or no 
solution at all. If it has a solution (whether unique or not) the system is said to be 
consistent. If it has no solution, it is called an inconsistent system. 
If dj =d =d; =0 in (i), then the system of equations is said to be a homogeneous 
system: Otherwise it is called a non-homogeneous system of equations. 
(i) (Cramer's rule) The solution of the system of simultaneous linear equations 


a,xt+by=cy md) 
ay xt+boy = cg AG) 
Dy Dy 
is givenby x = pick teks where 
a, b Cc, b a, Cc 
a e 7 gis # b, eines : bs 
provided that D #0. 

(ii) (Cramer's Rule) The solution of the system of linear equations 
ayx+bhy+cz =a, esi) 
agxt+boy+Coz = dy (ii) 
a,x+b3y+0C3Zz = dy ... (iil) 

ae D, Dy D3 
is given by Bim Bryn Sars: and Z= 7’ where 
a, by Cy ad, by Cy a, dy cy 
D= a by Cz},D,=|dy bp C2],Dy=|42 dy CQ 
a, bz 6% dz; b3 C3 a, dz C3 
ay by dy 
and D = |a b2 4dy»|, provided that D #0. 
a3 63 ds 


8. (a) For a system of 2 simultaneous linear equations with 2 unknowns 
(i) If D #0, then the given system of equations is consistent and has a unique 
solution given by 
Dy Dg 
Dae aay. 


x= 


6.86 
(ii) 
(iii) 


(b) 
(i) 


(ii) 


(iii) 
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If D=0 and Dj = D2 =0, then the system is consistent and has infinitely many 


solutions. 
If D =0 and one of D, and D, is non-zero, then the system is inconsistent. 


For a system of 3 simultaneous linear equations in three unknowns 
If D #0, then the given system of equations is consistent and has a unique 
solution given by 

x=’ t= and z= 
If D = 0 and D, = D, = D3 =0, then the given system of equations is consistent 
with infinitely many solutions. 
If D=0 and at least one of the determinants D,, D2, D3 is non-zero, then the 
given system of equations is inconsistent. 
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ADJOINT AND INVERSE OF A MATRIX 


7.1 ADJOINT OF A SQUARE MATRIX 


DEFINITION Let A = [a;,] be a square matrix of order n and let C;; be cofactor of a; in A. Then 
the transpose of the matrix of cofactors of elements of A is called the adjoint of A and is denoted 
by adj A. 

Thus, adj A = [c,]” = (adj A)j = Cj = Cofactor of a; in A. 


T 
441 442 443 Cir Cia Cig Ciy Cor Car 

If A=|41 422 43}, then, adj A=|Co1 C22 Cog] =|Ci2 C2 Co2]; 
431 432 433 C31 C3q Cog Cig Cog Cag 


where C;; denotes the cofactor of a;;in A. 


ILLUSTRATION 1 Find the adjoint of matrix A = [a;,] = P a] 


SOLUTION We have, 
Cofactor of a,; =s, Cofactor of a) = — r, Cofactor of a, = — q and Cofactor of a9, = p. 


T 
hate ator fe 
=4. op Sir tp 


REMARK It is evident from this example that the adjoint of a square matrix of order 2 can be 
easily obtained by interchanging the diagonal elements and changing signs of off-diagonal 
elements. 


IfA= E : iI then by the above rule, we have 


A= 
aaj A =|$ S| 


Lee 1 
ILLUSTRATION 2 Find the adjoint of matrix A = [4;;] ch Pal ats} 
=1 2-53 


SOLUTION Let Cj be cofactor of a;; in A. Then, the cofactors of elements of A are given 
By 
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e 


Ne 
ron 


ie a ib 
Osis li 3\--4 Ca=-|3 3/5 Cag = | 


THEOREM 1 Let A be a square matrix of order n. Then, 
A (adj A) = | A|I, = (adj A)A 

PROOF Let A= [aj], and let C;; be cofactor of aj in A. Then, 
(adj A) = Cj; foralli,j=1,2,...,1 


Since A and adj A are both square matrices of the same order n x n. Therefore, both A 
(adj A) and (adj A) A exist and are of the same order n Xn. 


Now, 
(4 (adj A)) 
n 
= » Air (adj A), [By def. of multiplication of two matrices] 
Vf = 
n gilt itd 
ee Cy = | s | ; Ee 3 i [By property 1 and 2 of section 2.4] 


Thus, each diagonal element of A (adj A) is equal to | A | andallnon-diagonal elements 
are equal to zero. 


Wie tite ail) ack ee 
OMMPA har Cae ereerO 

ie A (adj A) =)" C0. gh Ot’: [et awe 0a) eters 
f . 40) 0 | A | 


Similarly, we have 


n 


((adj 4) A), = (adj A)ir (Ady 


‘ n 
= ( adj A) A), = 2 Cray 

‘ | Aa) pet, bt 4 
= ( adj A) A), = Ne esate) [By property 1 and 2 of section 2.4] 
Hence, A (adj A) = | A | I, = (adj A) A. 


and verify that A (adj A) = | A | I=(adj A) A 
SOLUTION We have, 


145 
|A|=|3 2 6|=1(0-6)-4(0-0)+5(3-0)=9 
010 
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ZS 


Let C;; be cofactor of a; in A. Then, the cofactors of elements of A are given by 


Now, 


and, 


Hence, 


26 306 
C= [i §|--6 Cy2=- 0 0| =o Gs 
a5 ress 
cee] 3]os ae [35-0 cor 
wel NZ bG me livae 
ue [P 8k cae [2 fle 
EG MEES meee Bes Tl 4 
adj A =i)o5:-0 rstaplosiideg: pope 19 
14.9 -10 3) 5 an 240 
1,4 5-66.15 o 141i 19.0 
A(adjA)=|3 2 6/1 0 0 9|l=lo0 9 
Tol aeen 2161) 020 
=A LT 
-6 5 14iiq aesic lot 
(adjA)A=1 0 0 91/3 2 6/=l|0 9 
3 =1+-10llom ol Los 


= |A|I 
A (adj A) = | A| 1 = (adjA) A. 


7.2 INVERSE OF A MATRIX 


DEFINITION A square matrix of order n is invertible if there exists a square matrix B of the same 
order such that 


In such a case, we say that the inverse of A is B and we write, ye Sp 


THEOREM 1 Every invertible matrix possesses a unique inverse. 


AB = I, = BA. 


PROOF Let A be an invertible matrix of order n x n. Let B and C be two inverses of A. 


Then, 


=> 


Hence, an invertible matrix possesses a unique inverse. 


COROLLARY [If A is an invertible matrix, then (A aie lL, 


AB = BA = I, 
AC =CA=I, 
AB = I, 

C (AB) = Cl, 
(CA) B = Cl, 
[8 =C I 
B=C 


PROOF We have, 


AA1=1=A7!1A 


A is the inverse of A~ lie. A=(A7 171. 


mG) 
...(ii) 


[pre-multiplying by C) 
[by associativity] 

[-.: CA=I, from (ii)] 
[... 1,B=B,CIp=G] 


QED 
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THEOREM 2 A square matrix is invertible iff it is non-singular. 

PROOF Let A be an invertible matrix. Then, there exists a matrix B such that 

Vie AB = tie BA 

| AB| = | In| 

[|A||Bl=1 [.- |AB)=|A1 1B 1] 
| A| #0 


A is anon-singular matrix. 


hu bv 


Conversely, let A be a non-singular square matrix of order n. Then, 


A (adj A) = | A| 1, = (adj A)A [See Theorem 1 on page 7.2] 
1 1 ; 1 , 
—— adj A| = I, =|7— adj AJA -- |A| #0 -. exist 
a a(raqas4] ; aaa) | lsd TA 
=> Al = fl + l adj A [By def. of inverse] 
Hence, A is an invertible matrix. QED 


REMARK This theorem provides us a forula for finding the inverse of a non-singular square 
matrix. The inverse of A is given by 
3 1 
A! = ——.-adjA 
FA Tie 
In order to find the inverse of a square matrix, we may use the following algorithm. 
ALGORITHM 
STEPI Find | A | 
STEPH If | A | =0, then write “A is a singular matrix and hence not invertible”. 
Else write “A is a non-singular and hence invertible”. 
STEP IN Calculate the cofactors of elements of A. 


STEPIV Write the matrix of cofactors of elements of A and then obtain its transpose to obtain 
adj A. 


STEPV Find the inverse of A by using the formula A} = l + l adj A. 


ILLUSTRATION 1 Find the inverse of the matrix 3 ; i} 


SOLUTION Let A= le o ‘il Then, 


|Al=|3 4)=8+3-1140. 


So, A is anon-singular matrix and therefore it is invertible. Let Cj; be cofactor of aj; in A. 
Then, the cofactors of elements of A are given by 


Cip= 4; Cio = 3; Cy == (-1) = 1 and Cy = 2: 


WP 
| dee tees [At 
adj =f | =(_5 5 
me 1 : il Amat 
Hence, A! = ——adjA = — = esi V1 
asleen 11{|-3 2] |-3/11 2/11 
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ILLUSTRATION 2 Find the inverse of the matrix A = 


me N OO 
NO 
aorN 


SOLUTION We have, 
2 
| A|= 4 


8 4 
2 9 4|=8(72-8)—4 (16-4) +2 (4-9) = 45440 
ee 


Thus, A is a non-singular matrix and therefore it is invertible. 
Let Cj, be cofactor of a;; in A. Then, 


4 2 4 yi) 
Cy= | 8 = 64, Ca=-|j 3|=-2 C3= FF 3 |=-5 
ro) apie god iee 
Cu=-|3 5 |=-28 Cy = ii 5 |= Co=- |i 3|=-22 
4 2 Saez 8 4 
C3 = E a |=-2 Ca=-| 5 i |=-28 C33 = ie 5|=68 


ie Shey Oe ue A eschew 
~  adjA=|-28 62 -12| =|-12 62 -28 
P2983 64 =5 —12" 64 
Hence, A?! = adj A = ——|-12 62 -28 
| A | a) ees Pn 64 


7.3 SOME USEFUL RESULTS ON INVERTIBLE MATRICES 


In this section, we shall discuss some useful results on inverse of a matrix. Weshall state 
and prove these results as theorems given below. 


THEOREM1 (Cancellation Laws) Let A, B, C be square matrices of the same order n. If A is a 
non-singular matrix, then 

GAB = AC. = 2B.=,C [Left cancellation law} 
(i) BA = CA c= B= C [Right Cancellation law] 


PROOF (i) Since A is a non-singular matrix i.e. | A | #0. So, A ‘exists. 
Now, AB = AC 


=> A! (AB) = A! (AC) [Pre-multiplying by An) 
= (A! A) B = (AT A)C [By associativity] 
= [ Bianlg& bo At A=t. 
> B=C. [-.. 1,B =B and I,C =C] 


Similarly, we can prove that BA=CA = B=C 
QED 


REMARK The result AB = AC = B=C is true only when | A | #0. Otherwise we can find 
matrices such that AB = AC but B # Cas given below. 


See _|-2 0 ain ies 
Let a=[} a} e=| 0 ofo=|-3 5 Then 


Clearly, AB=AC but B¥C. 
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THEOREM 2 (Reversal Law) If A and Bare invertible matrices of the same order, then show that 
AB is invertible and 

(AB) = B' AY [HSB 2001] 
PROOF It is given that A and B are invertible matrices. 

| A | #0 and | B| #0 


= |A| |B |#0 

= | AB | #0 [.. |AB|=|A] |B] 
=> AB isa invertible matrix. 

Now, 

(AB) (BA) = A(BB)A ! [By associativity] 
=> (AB) (B! A) =(Al,,) A? [-- BB} =1,] 
=> (AB) (BA?) = AA? [-.. Al, =A] 
= (AB) (BA) = I, [.. AAT =I) 
and, 

(B! A!) (AB) = B1(A 7! A)B [By associacivity] 
=> (B' A) (AB) = B? (1, B) [.- ATA=]y] 
- (BA!) (AB) = B!B [-.. I, B=B] 
= (B1 A) (AB) = I, fax B oR bd 
Thus, (AB)(B! A) = I, = (B A7) (AB) 

Hence, (AB)! = B Aq, Q.E.D 


REMARK If A, B, C are invertible matrices, of the same order then (ABC)! =C_1 B14 A, 
THEOREM 3 If A is an invertible square matrix, then A’ is also invertible and 

(ANTS (ANT. 
PROOF Since A is invertible matrix. 


[Aly 0 
ie 
= | AT | #0 [. [ATI =I AI] 
= A! is also invertible 
Now, 
AA? =1, = AA 
= (AA) = (I,)" = (ATA)? 
SUSIE tb i 
= (AS) (Aaa At (AYE [By reversal law for transpose] 
T\-1 _ Ne 
= (Ao )ea= (Ax) [By def. of inverse] 


Q.E.D 
THEOREM 4 The inverse of an invertible symmetric matrix is a symmetric matrix. 
PROOF Let A be an invertible symmetric matrix. Then, 


|A| #0 and A’ = 4. 
Now, (A7})! = (Aly 


ADJOINT AND INVERSE OF A MATRIX Wied. 


=> (ADL = As [. Al = A] 
= Alisa symmetric matrix. 


ALITER Let A be a non-singular symmetric matrix. Then, A_ : exists. 


Now, AA™=I=ATA 
= (AA)" =D! = (ATA)! 
= (A2)A =1= A(A? PevAt = A) 
=> Ane (Aah [By def. of inverse] 
=> A-' is symmetric. 
Q.E.D 
THEOREM 5 Let A be a non-singular square matrix of order n. Then,| adj A| = | A rare 
PROOF We have, 
A (adj A) = | A | I, 
PAS -O Oy ae a) 
0 pA vow) 
= A (adj A) =| 0 Og ipa | aoe. 0 
0 0 0 LAnlatt © 
(ZA he 20 0 0 
Cea py aS ce 
= | A (adj A) | = 0 ae aa ACs 
0 0 On nc el sAn| 
a failed a p=) 4 )° [iyel ALP cher elt chy beBibd 
= |adjA| =| A ["72. Q.E.D 
ILLUSTRATION 1 If A is an invertible matrix of order 3 and | A| =5, then find |adj A|. 
[CBSE 2009] 
SOLUTION Here A is an invertible matrix of order 3. 
|adjA] = | A? [Using: |adj A | = |A["~7] 
= | adj A | = 5* = 25 [-. |A| =5 (given)] 


THEOREM 6 If A and B are non-singular square matrices of the same order, then 

adj AB = (adj B) (adj A) 
PROOF Since A and B are non-singular square matrices of the same order. Therefore, 
AB exists such that 


| AB = |A||B| #0 [- | A] #0,|B] 40) 
We know that (AB) (adj AB) = | AB| I, (i) 
Also, (AB) (adj B adj A) 

= (A (B- adj B) adj A [By associativity] 

=(A|B|I,)adjA [-.. Badj B= |B | In 

= | B | (A adj A) Ls Al, =A] 

= |B\(/A| lp [- AadjA=| A | In] 

=|A/|Blh, 


| AB | I, [pen] (ABt aa fA | | Bad 
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Thus, (AB) (adj B adj A) = | AB | I, sa) 
From (i) and (ii), we get 
(AB) (adj AB) = (AB) (adj B - adj A) 


= (AB)! (4B) (adj AB)) = (AB)! (c4B) (adj B . adj A)) 
= ((4B)" (4B)) (adj AB) = (caBy* (AB)) (adj B . adj A) 
=> I (adj AB) = I (adj B . adj A) 
=> adj AB = adj B.adjA 
Q.E.D 

THEOREM 7 If A is an invertible square matrix, then adj Al =(adj A)’ 
PROOF Since A is invertible matrix. 

| A| #0 
= | AT| #0 [. J}AT| = [Al] 
= A! is invertible. 
We know that 

AadjA = |A|I, 
=> (A adj A)’ = (| A | I)" 
= (adj A)" (AT) = | A] I, (i) 


Also, 

(adj A7)(A") = | AT | I, 
= (adj A1)(A’) = | A| I, ...(ii) 
From (i) and (ii), we get 

(adj AT) (A7) = (adj A)" (A’) 
=> adj A! = (adj ‘Ay [By right cancellation law] 

Q.E.D 
THEOREM 8 Prove that adjoint of a symmetric matrix is also a symmetric matrix. 
PROOF Let A be asymmetric matrix. Then, 

Al=A 
Now, (adj A)! = (adj A’) 

a (adj A)? = (adj A) [.- AT = A] 
adj A is a symmetric matrix. 
THEOREM 9 If A is a non-singular square matrix, then, 

adj (adj A) = | A |"-2A 
PROOF We know that B (adj B)= | B | I,, for every square matrix of order n. 
Replacing B by adj A, we get 

(adj A) [adj (adj A)] = | adj A | I, 
= (adj A) [adj @dj Ay} = | 4 |" 1Y, 
= A {(adj A) (adj adj A)) = A{|_A |""11,) 


[. J adjA|=|A|"™] 
[Pre-multiplying both sides by A] 


ADJOINT AND INVERSE OF A MATRIX Mae) 


= (A adj A) (adj adj A) = | A |"~}(AlI,,) [By associativity] 

= | A | I,(adjadjA) = | A|" 7A [-.- Al, = A-and A adj A=] A | I,J 

2 | A | (I, (adjadjA)) = |A|" TA 

= | A | (adjadjA) = | AJ" 1A 

=> adjadj A = | A |"~7A. | Multiplying both sides by re 
Q.E.D 


2 
COROLLARY If A is a non-singular matrix of order n, then |adj (adj A)| = |A|“~ ? 
PROOF We have 
adj (adj A) = |A|"~7A 


=> | adj (adj A)| = [1ai"-2.4| , 

gi aed cp be AS aay [-- [kA] =" AU] 
=> ladj (adj A)| = |A|" ~2"+1 

>. | adj (adj A)| = jAporw 


ILLUSTRATION 2 [If A is an invertible matrix of order 3 x3 such that | A| =2. Then, find 
adj (adj A). 


SOLUTION Using above theorem, we get 
adj (adj A) = |A|°"?A=|A| A=2A 
ILLUSTRATION 3 If A is a square matrix of order 3 such that | A| =2, then write the value of 
| adj (adj A)|. 
SOLUTION If A is a square matrix of order n, then 
4 
| adj (adj A)| = |A|"~” 
Here A is a square matrix of order 3 such that | A| =2. 
2 
| adj (adj A)| = 26~) =2*=16 


310 —1 
ILLUSTRATION4 If A =|2 3 0], then find | adj (adj A)|. 
0,4 7-1 
SOLUTION We have, 
onOra= 1 
[A|s=012 3" 0) = 3 G—0)-02-0)-1 (8-0) =1 
Oa A 


If A is a square matrix of order n, then 
2 
| adj (adj A)| = |A|@~» 
So, for the given matrix, we have 
| adj (adj A)| = |A|* =1 


THEOREM 10 If the product of two non-null square matrices is a null matrix, show that both of 
them must be singular matrices. 
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PROOF Let A and B be two non-null square matrices of the same order n Xn. It is given 
that AB = O (null matrix). 


If possible, let B be a non-singular matrix. Then, B”' exists. 


Now, 

AB =O 
= (AB) Bl = OB! [Post-multiplying both sides by ye 
= A (BB) =a) [By associativity] 
= Al, =O [rs BB =I] 
= A =O. 


But, A is a non-null matrix. Hence, B is a singular matrix. 
Similarly it can be shown that A is a singular matrix. 


THEOREM 11 [fA is a non-singular matrix, then prove that 


ms = 1 
Wain WAg cit ee At =o 
re ie aa Piheupe 

PROOF Since | A | #0, therefore A! exists such that 


AAaM= DS ALA 


AA? | = {v1 

= |A| | A? | 1) AB] =| A] | Bland |1|=1] 
S iI 

= A!| =——. rh Arbst () 
LAD bh  qaay [. | A| #0] 


ILLUSTRATIVE EXAMPLES 


Type I FINDING THE ADJOINT AND INVERSE OF A MATRIX 


EXAMPLE1 [fA = re i find adj A. [CBSE 1992] 
SOLUTION Let C; be the cofactor of aj; in A = [a;;]. Then, 

Cy = cofactor of a), = (— 1)! *! d=d, 

Cy = cofactor of ay) =- (-1)'**c=-c 

Co, = cofactor of a>, = (- 1)? *! b=-b 


and, Cop = cofactor of a5 = (— 1)° *2a=a 


ipompal Pie een 
adjA=|_§ 4 |! ‘| 


cosa -sina 0O 


EXAMPLE2 IfA= ee a cosa 0], find adj A and verify that 
0 0 1 


A (adj A) = (adj A) A= | A | Ig. 


[CBSE 1990, PSB 2001 C] 
SOLUTION Let C;; be the cofactor of aj in A = [aj]. Then, 
Cy =(-1)' +1 [OOS % OO} _ i 
11 ( 1) 0 il = cos Q, Cy = (- Paes peat i =-sing, 
Cin =(-1)'*3 sin@ cos a| _ ict 
Ya 8) 0 go |=% Cu=C1)?*! Sa {| =sino, 


ADJOINT AND INVERSE OF A MATRIX Tal 


enn See |Kelosies ON) cosa -—sina 
Coo = (— 1)*t 1| = 908, Co3=(-1)?*3 ov] =o 
SA dissin & Of. CM aleectom Ati 
Sr )) cos a 0 <0 Ca2=(- 1) sin « SDI 
= 3+3/cosa -sina es 2 fe PAD sige 
and, C33 = Ss 1) a cos a =cos” @+sin* a=1 
cosa —sing ve COSIQ SI On 
a adjA=|sina cosa 0] =|-sina cosa 0 
0 0 1 0 0 1 
and, | A | =4y1 Cyq +442 Cyp +443 C33 
= | A | =cosa.cos a+ (—sin &) (- sin a) +0 x0 =cos* a+ sin? a =1. 
Now, 
cosa -—sina 0O FHSCh jie, (0) 
A .(adjA)=|sina cosa 0|/-sina cosa 0 
0 0 1 0 0 il 
cos*a+sin? a sinacosa-—cos asin o 0 
= A . (adj A)=| cosa-sina sin? + cos? a @) 
, 0 0 1 
, 10 
= A.(adjA)=/0 1 O/=|A|I fecal Alt 1] 
QO Of! 
and, 
cosa sina O//cosa@ -sina O 
a) Dal on ate O}|/sina cosa 0 
1 0 0 il 
cos ae —sinacosa+cosasina 0 
=: (adj A) A= Meier | nik ate sin* & + cos? 0 
0 1 
te (Oh @ 
= (adj AJNA=|0 1 OF} = {AIT [-; | A] =]] 
Oh - Oh il 
Hence, A (adj A)= | A | I= (adj A) A is verified 
EXAMPLE3 If A= e 3 | show that A~ “egsh (CBSE 1991] 


SOLUTION We have, 


hee ks 
|Al=|5 


ae 
Therefore, A is invertible. Let Cj be the cofactor of aj; in A = [a;;]. Then, 
Ci =—2, Cy2 = —5, Cr = -3 and C2 = 


|=-4-15=-19 40. 
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Rp PR 
wr WwW 
em GQ WD 


, Sh 
EXAMPLE4 Find the inverse of A | | verify that AW A = 13. 


SOLUTION We have, 


1 San3 
{|A]=]1 4 3 
13 4 
1.44 
= |Al=Cn'** |, 4 A +3(- 1M il : +3(- ay | 
4 3 i 1 4 
<=> |Al=(3 aft 4) to 14 ‘| 
=> | A | = (16-9)-3 (4-3) +3 8-4) =7-3-3=1#0. 
So, A is invertible. 
Let Cj be the cofactor of aij inA= [a;,). Then, 
4 3 14310 Sle 
Cy =Cp'*? 3 “|= Cy2 = (- 1) bi 1 ‘\- a 
14+3|1 4 Daye 393 i tele 
Cy3 = (- 1) = 1 3|=-2 Cy, = (- 1) 4 3; 
jhe) 243nLH3it_ 
Cy = (-1)?*? 1 “|= Co3 = (- 1) s 3| =° 
tioeole ‘7 $4241 Si 
Ci = (1). 4 3)=-3 C39 = (- 1) i 3)=0 
ere Ui el 
and, Cg = (- 1) ; “|= 
Hides oa Dod Dia pee gee 
adjA=/—3 “1 0} =|-T 1 0 
- 0 il -1 0 1 
Bagel oak 
Hence, A [A] adj A 
1 7 -3 -3 7 -3 -3 
-1 0 1 -1 0 1 
Now, 
7-39 —3\t1 93° 3 
AYA =|- aa Je 0|| 1824 o8G 
0 1}}1 3 4 
ye 7-3-3 21-12-9 21-9-12 ibe Gy 
= A -1+1+0 -3+4+0 -34+3+40|=|0 1 0O 
-14+0+1 -34+0+3 -3+0+4 O= 0 1 


1 tan x = ~ si 
EXAMPLES If A= h T 4-1 _|cos2x —sin 2x 
if eer |: ow that A A by : 


ADJOINT AND INVERSE OF A MATRIX 
SOLUTION We have, 


i tan x 


eS ay 1 


=1+tan?x#0 


So, A is invertible. Let Cj be the cofactor of a; in A = [a;;]. Then, 
Cy =(-1)'*11=1, Cy=(-1'*t2 (-tanx) =tanx 


Co, =(-1)?*! tanx=-tanx and C,)=(-1)?*?1=1 


1 Pan 1 tan x 
adja=|itn, 1 | = | ane 1 | 


Now, 
re eer 2 7 adj A 
ei 1 1 —tanx 
=> A 122 
rn ee 1 
1 ___tanx 
ade At = 1+ tan? x 1+ tan? x 
: x tan x 1 
1+ tan? x 1 +tan? x 
1 —tanx 
Ara 1 —tanx|}1+tan?x 1+tan?x 
Selitary. 1 tan x 1 
1+tan?x 1+tan?x 
1 a tan? x pp tan xy, _ janx 
eS AL ATE l+tan?x 1+tan?x 1+tan?x 1+tan?x 
tan x fanx tan? x 1 
1+tan?x 1+tan?x 1+tan?x 1+tan?x 
1-tan? x a 2 tan x 
a Absa. 1+tan? x 1+ tan? x 
_2tanx = 1-tan’x 
1+ tan? x 1+tan? x 
Txx2bsa| C08 2Fio Sin-2y 
af Ava (Er cos a 
EXAMPLES IfA=|2 2|andB=|° 7] verify that (AB) 1=B A}, 
Tie 8 9 
SOLUTION We have, 
AER ee eae ee 
| A|= ~ 3] =15 14=1£0. 


So, A is invertible. 
Let A;; be the cofactors of elements aj in A = [a;]. Then, 


Ay =(-1)'*75=5, Ay=(-1)'**7=-7, 


FA3. 
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Ap, =(-1)?712=-2 and Ago = (- 1)?*73=3. 
T 
5 -7 5 -2 
sige J 
5 -2 
Pe Oey -|_5 ij 


\- 54-56=-2#0. 


Hence, nae 


4 A 
(I 
We have, | B | i=|5 9 
So, B is invertible. 
Let B,j be the cofactors of bj in B= [bj]. Then, 
By =(-1)'*1929, By=(-1)'*78=-8, 


By =(-1)2717=-7 and By2=(-1)**6=6. 


ie 
WO Powe slew ory 
adj =|_7 fl oles 4 


tem Gees: ajB = -5|_§ A 


| B | a 
We know that adj AB = adj B . adj A. 


say. (ures 27 abe 2, © Nacammesss 
adj AB =|_ Ales 3|= |e a 


We also know that | AB | =| A | | B |. 
| AB | =1x-2=—240. 
So, AB is invertible. 
: il : 1 94 —39 1); 94 —39 : 

H 1 = ———— =—— 

ence, (AB) AB | adj (AB) a 82 a Ae 82 34 sa(i) 
Nowe eB aoe nr ote Ih cage RRA oo ea ir, f 

ead oe see 6 iy)? 43 |= ites. eae re 


From (i) and (ii), we get 
(AB)! = BA 
NOTE Students are advised not to find the product AB and (AB)! by the usual technique. 


Type II Peers THE INVERSE OF A MATRIX A WHENIT SATISFIES SOME MATRIX EQUATION 


EXAMPLE7 Show that A -(3 ry | satisfies the equation x* — 6x + 17 = 0. Hence, find At 


{CBSE 2007] 
SOLUTION We have, 


AoA A=|) =31|2 —-3\(/4-9 6-191 1=5. 18 
3 4/3 N-4/S(6H127=95 16ers 7 
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Deo ao. ets 1 AO} 847.20 
( 6/3 | Er eal cl Lae 76 By 17 


Now, 
oe Sho = 18)0 12 Is) iz: oO 
es 64 +17 =| 33 dete “a+ 0 | 
rs. a) 2717) -18418+0] fo. ole 
i “ 6A +17I,=| 18-18 +0 7244 17|"|0 5 |-°. 
Hence, the matrix A satisfies the equation x* — 6x +17 =0. 
Now, 
A*-6A+171,=O 
= A? -6A =- 17], 
= A! (A?-6A)=-17A71] [Pre-multiplying both sides by A7] 
=> A?! A*-6A1A=-17(A7)) 
= A-6Il,)=-17A! 
an A eAP A Gi === (615 =A) 
ety a bp 


a Ato 0-2 -3]|. 17 4 2 
= : alk 4 3 a|teazles A 
EXAMPLE8 For the matrix A = | find x andy so that A? +xI = yA. 


Hence, find A’. 
SOLUTION We have, 


BY 


2 441392113 ott_ 1-987 (648) Lief+8 
- =4A-|> 3|? apes 7 135 | be fe 


Now, 
A?+xI=yA 

= [is aalt*{o S[-¥/7 3 
164x454 B04" (Syn y 

- eee rE? 3 

=> 16 +x = 3y, y=8, 7y =56, 5y=32+x 


Putting y = 8 in 16 + x = 3y, we get x = 24-16=8. 
Clearly x = 8 and y =8 also satisfy 7y = 56 and 5y =32 + x. 
Hence, x = 8 and y =8. 

|A| = fF j|= 8 +0 


So, A is invertible. 


7.16 


Putting x =8, y=8 in A’ + x1 = yA, we get 


A2 +81 = 8A 
= A1(A24+8) = 8A 1A 
=> A72A24+8A 11 = 8ATA 
=> A+8A? = 81 
= 8A 1=81-A 
Pte ee A 
= Bigg ot a= ¢ ‘| ; 5 
Poets seat elleoe a) 
be a “50-7 B-5lael=7 


: Bo? 
EXAMPLE9 For the matrix 


A’? +aA + bl =0. Hence, find An 
SOLUTION We have, 


3 2 
a(t] 
oe SM PAB ee 
@eaa=[ GL 3] 
oo [di “8 
= wal 3| 


Now, Az+aA+bI =0 


ala: 


11+3a+b 8+2a ie Oa 
A+a S+azb) 10. 0 


| 
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[Pre-multiplying throughout by At] 


.. Av A? =(A7 A) 
AmAsAaa ica and, A! A=I 


_[ 5/8 -1/8 
=l=7/8 © gfe 


a-|; il find the numbers a and b such that 


..-(i) 


=> 11+3a+b=0,8+2a=0,4+a=0 and 3+a+b=0 


= a =-4 and b=1 

Putting a =— 4 and b = 1 in (i), we get 
A2-4A+I=0 

= 4A-A? =] 

= A(4I-A) =1 


EXAMPLE 10 Show that the matrix A 


I 
NNrF 


hence find Age 


satisfies the equation A? —4A -513=Oand 


[CBSE 2004, PSB 2001 C] 


ADJOINT AND INVERSE OF A MATRIX 


SOLUTION We have, 


Ueif 


. Fp 2a 21 1342 19 48 98 
A*H=ALAS|2 1 2) }2 4 24/8 9..8I, 
oy 9) AAV OVo 11 18 849 
4 8 8 5 0 0 
4A =|8 4 8] and, 5I,=|0 5 O| 
8 8 4 005 
: 0.08.28 hala .8 6.0.0 
A?-4A-5I,=|8 9 8|/-|8 4 AB 5 0 
8 8 9] |8 8 ; 0. 0.5 
3 9-4-5 8-8-0 8-8-0 Dua aaD) 
= A?-4A-5I,=|8-8-0 9-4-5 8-8-0|=|0 0 0/=O 
8-8-0 8-8-0 9-4-5 On Und 
Now, 
A*-4A-513=O 
=> A? - 4A =513 
= A1A?-4A 1 A=5A' [Pre-multiplying throughout a ia 
= A-41=5A! [.. AA? =(A7 A) A=IA=A] 
=, AT =2(A-4) 
aed vay A aD a>) 0 
=> AS =e a 1 Y= OSA 0 
ee Ben 00 4 
Mase .2 «2 
=> yee g° =3 9 
2.42 =3 
23/5 2/5. 2/5 
=> A-l-=| 2/5 =-3/5 2/5} 
2/5 2/5 -3/5 


Type III FINDING THE INVERSE OF A MATRIX BY USING THE DEFINITION 


se es Pag 
EXAMPLE11 IfA=|2 -1 0|, show that A’! = A’. 
12040 


SOLUTION We know that a matrix B is the inverse of a matrix A if AB =] = BA. Here we 


have 
A? A=lor, AP=l. 


to show that A? is the inverse of A. Therefore, it is sufficient to prove that 


Now, 
lal= 1 2 
Az(s(= 1 © 
ine 
1 St SA ae iv 
= AZo 4 U2 =1.0 
Ais Ul 6040 
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1-241 -1+1+0 1+0+0 0 Orel 
= At = (92080) 9.01 Ope Oat ie 1 ao 
14040 —1OR0 Fl 40-0) 4 tied 


0 ola =-1 11] (04044 © 04+0+0 04040 
Ab=A2A=|0 -1 2||[2 -1 O]=|0-2+2 0+1+0 0+0+0 
4 = Tit 160 CORN E—241 Se eeeer i400 


Hence, Az=A1, 


Type IV SOLVING MATRIX EQUATIONS 


EXAMPLE12 Find a2 x2 matrix B such that B ; a ‘i 


6: 20 
0 6 
Ay, Se Sica 

iste A ele 
1 
Then, }Al=[; 


So, A is invertible. 
The given matrix equation is 


qe 2) Sen 62-0 
Bh ee 
BA=C 


—> 
=> (BA) Ast = CA [Post-multiplying throughout by A~‘] 
= B(AA)!=CA! 

— 


BI = CA! = B=CAl, 
Let Cj be the cofactor of aj in A = [a;;]. Then, 

Cy=C1)'*14=4, Cy=(-1)!*271241, Cy =C1%t!C2)=2 
and, Cop = (- 1)? +711. 


£ 1 alae 4nd. 
= ATS - dj A = — 
[Ail lst i 
Now, 
B=CA™!} 


1 

6 
ne B = 1/|24+0 1255.0) eee 
6) S069 056) 9 |e 
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EXAMPLE 13 Find the matrix A satisfying the matrix equation 


Beli gicond 21 ile 
One 5 goo ls Oued 
SOLUTION Let B= | and C = - : p. Al Then, 
=e 
ate oy 
So, B and C are invertible matrices. The given matrix equation is BAC =I 
Now, BAG —T 


=9-10=-1+#0. 


|=4-3-140 and |C|= 


=> BO (BACHG =B ICS 
=> (B1 B)A(CC})=B1C! 
=> IAI=B' Cc! 

= Hepes 


Let B;; be the cofactors of elements b;; in B = [b;]. Then, 
By =(- 1)! *'2=2, By=(-1)'*73=-3, By =(-1?*11=-1 
and, Bop dy 2D. 


So, Bt =p adjB=|_3 2 [- |B] =1] 


Let Cy be the cofactors of elements Ci mae = [c,j]. Then, 
Cy =(-1)'*! -—3)=-3,Cy = (-1)'*75=-5, Cy =(-17*t!2=-2 
and, Ge) 3) 


a Ait eae Ne oe a = 
¥ ;. = hpaic= [3 2 [. | C|=-1 
lo Ovid, 
=> agjc = [2 3 
beet ea 2 EE LNB 24. Rane, re et 08 i Res 
sericieL? “HE eld ]-f 
EXAMPLE 14 Find the matrix X for wohich|§ = |x=[- = = 


SOLUTION Let A -[3 Fl and B =| He ie Then the given matrix equation is 
AX = B 


—4 
— 3 


So, A is an invertible matrix. Let C;; be the cofactors of elements aj; in A = [a;;]. Then, 


Wehave, | 4 | =[3 |=-2+12=1020 


7.20 


and, 


y 


1. 
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Cue ptt! Cpe yep FEN 734", Ga =€ 1°**(-4)=4 
Cae (lala 


A1(AX) = A'B 
(A1A)X = ATB 
IX = A'B 
x = A'B. 


Vegi (2 244 1\— lone 
X= 35|23 il 7 5 


yeah 32+28 12+8|_| 6 2 
~ 410| 48+7 184+2 1172 2 


a EXERCISE 7.1 
Find the adjoint of each of the following matrices: 
Wfso. Oo eae 00 ... |COSG sind 
(i) 2 i (ii) (¢ i ep Ee a cos | 
: 1 tan 0/2 
(iv) E tan a/2 1 | 


Verify that (adj A) A = | A | I=A (adj A) for the above matrices. 


. Compute the adjoint of each of the following matrices: 


5 Css i Ut? 4-3-2 


1 

(i) }2 
Pe 

2 

(iv) |5 
il 


Verify that (adj A) A= | A | I=A (adj A) for the above matrices. 
12 3 


Lee eS 2 4 3 
(iijnigece sa 0 (iii) [2 2 T=5 


Pro NRrN 
RPNN 
(| 


- Find the adjoint of the matrix A = : 2) i and verify that 


+415 
A (adj A) = | A | Iz = (adj A) A. 


bol ae 


187 27530 


. For the matrix A | 2 3 0} show thatA (adj A) =0. 


SO 
-IfA=| 1 O - 1)show that adj A=A. 


4 4 3 
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-1 -2 -2 
6. IfA=| 2 1 -2|showthatadj A=3A’. 
2-24 1 


Le 
7. Find A (adj A) for the matrix A=| 0 2.- { 


-4 5 2 
8. Find the inverse of each of the following matrices: 
; cos8@ sin8 cope AOE: th 
(i) E sin8 cos 4 (ii) i al 
a b 2 5 
(iii) : 1+be [HSB 2001] (iv) E 3 il 
a 
9. Find the inverse of each of the following matrices. 
i Pd 3) 1 D 5 
(i) 2,3 1 Gi).}1 -—1 -1 
Soe lw D. 3 -1 
2 -1 1 > =1 
(iii) |-1 2 -1 ivy tS" 2 0 
1 -1 2 (g) al 
Gror = t 0°0 -1 
(v) |4 -3 4 (vi) 3 4 5 
a =4 pkg Te heals 
1 0 0 


(vii) |}O0 cosa sin & 
O sina -cosa 


10. Find the inverse of each of the following matrices and verify that A'A=13, 


Gaol 


1 328 2. ail 
dj j4 4°38 (i) |3 4 1 
boo ee See 1 
11. For the following pairs of matrices verify that (AB) = BAGH 
ses © 4a 
(i) A-|; | and B=[$ A [HPSB 2000] 


in. LetAS ; | aid B= Is 3 Find (AB)~! 


a 


13. Find the inverse of the matrix Az athe and show 
Cc 


a 


that 


aA” = (a2 + be +1)1-aA. [HSB 2001] 
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14. Given A= E ‘ ¥ } compute A~! and show that 2A7! =9] — A. 


5 

1 

0 4 Ms Ss S 

16. GivenA=|2 3 2|B=|1 4 3|.Compute(AB)™. 
Dg eros 


cosa -sina 0 cosB O sinf 
17. LetF(a)=|sina cosa 0}| and G(B)= 0 i ai» 
0 0 1 -sinB O cosB 
Show that 
(i) [F (wm) =F (- 0) Gi) [G (Bl =G(-B) 


(iii) [F(a) GB) =G(-B) F(-o). 
18. Show that 


1 — tan 0/2 1 tan 6/2 ce cos@ —-—sin®@ 
tan 0/2 1 —tan 6/2 1 ~ |sin@ cos 6[ 
19. Show that A= E 5 3 satisfies the equation x°-3x—7=0. Thus, find Ao 


Eh 


20. Show that A= ‘ : i satisfies the equation A’ +4A- 210. Hence, find ee 


21. (i) Show that A = 3 ;| satisfies the equation x” -12x+1=O. Thus, find A 


(ii) If A= E : 5 , show that A? - 5A + 71 =O. Hence, find A~!. [CBSE 2007] 
Lee 

22. Show that the matrix, A=|-2 -1 2] satisfies the equation, 
Sy EE Sal 


A? - A* -3A - Iz =O. Hence, find A~. 


A | ae 
23. IfA = > | find x and y such that A*-xA+yl = O. Hence, evaluate A. 


4 


2 ; 
24. A=|2 2 Verity that A? -4.A+1=0, where =[4 {and o=|5 O| 


Hence, find Ae 


‘igo ghee! 
25. IfA=5]} 4 4 7| prove that A7! = AT. 
on Tees Pa 


S ~9m4 
26. If A=|2 -3 4]|,show that A= 43. 
Oma! el 
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2Ls 


28. 


29% 


30. 


Sit ke 


O25 


=i a 0 
IfA=|—1 1 1| show that A7=A~!, 
0 GE 6 


Solve the matrix equation h i X= 3 ca A where X is a 2 x 2 matrix. 


Find the matrix X for which 


> six{ca i]-[5 74] 


Find the matrix X satisfying the matrix equation 


LS 2]-[4 7 


Find the matrix X satisfying the equation 


ls 3/*{s a]-[o 4] 


For the matrix] } et show that A* —4A +5] = O. Hence, obtain A : 
iz 
22 
1 


Lig 
33. If A=|2 1 2|, find A’ and prove that A*- 4A —5I=O 
PL pl 
34. Prove that | AadjA | = | A |”. 
ie et 
35. For the matrixA =|1 2 -3), Show that A?-6A7+5A4+111,=0. 
22 ee 
Hence, find A f 
25 — lee ol 
36. IfA =|-1 2 —1| Verify that A*-6A?+9A —4I =O and hence find A™!. 
1s 2 
Bie tA=|% 73] find the value of A so that A? =AA —2I. Hence, find A” }. 
[CBSE 2007] 
ANSWERS 
' 4 -5|... d —-b ss cosa —sina — tan 0/2 
mare) aes | (ii) Ee , ey | sing cos ef fs lor a/2 1 
—3 2 2 2 3 -13 = 7) Nie ilal 
Dre) 2 =o 2 wie =o 6 9} (iii) 4 -2 2 
2 2 3 Dao, pal lom=—8 8 
om 1 1 15 fede ode) 255 AO =U 


(iv) |-15 Tia Ee Uae) Ole7: Os Peay PAY 
fae S54) 0 5 ie” oot 6 lntarts 
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1+be 
cos§@ —sin8 Oa (iii) a 7b tiv) 1 E 3 
i ii iil as 
8. (i) be cos | (ii) i 4 <4 F A713 2 
1 -5 1 7 1 4 17 6) 1 Bel = 
PTR eed Peaiel hve 3s (iy (elem i ee eee a 
© 38 pe eis 275 4 Bgl) Mae K aig 
3 -1 1 0 1-1 1 -8 4 4 
i\\eiseeo. — 5” (v). aa sue (Wal ib 22 e 
5 -2 2 3 -3 4 -4 0 0 
1 0 0 
(vii) |0 cosa sin & 
0 sina -cosa@ 
39 
7 = 38 — 3 1 1 1 -1 —47 > 
10. G) |-1 i 0 (ii) > -3 1 1 1p 
-1 0) 1 9 -5 -1 41 -17 
sere —b 9) ale) = 77/ 1 > 3 
13s 16518) os 19. ae nj 
-C a -3 29 -42 
-9 -8 -2 
1|;-4 5 : 6 -5 =Sakhl 2 =F 
eae 1 9 
ae al 2 4 Be Ls 4 Gi) 5 3 i si me = 3 


bs - il Sy 8) 2 3 -3 -14 
23. 2-9, y=, Tal 9 i| 24. Bi | 28. | 4 7 


-16 3 eee 5 2 id ea ed 
28. | 24 ay te ki S| ae Ex i a= dE: i 


7.3. ELEMENTARY TRANSFORMATIONS OR ELEMENTARY 
OPERATIONS OF A MATRIX 


The following three operations applied on the rows (columns) of a matrix are called 
elementary row (column) transformations. 


(i) Interchange of any two rows (columns) 


If i row (column) of a matrix is interchanged with the fa row (column), it will be 
denoted by Rj Rj (CG; C)). 


pa AS} Ma is) 
For example, A=|-1 2 1], thenby applying R27 <> R3 we getB=| 3 2 4 
So2 4 =1. 291 


(ii) Multiplying all elements of a row (column) of a matrix by a non-zero scalar 


If the elements of i” row (column) are multiplied by anon-zero scalar k, it will be denoted 
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auz2 =1 Ree eae! 
If A=| 01. 2\, thenby applying Rj > 3R2, we obtain B=| 0 3 6} 
-1 2 -3 = 1223 


(iii) Adding to the elements of a row (column), the corresponding elements of any other row 
(column) multiplied by any scalar k 


If k times the elements of j= row (column) are added to the corresponding elements of 
the i” row (column), it will be denoted by R; > R; + k Rj(C; > C+ k C)). 


ee ee | 
IfA=|-1 -1 0 2|,thenthe application of elementary operation R3 > R3+ 2 Ry gives 
UP lbenke Die Ha | 
the matrix 
2 “1 391 
B=j—-1- —1e05 20 
ZS PES 


If a- matrix B is obtained from a matrix A by one or more elementary transformations, 
then A and B are equivalent matrices and we write A ~ B. 


; 132) oA 
Let 4 =|2.1 4 31 Then, 
B41 244 
Te God 
Avge Ad slid ol Applying Rz > Ro +(-1) Ry 
Bi A ne ee 
fe a 
=> veh ey ee Applying Cy C4 + (- 1) Cs 
Lo 2 


Anelementary transformation is called a row transformation or a column transforma- 
tion according as it is applied to rows or columns. 

ELEMENTARY MATRIX A matrix obtained from an identity matrix by a single elementary 
operation (transformation) is called an elementary matrix. 

For example, 


13500 fOs0 44 1 tO. 
Oe pryort.oL4 Oo O41 
O70 1a te P-Ot.4. 0 2°0 


are elementary matrices obtained from I, by subjecting it to the elementary transforma- 
tions R; > Ry +3 Rz, Cy @ C3 and Ry R3 respectively. 


1 =1 2 0 
Consider a matrix A=|-3 5 1 2} Let Bbea matrix obtained from A by applying 
De 1 iS 


elementary transformation Rj > R2 +2 R, and let E be the elementary matrix obtained 
from I; (as there are three rows in A) by subjecting it to the same transformation. Then 


(je) 1 On 8} 
Peatetl 6 oo e2land.£ =12) 1-0 
Be OE gS) OO 
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12. O80) Slee ies as) 1. TZ ee 
Now, EA =12) 10/3" o5° 1 2 =|/—1 99 eter2IeB8 
Os051 fa A eR, Pils 9 ie CSI 76) 


Thus, we find that B can be obtained from A by pre-multiplying with an elementary 
matrix obtained from I by subjecting it to the same elementary row transformation. 
Let C be a matrix obtained from A by the application of transformation C3 C3 + 2 Co, 


and let E be the elementary matrix obtained from I, (as there are four columns in A) by 
subjecting it to the same column transformation. Then, 


ite OL0 re ete 
Ca 234 5 ap anate = 
ee te 0010 
0001 
U1 R0 |e 1 =1 ‘6PO 
Now, AF=|-3 5 t2|\" 0% Ficlcs (5 qeaioe 
2 eclgb 8 var aid iam ee 


Thus, C can also be obtained from A by post-multiplying with an elementary matrix 
obtained from I4 by subjecting it to the same elementary column transformations. 


We now state the results obtained in the above discussion as two theorems, the proofs 
of which are beyond the scope of this book. 


THEOREM 1 Every elementary row (column) transformation of an m x n matrix (not identity 
matrix) can be obtained by pre-multiplication (post-multiplication) with the corresponding 
elementary matrix obtained from the identity matrix I, (I,) by subjecting it to the same 
elementary row (column) transformation. 


THEOREM 2 Let C = AB be a product of two matrices. Any elementary row (column) transfor- 


mation of AB can be obtained by subjecting the pre-factor A (post-factor B) to the same elemen tary 
row (column) transformation. 


DIN ME 40 
ILLUSTRATION Verify Theorem 2, if A=|0 1 -1| B=|1 2|and the elementary rcw- 
21 243 


operation is Ry — Ry + (— 2) Rj. 
SOLUTION We have, 


2 a3: 45.0 3 7. 
ABS Oe Lo 11242) 1 4 

ips ae fe ce at 

Applying R2— R,+(-2) R, on AB, we get 


3-7 
AB ~\—7 “13|=P (say) -.-(1) 
| 


Applying R,— R,+(-2) R, on A, we get 
2a 


a i = - = Q (say) ...(ii) 
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2f et = 3440 So 7. 
Now, QB =|-4 -1 51/1 2/=|-7 13|=R (say) Be. (d)) 
1) 2 SST 23 4 1 


From (i) and (iii), we have P = R. 

Hence, the theorem is verified. 

7.3.1 METHOD OF FINDING THE INVERSE OF A MATRIX BY ELEMENTARY TRANSFORMATIONS 
Let A bea non-singular matrix of order n. Then A can be reduced to the identity matrix 
In by a finite sequence of elementary transformations only. As we have discussed every 
elementary row transformation of a matrix is equivalent to pre-multiplication by the 


corresponding elementary matrix. Therefore there exist. elementary matrices 
Ey, E>, Sais Ey such that 


(Ex Ex—1 «-- Ey Ey) A= Ip 


= (Ex Ex_ 1... Ep E,) AA? = 1, A? [Post-multiplying by A~’] 
= (yee tp ein SAS [... I, A?=A7 and AA? =], ] 
= Ane Bebe 2 BFE Hs 


Following algorithm may be used for finding the inverse of a non-singular matrix by 
elementary row transformations. 


ALGORITHM 
STEPI Obtain the square matrix, say A. 
STEPIL WriteA =1,A 


STEP II Perform a sequence of elementary row operations successively on A on the LHS and 
the pre-factor I,, on the RHS till we obtain the result 


I, = BA 
STEPIV WriteA | = B. 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Find the inverse of the matrix A = g J , using elementary row transformations. 


SOLUTION We have, 


A=IA 

« [ 3-(b 

Z E 4 = ks 3 | A [Applying Rz > Rz + (— 2) Ri] 
mad b ‘t a = i 14 [Applying R, > R,; + (- 3) Ry] 


EXAMPLE2 By using elementary row transformations find the inverse of the matrix 


[J 
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SOLUTION We have, 


A=IA 

~ fi Z-B 

= i i |-[-3 | [Applying Ry > Rp + (~3) Ril 
= i | ~ be ad ‘4 [Applying R, > Ry + (-2) Ral 


mse ee Th Sola 
i =|3 | 


We may use the following algorithm to find the inverse of a square matrix of order 3 
by using elementary row transformations. 


ALGORITHM 


STEPI Introduce unity at the intersection of first row and first column either by interchanging 

two rows or by adding a constant multiple of elements of some other row to first row. 
STEPIL After introducing unity at (1, 1)" place introduce zeros at all other places in first 
column. 


STEP IM Introduce unity at the intersection of 2nd row and 2nd column with the help of 2nd 
and 3rd row. 


STEPIV Introduce zeros at all other places in the second column except at the intersection of 
2nd row and 2nd column. 


STEP V Introduce unity at the intersection of 3rd row and third column. 


STEP VI Finally introduce zeros at all other places in the third column except at the intersection 
of third row and third column. 


EXAMPLE3 Using elementary row transformation find the inverse of the matrix 


Siegal tes 
APS T2" OO “= 1 
Sa) ae) 


SOLUTION We have, 


A=IA 
ee cok aes a Y 

or, 2 Oras OS OLA 
85a 0 Oy Oe t 
IN pes og ait Let" .0 

ia ee ee ee TD e 1 30) A [Applying Rj > R,-R 
USS ACHE Sas 4 pplying Ry > Ry ~ Ro] 
11S pi Wale 10 : 

=> Omeeos Wl oue esol A Applying By Ro + (— 2) Ry 
Oh; 6) =5 oh ail and R3 — R3 + (—3) Ry 


Applying R2 > Rp (1/2)] 


1 
oor 
— 

— 
WNre 
i] 
| 
— 

Ww 
Ss 
WONrF 
a =) 
> 
S 
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156, £1/2 Os 1/72. 10 ; 
= Cat 1/2\='-1 3/2 O/A Applying R; > R, + Ry 
0 “0 4 —5 6 if and R3—-> R3 + 2R> 
MO > =1/2 O b/f2 0 
=> O honed 24 1) ots 342-1) 04 [Applying R; > 1/4 Rg] 
0 0 1 =b/4 3/2 1/4 
T S4)°6 -5/8 5/4 1/8 Novi : 
= 0 1 0|/=|-3/8 3/4 -1/8|A i cinacing eh albared 
Ge Oald aBVA-1372 1/4 and Ry — Rg + (1/2) Rg 
-5/8 5/4 1/8 
Hence, A! =|-3/8 3/4 -1/8| 
-5/4 3/2 1/4 
3 2 -2 
EXAMPLE 4 Find the inverse of the matrix A=|-1 3  O| by using elementary row 
0-2 i 
transformations. 
SOLUTION We have, 
A=IA 
> 1 2°=—2 abl Ha 
or, -1 3 0;/=|0 1 O|A 
0 -2 1 Trt awe 
0 Peg i ae Pu atl 
“3 ies thet 1,01 [Applying Ry > Ro + Rj] 
0 -2 1 ime Oe | 
bs -2 hard (0 
=> Reo 8 Oe tid eA [Applying R2 — R2 + 2R3] 
OM= 2-=f Goce Ohm 
Net OMe han Applying Ry > Ry + (- 2) Ro 
=> Oot oh ee ew | i 2|A R Re +2R 
G: 0ni74 a in oa eyo 
1 | 0 ew tate, 
— Ort SG Pair 2 rA [Applying R, > R, + 2R3] 
OG. 1 22-5 
Fe ae 
Hence, Ar=\|1, 1 s2 
9 Sad OF Smoges 


EXERCISE 7.2 


Find the inverse of each of the following matrices by using elementary row transformations: 


[5 2] Dy 6 | 2 1 
1,( |e) ba ae Lae 3, 
|2 1] ~3 5| l4 -3 
lo 1.2] petit | E 
1y9* 3) S151 Df 6. | 2 
3 1 1| [0 1 3 | 13 


Nee 


r 
NI WO 
| 
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a 
5 ated t 2 Pere 
712 -3 4 6. 2 “Bes 9 ita e244 
Ome a4 POSTE rey Enda ke 
ie 2 Rapes 
10. |3inll 1 | oe 12.14 0 2| [CBSE 2008] 
2 in 7 
2-614 3 
310 ek 
13. |2 3+ 0 [CBSE 2009] 
Lee Pg 
on ee ee ANGE ES 
1 1 (5 36 wpe- ta 
a eae : 3 FAP 3. 55/4 -7 
Or 2d 3,1" i Wn ales ae 
get hate By ets ie 6 ee Sry ws Nag 
Bio —8/2 1/2 51-2 2 O54 Bo ae 
(eae ame 4/3 i =e _,/-2. 4 -10 
7, \ pena ted 8: | 7/6 1/2) S16! 9S hg ane 
ey 5/6 1/0 VG iss ie Hitacee ik 
-2 5 -1 2%) 1/2 if 
Wh pe 2a ees 11. es ae 12,./11 -1 -6 
ene 2 ian ye: 
See 
130) 8 eo 
me ioumes 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1. Write the adjoint of the matrix A = - 3 . | : 


2. If Ais a square matrix such that A (adj A) = 5I, where I denotes the identity matrix 
of the same order. Then, find the value of | A. 
3. If A is a square matrix of order 3 such that | A| =5, write the value of |adj A]. 
[CBSE 2009] 
4. If A is a square matrix of order 3 such that | adj A | = 64, find | A]. 


5. If A isa non-singular square matrix such that | A| = 10, find | A ie 


. If A, B, Care three non-null square matrices of the same order, write the condition 
on A such that AB=AC => B=C. 


7. If A is anon-singular square matrix such that A~ ! = E : i , then find (Al) : 
: es ae ; ~ 
8. Fad A=) jana adj B=|_ | find adj AB. 


» Tf Asia symmetric matrix, write whether Aa is symmetric or skew-symmetric. 
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10. If A is a square matrix of order 3 such that | A | =2, then write the value of 
adj (adj A). 

11. If A is a square matrix of order 3 such that | A | =3, then find the value of 

- | adj (adj A) |. 

12. If Ais a square matrix of order 3 such that adj (2A) =k adj (A), then write the value 
of k. 

13. If A is a square matrix, then write the matrix adj (At) - (adj A)’. 

14. Let Abea3 x 3 square matrix such that A (adj A) = 2 I, where [is the identity matrix. 
Write the value of | adjA |. 

15. If A is a non-singular symmetric matrix, write whether A! is symmetric or 

skew-symmetric. 
_| cos@ sin®@ k O 

a-| k 0 


17. If A is an invertible matrix such that |A™ : | =2, find the value of |A|. 


2 0.0 
18. If A is a square matrix such that A (adj A)=|0 5 0|, then write the value of 
0. Ded 


16. 


—sin® cos panda {adj A) =| 


, then find the value of k. 


|adj A]. 


19. If A= § _ | be such that A”! =k A, then find the value of k. 
20. Let A be a square matrix such that Me Ae = O, then write A_ 1 interms of A. 
21. Using Cramer’s rule write the solution of the system of equations 

3x + 4y =7 

7x -y=6 


74025 


cos@ sin®@ 
—sin8 cos@]° 


22. Find the inverse of the matrix E Pe | P 


23. Find the inverse of the matrix 


1 -3 : : 
DAs tA = g | , write adj A. 
sla 6 | 1 ies 5 
25. ItiAi= i i} Bis E | , find adj (AB). 
ANSWERS 
=e ae 
af 4 74 23D Sh Ps, 4. +8 B 10 
- -—6 5 
6. A must be invertible or | A | #0 7: E if 8.) 5 _ iB 
9. symmetric 10. 2A Ala, foil 12. 4 
13. Null matrix 14. 4 15. symmetric 16:71 
iL 1 = 
4 — ‘ =(I-A 
17. 5 18525 19. 19 20. A ( ) 
au PA cos8@ -—sin®@ 0 3 
21. x=1,y=1 Pap, E 3 23% Mite ahs | 24. _9 ; 


25. d pA 
=i a 
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11. adj(adj A)=| A|"-7A -. | adj (adj A) | =| 4 ped 

12. adj (kA) =k"~! adj (A) 

14. -- A(adj(A))=|A|T + AladjA)=21 = |Al=2 

Now, | adjA | =| Al"72 = | adjAl ye 
UL TIPLE CHOICE QUESTIONS (MCQs) 


1. If A is an invertible matrix, then which of the following is not true 


(a) yh =a’? ob) {|AT{=1Al” 
@) (ay = ary (a) |A| #0 

2. If A is an invertible matrix of order 3, then which of the following is not true 
(a) |adjA| = 1A]? (b) (Aly =A 


(c) If BA=CA, than B#C, where B and C are square matrices of order 3 
(a) (AB)? = BA, where B=[bj]3,.3and | B | #0 


3. A=] t)8=[ 7) then 4+ BY = 


2 4 0 1 
(a) isa skew-symmetric matrix (b) Artes 
(c) does not exist (d) none of these 


4. is =|" i | then adj A is 


=U ad =b ae d c 
(a) I: : : (b) : 4 (c) : 7 (d) E i 
5. If A isa singular matrix, then adj A is 


(a) non-singular (b) singular (c) symmetric (d) not defined 
6. If A, Bare two n X n non-singular matrices, then 


(a) AB is non-singular (b) AB is singular 
(c) (AB) '=A71B"! (d) (AB) ! does not exist 


0 
7. IfA = 


O i 
a 3] the value of | adj A | is 
0 
(a) a” (b) a (c) a® (d) a” 


a 
Ae 2k 
8. If A=|-1 °1 2),thendet (adj (adj A) )is 


Coos 


Ph SB Bk 


4 
(a) 14 (b) 14° (c) 147 (d) 14 
. If Bisa non-singular matrix and A is a square matrix, then det (B™ 1 AB) is equal to 
= . Peet ‘ . 
(a) Det (A) (b) Det(B™') —(«) Det (A) (a) Det (B) 


U2 aa bias GRU 
10. For any 2% 2 matrix, if A (adj A) “lo 10 f then | A | is equal to 


{a} 20 (bo) 100 (c} 10 (d) 0 
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11. If AP =O such that A” #1 forl<n< 4, then (I-A) ! equals 


(a) AS (b) A? (c) [+A (d) none of these 
12. If A satisfies the equation x Bx +4x+A=0, then A- 1 exists if 
(a) gA cee (b).A.# 2 (c) A # -1 (d) all of these 
13. If for the matrix A, A’= I, then Als 
(a) A* (b) AS (c) A (d) none of these 
14. If A and B are square matrices such that B =— A> : BA, then (A + By = 
(a) O (b) A?+B? (c) A? +2AB +B? (d) A+B 
200 
15. If A =|0°2°0|,then A? = 
OF Oa 2 
(a) 5A (b) 10A (c) 16A (d) 32A 
16. For non-singular square matrix A, B and C of the same order (AB™ 1C) = 
fay a BO by ee a Yop ck Gh ee 
5) 31053 
17. The matrix|—2 -4 6]is a singular matrix, if the value of b is 
; -1 -2 b 
(a) -3 (b) 3 (c) 0 (d) non-existent 
18. If dis the determinant of a square matrix A of order n, then the determinant of its 
adjoint is 
(a) a" (b) a"? ehh cr. (d) d 
19. If A is a matrix of order 3 and | A | =8, then | adj | A = 
(a) 1 (b) 2 (c) 2° (d) 2° 
20. If A7-A+I= 0, then the inverse of A is 
(a) A? (b) A+I (c) I-A (d) A=I 
21. If Aand Bare invertible matrices, which of the following statement is not correct. 
(a) adjA = | A|A™' (b) det(A~?) = (det A) ' 
(c) (A+By 1} =A ‘+B! (4) (ABy ! = BA! 
22. If A isa square matrix such that A? =I, then A”! is equal to 
(a) A+I (b) A (c) 0 (d) 2A 
23. Let A = E ~ ;| and B = s 4 and X be a matrix such that A = BX, then X is 
equal to 
ry eee 1f-2 4 
(a) aE | (b) 5 3 4 
DPeid 
(c) E on 5| (d) none of these. 


24. IfA= 2 E ; ]be such that A | =kA, then k equals 


(a) 19 (b) 1/19 (c) -19 (d) -1/19 


26. 


Pf 


28. 


29; 


30. 


31. 
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tal aes 2 
IfA = =|2 1 —2]is orthogonal, thenx+y= 
S gay y 
(a) 3 (b) 0 (c) -3 (d) 1 


1081 : 
IfA=|0 0 1|,thenal+bA +2 A* equals 
a Bad 


(a) A (b) -A (c) abA (d) none of these 
1 -tand 1 tan Oley \a =p 

a be 6. xl ||- tan@ 1 - E | aoe 

(@) ei, e=1 (b) a=cos20,b=sin26 

(c) a=sin20,b=cos26 (d) none of these 

If a matrix A is such that 3 A°+2.A7+5A+I=0, then A is equal to 

(ay 21GtA- + 2A 45) (b) 3A7+2A4+5 

(@y © Ana DiAaS (d) none of these 

If A is an invertible matrix, then det (A) is equal to 

1 

(a) det(A)  (b) det (A) (c) 1 (d) none of these 
o|2.e1 n 

IfA (3 I then A” = 


- 

(a) A =| - | , ifm is an even natural number 
LE 

(b) A= 4 | , if is an odd natural number 


(c) al4 ifne N 


(d) none of these 


x 
If x, y, Z are non-zero real numbers, then the inverse of the matrix A = | 0 
0 
xi ~O 0 yee 10 0 
(a) | 0 y | 0 (b) xyz] 9 yo 0 
0 Cae 0 Ontze. 
1 |* 0 0 oo 6 
(lO: yn 0 (a) +10 10 
YeVO0 vz yz Cid 


ANS IV ERS 


9. 


PAsy, 


1. (b) 2. (c) 3. (d) 4. (b) 5. (b) 6. (a) 7. (c) 


(c) 10.8 (e)) 5 11. (d) “elnazes ()ont 13:42) h es. Te) 


17. (d) 18. (b) 19.) 20. (©) 2. (c)~— 22, ) ~~. (a) 


(c) 26. (d)_— 27. (b) 28. (d) 29.) ~—-30. (a)_~—31. (a) 


8. (a) 
16. (d) 
24. (b) 


ADJOINT AND INVERSE OF A MATRIX 7.35 


SUMMARY 


th, Ubi Al [a;;] is a square matrix of order n and Ci denote the cofactor of aij in A, then 


the transpose of the matrix of cofactors of elements of A is called the adjoint of A 
and is denoted by adj A. 


1.e., adj As [C,]" 


M41 442 443 Cui Cai Cay 
If A=/41 42 a23|, thenadj A=|Ci2 Co2 C32 
431 432 433 C13 C23 C33 


2. The adjoint of a square matrix of order can be obtained by interchanging the 
diagonal elements and changing the signs of off-diagonal elements. 


If a-|' then ag) 4 =| d a 
cad =C. (a 
3. If A isa square matrix of order n, then A (adj A)= | A | I,,=(adj A) A 
4. Following are some properties of adjoint of a square matrix: 
If A and B are square matrices of the same order n, then 
(i) adj.(AB) = (adj B) (adj A) (ii) adj A? = (adj A)? 
(iii) adj (adj A)=| A[""-7A (iv) |adjA|=|A |"! 
5. A square matrix A of order n is invertible if there exists a square matrix B of the 
same order such that AB =I,,=BA 
In such a case, we say that the inverse of matrix A is B and we write A! =B. 
Following are some properties of inverse of a matrix: 
(i) Every invertible matrix possesses a unique inverse. 


(ii) If A is an invertible matrix, then (A_ Ss raA 
(iii) A square matrix is invertible iff it is non-singular 
(iv) If A is a non-singular matrix, then 
ee 
ie a 
(v) If AandB are two invertible matrices of the same order, then 
(AB) - =k YAS 
(vi) If A is an invertible matrix, then (Aly, 1. (A aes 
(vii) The inverse of an invertible symmetric matrix is a symmetric matrix 
1 
= eer 
6. The following are three operations applied on the rows (columns) of a matrix: 


Aes (adj A) 


(viii) If A is a non-singular matrix, then | A : | 


(i) Interchange of any two rows (columns). 
(ii) Multiplying all elements of a row (column) of a matrix by a non-zero scalar. 
(iii) Adding to the elements of a row (column), the corresponding elements of any 
other row (column) multiplied by any scalar. 

7. A matrix obtained from an identity matrix by a single elementary operation is called 
an elementary matrix. 

8. Every elementary row (column) operation on an m x n matrix (not identity matrix) 
can be obtained by pre-multiplication (post-multiplication) with the corresponding 
elementary matrix obtained from the identity matrix I, (/,,) by subjecting it to the 
same elementary row (column) operation. 
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9. In order to find the inverse of a non-singular square matrix A by elementary 
operations, we write 
A=IA 
Now we perform a sequence of elementary Tow operations successively on A on 
the LHS and the pre-factor J on RHS till we obtain 
I=BA 
The matrix B, so obtained, is the desired inverse of matrix A. 


SOLUTIONS OF SIMULTANEOUS 
LINEAR EQUATIONS 


8.1 INTRODUCTION 
Consider the following system of m linear equations inn unknowns : 


a44 X4 +49 Xp + - FAL X, = 5; 
A474 x4 + Ad9 Xo + Pere + Aon, Xn =b, 

6 
Am X14 + Amz X2 + +++ +Amn Xn = Om 


This system of equations can be written in matrix form as 


444042 +++ Ain |] 44 by 
Ay, 922 Aon || X2 |_| 42 
Ant 4%m2 Inn Xn by, 
441 442 Mn xy by 
a oo cee ca x b 
or AX=B, where A= Zs = e ,X= % and B= " 
Gm m2 ++ Amn Xy Din 
mm xn n x1 mx) 


The mx n matrix A is called the coefficient matrix of the system of linear equations. 


ILLUSTRATION Express the following system of simultaneous linear equation as a matrix 
equation: 


2x4 SY 21 
x+yt+2z=2 
2x-y+z=3 
SOLUTION We have, 
2x+3y-z=1 
xt+yt+2z=2 
2x-y+z=3 


This system of equations can be written in matrix form as 
2itte Sirewt Hee 1 
1) 24 fy) = (2 
ee ee, 3 
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or, AX = B, where 
21381 53 1 
Aaa lap lee 2) ok = yan pe he 
Diem Vaal Zz [3 


SOLUTION A set of values of the variables x1, Xz, ... X, which simultaneously satisfy all the 
equations is called a solution of the system of equations. 
For example, x = 2, y = -3 is a solution of the system of linear equations 
3x+y =3 
20+ Y= 
because 3(2)+(-3) =3 and 2(2)+(-3)=1 
CONSISTENT SYSTEM If the system of equations has one or more solutions, then it is said to be 
a consistent system of equations, otherwise it is an inconsistent system of equations. 
For example, the system of linear equations 
24 -SYs= 1D 
4x+6y = 10 
is consistent, because x= 1,y=landx=2,y=1/3 are solutions of it. 
However, the system of linear equations 
2x +3y = 5 
4x + 6y = 9 


is inconsistent, because there is no set of values of x, y which satisfy the two equations 
simultaneously. 


HOMOGENEOUS AND NON-HOMOGENEOUS SYSTEMS OF LINEAR EQUATIONS A system of 
equations AX =B its called a homogeneous system if B = O. Otherwise, it is called a non- 
homogeneous system of equations. 


For example, the system of equations 


2x+3y = 0 
3x-y = 0 
is a homogeneous system of linear equations whereas the system of equations given by 
2x+3y = 1 
SoA Peas 


is anon-homogeneous system of linear equations. 


8.2 MATRIX METHOD FOR THE SOLUTION OF A NON-HOMOGENEOUS 
SYSTEM OF SIMULTANEOUS LINEAR EQUATIONS 


In the previous section, we have seen that a system of simultaneous linear equations can 
be expressed as a matrix equation. In this section, we shall discuss about a method for 
solving a system of non-homogenous simultaneous linear equations in which the 
number of unknowns is same as the number of equations. In this method, we will use 
the inverse of the coefficient matrix. So, it is also known as matrix method. 


THEOREM 1 [fA is a non-singular matrix, then the system of equations given by AX = B has 
the unique solution given by X = A 1B. 


PROOF We have, 
IVS = 18 
WheremenGAy lax. (): 
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Now, |A| #0 => A™! exists. 
Pre-multiplying both sides of (i) by A” +, we get 
A_!(AX) = Av1B 


= (A~ 1A) X = A71B 
aa IX = A7!B 
=> X =A 'B 


Thus, the system of equations AX = B hasa solution given by X = A7'B. 
Uniqueness: If possible, let X; and X> be two solutions of AX = B. Then, 


AX, = B and AX, = B 


=> AX, = AX> 

a AAAX,) = A (AX) 
25 (A~1 A) X, = (471 A)x2 
= IX, = IX, * 

=> i X, = Xp. 


Hence, the given system of equations has the unique solution given by X = A_ 2 
Q.E.D. 


In the above theorem, we have proved that a non-homogenous system AX = B of n 
simultaneous linear equations with n-unknowns has the unique solution given by 


X = A'!B,if Aisa non-singular matrix. Now, a natural question arises, what happens 
when A isa singular matrix? In order to answer this, let us consider the following system 
of equations: 

ax+y =3 ~ 

4x+2y = 6 
This system of equations can be written as 


te] l= E | 


or, AX = B 


me ben | | 5 paula 
where a=(j 3) x= [3] and B= (2 


We have, | A | = 0 
Also, the system of equations has infinitely many solutions as the two equations 
represent coincident lines in xy-plane. 
Now, consider the following system of equations: 
2x+y =3 

4x+2y =5 
For this system of equations also the determinant of the coefficient matrix A is zero i.e. 
A isa singular matrix. But, the system has no solution i.e. it is an inconsistent system of 
equations, as the lines represented by the two equations are non-coincident parallel 
lines. 
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It follows from the above discussion that the system of equations AX = B may be 
inconsistent or it may be consistent with infinitely many solutions when the coefficient 
matrix A is singular. 
We now state and prove the following criterion for the consistency or inconsistency of 
a non-homogenous system of linear equations. 
THEOREM 2 (Criterion of consistency) Let AX = B be a system of n-linear equations in n 
unknowns. 
(i) If | A | #0, then the system is consistent and has the unique solution given by 
X = Av'B. 
(ii) If | A | = Oand (adj A) B = O, then the system is consistent and has infinitely many 
solutions. 
(iii) If | A | = Oand (adj A) B # O, then the system is inconsistent. 
PROOF (i) See Theorem 1 
(ii) We have, 
AX = B,where | A | = O. 


=> (adj A) (AX) = (adj A) B 

= ( (adj A) A)x = (adj A) B 

= (| A | 1,)X = (adj A)B & (adj A)A = | A | In| 
= | A | X = (adj A)B 

If | A | = Oand (adj A) B = O,then | A | X = (adj A)B 


is true for every value of X. 

So, the system of equations AX = B is consistent and it has infinitely many solutions. 

(iii) Tf, |wA~| 
Any x 


0 and (adj A)B # O, then the equation 
(adj A) B 


is not true because its LHS is always a null matrix whereas the RHS is non-null matrix. 
So, the system is inconsistent. 
Q.E.D. 


The above discussion suggests the following algorithm to solve a system of simul- 
taneous linear equations. 


ALGORITHM 
STEPI Obtain the system of equations and express it in the matrix equation from AX = B. 
STEPII Find | A |. 


STEPIM If | A | # 0, then the given system of equations is consistent with unique solution. To 


obtain the solution compute A”! by using Al = l _ | adj A and use the formula 


X=A'B. 
STEPIV Jf 1 Ac) = O, then the given system of equations is either inconsistent or it has infinitely 
many solutions. 
To distinguish these two proceed as follows: 
Compute (adj A) B. 


f aa A) B # O, then the given system of equations is inconsistent i.e. it has no 
olution. 
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If (adj A)B = O, then the given system of equations is consistent with infinitely many 


solutions. 


In order to find these infinitely many solutions, replace one of the variables by some real 
number. This will reduce the number of variables by one. Now, take any two out of the 
three equations and solve them by matrix method. 
Following examples will illustrate the above algorithm. 


ILLUSTRATIVE EXAMPLES 


Type lI 


MATRIX IS NON-SINGULAR 


EXAMPLE1 Use matrix method to solve the following system of equations : 
5x—7y = 2,7x=Sy = 3 
SOLUTION The given system of equations can be written as 


5x-7y = 2 
7x—-—5y = 3 
: ey £0 | ae eh ar 
ae 7 —-b-y {1 3 
or, AX = B, where 
’ io =7 a 
a=|5 “2 ) x= 
7 | ee 
Now, | A | e | = 


[sete [3 


—-25+49 = 24 #0 


So, the given system has a unique solution given by X = ATR: 


Let Cj be the cofactors of elements aj; in A = [a]. Then, 


C=C! te 8)=-5)- C=C 1275-76 Cn =P CN =7 


and Cy =(-1)7*75=5. 
ic 
pe Eee ee ee 
adja =| 7 a =[75 :| 
bee tts 7 
So, A’ = ee Wnge s ree a 
eG Pets i tied eae & 
Ait ote Teac yi pe get cal ome)” 
“qi 11728 
Fig pti 1/24 
on) and wef 
- e- Tag Hota 


| 


—10+21 


—14+15 


Hence, x=11/24 and y= 1/24 is the required solution. 
EXAMPLE2 Use matrix niethod to solve the following system of equations : 


x-2y-4 = 0, 


—3x+5y+7 = 0 


SOLUTION The given system of equations can be written as 


x-2y=4 
~3x+5y = -7 


|- 


| 


11/24 
1/24 


| 
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8.6 
Lats 2ibltxoleys |: a4 
or, —3 5 y ‘i —7 
or, AX = B, where 
oe coro ees par dbestatohde 
A=| 3 5} x ye 
1 -2 = 
Now, Abas oo —RaluMara sve 


: : -1 
So, the given system has a unique solution given by X=A B. 
Let Cj be the co-factors of elements 4, in A = [aj]. Then, 
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Cue (ol 5 = 5, Cp C1) 3). =a oe te ge) =? 


and Cop =i(— 1)? Lee Ph 
T 
i ge) (iow eae 
adj =|5 A -[3 1 
7 1 1 
ee dj A = —— 
So, nay os en 
=A'B 


-  x-(3 2] 4]-f 
> GLE 


—7 


Hence, x =— 6 and y = — 5is the required solution. 


EXAMPLE3 Solve the following system of equations, using matrix method : 


SRY +z =7, Moz = 11, 2k—3y = 1 
SOLUTION The given system of equations is 


Ose Pa Nn rAs f 
x+0y+3z = 11 
2x—3y+0z = 1 


Ss se Ua ea es 7 
2) TEV EONS. hey | e)0i1 
Jee Un rz 1 


or, AX = B, where 


[CBSE 2002, 2003, 2005] 


=1(0+9)-2(0-6)+1(-3-0)=9+12-3=180 


So, the given system of equations has a unique solution given by X = Ay oo 


Let C;; be the co-factors of elements ay in A= [aj]. Then, 


SOLUTIONS OF SIMULTANEOUS LINEAR EQUATIONS 8.7 


= 1+1 13 i735 
= 1+3 {1 0 Devel 
a ese Alc hn Ma Gt aed cl hae |=-3 
Gye Cit? [Re hea bes = cyte 2 +7 
a 2 0 a: 2 -3 
Ea S62 cleat desi, 
earl el ee 
and, Ca, = (1) ; dl =-2 
9 a 7Ge 35h 84-456 
adj A Hino Soe b74 Pe Gon 
6 =2 +2 oe Sn 
1 1 9_-3 6 
= AN 41 aA = ag 6 -2 -2 
-3 7 


Now, X=A'!B 


= 1 Dea) eG 7 1 G3 = 9946 
=> X=7. 6: = 2--— Zale =78 AD — 2) 2) 
4 ied gre 1 | —21+77—2 
x 44 Sat 18 
= ly as 18 ~ 1| = x=2, y=1 and z=3 
L7 J ea? Bde 


Hence, x=2,y=1andz=3is the required solution. 


Type II SOLVING THE GIVEN SYSTEM OF EQUATIONS WHEN THE COEFFICIENT MATRIX IS 
SINGULAR 


EXAMPLE4 Use matrix method to examine the following system of equations for consistency 
or inconsistency : 

fn 27 = 3, 6%=3y = 5 
SOLUTION The given system of equations can be written as 


a _|4 -2 — Wes _ | 
A X = B, where a=|é “3 }*=|5 fenee = [2 


pos ae 1212 


So, the given system of equations is inconsistent or it has infinitely many solutions 
according as (adj A) B #0 or (adj A) B = 0 respectively. 


Now, |A| = p Gy 


Let C;; be the co-factors of elements aj; in A = [a;]. Then, 
Cy=(- 1) ** 6 3)=-3, Cy = (1) “* 6=— 6, Cy =(- 1° 78-2) =2 


and Coy = (- 1)?*7 (4) =4 


T 
ie Ak A Ens ee 
piteiesta| a | 
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-slotfiad.(+-9Hwal 0 
ae aj ayB =| ~5 Alene: ZA 
Hence, the given system of equations is inconsistent. 
EXAMPLES Show that the following system of equations is consistent. 
2x —y+3z = 5, 3xt+2y-Z = 7, 4x+5y-5z = 9 

Also, find the solution. 
SOLUTION The given system of equation can be written in matrix form 

2. Lee ix 5 

Ee ed Pao Wee | Oat wd 

Simona? Ie g 


Deel 3 x 5 
or, AX =B, where A =} 3 4 -1| X=| y and Bi =|) 7 
4 5 =—5 Z 9 
2 -1 3 
Now, (cA, |. =018 2 -1 = 2(-10+5)+1(-15+4)+3 (15-8) = 90 
4 5 -5 


So, A is singular. Thus, the given system of equations is either inconsistent or it is 
consistent with infinitely many solutions according as (adj A) B#0 or (adj A) B=0 
respectively. 


Let Cj; be the co-factors of elements a;jin A = [a;,]. Then, 


2-1 3 -1 
Cat |p zs ==-5, Cy = Ca) **ge lel =e 
Cees |, 3| = 7, Cy = Cire 5 3| = 10 
Bias) Soke 2-1 
Cop = (1 ** 14 3] =-2 Cog = (1h 79 15 3] = 7 
st PUG oe Pe z 
C31 = (-1) z a) 2% =-5, C39 = (1 t4 3 | = 11 
ey ee eee 9 
and, C33 = i 1) =) | = ie 
Sy ie fal oa 161-5 
(adj A) =| 10 -22 -14] =| 11 -22 11 
5) villas 7 2 = 14 a7 
-5 10 -5)\[5 -25 +70-45 0 
= (adj A)B =| 11 -22 11]|7|=| 55-154+99|=|0 
7-14 she Fal ded 35 -98+63 0 


Thus, AX =B has infinitely many solutions. To find these solutions, we put z =k in the 
first two equations and write them as follows : 


2x-y = 5-3k and 3x+2y = 7+k 
g. 54 Ht - | eae aN 


[ Ly} [7+k 
Or, AX = B, where 
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eee) tie _ | 53k 
a=[3 2} X=[}] ena a= [5724] 


21 24 
Now, | A| = & 3 = 4+3=7+#0 and adjA = ag | 
ee, Tt 
ae = pApeo a) 
eS gents | Peet | 
re 4 = ha By 
Now, X=A!B 
ae B44 BAW S-Sk 1) 10-6k at eh 
YY 7) 3-217 AEA.7| 15+ 9k eZee 
17-5k 
am a 7 eo PSk MMS 
y| | 11k-1 ae ES 7 
7 


These values of x, y and z = k also satisfy the third equation. 
AMOK 1bK-1 
7 Ao. =47 

system of equations. 


Flence, x= and z =k, where k is any real number satisfy the given 


Type III SOLVING A SYSTEM OF LINEAR EQUATIONS WHEN THE INVERSE OF THE 
COEFFICIENT MATRIX IS OBTAINED FROM SOME GIVEN RELATION 


hot. | i 
EXAMPLE6 IfA =| 2 1 -3 | find A‘ and hence solve the system of linear equations 
Ll 1 


K+2y+z=4 -x+y+z=0, x-3y+z=2 
SOLUTION We have, 


j= Zale <4 
A aympinn 4S = 3 
r= 1 
(hac 
PAY = 120 1733! =-1 (+3) +124+58¥+1 2-193 10: 0 
1 1 


So, A is invertible. 


Let C;; be the co-factors of elements a;;in A [a;]. Then, 


1 -3 2 -3 
Ci Mt C1y i i =4 Cis = (1)? i | = —5, 
2 tal -1 1 
Gp = bo? 1 | =1, Cy, = (-1)7*! 1 | = 2, 
iby al : 2 1 -1 
Coo = (-1°*7 1, | =0, Cg =(- 1 15 | aw 
CDM aloe?) Copa (112 Ol ile 5 
ie ee 2 32 2 -3 ‘ 
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3434) hee 
Wie Shiela A qeizitee 
adj A.silva, SO, 2.) = -5 05 
Ee) 1.259 
Ane yee 
1 1 
= Aas eae 5. ro ..(i) 
| A | | alee g 


Now, the given system of equations is expressible as 


1 my sk Wess 4 
-1 1 ityf=l0 
1 —-3 1} z w 


x 4 
or, A! X = B, where X =| y and B =| 0 
Wi 2, 
Now, | Ae | = | A | =10#0. So, the given system of equations is consistent with a 
unique solution given by 
X = (ANB = (A")'B [. ty? = (At) 
rile ai lgetetaael | 4 
=> Y |= 40 —5ie 0; 2b 0 [Using (i)] 
z 1h=2¥ 3 2 
x qe = a tee 1 16+0+2 9/5 
=> y Sarg 2 0 -2 0 = 40 8+0-4 |= 2/5 
z Dae Seon |Z 8+0+6 7/5 
=> x = 9/5, y = 2/S5andz = 7/5 


Hence, x=9/5,y=2/5,z=7/5 is the required solution. 


—4.. 4 4) 2 —fy 2 

EXAMPLE7 Determine the product) -7 1 3)|1 -2 -2 and use it to solve the 
Sy Re re a ly 3 

system of equations :x-—y+Z = 4,x—2y-2z = 9, 2x+y+3z = 1 


ye | i -4 <4 4 
SOLUTION LetA=|1 -2 -2|andC=|-7 1 3 | Then the given product is 
2. ll 3 5 -3 -1l 
-4 4 4 1 -l 1 
CA =| — 7 1 8} 1-2 -2 
5 -3 -1 2 1 3 
—-4+4+8 4-8+4 -4-8+4+12 Si Ola) 
= CA =|-7+1+6 7-2+3 -—-7-249|/=!10 8 0 
5-3-2 -5+6-1 54+6-3 0 °0:.8 
fa OF0} 
=> CA=8/0 1 O'}= 8, 
0 0 1 | 
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1 1 J 
=> 8 C\A =.= A = 8 C [By def. of inverse] 
1a 4 
= Anh ant 3 : ...(i) 
=| 
The given system of equations can be written in matrix form as 


1 re 4 
Pe 2 2 | = 169 
SET, Sep | ee i 
1 - 1 ue 4 
or, ACX =_B “where A =f le —2s-— 2 =|y]and B=!/9 
Do ade ait Zz th 
The solution of this system of equations is given by 
X= AUB 
11-4. 4 4ilhed 
=> Beitr —7 1 3 1/9 [Using (i)] 
SD = 3S —1'1 ff 
x 1 | ~16+36+4 i1| 24 3 
=> pe eae Coq rHo BS 18 -16|;=]| -2 
Zz 20 — 27-1 = —1 
= x=3,y=-2andz=-1 
Oh Ay = 3 
EXAMPLE8 Find A',whereA=|2 3 2 |.Hence solve the system of equations 
3-3 —4 


K+ 2y—3z2°='- 4,20 4+3y4+2z = 2,3x-3y—4z = 11. 
SOLUTION We have, 


1 IS 
A=]|2 3 pe, | 
3° =—Sre4 
1 2 -3 
[A[=|]2 3 2) = -6+28+45 = 67 #0 
3 -3 -4 


So, A is invertible. 
Let C;; be the co-factors of a; in A = [a,]. Then, 


ch aed ee) ae 
Ci = (=1)** 23 ei —6, Cio = (= 1)! +2 5 BA = j4 
\~ | 
: ¥ pata 
Cig = (a ; ae = ~—15, C4 = ( 17! 3 a = i teig 
bf ( 
9 | it 2 
Cn = CIP? I, 74] 5 Cog = (17 #8 |, 3 = 
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3.42 3 PE et 
ena ; | Pa ualece | A 
ee 
and, Ga Gly 4), | =-1 
G i4 Bia th = 1p ako 
adjA=| 17 5 @.| =|) 14) or 8 
13 -=8 =1 =15° “9r-= 1 
-6 17 13 
2 1 i (i) 
So, A} = —— adpdceeaiin iA fs 
|A| 67|_315 9 -1 
Now, the given system of equations is 
x+y—-3z =-4 
2x+3yt+2z =-2 
3x -3y-4z = 11 
1. }ig-=3 x -4 
or, AX = B, where A =} 2 3 2x a=) y Pande = 2 
Cheat Bal cae z 11 


As discussed above A is non-singular and so invertible. The inverse of A is given by (i). 
The solution of the given system of equations is given by 


X=A'B 

x qh he eee Lies We 24 + 34+ 143 3 
= Yl=& 14° 5E-—8 2\= 6 -~56+10 -88 {=| -2 

i 15 «De =a Ls 60+18 -11 1 
=> x=3, y=-2 andz=1 is the required solution. 


Type IV ON APPLICATIONS OF SIMULTANEOUS LINEAR EQUATIONS 


EXAMPLE9 The sum of three numbers is 6. If we multiply the third number by 2 and add the 
first number to the result, we get 7. By adding second and third numbers to three times the first 
number, we get 12. Using matrices find the numbers. 

SOLUTION Let the three numbers be x, y and z respectively. Then, 


x+y+z=6 [Given] 

Also, x+2z=7 
and, Oey + Zi 12 
Thus, we obtain the following system of simultaneous linear equations : 

x+y+zZ=6 

x+Oy+2z = 7 

3x-+y+z = 12 
The above system of equations can be written in matrix form as 


Aeateel elec | eal 6 
ey A a hen | vd 
Omi iz een 12 


or, AX = B, where 


eel 
eNO? | ke—s 7 Wand 6 =h'"7, 
Silk 
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teas 

Now, |A| = |1 0 2] =1(@-2)-(1—-6)+1(1-0)= —2+5+1 =4+#0 
Sndod 

So, the above system of equations has a unique solution, given by 


ea ask 
Let C;; be the cofactor of a;; in A = [a;)]. Then, 


Cy == =A? Cy = 5, C43 = 1, Co, = 0, Coo = -—2, C53 = 2; 
C31 = 2, C39 = —1 and C33 =-—i1 


Paes ite ots 5 


adj A =| 0 -2 2| =|.5\-2 -1 
2-1-1 El 2g = 
“ seek oD feck 
=> A. i= adj A= — | 5 -2 -1 
ja Sede? eal 


Now, X=Aq!B, 


= X= See aay 
sae Pk DE 
x 1/722 +0) +24 3 
=> y= Zz SOP — 14-4 2i=s4 1 
Zz 6 +14; -12 2 
=> x = 3,y = 1 and z = 2. 


Hence, the three numbers are 3, 1 and 2 respectively. 

EXAMPLE10 An amount of Rs 5000 is put into three investments at the rate of interest of 6%, 
7% and 8% per annum respectively. The total annual income is Rs 358. If the combined income 
from the first two investments is Rs 70 more than the income from the third, find the amount of 


each investment by matrix method. 
SOLUTION Letx, y and z Rs be the investments at the rates of interest of 6%, 7% and 8% 


per annum respectively. Then, 
Total investment =Rs5000 => x+y+z = 5000. 


Now, Income from first investment of Rs x = Rs ae 
Income from second investment of Rs y = Rs ce 
Income from third investment of Rsz = Rs a 
: a 6x 7 yoz 
Total annual income = Rs 00 + 100 + is) 
= pet ee + ae = O00 [-.. Total annual income = Rs 358] 
100 100 100 5 
=: 6x +7y+8z = 35800. 


It is given that the combined income from the first two investments is Rs 70 more 
than the income from the third. 
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6x 


ane: 


100 


=> 6x+7y—8z = 7000. 
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Thus, we obtain the following system of simultaneous linear equations : 
x+y+z = 5000 | 
6x + 7y + 8z = 35800 
6x + 7y — 8z = 7000 


This system of equations can be written in matrix form as follows : 


1 de 4% 5000 
6 7 8 | |y| =| 35800 
CRT S12 7000 
or, AX = B 
Saal x 5000 
where A=|6 7 8|X =|y\|andB = | 35800 
(Cg Oh oh a) z 7000 
hea Bh 
Now, |A| = 16 7 8 | =1(-56—56)— (— 48 — 48) + (42-42) =— 16 # 0. 
[e) TM Sots) 


So, A! exists and the solution of the given system of equations is given by 


KoecAs eB; 
Let C;; be the cofactor of ain A = [4;;]. Then, 


Cy = -112, Cy> =e 96, C3 — 0, Coy = 155 C5 = -14, 


C53 = = 1, Coq = 1, C39 = —2 and C33 a 
511206.) Ohewipeian © bie tog 
adj A = 15 -14 -1] = 96 -14 -2 
iPass ODS — sleet 
a 1 1 =P 22e15 3 
So, A> = 7 (adj A) = -— 96 -14 -2 
Al 19,4) chro Orderssr:i ett 
Hence, the solution is given by 
i 1 SGA) Sale pa al 5000 
6 = A = ays 96 -—14 -—2] | 35800 
QO -1 1 7000 
ae 1 — 560000 +537000 +7000 
= y|= Pre 480000 -— 501200 — 14000 
Zz 0 -35800 +7000 
x 1000 
=> y | = | 2200 
Zz 1800 
= x = 1000, y = 2200 and z = 1800 


Hence, three investments are of Rs 1000, Rs 2200 and Rs 1800 respectively. 
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EXAMPLE 11 A mixture is to be made of three foods A, B, C. The three foods A, B, C contain 
nutrients P,Q, R as shown below : 


Ounces per pound of Nutrient 


Food 
P Q R 
A 1 2 5 
B 3 1 1 
G 4 2 1 


How to form a mixture which will have 8 ounces of P, 5 ounces of Qand 7 ounces of R? 
SOLUTION Let x pounds of food A, y pounds of food B and z pounds of os Cbe needed 
to form the mixture. “ 


Since one pound of food A contains 1 ounce of nutrient P. So, x pounds of food A will 
contain x.ounces of nutrient P. Similarly, the amount of nutrient P in y pounds of food 
B and z pounds of food C are 3y and 4z ounces respectively. Therefore, 


Total quantity of nutrient P in x pounds of food A, y pounds of food B and z pounds of 
food C is x + 3y + 4z ounces. 


x+3y+4z = 8. 
Similarly,2x+y+2z =5 {For nutrient Q] 
and bxty ts = 7 {For nutrient R} 


The above system of simultaneous linear equations can be written in matrix form as 


LS Alias 8 
2A 2 1y} =y5 
S 


ei kal if 
or, AX = B 
1 324 x 8 
where A=/2 1 2|,x =|y| and B=|5 
Sie eet Z 7. 
1 4 
Now, JA| = |2 12) = 1(1-2)-3 (2-10) +4(2-5)= -—1+24-12 = 11 #0 
Big yea ’ 


So, A- 1 exists. 


Let Ci be the cofactor of aij in A= [a;,]. Then, 
C= 1, Gjg=18; Cigt = — 3, Co, = 1, Cg = - 19 
C3 = 14, C34 = 22, C32 — 15) fevaXe| C33 =—-5 


ape pe stidaw. 5 Pope ag pak a ely 


AdgpA =|. 1 feds 14), =)" Bela ete 
2 re) —3 14 -5 
é 1 flee in pied 
ia j = —1 6 
=> A Alccate 1 8 9 
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Thus, the solution of the system of equations is given by 


1 —1 lee 2 8 
kia ATR = 8 -19 6||5 
-3 14 -5/|7 
x 1 -8 +5 +14 1 itis 1 
=> y Site 64 -95 +42 at 11) =41 
Z -24 +70 -35 11) 44 
= LT y= Pane c= 1, 


Hence, the mixture is formed by mixing one pound of each of the foods A, B and C. 


EXERCISE 8.1 
1. Solve the following system of equations by matrix method : 
(i) 5x+7y+2 =0 (ii) 5x+2y = 3 
4x+6y+3 = 0 3x+2y = 5 
(iii) 3x + 4y-5 = 0 (iv) 3x+y = 19 
ey +30 3x-y = 23 
(v) 3x+7y =4 (vi) 3xt+y =7 
x+2y=-1 5x+3y = 12 
2. Solve the following system of equations by matrix method : 
i)» xyz = (ii) x+y¥Fa= 3 
20 OY RZ =O 22 — if ee | 
Sx=Yy—7z-= 1 2x+y-—3z =—-9 [CBSE 2004, 2005] 
(ili) 6x—-12y+25z = 4 (iv) 3x+4y+7z = 14 
4x +15y—20z = 3 2x-y+3z=4 
2x + 18y+15z = 10 x+2y-—3z = 0 
(ita epoca (vi) 5x+3y+z = 16 
SP A Fe 
Ltlegel 
Pay esa 2x+y+3z = 19 
3_1,2 43 [CBSE 2005,07] x+2y+4z = 25 
Xiah ieee 
(vii) 3x +4y+2z = 8 (vili) 2x+y+z = 2 
2y — 3z ="3 x+3y-z=5 
x—2y+ 62 =) 2 3x +y—2z ='6 [CBSE 2008] 
(ix) 2x+6y = 2 OO) ie Y z= 2 
3X —-Z = —G ; 2x-y =0 
2x-y+z = —3 [CBSE 2003] 2y-z=1 [CBSE 2003] 
(xi) 8x + 4y +3z = 18 Odi) x+y74+Z7=6 
ZOEY r= 5 X+2z = 7 
x+2y+z=5 [CBSE2008] 3x+y+z= 12 (CBSE 2009] 


3. Show that each of the following systems of linear equations is consistent and also 
find their solutions : 
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(i) 6x+4y = 2 (ii) 2x43 y 5 
9x+6y = 3 6%+9ye= 15 
(iii) 5x+3y+7z = 4 (iv) x-y+z=3 
3x + 26y+2z = 9 QL Yi Be 2 
Petey PAO =o Te zi2y tz = 1 
(v) x+y+z=6 (vi) 2x+2y-2z =1 
x+2y+3z = 14 4x+4y-z = 2 
x+4y+7z = 30 6x + 6y+2z = 3 


4. Show that each one of the following systems of linear equations is inconsistent : 


10. 


G2 +Sy7=7 GHR2 Sy 5 
6x+15y = 13 6x+9y = 10 
(iii) 4x-2y = 3 (iv) 4x-—5y—2z = 2 
6x—-3y = 5 ox —4y+2z = -2 
2x +2y+8z = -1 
(ray iy — 22 = (2 (VE) eX hy = 22, =).5 
2y—z_= +I Le 2y A Zs = 2 
: ox = 5y = 3 S22 = 4 
10 2° 2 —4 
se Db ied eal pd 3-4) sand B=| —4- =O) 4 are two square matrices, find AB and 
0 i Ray 2 -1 5 


hence solve the system of linear equations : 
x-y = 3, 2x+3y+4z=17,y+2z=7 


Pe ane 5 
. IfA=|3 2 —4 |, find A7 and hence solve the system of linear equations 
[ 1 2 
2x —3y+5z = 11, 3x+2y—4z =-5, x+y+2z = -3 [CBSE 2007, 2009] 
a he eee 
. Find A™', if A=| 1 -1 -1 | Hence solve the following system of linear equa- 
2S 
tions: 
LF 2+ 92 AO X= yz = — 2.2645 =2 = =< 11 
ior ; : 
. IfA=| 2 1 3)find A “. Using A , solve the system of linear equations 
U2 pl 


x—2y =10,,.2% +y+3z = 8; —2y+z ='7 

The sum of three numbers is 2. If twice the second number is added to the sum of 
first and third, the sum is 1. By adding second and third number to five times the 
first number, we get 6. Find the three numbers by using matrices. 

An amount of Rs 10,000 is put into three investments at the rate of 10, 12 and 15% 
per annum. The combined income is Rs 1310 and the combined income of first and 
second investment is Rs 190 short of the income from the third. Find the investment 
in each using matrix method. 


- Acompany produces three products every day. Their production on a certain day 


is 45 tons. It is found that the production of third product exceeds the production 
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of first product by 8 tons while the total production of first and third product is 
twice the production of second product. Determine the production level of each 
product using matrix method. 

12. The prices of three commodities P, Q and R are Rs x, y and z per unit respectively. 
A purchases 4 units of R and sells 3 units of P and 5 units of Q. B purchases 3 units 
of Q and sells 2 units of P and 1 unit of R. C purchases 1 unit of P and sells 4 units 
of Q and 6 units of R. In the process A, Band C earn Rs 6000, Rs 5000 and Rs 13000 
respectively. If selling the units is positive earning and buying the units is negative 
earnings, find the price per unit of three commodities by using matrix method. 


7 diypeluinceait et ecroBinsp teva) Yo enna ye tO ae sANSWERS 


1. @ x=2, y=-4 Gi) x=-1, y=4 (ii) x= —1 ee 
: uh a 4 ee 1 
Gv) x=7py ao 2 (v) x=-15, y=7 (vi) x cV a 
: 5 8 10 19 1 1 1 
DO" = 3), = ily = hes 7 sf ae So = <a ees 
(¢)) ae y z= 1, +i) x - y= z= (iii) x y \ Bae, oe 
(iv) c= y= bale) be tee (vi) x=1, y=2, z=5 
oy at 5 E ,Y , 
(vii) x=-2, y=3, z=1 (viii) x=1, y=1,2=—2 
(ix) x=-2,y=1,z=2 (x) x=1,y=2,z=3 (xi) x= 1, y=, 2=2 
(xii) x=3,y=2,z=1 
ried are % 5-3k : 
3. (i) x= 3! y=k (ii) x= >! y=k (xii) x=3, y=1, z=2 
ee OK (Seer) 5 ~ 
(iii) se eect > Yeates z=k (iv) x=3 y= +k, z=k 
fae Ps ; 1 
(v) x=k-2, y=8-2k, z=k (vi) x=5-k, y=k, z=0 
5. Te eS yal, zZ=4 6. see Il y=2, Z=3 7 x=, y=-2, z=3 
8. x=4, y=-3, z=1 
ees ee ve 10. Rs 2000, Rs 3000, Rs 5000 Tis 133849 


12. x = 3000, y = 1000,z = 2000 


8.3 SOLUTION OF HOMOGENEOUS SYSTEM OF LINEAR EQUATIONS 


- eee 6, we have learnt about determinant method to solve a homogeneous system 
inear equations. In this section, we shall discuss matrix method to solve the same 


Let AX = O bea homogeneous system of 1 linear equations with n unknowns. 
Let us now discuss two cases: 
CASEI When | A | #0i.e. matrix A is non-singular. 
If | A | # 0, then A! exists. 
AX =O 
25 A’ *(AX) = A10 
=> (A-1A)X =O 
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=> I,X =O 

— > xe —sO) 

= Xy=XQ=...=X, = 0 

Thus, if the coefficient matrix A is a non-singular, then the homogeneous system of 
equations has the unique solution X = Oi.e. x, = x2 =... = Xx, = 0. 

This solution is known as the trivial solution. 

CASEI] When | A | = Oi.e. matrix A singular. 


If | A | =0, then 

(adj A) B = (adj AJO = O 
i.e. the condition of consistency is always satisfied. So, the given system of equations is 
consistent and it has infinitely many solutions which can be obtained by giving any real 
value to one of the variables and then solving the remaining equations by matrix 
method. 
In order to solve a homogeneous system of the three linear equations with 3 unknowns 
x, Y, Z, we may use the following algorithm. 


ALGORITHM 
STEPI Obtain the system of equations and express it in the matrix equation of the form 
AX ="O. 


STEP Find | A |. 
STEP If | A | ¥ 0,thenx = y = z = Ois the only solution of the homogeneous system. So, 
writex = 0,y = 0,z = Oas the solution. 


STEPIV If | A | = 0, then the system has infinitely many solutions. In order to find these 
solutions put z = k (any real number) and solve any two equations for x and y by the 
matrix method. The values of x and y so obtained with z = k give a solution of the 
system. 


Following examples will illustrate the above procedure. 
ILLUSTRATIVE EXAMPLES 
Type I WHEN THE DETERMINANT OF THE COEFFICIENT MATRIX IS NON-SINGULAR 


EXAMPLE1 Solve the following system of homogeneous equations: 


2x +S5y—z =0 
Ray 22 =.0 
Jira t+ oz =.0 


SOLUTION The given system of homogeneous equations can be written as 


2 3 —1 oe 0 


If Pi 2 y|=| 0 
3 1 3 zs 0 
Or, AX = O, where 
2. 3. il uC 0 
A-=|-1 =f 2 =| y jandO =| 0 
S 1 3 4 0) 
2 gunk | 
Now, WAS) t=2)10 8 Ree 27 — 4 = -— 33: 40; 
2 1 3 


Thus | A | #0. So, the given system has only the trivial solution given by x =y =z=0. 
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Type U WHEN THE DETERMINANT OF THE COEFFICIENT MATRIX IS SINGULAR 


EXAMPLE2. Show that the homogeneous system of equations 
x-2y+z=0,xt+y-2z= 0, 3x+ 6y—5z = 0 

has a non-trivial solution. Also, find the solution. 
SOLUTION The given system of homogeneous equations can be written in matrix form 
as 

P20 1 ek 0 

17 ae =a =) 0 

3) Oa 0 


ie 0 
or, AX = O, where A =| 1 te 3 =| y |andO= “OMe 
3 6 -5 i 0 
Lj 2 1 
Now, |A |= ]1 1 -1 = 1(-5+6)+2(-5+3)+1(6-3) = 0. 
8 6 -5 


Thus, | A | =0. So, the given system of equations has a non-trivial solution. To find 
these solutions, we put z=k in the first two equations and write them as follows: 


x-2y =—-k and x+y =k. 


ee bd ed led 


or, AX = B, where A = pS arte X =|~* land B= ~k 5 
1 t y k 
seers 
Now, }Al = (; i] =3 40 
So, A”! exists. 
ee in oe 
We have, adj =| _} | 
re 1 il dig 
Al= d 1_- 
[A | adjA > A Al | 


> [s}esl-t a]P]- [5] 
Wes) ot) Tk | 2kfs 
a b= kis, ¥ = 2k/3: 


These values of x, y and z also satisfy the third equation. 


Hence x= k/3, y = 2k/3 and z =k, where k is any real number satisfy the given system 
of equations. 


EXERCISE 8.2 
Solve the following systems of homogeneous linear equations by matrix method: 
1. 2k — Yt 2 =) 2 2X = Yi 2z. = 
3x+2y-z=0 ox +3y-z = 0 
x+4y+3z = 0 x+5y—-5z = 0 
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3. 3x-y+2z = 0 4... x+y-6z = 0 
4x+3y+3z = 0 x-y+2z =0 
5x+7y+4z = 0 —-3x+y+2z =0 

a. xty+z = 0 6. Aart eae ay = 

x—y —5z = 0 x-2y+z= 
x+2y+4z =0 3x + 6y —5zZ = 

qe gary Res =} 0 8. ey SY as 2) 

x+y+z=0 x—y—27.— 0 
x-2y+z=0 3x+y+3z = 
—_———$— $s ANSWERS 
oe 12k 
1 9 | a = SS = 

x=y=z=0 Pes Wee ee k 

ok —k 
sk GS pace gar ek A v=2k, yesh, 2k 
5. x=2k, y=-3k, z=k 6. x=k, y=2k, z=3k 
7. x=y=z=0 8. x=y=z=0 


= VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


Leo OW is i 


—1|], find x, y and z. 
Z 0 


Re © 
Ss 
i 


peat 
io) 
o 
R 


1 
=| 0 |, find x, y and z. 
1 


N 
ol 
Lua 
j=) 
| 
ay 
oO 
XS 


0 0 K 1 
y 0||-—1]=| 0}, find x, y and z. 
Ov Z 1 
4. Solve the following for x and y: 
3 -4]|x|_|10 
Fey | ee 
LOE ON he 2 
5. If/0 O 1]/|y|j=|-1 Pind x,y, 2: 
01 O}}z 3 
4 
3 


1 


| Xe He B= Be and AX =B, then find n. 


ANSWERS 


1. x=1,y=-1,z=0 2. R= Y= 0, cis oe x=1,y=0,z=1 4. CUE haa 


5, x= 2, ys dea = Sb vhs 2 
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MULTIPLE CHOICE QUESTIONS (MCQs) 
1. The system of equationx +y+Z = 2,3x-y+2z = 6and3x+y+z = — 18 has 


(a) a unique solution 
(b) no solution 
(c) an infinite number of solutions 
(d) zero solution as the only solution 
2. The number of solutions of the system of equations 
2x YZ = 7 
A OY + oz, =" 1 
x+4y-3z =5 
is 
(a) 3 (b) 2 (jad (d) 0 
x4 i 
3. Let X = |X|, As=12 
3 


le? 3 
0 1jand B=/1| If AX =B, then X is equal to 


on} ao 3 d 


1 =i Eats! =i 0 
(a) |2 (b) |-2 (c) |-2 (d) | 2 (e) |2 
3 hi 
4, The number of solutions of the system of equations: 
2x+y-Zz=7 
C= oY + 2zZ = 
x Ay = 320= > 
(a) 3 (b) 2 (c) 1 (d) 0 
5. The system of linear equations: 
xt+y+z=2 
2X Y = ZS 
3x+2y+kz=4 has a unique solution if 


(a) k#0 (Dia iak<1 (c) —2<k <2 W¥(ajaeaG 
6. Consider the system of equations: 


a,x+b,y+c,z=0 
ayx+byy+coz=0 
a,x+b3y+c,z=0, 
a by cy 

if Ay~by C2 | =0, then the system has 
a3 bz Cs 


(a) more than two solutions 

(b) one trivial and one non-trivial solutions 
(c) no solution 

(d) only trivial solution (0, 0, 0) 


SOLUTIONS OF SIMULTANEOUS LINEAR EQUATIONS 8.23 


7. Leta, b,c be positive real numbers. The following system of equations in x, y and z 


oD 2 2 2 2 2. 
PIE Bem. cee Vee ei eae = =1has 
ey dine oe Pg tewees tex n> 6 
(a) no solution (b) unique solution 


(c) infinitely many solutions (d) finitely many solutions 
8. For the system of equations: 
x+2y+3z=1 
2x+y+3z=2 
5x+5y+9z=4 
(a) there is only one solution 
(b) there exists infinitely many solution 
(c) there is no solution 
(d) none of these 


9. The existence of the unique solution of the system of equations: 


x+y+z=r 


5x-y+pz = 10 
2x+3y-z = 6 
“depends on 
(a); pw only (b) A only 
(c) Aand p both (d) neither A nor 
Qi Ark Gumaye 4 
10. The rank ofthe matrixA =|0 1 2 —1{is 
0-2 -4 2 
(a) 2 ((e) es! (@) il (d) indeterminate 
11. The system of equations: 
x+yt+z=5 
x+2y+3z=9 
x+3y+AZ=U 
has a unique solution, if 
(a) X = 5,p = 13 (bl) A#5 
(c) A=5,p # 13 (d) p # 13 


1. (a) 2. (d) 3. (d) 4. (d) Bp ia) 6. (a) Ze AD) 8. (a) 
9. (a) 10. (a) 11. (b) 
SUMMARY 
1. A system of n simultaneous linear equations in n unknowns Xj, X2, X3, «++, Xn is 
Ayy Xp +812 XQ t oe tin Xn = 
Ay Xy +. Aq72 XQ+ «0 +427 Xn = 2 


Any X1 + Ang Xo + ++ Hann Xn = U,, 
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This system of equations can be written, in matrix form, as 


iat MOISE es C71 Um at by 
My, 492 ++» Aan || X2 | _ | b2 
Any 4n2 ++ Ann Xn by 
or, AX=86 
M1 442 Mn xy by 
where A= 721 22 720 X=| 2 ]and B= 2 
ayy 4n2 ++ Ann xn by, 


. A set of values of the variable x}, x, ...,x,, satisfying all the equations simul- 


taneously is called a solution of the system. 


. If a system of equations has one or more solutions, then it is said to be a consistent 


system of equations, otherwise it is an inconsistent system of equations. 


. Asystem of equations AX = B is called a homogeneous system, if B= O. Otherwise, 


it is called a non-homogeneous system of equations. 


. A system AX =B of n linear equations in n equations has a unique solution given 


by X=A™'B,if | A | #0. 

If | A | =0 and (adj A) B= 0, then the system is consistent and has infinitely many 
solutions. 

If | A | =O and (adj A) B # 0, then the system is inconsistent. 

A homogeneous system of n linear equations in n unknowns is expressible in the 
form AX = O. 

If | A | #0, then AX=O has unique solution X =0 ie. x} =x) =... =x, =0. This 
solution is called the trivial solution. 

If | A | =0, then AX = O has infinitely many solutions. 


CONTINUITY 


9.1 INTRODUCTION 
In this chapter, the meaning of the term continuous is same as we use in our daily life. 
When we say that a function f(x) is continuous at a point x = a it means that at point 
(a, f(a)) the graph of the function has no holes or gaps. That is, its graph is unbroken at 
point (a, f(a)). 


ay a3 x 

Fig. 9.1 © 
Consider the graph of a function f(x) as shown in Fig. 9.1. Here, we observe that there are 
three points x = a1, x = a) and x = a3 where the function is not continuous 


At point x =a, : We observe that there is a hole in the graph of f(x) corresponding to the 
point x = 44. 

So, the curve y = f(x) is not continuous at x = 4). 

In fact at x = 4}, f(x) is not defined. 

But, lim f(x) =lim f(x) = 1, ie. lim f (x) exists. 


x ay x ay era! 
Thus, the continuity of a function at a point x =a, can be destroyed if the limit of f (x) at 
x =a, exists but f(x) is not defined at x = ay. 


At point x =a: 


It is evident from the graph of the function f (x) that 
lim f(x) = lp and lim f(x) = Iz, where 12 # ly. 


X-> ay xa 
Le. lim f(x) # lim f{x). 
x ay x a3 


Thus, the continuity of a function f(x) at x = az can also be destroyed if lim f(x) does not exist. 


“X¥ ay 
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fee live. iA 
At point x =a3: we 


i = = ‘5 not continuous, because lim_ f(x) = lim, f(x) = Iz 
At point x = 43, the curve y f(x)isn oe oe 


ive. lim f(x) exists but it is not equal to f(a3). 


x ag 
So, the continuity of a function f (x) can also be distroyed if Caen exists but it is not equal 
to fia). 


It follows from the above discussion that a function f(x) can be continuous ata point 
x= ayy 
(i) f(a) is defined, 
(ii) lim f(x) exists 
. ea 
and, (iii) lim f(x) =f(@). 
x—-a 
9.2 CONTINUITY AT A POINT 
DEFINITION A function f(x) is said to be continuous at a point x =a of its domain, iff 
lim f(x) = f(a). 


Thus, (f(x) is continuous at x = a) 

S lim f (x) =f (a) 

S lim f(x) = lim f(x) = f@ 
xa xa" 


If f(x) is not continuous at a point x =a, then it is said to be discontinuous at x = 4. 
If lim f(x) =lim f (x) #f(a), then the discontinuity is known as the removable discon- 


= *F 
xa oe 


tinuity, because f(x) can be made continuous by redefining it at point x = a in such a way 
that f (a) =lim f(x). 


xa 


If lim f(x) # lim f (x), then f (x) is said to have a discontinuity of first kind. 


ea xa 


A function f(x) is said to have a discontinuity of the second kind at x =a iff lim f(x) or, 


oon 
lim, f (x) or both do not exist. 


Ce at) 


A function f (x) is said to be left continuous or continuous from the left atx = a, iff 
(i) lim f(x) exists and, (ii) lim_ f(x) = f(a) 
as x= a) 


A function f (x) is said to be right continuous or continuous from the right at x = a, iff 
(i) lim f(x) exists and, 


dim Gi) lim, fx) = f@ 

It follows from the above definitions that 

f (x) is continous at x = aiff it is both left as well as right continuous at x = a. 

REMARK A function f(x) fails to be continuous at x = a for any of the following reasons. 
(i) lim f (x) exists but it is not equal to f (a). 


ue 
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(ii) lim f(x) does not exist. 


x—a 
This happens if either lim f (x) does not exist or, lim f (x) does not exist or both 
xa x>a" 
lim_f (x) and lim, f (x)exist but are not equal. 
Pe xa 


(iii) fis not defined at x =a i.e. f (a) does not exist. 


9.3 ALGEBRA OF CONTINUOUS FUNCTIONS 


Regarding the continuity of the sum, difference, product and quotient of functions, we 
have the following theorems. 


THEOREM 1 Let f and g be two real functions, continuous at x = a. Let be a real number. 
Then, 


(i) f+ is continuous at x =a. 
(ii) f—g is continuous at x =a. 
(iii) a fis continuous at x =a. 
(iv) fg is continuous at x =a. 


(v) ; is continuous at x =a, provided that f (a) #0. 


(vi) is is continuous at x =a, provided that g (a) #0. 


PROOF Since f and g are continuous at x =a. Therefore, 
lim f(x) = f(a) and lim g (x) = g(a). 
eB Ef ea 


(i) We have, 
lim (f+ g) (x) 


9 i ar 


= lim [f(x) +g (x)] 


= lim f(x) + lim g(x) s 


BENE! x—a 


= f(a)+g (a) @ lim f(x) = f(a) and lim g(x) = al 


eer 4 Oe aft 
= (f+ g) (a) 
f+gis continuous atx = a. 
(ii) We have, 
lim (f- g) (x) 
2 Sea! 


= lim [f(~) -g (J 
= lim f(x) -—lim g (x) 


P, er a3 per a7} 


= f(a)-g (a) le lim f(x) = f(a) and lim g(x) = fy 


x-—-a oe 
- = (f-g8) (a) 
f-—gis continuous at x = a. 
(iii) We have, 
lim (af) (x) 


x—-a 
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= lim af (x) 
= alim f(x) 
= af (a) is issn “ oO) 


me af is continuous at x = 4. 
(iv) We have, 
lim (fg) (%) 


x= 0 


= lim {| f(x) g (x)} 


xa 


= lim f(x) lim g (x) 


x—-a xa 
= f(a) g (a) 
= (fg) (@) 
So, fg is continuous atx = 4. 
(v) We have, 


es : 
So, f is continuous atx = a 


(vi) We have, 


li 
§ (x) lim g(x) 


i> a 


Sov es 
~ g(a) ~ | ss 


So, 3 is continuous atx = a. 
THEOREM 2 Let fand g be real functions such that fog is defined if g is continuous at x = a 
and f is continuous at g (a), show that fog is continuous at x = a. 
PROOF Since fog is defined. Therefore, 
Range (g) < Domain (f ) 
=F g (x) € Domain (f) for all x € Domain (g) 


CONTINUITY he) 


Now, 
=) 


Type lI 


g (x) is continuous atx = a 


lim g(x) = g(a) (i) 


x—a 


fis continuous at g (a) 


lim — f(g@) = f(¢@) 


& (x) > 8 (@) 
lim f (s (x)) =f (s (a)) [From (i),x ~a => g(x) > 2 (@)] 
lim (fog) (x) = (fog) (a) 


fog is continuous at x =a 


ILLUSTRATIVE EXAMPLES 


ON TESTING CONTINUITY OF A FUNCTION AT A POINT WHEN THE FUNCTION HAS 
SAME DEFINITION ON BOTH SIDES OF THE GIVEN POINT 


EXAMPLE1 Test the continuity of the function f (x) at the origin : 


SOLUTION We have, 


and, 


ar x#0 
i= 

1 s=0 
(LHL at x =0) 
i ae a ee i 
xs OF 
= tim LHL = tim -* = tim -1 = -1 
h>0 ~— ho>07 h-0 
(RHL at x = 0) 
= lim f@) = lim hdl) mee eT) 
x0" ha 


= Higtes palin Selita 1 
h-0 h ear h-0 


Thus, we have lim f(x) # lim f(x). 
x30 x70° 


Hence, f(x) is not continuous at the origin. 
ALITER We have, 


Ae 4 x>0 

fo) =4 * =jS=-1 x<0 
(a 0 

1 ex = 0 


(LHL atx =0) = lim f(x) = lim -1 - 


Py 8 x0 


=-1 


(RHL at x =0) = lim Je = lim1 


x2 0° s=70 


- f(x) = -1forx<Oandx—0> 
means that x <0s.t.x > 0 


=1 forx>Oandx > 0° 
means that x >0s.t.x > 0 
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= 1 
lim f(x) # lim f(x). 
x—> 00 x30" 
Hence, f(x) is not continuous at the origin. 
EXAMPLE2 Show that the function f(x) given by 


wet! 
sea 7 BPA) 


f(x)= x is continuous at x = 0. 
 x=0 
SOLUTION We have, 
(LHL atx =0) 
= lim f(x) = ban Oi h) = lim VAC h) 
x0 ha 


=lim—-/A sin ee 
h>0 = 


=limh sin G = 0x (an oscillating number between — 1 and 1) 


h-0 

= 0 

(RHL at x = 0) 

= lbven ue = lim f(0+h) = ae fh) 
oo h-0 —>0 


= limh sin Q = 0 (an oscillating number between —1 and 1) 
h—0 


= 0 
and, nOve=0. 
Thus, lim f(x) =lim f(x) = f(0). 
x30 x30" 
Hence, f(x) is continuous at x = 0. 
sin x 
EXAMPLE3 Show that the function f(x) given by f(x) = 


COS X, ox 0 


is continuous at x = 0. 
SOLUTION We have, 


(LHL at x = 0) 

= lim f(x) = te Oe i) = furs a h) 

x30 
- h 

= lim = Pecos (a h) = lim SUM itton ee ted 
h>0 h>0 h-0 


and, (RHL at x = 0) 
= lim SOs = sae LAO), = = aa fH) 


x20" 


sin h 


h 
‘COsi =m +lim cosh = 14+1=2 
h—>0 h>0 h>0 
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lim f(x) = lim f(x) = f(0). 
x30. x30° 
Hence, f(x) is continuous at x = 0. 
EXAMPLE 4 Examine the function f(t) given by 
COS = 
Tt /2—t' 
ee saa es 


Lee 
fib= 


for continuity att =n/2 
SOLUTION We have, 
(LHL at t= 1/2) 
= lim f(t 


t—> nf2 


ee ar = ue cos (1/2 —h) ere sin h et 


ee in/2— Wy 45 gal 
and, ae AL E=I/2) 
= lim f(t) 


t>n/2" 


é 


: = lim fle/2+h) = Tim _cos(t/2+h) _),. ~sinh _ 


h—0 ot/2-(N/2+h) p49 —F 
Also, f(m/2) =1 
lim f(t) = lim f(t) = f(r/2). 


t—> 1/2) to n/2* 


So, f(t) is continuous at f= 1/2 


EXAMPLE5 Show that the function f(x) given by 
1/x 
err Aah 


, When x#0 
is discontinuous at x = 0. 
Om when x<=0 


SOLUTION We have, 


(LHL at x =0) 
=lim UAE hasea f(o- ae f(-h) 
x30 

ais 
= lim ja eae elt ees 
5 0 ER ee eee are 


and, (RHL at x = 0) 
= sai) = sms +h) = aN) 
x30 


OP eee LO 


= lim ——— = lim 
nas on sole Let 1+0 


D7, 


So, f(x) is not continuous at x = 0 and has a discontinuity of first kind at x = 0. 
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Type II ON TESTING CONTINUITY OF A FUNCTION AT A POINT WHEN THE FUNCTION HAS 
DIFFERENT DEFINITIONS ON BOTH SIDES OF THE GIVEN POINT 


Let a function f(x) be defined as 
ers fae if x<a 


Wx) ihe Se 


Set); it esa 

ae jee i (1k xX >A 
d(x); if x<a 

or, (Usa hk goal 76 
WX a fia > a 


To test the continuity of such functions at x = 4, we have to find left hand and right hand 
limits of f(x) at x = a. For finding these two limits one can use the method which we have 
used in previous examples or we can use the following method : 


“xXx7a @&x<aandx—-a 


and 
(LHL atx =a) = lim f(x) = lim 9 (x) f(x) = (x) forx<a 
x ae LIE + lim f(x) =lim (x) 


peta a xa 


Now, lim $(x) can be calculated by various methods of evaluating limits as discussed in 
wa 


the chapter on limits. 


Similarly, we have 


“X73 a' @x>aandx—- a 


and 
(RHL at x =a) = lim f(x) = lim w(x) f(x) =w (x) forx>a 
xa" a8 “. lim f(x)=lim w(x) 


Now, lim w(x) can be calculated by various methods of evaluating limits. 
eh 


EXAMPLE6 Discuss the continuity of the function f(x) at x = 1/2, where 
1 GOSS M8 ba oes 
f(x) = ee eal) 
ey tee Wy Oe a 0 | 
SOLUTION We have, 
(LHL at x = 1/2) 


= lim f(x) =lim (1/2 - x) E fa)=1/2-x for 0sx<5| 
eee l/ap a2 : 


me /2—1/27= "0, [Using direct substitution method] 
and, (RHL at x =1/2) 

= lim f(x) = lim (3/2 -x ey ec 

Mae oa aes 1); ) f(x) =3/2 x for 5 <xS1 

= 3/2-1/2=1 


[Using direct substitution method] 
lim f(x) # lim f(x) 
x—>1/2 x-»1/2" 


Hence, f(x) is not continuous at x = 1/2. Clearl 


x=1/2. y, f(x) has discontinuity of first kind at 
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EXAMPLE7 Discuss the continuity of the function f(x) given by 
aa 
fg ee 33 
BEX = 2: 
(LHL at x = 2) 
= lim f(x) = lim2-x [-.- f(x) =2-—x for x <2] 
wor x2 
=2-2=0 
and, (RHL at x = 2) 
= lim f(x) = lim2+x [:.- f(x) =2+x=for x22] 


SASyl x32 


=252 = 4 
lim f(x) # lim f(x). 
a $5.2" 


Hence, f(x) is not continuous at x = 2. 


5x-4, when 0<xs1 


3 is continuous at x = 1. 
4x°—3x, when 1<x<2 


EXAMPLE8 Show that f(x) = 


SOLUTION We have, 


(Liilatc—1) 
= lim f(x) = lim 5x -4 [ -. f(x) = 5x — 4, when x < 1] 
pe x—1 
= sph es a 
(Rist acy — 1) 
= lim f(x) = lim 4x? - 3x [-.- flx) = 4x? - 3x, x>1] 
Pars tis x1 
= 4(1)?-3(1) = 1, 
and, fQ) =5x1-4=1 [-.- f(x) = 5x — 4, where x < 1] 
: lim f(x) = f(1) = lim f(x). 
ress msi 


So, f(x) is continuous at x = 1. 


EXAMPLE 9 Show that the function f (x) = 2x— | x | is continuous at x = 0. 
[CBSE 2002] 


SOLUTION We have, 


Bd e: 2X = eek 2 
AP Aa le bok oa , if x<0 


sage ihe ge ea (0) 
cP fla) = {ar ’ ifi x= 0 
Now, 
(ata 0) 
= lim f(x) = lim 3x = 3x0 = 0 
x07 x70 


(RHL at x = 0) 


9.10 MATHEMATICS-XII 


= lim f(x) = limx = 0 
x 0" x30 
and, f(@) =90 
; lim f(x) = lim f(x) = f (0) 
On x30 
So, f (x) is continuous at x = 0. 
EXAMPLE10 Discuss the continuity of the function of given by 
f Cy = Px i= 2 | atx = land x = 2. 
SOLUTION We have, 
fx) = es 1|+|x-2| 
ee 1)-(x-2), if x<1 
— PC iy ak) eae ike, (bsegere Dp) 
(e=T)t (2), iise2 


—-2x+3, if x<1 
= f(x) = ic i isx<2 
See—aeh bore 22 
Continuity atx = 1: 
We have, 
lim ey = lim (-2x+3) = -2x1+3 =1 
x 17 x1 
lim f(x) = lim 1 = 
peer x31" 


and, f@) = 1. 
lim f(x) = f(1) = lim f(x) 
cy le Cie 


So, f (x) is continuous at x = 1. 
Continuity atx = 2 


We have, 
lim f(x) = lim 1 = 
1 Se x3 2° 
Bf) = = limes (2x13) 2 <x 2 — Seal 
x32" x2 


and, eh =e 2 3.=" 1. 
lim f(x) = lim f(x) = f (2) 


x32 x—2" 
So, f(x) is continuous at x = 2. 


Type III ON FINDING THE VALUE(S) OF A CONSTANT GIVEN IN THE DEFINITION OF A 
FUNCTION WHEN IT IS CONTINUOUS AT AN INDICATED POINT 


A function f(x) is continuous at a point x = a iff lim f(x) = lim f(x) = f(a). 


: vo a x=—> ih 
But, lim f(x) = lim f(x) => lim f(x) exists. 
xa x—>a* GB 
Thus, f(x) is continuous at x = a iff lim f(x) = f(a). 
x—-a 


We will use this result in finding unknown quantity in the definition of a function when 
it is given to be continuous at a given point. 
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EXAMPLE 11 Determine the value of k for which the following function is continuous at x = 3. 
x?-9 
x—'3" 


x#3 
f(x) = 
Kee = S 
SOLUTION Since f(x) is continuous at x = 3. Therefore, 
lim f(x) = f(3) 
x3 


= lim f(x) = k [ -.- (3) =k] 
x33 
2 
= fn 
x33%-3 
Zs lim & 73 +3) ae 
co x—3 
=> limi(%-ho) = k= > 6= kh 
x33 


Thus, f(x) is continuous at x = 3, ifk = 6. 


EXAMPLE 12 Find the value of the constant A so that the function given below is continuous at 
AS]; 


x= 2x-3 x#-1 
a 14 
f(x) = 
Xr tal 


SOLUTION Since f(x) is continuous at x = — 1. Therefore, 
lim f(x) = f(-1) 


x—-i1 

a lim aes EG Leela 
x—-1 

=> Fei ce es ek dd 
x—--l x41 x>-1 


So, f(x) is continuous atx =-1,ifA=—4. 
EXAMPLE 13 Find the value of the constant k so that the function given below is continuous at 


re (): 
ia x20 
f(x) = (3 
k oe 


SOLUTION It is given that the function f(x) is continuous at x = 0. Therefore, 
=> lim f(x) = f(0) 
x—0 


:.. jen a = 608 24 ae [ -.f(O) =k] 
4-0 42% : 
my 
> lim 22 = k 


x—0 ox 
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O12 
eo 
= ling leek ol ak Sk ad 
x0 x 
Thus, f(x) is continuous at x = 0, if k = is 
241, XZ 
EXAMPLE 14 Find the value of a if the function f(x) defined by f(x)=} 4 , x=2_is 


x+1, x>2 
continuous at x = 2. 
SOLUTION We have, 


(LHL at x = 2) = lim f(x) = lim (2x-1) = x2—1=9, 
oe x2 

(RHL atx =2) = lim f(x) = lim(v+1) = 2+1 = 3, 
oi x2 


and, f(2) =a 
Since f(x) is continuous at x = 2. Therefore, 
lim f(x) = lim f(x) = f(2) 
x—> 2 x2" 
=> 3=3=a>a=3 
Thus, f(x) is continuous at x = 2, ifa = 3. 
EXAMPLE 15 If the function f(x) defined by 
log (1 + ax) — log (1 — bx) 


io = y) 
k Po ite 0 


if x0 


is continuous at x = 0, find k. 
SOLUTION Since f(x) is continuous at x = 0. Therefore, 
lim f(x) = f(0) 


x0 
ie BALE stad bx) _ 
= [ -.- f(0) =k] 
ae 
zt = 28 log (1 — bx) the 
ey x 
= im 080 +2) _ m 128 ls bx) _ 
ae eh 
=> m 08 C422) —(- b) lim 128 C= be) = jk 
eae 230 GC b) x 
> — a()-(b)(1) =k Using lim 104%) _ -1) 
x-0 
= atb=k 


Thus, f(x) is continuous at x = 0, ifk =a +b. 


EXAMPLE 16 Find the values of a so that the function f(x) defined by 
sin? ax 
es Xe 

Sees : 
Ga bose may be continuous at x = 0. 


= () 
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SOLUTION The function f(x) will be continuous at x = 0, iff 


lim f(x) = f(0) 
x0 
__ sin? ax 
= lim =1 [ -.. (0) = 1] 
x0 
? 2 
= pees sin ax) _ 1 
x—0\ a 
= az(ijyt=1s>a=t1 


Thus, f(x) will be continuous at x = 0, ifa=+ 1. 
EXAMPLE 17 If the function f (x) given by 
3ax+b, if x>1 


f(x) = 1h As Se ee 
isthe VI: phe ace il 


is continuous at x = 1, find the values of a and b. 


[CBSE 2002] 
SOLUTION - We have, 
: (LHL at x = 1) 
= lim f(x) 
x71 
= lim (5ax-2b)= 5a-2b 
x31 
(RHL at x = 1) 
=) lim fir) 
esky 
= lim (Gax+b)= 3a+b 
x23 1° 
and, fQ) = 11. 
Since f (x) is continuous at x = 1. Therefore, 
lim f(x) = lim f(x) = f(1) 
x31 x31" 
=> 5a-2b = 3a+b = 11 
=> 5a—-2b = 11 and 3a+b = 11 
=> a=3 and b=2 
EXAMPLE 18 Prove that the greatest integer function [x] is continuous at all points except at 
integer points. 
SOLUTION Let f(x) = [x] be the greatest integer function. Let k be any integer. Then, 
fs = [k-4 k=l ax<k 
fs) = bal = | k , ifksx<k+1 [By det] 


Now, (LHL at x =k) 
= lim f(x) = lim f(k-h) = lim [k-/] 


2 Se a h->0O h-+90 
= lim(k-1) = k-1 [.. k-1lsk-h<k .«.[k-h]=k-1] 
hoo 


and, (RHL at x =k) 
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= lim f(x) = ae +h) = i me +h] 


xk h-0 

= ltbaat/e = [.-ksk+h<k+1 «. [k+h]= 
h-0 ; 

lim f(x) # lim f(x). 

X—> ke xok 


So, f(x) is not continuous at x =k. 
Since k is an arbitrary integer. Therefore, f(x) is not continuous at integer points. 


Let a be any real number other than an integer. Then, there exists an integer k such that 
k-1<a<k. 


Now, (er rate —a)) 
= lim f(x) = ae Fk —h) = begs la —h] 


ce 

= itisieaal viel [.:k-1l<a-h<k .. [a-h]=k-1] 
x0 

(RHL at x =a) 

= lim f(x) = lim fa+h) 

ean h—-0O 

= lim [a+h] = lim(k-1) = k-1 [.-k-l<ath <k ». [a+h]=k-1] 
h-0 h>0 

and, fla) =k-1 [-.-k-1l<a<k «. [a]=k-1] 


Thus, 

lim f(x) = lim kg = f(a) 

FS in a, at 
So, f(x) is continuous at x = a. Since a is an arbitrary real number, other than an integer. 
Therefore, f(x) is continuous at all real points except integer points. 


EXAMPLE19 Let f (x + y) =f (x) +f (y) forall x, y € R. If f (x) is continuous at x = 0, show that 
f (x) is continuous at all x. 


SOLUTION Since f (x) is continuous at x = 0. Therefore, 
lim f(x) = lim f(x) = f (0) 


= “im fO- b) = im f(+h) = f(0) 

= tn (OA 45 = = tim f (O+h) = f(0) 

= lim (FO) +f] = lim [F(0)+f)] = Ff) [Using :f(x+y)= f(x) +f Y)) 
= F(O)+ lim f(-h) = f)-+ lim f(H) = FO) 

> lim f(- hy = lim f() = 0 wi) 


Let a be any real number. Then, 
lim f (x)= ee = A by ea h)) 


xa 


= lim f@) = lim F@+/C I Lf ety) = f@ +f 


xa 


CONTINUITY 945 


— lim f(x) = f(a) +lim f(—h) 
xa h—0 
= lim f(x) = f(a)+0 [Using (i)] 
— lim f(x) = f(a). 
and, 
lim f(x) = lim f(a+h) 
0a ho 
= lim f(x) = lim. [f (a) +f (h)] [L. fxty=f@)+fYl 
— lim f(x) = f(a) + lim f (h) 
y= ar h->0 
=> lim f(x) = f(a)+0 = f(a [Using (i)] 


Thus, we have 
lim f(x) = Lips / 9 =f (a) 
Be WS 5 a A | 
f (x) is continuous at x = a. 
Since a is an arbitrary real number. So, f (x) is continuous at all x € R. 
1—cos 4x 


5) , & x-<-0 
x 
EXAMPLE20 Let f (x) = a , ifx =0 
Vx. 
>= — , ifx >0 
16+Vx -4 


Determine the value of a so that f (x) is continuous atx = 0. 
SOLUTION For f (x) to be continuous at x = 0, we must have 
lim f(x) = lim f(x) = f (0) 


0 x30" 
=> lim f(x) = lim f(x) =a SL) 
C—Or On 
Now, 
lim f(x) = lim peak) [Feo = tacos 4 forx<0] 
x0 x0 x x 
a 
=> homed 23 
x-30° x0 “2 
in 2x) 
SS lim f(x) = 2 lim tee! 
x>0° x0 a 
in? 2 
at lim f(x) = 2x4.lim ea 6g (1-8 (ii) 
x30 4-20 
| it he tone: 
F Giidel aes, dows N1On ve 4 2 Ca Nicrarescerar te ea 
x— 
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} ’ Vx 
=> lim f (x) = Meee ei ee 
x30 x= 
=> lim f(x) = lim (V16+Vx +4) = 4+4=8 ... (iii) 
x—> 0° x0 


From (i), (ii) and (iii), we geta = 8. 
EXAMPLE21 Determine f (0) so that the function f (x) defined by 


(4* -1)° 
f(x) = 2 
in~ lo t= 
sin, log 3 


becomes continuous atx = 0. 


SOLUTION For f (x) to be continuous at x = 0, we must have 
lim f(x) = f (0) 
x70 


x_ 4,3 
= f (0) = lim f(x) = lim ! 
x0 


2 
x70... Xx x 
sin 7 los = 


al 
fl 
= ¥ os|1 +5 3 
sin — 3 
4 
a x2 
4x= CSS 
4 3 
(log, 4) 
at f(0) = oy = 12 (log, 4)° 
4%3 


Type IV ON CONTINUITY OF COMPOSITE FUNCTION 


EXAMPLE 22 Show that the function f (x) = | sinx+cosx | is continuous atx = T. 
SOLUTION Let 8 (x) = sinx+cos xandh (x) = | x |. Then, f(x) = hog (x). In order to 
prove that f (x) is continuous atx = 7. It is sufficient to prove that g (x) is continuous at 
x = mandh (x) is continuous at y = g(m) = sinn+cosn =—1. 

Now, 


lim g(x) = lim (sinx+cos x) = sinn+cost=-1 
xt xT 


and g(nm) =-1 
lim g (x) = g (nm) 
xT 


So, g (x) is continuous at x = 7. 
We have, g(n) = -1 = y = g(n) = -1. 


Now, lim h(y) = lim | y| = lim -y=-(-l)=1 
yo-l1 Ueno d v3 


and, h(g(n)) = h(-1) = |-1] =1. 


CONTINUITY 


lim ht (W) = n(g (n)) 


y—A= 
=> “e Lue ib (s (x) Si) (s (x) 
= gin ate) -Moe) 
— his continuous at g (7) 


Hence, f (x) = hog (x) is continuous at x = 1. 


1. Test the continuity of the function on f(x) at the origin : 


BS 
ree 
Fr 


1 ee =0) 


f(x) = 


2. A function f(x) is defined as, 


Show that f(x) is continuous at x = 3. 
3. A function f(x) is defined as 


— gece) 

fix) = 
Ge 1h 6 

Show that f(x) is continuous at x = 3 
Pa 
eae fon xs L 

4. lff(x) = {* 

2 Tae tor y= 


Find whether f(x) is continuous at x = 1. 
sin 3x 


, When x #0 
x 


5. If f(x) = 


1 , when x=0 


Find whether f(x) is continuous at x = 0. 


Wee We 
6. If f(x) = ( , if x40 F14 whether f is continuous at x = 0. 


Pai cc= 0 
1-—cosx 
x2 7 


1 , When x=0 


when x #0 
7. Let f(x) = 


Show that f(x) is discontinuous at x = 0. 
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EXERCISE 9.1 


[HSB 2001] 


[PSB 2000C] 
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when x #0 
8. Show that f(x) = 
when x =0 


f 


is discontinuous at x = 0. 


Ree 
when x #4 


9, Show that f(x) = 4 ~~ a 
il , when x=a 


is discontinuous at x =a. 


10. Discuss the continuity of the following functions at the indicated point(s) : 


hee cos{ >], x #0 


(i) fix) = ) at x=0 
0 0) 
sin{ 2 see (0) 
(ii) f(x) = 2: atx =0 
0 5, ed 3 


(iii) f(x) = atx=a 
0 , *=a 
geet. 
5 ihe gacs() 
(iv) flr) = {108 0 + 2x) atx <0 
7 ee =O) 


n 
ep x#1 
(v) f(x) = neN at x=1 
ata 


(vii) f(x) = 


[i4x7, if Osxs1 


11. Show that f(x} = ~ is discontinuous at x = 1. 


[2—x, if x>] 


CONTINUITY ong 


sin 3x : 
Raoels if x<0 
12. Show that f(x) = , ifx=0 is continuous at x =0 
LoD +39) aps 
Cages) 
13. Show that f(x) = 2x — | x | is continuous at x = 0 
[CBSE 2002] 
14. Examine the continuity of the function 
ZEEE WES be 
LAs ee er ae ae 
Also sketch the graph of this function. 
15. Discuss the continuity of the function f(x) at the point x = 0 
( wx- x>0 
Kxy)=7 1, x=0 
27 BESO 
16. Discuss the continuity of the function f(x) at the point x = 1/2 
i ay <a) 2 
fx) = 41/2, x=1/2 
1=x 1/2651 
17. Evaluate the continuity of 
ets = Vx <0 hs 
fAxy= i et x20. t= 0. [CBSE 2002] 
18. For what value of k is the following function continuous atx =1? 
2_ 
_ = : , RAS 
f(x) = 
Keys aL 


19. Determine the value of the constant k so that the function 


2 
eases) if x#1 
f(x) = ee is continuous at x =1 
k 2 ihe Goel 
20. For what value of k is the function 
Ee shoyh  Bpng 
f(x) = * is continuous atx =0? 
fe, Sb Bee) 
21. Determine the value of the constant k so that the function 
f(x) = lkx?, if x2 is continuous at x = 2. 
13, if x>2 


22, Determine the value of the constant k so that the function 
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oe ae if x #0 
fx) = sg is continuous at x = 0. [CBSE 2007] 
ie ik a=) 


23. Find the values of a so that the function 


f(x) = fee 7 BS : is continuous at x = 2. [CBSE 2002] 


24. Prove that the function 
eet aoe 
es + 2x2" 


yp Bea Ke 


10 
f(x) = 


remains discontinuous at x = 0, regardless the choice of k. 


25. Find the value of k if f(x) is continuous at x = 1/2, where 
k cos x 
PL 
fix) = Tim 2X, 
3 87k =o/e 


xe 1/2 


26. Determine the values of a, b, c for which the function 


sin(a+1)x+sinx 
/ 


x 


for x <0 


f(x) = Cc , forx=0 is continuous at x =0. 
Vix + bx? — Vx f 0 
eee greene le nas: 
bx3/2 } 
1—cos kx Se; 
27. lf f(x) = 4 * ae a is continuous at x = 0, find k. 
5 7p BSG 
x-A4 é 
earn Ther: 
28.. If f(x) = a+b , if x=4 _ is continuous at x = 4, find a, b. 
x-4 


esp +b, if x>4 
29. For what value of k is the function 
sin 2x 


GB) een 
k 


ence 0) 


, 0) 


continuous atx =0? 


CONTINUITY 


30. 


31. 


32. 


33. 


34, 


35. 


36. 


log ite = Jog) t= 


Let f(x) = 


x 


becomes continuous at x = 0. 


grt2_ 


Li bog be yr gees le 


2 


Pips a 


k D Ttey s 


cos x-sin?x-1 


If f(x) = nr we SNe ie ue pike 
k 


sige ana, 


O24 


, x # 0. Find the value of f at x =0 so that f 


is continuous atx = 2, find k. 


is continuous at x = 0, find k. 


Extend the definition of the following by continuity 


z 1-cos 7 (x -T) 

fA icy arr ree a ping 
_ s+ oon x 
Ei 3x +2sinx 


Find the value of k for which 


1-—cos 4x 


f(x) = 


8x2 


, Whenx # 0 


at the point x = 1. 


,x #0 is continuous at x = 0, then find f (0). 


is continuous at x = 0; 


k , whenx = 0 


[CBSE 2000 C} 


In each of the following, find the value of the constant k so that the given function 


is continuous at the indicated point; 


1 — cos 2kx 


(i) f &) = 


(ii) f (x) = 


(iv) F(x) =| 


(x - 


2 fetter 


x 


5; x= 0 


2 


1) tan , if x #1 


Ve oe iene il 


(iii) f (x) = ( i? = 2x) , if x < 


KX sls 7 tt Si, 


a's A Ghee ee oe 


kx+1, ifx<.5 
(v) F) “(er , te Se 


x* -25 
(vi) f@) = y~-5 77° 


(vii) f (x)= 


ee a) 


kx, x21 


+ 


Ap dca 


at x=0 
at x=1 
atx=0 
at x= 
atx=5 
at x=5 
at x=1 


[CBSE 2007] 


[CBSE 2007] 
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37. Find the values of a and b so that the function f given by 


peter so 
f(x) =4ax+b, if3<x<5 iscontinuous atx = 3andx = D: 
Fee iio 
2 
ies if0<x<1 
38. If f(x) = : . Show that f is continuous at x = 1. 


2x? 3x4 5 iflaxs2 


39. Discuss the continuity of the f (x) at the indicated points: 
CG) F(X) a bared ae (a = 15) atx Oats 
Gi f@) = las || adc Ljyateaigly’t 


x-|x| , x#0 is discontinuous atx = 0 


40. Prove that f(x) = xe 
2 , x=0 
[PSB 2000C, 2001] 
i | 
pel 2xa ae mal ce 1) 
41. Iff(x) = oie rae then what should be the value of 


k so that f (x) is continuous atx = 0. {HSB 2001] 
42, For what value of A is the function 
SE (ee eee 0 
fo =| 4x+1, if x > 0 
continuous at x = 0? What about continuity atx =+1? 
43. For what value of k is the following function continuous at x = 2 ? 


DLA A ahyeer ey) 
f= Ke or see) {CBSE 2008] 
Sherali seb) 
1 - sin? x if x i 
3 cos* x a a 
44. Let f(x) = A Abe Sie If f (x) is continuous at x = oY find a and b. 
b (1 —sin x) sa 
(nm a 2x)? Tee: A See 2 
[CBSE 2008} 
ANSWERS 


1. Discontinuous 4. Continuous 5. Discontinuous 6. Discontinuous 


10. (i) Continuous (ii) Continuous (iii) Continuous (iv) Discontinuous 
(v) Discontinuous (vi) Discontinuous (vii) Discontinuous 

14, Discontinuous 15. Discontinuous 16. Continuous 

17. Discontinuous 1S 2 195i 204573 

21. 3/4 219A, SAMS, 23. —2 

25. 6 26. a=-5,be R-(0), c=3 27, +1 

28. a=1b=—1 29, 2 30, 22 
: * ab 

31. 3 32. -4 33. a ou Al isp, | 
; & ie vm 

36. (i) ke=rt2- isk = = (iii) No value of k (iv) eg (v) io 

Tl 
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(vi) k=10 (vii) k=4 37. a=3,b =-8 
39. (i) Continuous, (ii) Continuous 41. kis any real number. 
42. There is no value of A for which it is continuous at x = 0. 


Atx=+1, f (x) is continuous. 43. k=5 44. a= 


9.4 CONTINUITY ON AN INTERVAL 
CONTINUITY ON AN OPEN INTERVAL A function f(x) is said to be continuous on an open 
interval (a, b) iff it is continuous at every point on the interval (a, b). 


CONTINUITY ONACLOSEDINTERVAL A function f(x) is said to be continuous on a closed 
interval [a, b] iff 


(i) fis continuous on the open interval (a, b) 
(ii) lim f(x) = f(a), 
x3a° 
and, (iii) lim f(x) = f(b). 
x— > bi 
In other words, f(x) is continuous on [a, b] iff it is continuous on (a, b) and it is continuous at a 
from the right and at b from the left. 
CONTINUOUS FUNCTION A function f(x) is said to be continuous, if it is continuous at each 
point of its domain. 
EVERYWHERE CONTINUOUS FUNCTION A function f(x) is said to be everywhere continuous 
if it is continuous on the entire real line (— ©, ©). 
9.5 PROPERTIES OF CONTINUOUS FUNCTIONS 
In this section, we shall learn some properties of continuous functions and prove the 
continuity of some standard real functions in their domains. 
THEOREM 1 [ff and gare two continuous functions on their common domain D, then 
(i) {+g is continuous on D 
(ii) f-—g is continuous on D 
(iii) fg is continuous on D 
(iv) a fis continuous on D, where o is any real number. 


(v) : is continious on D — |x: g(x) # 0} 


1 
(vi) is continuous on D - |x: f (x) # 0} 


PROOF Leta be an arbitrary point in D. 
Since f and g are continuous on D. So, they are continuous at ‘a’ also. 


lim f(x) = f(a) and lim g(x) = g(@) eat) 


B ieee dr? | Li? a 


(i) We have, 
lim (f+ g) (x) = lim (f(x) +g @)) 


=> lim (f+ g) (x) im f (x) + lim g (x) 
= lim (f+ g) (x) = f(a+g(@) [Using (i)] 
— lim (f+ 8) (x) = (f +g) (@) 


; fe gis continuous at x = 4a. 
Eines a is an arbitrary point in D. 
Hence, f + g is continuous on D. 


9.24 


(ii) We have, 
lim (f-g) (x) = lim (Fe) =e (x)) 
Xi ep x—-a 


= lim (f-g) (x) = lim f(x) -lim g (x) 
xa xa x74 

> lim (f-g) (x) = f(@-g @) 
5 ee af 

=> lim (f—g) (x) = (f-8) @) 


Se f-gis continuous atx = 4. 
Since a is an arbitrary point in D. 
Hence, f — g is continuous in D 

(iii) We have, 


ce () = an umf (x) g (x)) 


— an (fg) (x) = lim 4 (eae pn g (x) 
= lim (fg) (x) = Nes 

x74 
=> coe (fg) (x) = (fg) @) 


fei is continuous at x = a, 


2S a is an arbitrary point in D. Hence, fg is continuous in D 


(iv) We have, 
Jim (af) (x) = Jim ( (ou (x) 


=) im (af) (x) = om a f(x) 
= shes (af) (x) = af (a) 


=> lim (of) (x) = (af) (a) 
xa 


o fis continuous atx = a. 


Since a is an arbitrary point in D. Hence, af is continuous in D. 


(v) LetaeD such that g (a) # 0. Then, 
lim *) (G3) S Ihren jdt) 


xa pose eg (4) 
lim f (x) 
Ue 
oy tim (Fa = £0 ; aC 
= eur tim (5 (63) = : Ie 


: is continuous atx = a. 


MATHEMATICS-XII 
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[Using (i)] 


[Using (i)] 
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Since a is an arbitrary point in D such that g (a) # 0. Hence, : is continuous on 


—{x:¢(x) + 0} 
(vi) Leta e D such that f(a) # i Then, 


a! 
lim |= sas 
cov a ya aerage fe 


: 1 1 1 : : 
= lim y Ge). iim Fx) = fa [Using (i)] 


Hoa lvekins u Si (2) 


— is continuous atx = a. 


f 


Since a is arbitrary point in D such that f(a) # 0. 


i! 
Hence, = is continuous on D — {x : f(x) #0} 


f 
THEOREM 2 The composition of two continuous functions is a continuous function. 
PROOF Letfand g be two real functions such that gof exists. Then, 

Range (f) ¢ Domain (g) 

Let a be an arbitrary point in the domain of f. 
Then, a € Domain(f) => f (a) € Range(f) 
=> f(a) € Domain(g) [-.. Range (f) c Domain(g)] 
Since f and g are continuous on their domains. 
Therefore, a € Domain (f) and f(a) € Domain (g) 


= fis continuous at x = aand g is continuous at f (a) 
= lim f(x) = f(a) and eg gly) =8 (Fe) 
=> lim f(x) = f(a) ae ee g (Fa) = 3 (Ff), where y = f (x) 
x—-a f(a) 
=> lim g (Fa?) z= saan a [-.. x a= f(x) > f(@] 
=> lim gof (x) = gof (a) 
> gof is continuous at x = a. 


Since a is an arbitrary point in its domain. Hence, gof is continuous. 
THEOREM 3 If f is continuous on its domain D, then | f | is also continuous on D. 
PROOF Recall that | f | (known as absolute function) is defined as 
Ifl@) = |f@ | 

Let a be an arbitrary real number in D. Then, f is continuous at a. 

lim f(x) = f (a) 

Sica aS 
Now, 


lim | f | (x) = lim | f(x | [By def. of | f |] 


x—-a xa 
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=> lim | f | (x) = | lim f(x) 
xa xa 

= lim | f| (x) = |fa)l = 1f1@ 
| f | is continuous at x = a. 


Since a is an arbitrary point in D. Therefore, | f | is continuous in D. 
REMARK The converse of the above theorem may not be true. For example, consider the function 


la etteeeZ 
fad ={ 4! Pere RZ 


Let a be an arbitrary integer. Then, 
lim f(x) = lim f(a—h) = lim-1 


-1[--h>0,a-h¢€ Zash is very small} 


ese h—-0 h->0 
lim f(x) = lim f(@@+h) = lim-1=-1 
agar pi h-0 h>0 


and, f(@ =1. 
lim f(x) = lim f(x) # f@ 
= + 
cee X Pee 
So, f is discontinuous at x = a. 
Now, | fl (x) = | f(x) | = 1forallxeR 
Clearly, it is everywhere continuous. 
THEOREM 4 A constant function is everywhere continuous. 
PROOF Letf (x) = c, where c is a constant. 
Clearly, the domain of a constant function is R. 
Let a be any real number. Then, 


lim f(x) = lim ¢ = c_ and,f(@) =.c. 


xa x-a 
lim f(x) = f (a) 
x= a 
=> f (x) is continuous atx = a. 


But, a is an arbitrary real number. 


Hence, f (x) is continuous on R. 


REMARK 1 It is evident from the graph of a constant function that is everywhere continuous. 
THEOREM 5 The identity function is everywhere continuous. 

PROOF Letf(x) = x for all xe R be the identity function. 

Leta be any real number. Then, 


lim f(x) = lim x = a. and, f(a) = a 
Pio 7 Biya ae! 


litn f (x) = f(a) 


So, f (x) is continuous at x = a. 
Since a is an arbitrary real number. 
Hence, f (x) is continuous on R i.e. it is everywhere continuous. 


REMARK 2_ The above fact can be easily observed from the graph of the identity function. 
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THEOREM6 A polynomial function is everywhere continuous. 
PROOF Let f(x) = ap +a,xX+aox°+...+4,x",n€ Z,n>0,xeE R be a polynomial 
function. 
We shall prove the theorem by induction on n. 
STEPI Whenn = 0, we have 
f(x) = a9 
Clearly, f (x) is a constant function which is everywhere continuous 
When n = 1, we have 
f(x) = agt+a,x. 
Clearly, f(x) is the sum of.a constant function and a multiple of the identity function. 


So, being the sum of two everywhere continuous functions, f (x) is everywhere con- 
tinuous. 


STEP Let every polynomial function of degree at most n be everywhere continuous. 
Consider a general polynomial function of degree (n + 1), namely, 


g(x) = ap tay x+anx+ pay x Pag, 12 hwhererag yo: 


=> g(x) = ag tx (ay tagxt... ta, x71 +441 x") 

Clearly, it is the sum of a constant functin ag (which is everywhere continuous) and the 
product of the identity function x (which is everywhere continuous) and the polynomial 
function a, +4)X+...+4@,4 1x" of degree at most n (which is everywhere continuous 
by induction assumption). Therefore, g (x) is everywhere continuous. 


Hence, by the principle of mathematical induction, a polynomial function is everywhere 
continuous. 

A simple consequence of the above theorem is the following: 

COROLLARY: Every rational function is continuous at every point in its domain. 

PROOF Letf (x) = 3 h(x) # 0 bea rational function. 
Then, g (x) and h (x) are polynomial functions. 

The domain of f (x) is the set D = R-{x: g(x) = 0}. 
Since polynomial functions are everywhere continuous. 
Therefore, g (x) and h (x) are continuous on D. 


Hence, by theorem 1, f (x) = a is continuous on D. 


THEOREM7 The modulus function is everywhere continuous. 
PROOF We know that the identify function is everywhere continuous. 
Also, if fis continuous, then | f | is also continuous. 


Therefore, | x | is everywhere continuous. 


THEOREM8 The exponential function a”, a > 0 is everywhere continuous. 


She 


PROOF Letf(x) = a". 
We have, 


a* 
lim a* = lim 
x0 x30 
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: 

= lim a* = lim |4 ; ‘lim x+lim 1 
x0 x0 x x0 x0 

= lim a = (log,ax0)+1 = 
x0 

Let c be an arbitrary real number. Then, 
lim f(x) = lim f(c-h) = lim av" = a lima" 
chy wey h>0 h-0 h-0 

= PM ar re 
x—C h—0 

= lim lig = eb aaa = lim a®t" = a lim a! = a° x1 = a = f (0) 
ys oF h-0 h—0 
lim f(x) = lim f(x) = f(c) 
xc R= 6 


So, f (x) is continuous at x = c. 

Since c is an arbitrary real number. 

Hence, f (x) = a* is everywhere continuous. 
COROLLARY © is everywhere continuous. 


THEOREM9 The logarithmic function is continuous in its domain. 
PROOF Letf(x) = log.x, where c > 0 be the logarithmic function. 
Clearly, domain (f) = (0,-). 
Let a be an arbitrary point in (0, «). Then, 

lim he = ae BART 


sess 
=> lim f(x) = lim log. (a+h) 
oe h->0 
= lim f(x) = lim logea[ | 
peor h>0 e 
= lim OS lim {logca + log. [ “al 
¥=3a° h>0 i: 
= lim f(x). = ES Cackaant log, . mA 
xa’ 0 
h 
lose +] 
= lim f(x) = log.a+lim ;—————_} x 
a, h—>0 h 
a 
og.(1 +5) 
= lim. f(%)-= log.a+ lim ————2 x jin 2 
eat h-0 h h+04 
a 
> lim f(x) = log.a+log,cx0 = log.a if (a) 


+ 
x—a 
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Similarly, we have 
lim f(x) = f(@) 
xa 
lim f(x) = f(a) = lim f(x) 
<-> a0 hoa’ 
So, f (x) is continuous at x = a. 
Since a is an arbitrary point in (0, ©). 
Hence, f (x) is continuous on (0 ,°»). 
THEOREM 10 The sine function is everywhere continuous. 
PROOF Letf (x) = sin x and let abe an arbitrary real number. Then, 
lim f(x) = lim f(a+h) 
ToS ae h>0 
— lim f(x) = lim sin (a+h) 
cee h-—0 
= lim f(x) = lim [sinacos h + cosa sin h]} 
nea h-0 
=> - lim f(x) = sina} lim cosh |+cosa} lim sinh 
Pay h—>0 h-0 
= lim f(x) = sinax1+cosax0 -- lim sink = Oand lim cosh = 1 
Sy een h-0 h-0 
a lim f(x) = sina = f(a) 
x =>. a’ 
Similarly, we have 
lim f(x) = f(@) 
xa 
lim f(x) = f(a) = lim f(x) 
xa xa" 
=> f (x) is continuous at x = 4. 
Since a is an arbitrary real number. 
Hence, f (x) = sin x is everywhere continuous. 
THEOREM 11 The cosine function is everywhere continuous. 
PROOF Let f(x) = cos xand leta be any real number. Then, 
lim f(x) = lim f(a+h) 
eer h—0 
= lim f(x) = lim cos (a +h) 
each Ms h—0 
= lim f(x) = lim [cosa cosh ~sina sin h] 
visa? h>0 
= lim f(x) = cosa - lim cosh-—sinalim sinh 
f: ho>0 h—-0 
Se 
= lim f(x) = (cosa)x1-sina x0 l* lim cos h=1 and lim raise 
+ h-0 h-0 
bp Ji 0| 
=> lim f(x) = cosa = f (a) 


as 
x—-a 


I 
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Similarly, we have 


lim f(x) = f(@) 


xa 
lim f(x) = lim f(x) = f(a) 
ie xa’ 


So, f (x)is continuous at x = 4 

Since a is an arbitrary real number 

Hence, f (x) is everywhere continuous. 

THEOREM 12. The tangent function is continuous in tts domain. 
PROOF Letf(x) = tanx. 

Clearly, domain (f) = R- \(2n + 1)n/2: ne Z} 

We have, f(x) = tanx = aaa 


Since sin x and cos x are everywhere continuous. Therefore, f (x) = tan x is continuous 
for all xe R such that cos x # 0. 


But, cos = 0 > 4 = Qn 1).n/2, ne Z. 

Hence, f(x) = tan xis continuous for all xe R - \(2n +1)1/2:neZ I. 
THEOREM 13 (i) The cosecant function is continuous in its domain. 

(ii) The secant function is continuous in its domain. 

(iii) The cotangent function is continuous in its domain. 

PROOF It is the direct consequence of the above theorems and theorem 1. 
THEOREM 14 f (x) = sin’ | x is continuous on {- 1, 1]. 

PROOF Leta be an arbitrary point in [-1, -1]. 


Let y = sin" ly. Then, x = sin y 
a x3a => snyoasyosin 'a, 
Thus, 
lim f(x) = lim sin”! x 
5 aa UE! x—-a 
> lim f(x) = lim y = sin! a = f (a) 
Ao! yo sin a 
So, f (x) is continuous at x = a. 


Since @ is an arbitrary point of [- 1, 1]. 
Hence, f(x) = sin! x is continuous on [—1, 1]. 


REMARK Proceeding as above, it can be shown that all inverse trigonometric functions are 
continuous in their respective domains. 


ILLUSTRATIVE EXAMPLES 
Type ON TESTING THE CONTINUITY OF A FUNCTION IN ITS DOMAIN 
[ix=4| 
' rat. ined 
EXAMPLE 1 Ifa function fis defined as fix) = | *~4 
| 0 , xa4 


Show that f is everywhere continuous except at x = 4. 
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SOLUTION We have, 


rer x44 
f(x) = 
, X=4 
Sarl ties 3) 
Sar git, IS wereeal 
x-4 —(x-4), x<4 
=. a Po saat Pa — — 7 
fx) x-4 2 h ap td ese pa 
QO Ae. Bee —seel 


When x <4, we have f(x) = — 1, which, being a constant function, is continuous at each 
point x <4. 


Also, when x > 4, we have f(x) = 1, which, being a constant function, is continuous at 
each point x > 4. 


Let us consider the point x =: 4. 


We have, 
lim f(x) = linf-1 = —-1; 
#, eas x4 
lim f(x) = limi = 1, 
x74 x4 


and, f(4) = 0 
f(x) is not continuous at x = 4. 
Hence, f(x) is everywhere continuous, except at x = 4. 
sin 2x 
es 


; fit a0 
EXAMPLE2 Discuss the continuity of the function f(x) = 
+24 if G20 


SOLUTION When x <0, we have 


sin 2x 
2) = 
{Osa 
We know that sin 2x as well as the identity function x both are everywhere continuous. 


sin 2x 


So, the quotient function = f(x) is continuous at each x < 0. 


When, x > 0, we have 
f(x) = x + 2, which being a polynomial function, is continuous at each x > 0. 
Let us now consider the point x = 0. 


We have, 
fen fy lid lime 2 y= 2 
ees tim x20 * x0 2x 
lim f(x) = limx+2 = 2 
x30" x0 


and, fO%) =04+2=2 
F lim f(x) = lim f(x) = f(0). 


x > ON x30" 
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So, f(x) is continuous at x = 0 also. 
Hence, f(x) is everywhere continuous. 


at ifx #0 
EXAMPLE3 Discuss the continuity of the function f(x) = 
0 , ifx=0 
SOLUTION Wehave, ,* 
Lat iGeeer (0) 
f(x) = 
Kn, fixv=O 
—*=-1, ifx<0 
x 
x xy ux >0 
= f(x) = a ; tx>0 |x |= i ap 
Ore OH.iF x =O 


Clearly f(x), being a constant function for x < 0 and x > 0, is continuous for all x < 0 and 
all x > 0. 
Consider the point x = 0. 
We have, 

(LHL atx =0) = lim f(x) = lim-1 = -1 

ee x0 

and, 

(RHL at x =0) = lim f(x) = lim1 = 1 


x20" x0 


(LHL at x =0) # (RHL atx =0) 
So, f(x) is not continuous at x = 0. 
Hence, f(x) is continuous at each point, except at x = 0. 
EXAMPLE 4 Discuss the continuity of the function f(x) given by 


fix) = eS eda (CBSE 2002, HPSB 2000C, 2002C] 
SOLUTION When x <0, we have 

f(x) = 2x-1 
Clearly, f(x) is a polynomial function for x < 0. So, f(x) is continuous for all x < 0. 
When x > 0, we have 

fix) = 2x+1 
Clearly, f(x) is a polynomial function for x > 0. So, it is continuous for allx>0. 
Let us now consider the point x = 0. 


We have, 
lim f(x) = lim (Qx-1) = -1 
x0 x0 

and, lim f(x) = lim (2x+1) = 1. 
aie x0 


lim f(x) ¥ lim f(x) 


x30 x—0* 
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So, f(x) is not continuous atx = 0. 

Hence, f(x) is everywhere continuous except atx = 0. 

EXAMPLE 5 Show that the function f defined by f(x) = |1-x+ |x | | 
is everywhere continuous. 


ee Let g(x) = 1-x+ |x| and A(x) = | x | be two functions defined on R. 
en, 
(hog) (x) = h (g(x) 
=> (hog) (x) = h(1-x+ |x |) 
= (hog) (x) = |1-x+ | x | 
= (hog) (x) = f(x) for all xe R. 


Since (1-—x), being a polynomial function and | x | being a modulus function are 
continuous on R. Therefore, 


g(x) = 1—x+| x | iseverywhere continuous. 
Also, h(x) = | x | iseverywhere continuous. 
Hence, /f = hog is everywhere continuous. 
EXAMPLE 6 Prove that f(x) = VI x }—x is continuous for all x 20. 


SOLUTION Let g(x) = | x | -—x and Xx) = Vx. 
Clearly, domain (g) = Rand domain (h) = [0, °°). 
Also, g(x)) and h(x) are continuous in their domains. 
We observe that 

D (hog) = {x € Domain (g) : 3(x) € Domain (h)| 
=, D (hog) = \xe R: | x | —x€ [0,~)| 
=) D (hog) = {xe R: x20] 
=> D (hog) = [9,) 


Since g(x) and h(x) are continuous on their respective domaii's. Therefore, 
hog : [0,°) + Ris also continuous. 
Type II ON FINDING THE VALUE(S) OF A CONSTANT GIVEN IN THE DEFINITION OF A 
FUNCTION WHEN IT IS CONTINUOUS ON ITS DOMAIN 
EXAMPLE7 Determine the value of the constant k so that the function 
eh bee) 
fo = EP 
er alle i a3 
SOLUTION When x $2, we have 


is continuous. 


f(x)=k x*, which being a polynomial function is continuous at each x < 2. 
When x > 2, we have 

f(x) = 3, which being a constant function is continuous at each x > 2. 
So, consider the point x = 2. 


We have, 
(LHL atx =2)=lim f(x) =lim kx? = 4k, s fix) = kx? for x ¥ 2j 
ae x42 
(RHL at x = 2) = lim f(x) = him 3 = 3, [..» Ax) =3 for x > 2] 
x4 qt x= 


<2 
and, fl2) = k(2)° = 4k. 
As j(x) is continuous in its domain. Therefore, itis also continuous atx = 2. Consequenily, 
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lim f(x) = f(2) = limf(x) > 4k =3 => e=yo/4 
x32 x2" 


EXAMPLE8 Determine the value of the constant m so that the function 
m (x*-2x), ifx<0 
fx) = | a oe 


COS mtce = 
SOLUTION When x < 0, we have 


is continuous. 


f(x) = m(x? — 2x), which being a polynomial is continuous at each x < 0. 
When x > 0, we have 
fix) = cos x, which being a cosine function is continuous at each x > 0. 


So, consider the point x = 0. 


We have, 
(LHL at x = 0) = lim f(x) = lim m(x? — 2x) =0, for all values of m 
x0 Ns 
and, (RHL at x =0) = lim f(x) = limcosx = 1 
x= 0° x30 


Clearly, lim f(x) # lim f(x) for all values of m. 


x70— On 
So, f(x) cannot be made continuous for any value of m. 
In other words, the value of m does not exist for which f(x) can be made continuous. 


ih, Wezes's} 
EXAMPLE9 If f(x) = jax+b, if3<x<5 
TE pip CURSES 3 


Determine the values of a and b so that f(x) is continuous. 


SOLUTION The given function is a constant function for all x < 3 and for all x > 5 so it 
is continuous for all x < 3 and for all x > 5. We know that a polynomial function is 
continuous. So, the given function is continuous for all.x € (3, 5). Thus, f(x) is continuous 
at each x € R except possibly atx =3 and x =5. 


At, x = 3, we have 
lim f(x) = lim1 = 1, lim f(x) = limax+b = 3a+b, and, {Zed 
ae x3 x 33+ x3 
For f(x) be continuous at x = 3, we must have 
lim f(x) = lim f(x) = f(3) 
x73 payee 
= 1 = 3a+b wes) 
At x =5, we have 
lim f(x) = limax+b = 5a +5; lim f(x) = lim 7 = 7, and, f(5) = 7 
esa x5 Si x35 
For f(x) to be continuous at x = 5, we must have 
lim f(x) = lim f(x) = f(5) 
x35° G5 
=> 5a+b = 7 


s(UL) 
Solving (i) and (ii), we geta=3,b=-8 


CONTINUITY 9:35 
EXERCISE 9.2 


eso §) 
1. Prove that the function f(x) = is everywhere continuous. 


Secmits gens) 


x 
a ware 
2. Discuss the continuity of the function f(x) = Fa 
0, x=0 


3. Find the points of discontinuity, if any, of the following functions : 


3a ¥2 “a . 
F jee +2x-2, ifx#1 
ci fe) =| : lpr 
ane 
x ifx#2 
(ii) f(x) = 
i. Dire 
BH if x 20 
(ili) f(x) = 
2x3, x20 
ee higecs(0 
(iv) f(x) = 
eel iex—0) 
2. ~ + cos x, ifx #0 
(v) f(x) = 
5 » begs eal, 
7 re 2 
x ee a hatiit} 
Ge DIE= demnuier 
10 5 eae (0) 
RES | if x #0 
= log, (1 + 2x)’ 
(vii) f(x) = 
7 > eNO, 
hs acces Mi ery an ht deci 
pone x _ 3x , 13 ifx<1 
4 2, Ta 
wher, ifx<s— 3 
(ix) Gf )= 428 ,if-3<x<3 


6x ee theo OS 


9.36 MATHEMATICS-XII 


10 

x Te pabipeessal 
as (i if xl 

Dec sitar 
(xi) f(x) = 40, if O<x<1 

ee ihe FesoiIl 

sin x - Gah ie perl) 
CEU es , if x=0 

-2, ' x<-1 
(xiii) f(x) = 42x, if Sahel 

D ne Ae. eee 


4. In the following, determine the value(s) of constant(s) involved in the definition so 
that the given function is continuous : 
on ibe 0 
(i) f(x) = 
okn, ifx a0 


iH] 


(ii) f(x) 


ke 5) wees 
Sil, ihege ss 7 


(iii) fx) 


" 


k (x7 + 3x), bigacat) 
COSt2 a eae 0) 


(iv) f(x) 


GG Uti ao 
Oe ite O 


| 2 Ex SS 
A abivess—a) 
(v) f(x) = ax* i if-1<x<0 


COSE elie 0 


V1 + px — V1 - px 


(vi) f(x) = 


1h — ssa 0 


as wif0sx <1 


7p we Se 
(vii) f(x) = jax+b, if 2<x<10 
SAN Wht EES) 
Vat eet 


5. The function f(x) = dove if lsc 


Dba 
secre if V2 <x <0 


is continuous on {0, ce), then find the most suitable values of a and b 


6. Find the values of a and 5 so that the function f (x) defined by 
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x tav2 sinx ,ifOsx<71/4 
f (x) = 42x cotx+b Palinte/ 4510/2 
acos2x-—bsinx , if m/2<x<mtm 


becomes continuous on (0, 71]. 


7. The function f(x) is defined as follows : 


et+ax +b, 0<x<2 
f(x) = 33x +2 ,2<xs4 
QEL ODM ee iO 


If f is continuous on [0, 8], find the values of a and b. 


tan G - : 
8. If f(x) = OT for x #7/4, find the value which can be assigned to f (x) at 


x = 1/4 so that the function f(x) becomes continuous every where in [0, 1/ ZI 


9. Discuss the continuity of the function 
Qt 1, ii Cee. 


: f(x) = 3x {HPSB 2000, 2002] 
a ifx 2 
» , 


10. Discuss the continuity of f(x) = sin | x |. 


11. Prove that 
sin x 


Z , x<0 
f(x) = 
x HL) x20 
is everywhere continuous. [HPSB 2002] 


12. Show that the function g (x) = x — [x] is discontinuous at all integral ponits. Here 
[x] denotes the greatest integer function. 


13. Discuss the continuity of the following functions: 

(i) f(x) =sin x + cos x (ii) f(x)=sinx-cosx (iii) f(x) =sin x cos x 
14, Showt that f (x) = cos x’ is a continuous function. 
15. Show that f (x) = | cos x | is a continuous function. 


16. Find all the points of discontinuity of f defined by f (x) = | x |-—| x+1 |. 
——— ANSWERS 


2. Discontinuous at x = 0 


<howea () BE see | (ijx=2 (iii) x = 0 (iv) x=0 (Vj x=0 
(vi) x =0 (vii) x =0 (viii) Nowhere discontinuous 
(ix) Discontinuous at x =3 (x) Discontinuous at x =1 
(xi) Discontinuous at x =1 (xii) Everywhere continuous 


(xiii) Everywhere continuous 
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4. (kas nga: 
(iii) No value of kcan makef (iv) a=7/2, b=— Wz 
(v)a=3,b=1 (vi) p=-1/2 (vii) a=2,b=1 
5. a=-1,b=lora=1,b=1+N2. 
1 
Ged ote Op ae ye Toit 30, 0 ae By ee 
9. Everywhere continuous. 10. Everywhere continuous 


13. (i) Everywhere continuous (ii) Everywhere continuous 
(iii) Everywhere continuous 
16. No. point of discontinuity. 


HINTS TO SELECTED PROBLEM 


10. Let g(x) = sinx and h(x) = | x |. 
As, g(x) and h(x) are everywhere continuous. Therefore, f (x) is also everywhere 
continuous. 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 

1. Define continuity of a function at a point. 

2. What happens to a function f (x) at x =a, if lim f (x) =f (a)? 


X 2 


3., Find f (0) , so that f (x) = ——*— becomes continuous at x = 0. 


1-v1l-x 


4% 
4. If f (x) =jsin 3x ’ aa! is continuous at x = 0, then write the value of k. 
k ,x=0 


5. If the function f (x) = ee ,x #0 is continuous at x = 0, find f (0). 


x — 16 if 4 
6. Iff(x)=) x~-4 /UX*4 +5 continuous at x = 4, find k. 


fe she seca 
2 
sin x 0 
7. Determine whetherf(x)=) x ’ *#V is continuous at x = 0 or not. 
Oa 0 
1—cos x 
Err tice: : 3 
8. Iff(x)= x2 is continuous at x = 0, find k. 
=) 0) 
sin! x 0 
9. If f(x)= x ’~*% is continuous at x = 0, write the value of k. 
Kn) 


5x-4 O<x<l 


Laie tee con Gnuous atxy= 1% 


10. Write the value of b for which f (x) = | 


ANSWERS 


2. f(x) becomes continuous at x =a Sore 4. 
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6. 8 7. continuous 8. 9. 1 10. -1 


N |e 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Aaa 


1. The function f(x) = : 


Ax -x 
(a) discontinuous at only one point 
(b) discontinuous exactly at two points 
(c) discontinuous exactly at three points 
(d) none of these 
2. If f (x)= |x-a| o (x), where 6 (x) is continuous function, then 
(a) f’(@") = o@) (b) f’@) = -o(a) 
(cc) fied tl Ge (d) none of these 


3. If f(x) = jog. , then atx=1 


(a) f (x) is continuous and f’ (1°) = logge 
(b) f(x) is continuous and f’ (1) =logige 
(c) f(x) is continuous and f’ (1 ) = logige 
(d) f(x) is continuous and f’ (1) =— logig e 
36° - 97-4" +1 5 
Amps) aye Nl acoex | *\ is continuous at x = 0, then k equals 
k Piles ses 8) 
(a) 16V2 log 2 log 3 (b) 16V2 In6 
(c) 16V2 In21n3 (d) none of these 


2 
ee ,x#0,1 
5. If f (x) defined by f(x) =, * ~*% : then f (x) is continuous for all 
,x= 
-1 asl 
(a) x (b) x except at x =0 
(c) x except atx =1 (d) x except at x=Oandx=1. 
1 Hsiys log sin x 
6. lef (x) = | 2x)? log (1+ 0° — nx + 4x) 


k , R= 


is continuous at x = 1/2, then k = 
1 1 bi age 
Be 1) =a Cr mCiner 
7. Iff(x)=(x+ 1)°°* be continuous at x = 0, then f (0) is equal to 
(a) 0 (b) 1/e (c) e (d) none of these 
log (1 + ax) — log (1 — bx) ey 


x 
k a 


8. If f (x)= 


and f (x) is continuous at x = 0, then the value of k is, 


9.40 


10. 


11. 


ze 


13. 


14, 


15. 
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(a) a-b (b) a+b 
(c) loga+tlog b (d) none of these 
1/ x2. 
etheds 0, 
e/*+1 
- The function f (x) = 
J2°, ar 20 


(a) is continuous at x =0 
(b) is not continuous at x = 0 
(c) isnot continuous at x = 0, but can be made continuous at x = 0 


(d) none of these 
x-A 


eerie +a, x<4 
Let f (x) = a+b , x=4. Then, f(x) is continuous at x = 4 when 
or oe eee 
(a) a=0,b=0 (b) a=1,b=1 
(c)-a==—1,b=1 (d) a=1,b=-1 
If the function f (x) = x, ss Z Fe is continuous at x = 0, then the value of k is 
(a) 0 (b) 1 (c) =1 (d) e. 


Let f(x) =| x |+|x-1 |,then 

(a) f (x) is continuous at x = 0, as well as at x = 1 
(b) f (x) is continuous at x = 0, but not at x =1 
(c) f (x) is continuous at x = 1, but not at x =0 
(a) none of these 


(eel) (ie 2)al ; 
Let f(x) = 6 , x=1 . Then, f(x) is continuous on the set 
ip pK 1D 
(a) R (b) R-{1} (c) R- {2} (d) R-{1, 2} 
sin ce a x+sinx 
» SZ) 
If f(x) = , X=0 is continuous at x = 0, then 
NieEe (28 
b PaaS () 
xx 
3 
(@) a=-5, b=0,c=5 (ase es suns 
- 


(c) a=-=,beE R-{0},c= (d) none of these 


us 
If f (x) = 4 is continuous at x = a then 
2 
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C)eii—1 70 (b) m=" +1 
BAL i = abe 
(c) n= 5 (d) m=n=5 


16. The value of f (0), so that the function 


Na? —ax+22 -Nat+axtx 


9.41 


f= Baatae becomes continuous for all x, given by 
(ge (b) a (c) -al/? (a) =a? 
17. The function 
LyAbAbs hes 
ph sacl 1 
f@= React fiaet, = a td 
0 , x=0 


(a) is discontinuous at finitely many points . 
- (b) is continuous everywhere 


(c) is discontinuous only at x=+7., ne Z—{0} andx=0 

(d) none of these 
18. The value of f (0), so that the function 

(27 =2 x)'/5—3 
(x) = 
Ay 9-3 (243+5x)!/5 
2 

(a) 5 (b) 6 (c) 2 (d) 4 
19. The value of f (0) so that the function 
2 — (256 -7 x)'/8 


(x # 0) is continuous, is given by 


y= , x #0 is continuous eve here, is given b 
FO 5432/52 es : d 
(a) -1 (b) 1 (c) 26 (d) none of these 
—— ee eet 
20. f(x)= 
Hee J Oss 
x-2 
is continuous in the interval [- 1, 1], then p is equal to 
(a) -1 12) ae 4 (c) 1/2 (d) 1 
x7/ the tA MURS era 
21. The function f (x)=; 4 iilese oan Py 


9.42 


22. 


233 


24. 


25. 


26. 


Das 


28. 


2: 


30. 
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is continuous for 0 < x <0, then the most suitable values of a and b are 


(a) a=1,b=-1 (b) a=—-1,b=14+V2 
(c) a=-1,b=1 (d) none of these 
If f(y= ee , when x#1/2 and f(m/2)=A, then f(x) will be continuous 
(m2 x)" 
function at x = 1/2, where A = 
(a) 1/8 (b) 1/4 Coymel 2 (d) none of these 
The value of a for which the function 
ot 
(a =o 5 Ul 
foy= sin (x/a) log {(1 + x" /3)] may be continuous at x = 0 is 
12 (log 4)° , x=0 
{ay (b) 2 (c) 3 (d) none of these 
The function f (x) = tan x is discontinuous on the set 
(a) {nwt:ne Z} (b) {2nn:ne Z} 
(c) {2n4+1) Eine Z ‘(d) [nm ez 
2 | tee 
sin 3 x ime 
The function f (x) = . is continuous at x =0, thenk = 
= 5 sc 
2 
(a) 3 (b) 6 (c) 9 (d) 12 
If the function 
f(x) = 2x —sin’! x 


2x+tan! x 

is continuous at each point of its domain, then the value of f (0) is 
1 _1 2 

(a) 2 ) 5 Che mires 

The value of b for which the function 


5x-4 A AUS SESSA é : ; : 
f(@)= oa ete continuous at every point of its domain, is 


Eye (b) 0 ere (a) 1 


If f (x) = ote _ then the set of points discontinuity of the function f (Ff (f @)) is 
(a) {1} (b) {0,1} (c) {-1,1} (d) none of these 


Tt 
tan a = 7 
Pett x)= mccer OL A The value which should be assigned to f (x) atx = x 


4 , 
so that it is continuous everywhere is 
(a) 1 (b) 1/2 (c)r2 (d) none of these 


3432 
x +X — 16% + 20% ‘ 
Sache tent defined for x = 2. In order to make f(x) 


continuous at x = 2, f (2) should be defined as 


The function f (x) = 
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32. 


33. 


34. 


Sige 


36. 


37. 


(a) 0 (b) 1 (c) 2 (d) 3 
asin= (x+1), x<0 
If f (x) = hate ees is continuous at x = 0, then a equals 
SSeS, | SY 
~ 
a i i A. 
(a) 5 (b) 3 Om (d) ¢ 
Jax? + b - Wessel 
If f (x) = 4 , seal , 
Ix+3 Bo leet SS, 


then the value of (a, b) for which f(x) cannot be continuous at x = 1, is 

(a) (2,2) (b) (3,1) (c) (4,0) (d) (5, 2) 

If the function f (x) defined by 
log (1 +. 3x) — log (1 - 2x) 


f(x) = x St Al is continuous at x =0, thenk = 
k 7 Sel) 
(a) 1 - (b) 5 (c) -1 (d) none of these 
i1-—cos10x 
hernia rate: A BES 0 
ac 
If f(x) = a | = 0 
le: 


56, 
, «20 
V625 + Vx —25 


then the value of a so that f (x) may be continuous at x = 0, is 
(a) 25 (b) 50 (c) —25 (d) none of these 


9.43 


If f (x) =x sin ,x #0, then the value of the function at x = 0, so that the function is 


continuous at x = 0, is 
(a) 0 (b) -1 (ei) al (d) indeterminate 
The value of k which makes 


Agi! 
Sis ~ sees, 
x 


f(x) = continuous at x = 0, is 
k , Heel 
(a) 8 (b) 1 (c) -1 (d) none of these 
The values of the constants a, b and c for which the function 
(Gt+axy* . x<0 
b 50 : 
f(x) = eet ‘ may be continuous at x = 0, are 
Gael). “< 
(a) a — lose 5]. = -c itt 


(b) a = log, 5). =2=-1 


(c) a= lose{ 3 = Nt = i 


(d) none of these 


9.44 


38. 


39. 


40. 


41. 


42. 


1. 
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The points of discontinuity of the function 
sum, Uses) 
Se Thea 2 


f(x) = 2 is (are) 
2x-7, 2<x<4 
5 
@) x=1,x=3 (b) x= 5 
(c) (x= hat (d) x = 0,4 
7. 
Losin bh ell 
3 cos* x 2 
If f(x) = a ; x=5 . Then, f (x) is continuous atx= 5, if 
b (1 —sin x) T 
2 1 Xo 
(m™ — 2x) 
1 wad bars or} 
y) 8 
(c) a = 3! b= 3 (d) none of these 


The points of discontinuity of the function 


5 (27 +3), x<1 


re 6 — 5x 23 So 
x-3 Antic 
(0) se 5 1 (Dyexu="3 (c) x = 1,3 (d) none of these 


The value of a for which the function 


are 4e iOS 2e le ; ; , iT. 
f(x) = ee eas continuous at every point of its domain, is 


oo nb) 1 (<) 0 (a) -1 
sin (cos x) — cos x aps 
pe (1% — 2x)? : oe : : 
If f(x) = is continuous at x = 1/2, then k is equal to 
k 5 BE . 
(a) 0 b) 5 (1 (d) -1 
TTT gg nn ANSWERS 
(c) 2. (a),(b) 3. (a),(d) 4. (c) 5. (d) 6. (c) 7. ‘€c) 8. (b) 


D3 
Ze 
25s 
33. 
41. 


(b) eee 10-54) 55 11-5 (b)en12.0(a) 13. (d)_ fey (Sse) 2 pate 
(cy) 18: (e195 (4) 20. (b) 21. (c) fay 823, (a) 
(b) 26. (b) 27. (a) 28. (b) 29. (6) 30. (a) ~— 3. (a) ~— 32. (A) 


(b) 34. (b) 35. (a) 36. (d) 37. (c) 38. (b) 39. (b) 40. (b) 
(d) 42. (a) 
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SUMMARY 
1. A real valued function function f (x) is continuous at a point ‘a’ in its domain iff 


lim f(x) =f (@) 


xa 
i.e. the limit of the function at x =a is equal to the value of the function at x =a. 


2. A function f(x) is said to be continuous if it is continuous at every point of its 
domain. 


3. Sum, difference, product and quotient of continuous functions are continuous 
i.e, if f(x) and g(x) are continuous functions on their common domain, then 


eek eee: E _ kf (kis a constant) are continuous. 


4. Let fand g be real functions such that fog is defined. If g is continuous at x =a and 
fis continuous at g (4), then fog is continuous at x =4. 


5. Following functions are everywhere continuous: 
(i) A constant function 
(ii) The identity function 
(iii) A polynomial function 
- (iv) Modulus function 
(v) Exponential function 
(vi) Sine and Cosine functions 
6. Following functions are continuous in their domains: 
(i) A logarithmic function 
(ii) A rational function 
(iii) Tangent, cotangent, secant and cosecant functions. 


: : 1 ; , é ; 
7. If fis continuous function, then | f | and = are continuous in their domains. 


f 


8. sin | <) COSm i 1 fate . x Coty : x, cosec ly and sec” 
their respective domains. 


5 x are continuous functions on 


ie 
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DIFFERENTIABILITY 


10.1 DIFFERENTIABILITY AT A POINT 


DEFINITION Let f(x) be a real valued function defined on an open interval (a, b) and let 
c € (a, b). Then, f(x) is said to be differentiable or derivable at x = c, iff 


lim jitahed a] exists finitely. 
xe > we 


This limit is called the derivative or differential coefficient of the function fix) atx=c, 


and is denoted by f’ (c) or, Df (c) or, ea 


dx 
w= 
Thus, He (c) = lim EG) -fie) 
X— 6 eae 
Now, f(x) is differentiable at x =c 
= lim at exists finitely 
x-7C > 
Pa fn eee re 
mao epee aig 
= fn EK) yeh = ling eee) le 
h->0 —h h->0 h 
lim BOEING) or, lim BIOL aa 
msi ethos eee —h 


is called the left hand derivative of f (x) at x =c and is denoted by f’(c ) or, Lf ’(c), 
£2) =F) tim fe +h) - fe) 
x-C h 


h>0 


lim 
+ 
eG 


is called the right hand derivative of f(x) at x = c and is denoted by f ’(c*) or, Rf (c). 
Thus, 

f(x) is differentiable at x =cLf ‘(c) = Rf’ (c). 
If Lf ’(c) # Rf (c), we say that f(x) is not differentiable at x =c. 
MEANING OF DIFFERENTIABILITY ATA POINT As we have seen in the chapter on con- 
tinuity of a function that if a function is continuous at a point x =a (say), then its graph 
is an unbroken curve at x =a and there are no holes and jumps in the graph of the 
function in the neighbourhood of point x = a. Now a natural question arises: What do 
we mean when we say that a function f(x) is differentiable at a point x=c? In the 
following discussion we shall try to answer this question. 
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i i i 3 i : P (c, f(c)) be a point on 
Consider the function f(x) defined on an open interval (a, b). Let 

the curve y =f (x), and let Q(c-h, fc -h)), and R (c + h, fic + h)) be two neighbouring 
points on the left and right hand side respectively of point P as shown in Fig. 10.1. Then, 


_fc-N)-fO 
Slope of chord PQ = oF : 
flc +h) — fc) 
and, Slope of chord PR = ae h 2 y =f(x) 


R(c +h, fic+h)) 
We know that tangent to a curve at a point P (say) is 
the limiting position of chord PQ when Q tends to P. 
Therefore,ash > O points Qand Rboth tend to P from 
left hand and right hand sides respectively. Conse- 
quently, chords PQ and PR become tangent(s) at 
point P. x’ 
m flesh) fo O 
Thus, lim te a ao 
h0 - 
=m (ol f chord P 
hoo De at . Fig. 10.1 
= lim (Slope of chord PQ) 
QP 
= Slope of the tangent at point P, which is the limiting position of the 
chords drawn on the left hand side of point P. Ai) 
hes fic + h) — fic) 
h—0 h 


= lim (Slope of chord PR) 
h->0 
=lim (Slope of chord PR) 
R= P 
= Slope of the tangent at point P, which is the limiting position of the 
chords drawn on the right hand side of point P met) 


and, 


Now, 
f(x) is differentiable at x =c. 
— ry ies esti) : Sin eho) z 
h>0 —h h->0 h 
= Slope of the tangent at point P, which is limiting position of the chords drawn 
on the left hand side of P is same as the slope of the tangent at point P, which 
is the limiting position of the chords drawn on the right hand side of P 
Se There is a unique tangent at point P. 


Thus, f(x) is differentiable at point P, iff there exists a unique tangent at point P. In other words, 
f(x) is differentiable at a point P iff the curve does not have P as a corner point. 


Consider the function f(x) = | x |. This function is not differentiable at x = 0, because if 
we draw tangent at the origin as the limiting position of the chords on the left hand side 
of the origin, itis the line y = ~ x whereas the tangent at the origin as the limiting position. 
of the chords on the right hand side of the origin is the line y = x. Mathematically, left 
hand derivative at the origin is— 1 (slope of the line y = - x) and the right hand derivative 
at the origin is 1 (slope of the line y = x). . 

Let f(x) be a differentiable function at a point P. Then the curve y = f(x) has a unique 
tangent at P. Since tangent at P is the limiting position of the chord PQ when Q — P.So, 
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if f(x) is differentiable at a point P, then chords exist on both sides of point P. This means 
that the curve exists on both sides of P. Consequently f(x) is continuous at P. 


“y" 
Fig. 10.2 


It follows from the above discussion that, if a function is not differentiable at x = c, then 
either it has (c, f(c)) as a. corner point or it is discontinuous at x = c. 


Also, every differentiable function is continuous as proved below. 


THEOREM Ifa function is differentiable at a point, it is necessarily continuous at that point. 
But the converse is not necessarily true. 


OR 
f(x) is differentiable at x = c = f(x) is continuous at x =c 
PROOF Leta function f(x) be differentiable at x = c. Then, 


lim ff exists finitely. 


Cape a 
Let lim ete = fc) (i) 


In order to prove that f(x) is continuous at x=c, it is sufficient to show that 


lim f(x) =f(c). 


Tima fx) = lim (ere (x-c) +f(o| 
= eG = Es eet) Gi of + f(c) 
= Tim fx) = lim free slim (x) + fe) =f (0) x 0 + fle) [Using (i)] 
= Tim fx) = fe) 


Hence, f(x) is continuous at x = c. 
Q.E.D. 


REMARK The converse of the above theorem is not necessarily true i.e., a function may be 
continuous at a point but may not be differentiable at that point. 

For example, the function f(x) = | x | is continuous at x = 0 but it is not differentiable at x =0 
(See Example 1,0n page 9.3) 
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ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Show that f(x) = | x | is not differentiable at x = 0. 
SOLUTION We have, 


(LHD at x =0) = im) 


_ x-0 
x20 
— f(0 
= (LHD at x =0) =timfO-D- 
h-0 
=> (LHD at x=0) = ep) 
h0 rs 
= fin a | 0 | Pipe 
= (LHD at x =0) =, lim oa lim A = lim - t——ay 
h—>0 f30 | hoo h>O0 
and, 
(RHD at x =0) = fi ee 
x30" hans? 
= (RHD at x=0) = lim Or) - 
h-0 
an (RHD at x= 5 eras yg AT A 
an (LHD atx=0) # (RHD atx =0). 
So, _f(x) is not differentiable at x = 0. 


erin eee 


by 3, ice is not differentiable at x = 2. 


EXAMPLE2 Show that the function f(x) = te 
SOLUTION We have, 


(LHD at x =2) = lim ie) 


coe ake 

= (LHD at x =2) = io eee [-.- f(x) =x -1 for x< 2] 
x72 x=2 

= (EHD atx 2) t= sali 11 
x32%-2 > 2. 

md) WAC RUE sites etl 
x32" jie a 

A (Rebate Sots ine eS [-- fix) =2x-3 for x22] 
x72 PA 

= (RHiate =o) = lm nee 
x32 —2 x2 


(LHD at x =2) # (RHD at x = 2). 
So, f(x) is not differentiable at x = 2. 


is differentiable at x =0 and 


f 
| sin t Pit O 
EXAMPLE 3 Show that the function fix} = } * 
| 0 , ifx=0 
( 


f"(0) =0. 
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SOLUTION We have, 


(LHD at x=0) = lim 40 =f0) 


a () 
x-0 
an (LHD at x=0) = weed hi, 
ies 0-h-0 
as (LED at x0) tim 0 
hoo —A 
a 1 
(—h)* sin aR -0 
== (LHD at x=0) = lim 
h->0 —h 
— (LHD at x=0) = limh sin L 
h-0 h 
= (LHD at x=0) = 0x(an oscillating number between — 1 and 1) =0 
(RHD at x =0)*= lim Lx) ~ 0) 
~ + x—0 
x0 
= (0 +h) -f(0) 
Es (REDat x= 0)-= pine: er 
n? sin(2 -Q 
= (RHD at x = 0) = tim) ste ee eer aes 
h-0 h->0 
af (RHD at x =0) = limhsin|+ 
h-0 h 
= (RHD at x= 0) = 0x (an oscillating number between — 1 and 1) = 0 


(LHD at x= 0) = (RHD at x = 0) =0. 
* f(x) is differentiable at x = 0 and f’(0) =0. 


EXAMPLE 4 Show that f(x) = x" is differentiable at x = 1 and find f’(1). 


SOLUTION We have, 


(LHD at x=1)= lim ( on (1) 


x1 
> (LHD at x=1)= limft-Y -f) 
Se ee 
(i-hy-1? —2h+h? 
= (LHD at x =1)= lim a = lim2-h = 
h->0 —h Wes Ou pe 3G 
and, 
(RHD atx=1) = limf@=f) 
x1" ae 
* (Rewer a1) Stig 


co tht 
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(RHDatx=1) = tim 1 thY =1 i EE 2 tim 2th a2 
h-0 h-0 h—0 

(LHD at x = 1) = (RHD at x = 1) = 2. 

So, f(x) is differentiable at x = 1 and f’(1) = 2. 

EXAMPLES Discuss the differentiability of 


{ae 
f(x) = eet ) 


SOLUTION We have, 


=> 


f(x) = acs ) 
xe x =X jp BS SE 0 
0 vy ke) 
Now, 
(LHD atx = 0) = 1 pet) 
_ x-0 
x0 
= (LHD at x = 0) = lim 2: [-.f (x) =x for x < 0 and f (0) = 0] 
x30 x-0 
and, 
RED ai Sat 
o* x-0 
Me =O =xe 2/* 
= (RiiDiatx. = 0) din = sf @)=xe for x > 0 
= (RHD at x = 0) = lim & 7/* = 0. 
x0 
(LHD at x = 0) # (RHDat x = 0) 
So, f (x) is not differentiable at x = 0. 
2 2 
EXAMPLE6 If f (x) is differentiable at x = a, find lim XNA) OTD 
xa x—a 
SOLUTION Since f (x) is differentiable at x = a. Therefore, 
lim HE) exists finitely. 
xa —a 
a0) hI OLLS | 
e it <7 f’(a) al) 
2 2 
Now, lim aoe A) eae 


ern x? f (a) — a? f (a) +07 f @ — a7 f (x) 
xa x—Aa 

x? =a?) f@-a? ff (x) -f@)| 

im 


xa XantE 
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ail, [eeseato 2 (* (x) =| 
x= 4 


X—> a x—a 


= lim (x +a) f(a) - a2 lim LO-L@) 
xa xa dolly 
= 2a f (a)—a’f’ (a) [Using (i)] 
2 
EXA DEES 96 
MPLE 7 For what choice of a and b is the function f(x) = ie, ees is 


differentiable at x = c. 


SOLUTION Itis given that f (x) is differentiable at x = cand every differentiable function 
is continuous. So, f (x) is continuous at x = c. 


lim f(x) = lim F(x) = f(c) 


xc xc . 
= lim x7 = lim (ax +b) = c2 [Using def. of f (x)] 
a> e x= C€ 
= ct = act+b Ph) 
Now, f(x) is differentiable atx = c 
— ol (LHD at x = c) = (RHDatx = c) 
—> BU ACESEC! Cr lim fof) 
5 ge a cae xo 
ae Ny aye 
a lim ~ c = lim Ce [Using def. of f (x)] 
x50 56 xc LONE 
rs 1 Sek ax +b—(ac +b) [Using (3)] 
BN Se <=5 6 Re 
= lim (x+c) = lim 4 Bec 
x—C x3c «© 
— lim (x+c) = lim a 
x= EC X—> C 
= 2¢ = peak) 


From (i) and Oe we get 
2=-2¢e*+b o> b= - 


Hence, a = 2c and b= er 
; ; pee TRONS 2f (x) 
EXAMPLES Iff(2)=4andf’(2)=1, then find lim oie 
x2 Mite 
SOLUTION We have, 
prety (2) = of 4a) 
lim 
x2 x-2 
Sie xf (2) —2 f (2) + 2f(2)-2f@ 
x2 x2 
: x —2)f(2)-2 (f(x) -f2 
= lim > 
x2 Mae 
(x- Fe) cana a= =f) 


ae oa 
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= f(2)~2f7 (2) De (2)= a a 
=4-2x1=2 [-.. f(2) = 4andf’(2) = 1] 

EXAMPLE9 Discuss the differentiability of f (x) =x |x| atx = 0. 

SOLUTION We have, 


2 
Yor cae 
ACS sea Ate xXx < 0 
Now, 
GHD ate = oy Stn La)-f00) 
x= 0 
— Ph 3 
= (LHD at x = 0) = lim = = [Using def. of f (x)] 
x0 z 
= (Osi Deivse = (0) = Ihven See = 
x—>0 
and, 
(RUD at x = 0) = lim L-LO) 
vest oe 
ie 0 : 
= (RHD at x = 0) = lim 6 {Using def. of f (x)] 
x30 +7 
== (RED atece—10)e—slinniece—n 0) 
x30 


il 


(HDatxc-=— 0) —(KHDiatx— 0) 
So, f (x) is differentiable at x = 0. 
Pea: , When x #0 
EXAMPLE 10 Show that the function f(x) = me is continuous but not 
0 , when x=0 
differentiable at x =0. 


SOLUTION For the continuity of the function refer Example 2 on page 9.6 of chapter 9. 
Now, 


(HD atxe0) Sima) 


08 
= (LHD atx=0) = lim tas esi Si figpy tle Sa 

h>0 v=) ho>0 =H 

—h sin =; | 
= h i] 

= (LHD at x=0) = lim ———~—~ = ~- limsin| = 

h>0 -h h>0 
= (LHD at x=0) = (A number which oscillates between — 1 and 1) 


(LHD at x = 0) does not exist. 
Similarly, it can be shown that RHD at x =0 does not exist. 
Hence, f(x) is not differentiable at x = 0. 
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A _ EXERCISE 10.1 


iva athe} hee ese) 3 


1. Show that f(x) = is differentiable at x = 3. Also, find f’(3). 
I 2x°+5,ifx>3 a0, ne (2) 


2. Show that f(x) = x'/° is not differentiable at x = 0. 


x Sin G x#0 
3. Show that the function f(x) = - is 
0) Pex =) 


(i) differentiable at x =0, ifm>1 
(ii) continuous but not differentiable at x =0, if0<m<1 
(iii) neither continuous nor differentiable, if m <0 
4. Show that f(x) = | x —2 | is continuous but not differentiable at x = 2. 


x7 + 3x44, le BesSaAl 


5. Find the values of a and b so that the function f(x) = 
jeprtoed _aiteapesss 1 


is differen- 


tiable at each x €’R. 


| 2x=3 | [x], xed 
6. Show that the function f(x) = (* ‘ is continuous but not differen- 
sin al 


2 
tiable at x = 1. 


ax*—b, if |x|<1 


eerre ty 


7. If f(x)= is differentiable at x = 1, find a, b. 


2 
é SG ; . 
poe, *=C ;5 differentiable at x =c 


8. For what choice of a and b is the function f(x) = 
‘ ax+b,x>c 


9. Write an example of a function which is everywhere continuous but fails to be 
differentiable exactly at five points. 


ANSWERS 


dl Ble ei on ee) Za a=-5,b=-5 8. fae be 


Sse 6 HINTS TO SELECTED PROBLEMS 


5. Use (LHD at x = 1) = (RHD at x = 1) 
and, lim f(x) = lim f(x) =f(1) 
x71 ae Be 
6. f(x) can be re-written as follows: 
(2x = 3) [x] pete3/2 
— (2x ~ 3) ete RS ay Ps 


ae (LNs 
sin} senor il 


f= 


Now, check continuity and differentiablility of f (x). 
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7. f(x) can be re-written as follows : 
al Pipligys sl 
X 


fQ@)=4 @@-b) (if =t<x<) 
1 
x 


Pdi, eee 


Now, check continuity and differentiability of f (x). 
9 f{xy=e| x= 0 [ete 1 ee sl Goat Kio 4| is everywhere con- 
tinuous but not differentiable at x = 0,1, 2, 3, 4. 


10.2 DIFFERENTIABILITY IN A SET 


A function f(x) defined on an open interval (a, b) is said to be differentiable or derivable in open 
interval (a, b) if it is differentiable at each point of (a, b). 


A function f(x) defined on [a, b] is said to be differentiable or derivable at the end points 
a and bif it is differentiable from the right at a and from the left at b. 


fi) -f) and lim fa)-f) both exist. 


xa xb 


In other words, lim 


If f is derivable in the open interval (a, b) and also at the end points a and b, then f is said to be 
derivable in the closed interval [a, b]. 


A function f is said to be a differentiable function if it is differentiable at every point of 
its domain. 


If a function is differentiable ateachx € R, then itis said to be every where differentiable. 
For example, a constant function, a polynomial function, sin x, cos x etc. are everywhere 
differentiable. 
SOME USEFUL RESULTS ON DIFFERENTIABILITY 
(i) Every polynomial function is differentiable at each x € R. 

(ii) The exponential function a“, a > (is differentiable at each x € R. 

(iii) Every constant function is differentiable at each x € R. 

(iv) The logarithmic function is differentiable at each point in its domian. 


(v) Trigonometric and inverse-trigonometric functions are differentiable in their 
respective domains. 


(vi) The sum, difference, product and quotient of two differentiable functions is 
differentiable. 


(vii) The composition of differentiable function is a differentiable function. 
If a function f (x) is differentiable at every point in its domain, then 


ee Hai Ne lim fxn) =f) 
oh h->0 ~h 
is called the derivative or differentiation of f at x and is denoted by 


d 
1169) er det 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Discuss the continuity and differentiability of 
1-x Pex <el 


f(x) = 41 -x)(2-x), 1<x<2 
3-x RX 
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SOLUTION When x <1, we have, 
ix) Sehex 


We know that a polynomial function is everywhere continuous and differentiable. So, 
f (x) is continuous and differentiable for all x < 1. 


Similarly, f (x) is continuous and differentiable for all x € (1, 2) and x > 2. 


Thus, the possible points where we have to check the continuity and differentiability of 
f(x) arex=land x=2. 
Continuity at x = 1: 


We have, 
lim f(x) = lim (1-~x) Petcare 
Soe se Oe x1 

“es lim f(x) = 1-1 =0 
x31 

= lim f(x) = me (1 — x) (2—x) nice Chi”) Ean 
ie ale x= <x< 

th lim f(x) = 0 , 
eli 


and, = f(1) = (1-1) (2-1) = O. 
lim f(x) = lim f(x) = f(1) 
Hah eave 

So, f (x) is continuous at x = 1. 

Continuity atx =2: 


We have, 
lim f(x) = lim (1-~x)(2-~) [-.f &) = (1 = x)(2=%) for 1 sx <2] 
x32° x2 

= lim: f(x) = @—=—1)(2—2) = 0 
x72° 

=> lim f(x) = lim(3-x) = 3-2=1 [sf (%) = 3x fOr x > 2] 
x3 2a x2 
lim f(x) # lim f (x) 
x32 x2 


So, f (x) is not continuous at x = 2. 
Differentiability at x =1: 


We have, 
(Hats = ie din Laie 
x71 
=) (LHD at x = 1) = lim eae [Using def. of f (x)] 
x1 
= (LHD atx = 1) = -lim zai = -1 
ee 
(RD ate f= tim LF) 
ede 
x (RHD at x = 1) = lim G=9E-H-9 [Using def. of F(x)] 
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- —2 
= (RHD at x = 1) = lim cae qi 
x1 x — 
= (RHD at x = 1) = lim 4-25 1-2 =A 
x71 


(LHD atx = 1) = (RHDatx = 1) 
So, f (x) is differentiable at x = ike 
Differentiability at x= 2: 
Since f (x) is not continuous at x = 2. So, it is not differentiable atx = 2. 
x 43x40, forx< 1 


bx +2 ponehn 4655 UW 
is everywhere differentiable, find the values of a and b. 


SOLUTION For x <1, we have 


EXAMPLE2 If f(x) = | 


f= x* + 3x +a i.e. a polynomial 
For x > 1, we have 
f (x) = bx + 2 which is also a polynomial. 


Since a polynomial function is everywhere differentiable. Therefore, f (x) is differenti- 
able for all x > 1 and also for all x <1. Thus, we have to use the differentiability of f(x) 
atx = 1. 


Now, 
f (x) is differentiable atx = 1 
= f (x) is continuous at x = 1 
= lim f(x) = lim f(x) = f(1) 
vel ica il 
= lim x*+3x+a = lim bx+2 =1+3+a 
x1 x1 
=> 1+3+a=b+2 
=> a-b+2=0 ..-(i) 
Again, f(x) is differentiable atx = 1 
= (Uni Dimes 1) = det ehesd 23 10) 
A i HGS News MO9 Pie lim LO =f) 
ens le x-1 eal’ x-1 
a i x? +3x+a-(4+a) _ Pee ie) el CE) 
messi col | Lott 
me Tee EOE Sy, bx-2-a 
x31 bot x1 x-1 
ie ij (x +4) (x-1) Ext. bx —b : ‘ 
a oes Ase cit _ [Using (i)] 
=> lim (x+4) = lim b 
x1 x71 
=> 5e=b. 


Putting b = 5 in (i), we geta = 3. 
Hence,a = 3 and b = 5. 
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EXAMPLE3 Discuss the differentiability of f (x)= | x-1|+|x-2 |. 
SOLUTION Wehave, 
fe) = |x-1] 4] x-2| 


—(x-1)-(*-2) forx <1 
=> f(x) = x-1-(x-2)forl<x<2 
(x -—1)+(x-2) forx>2 
|\-2x+3,x<1 
= $C), Sind Pepe 2 
ee eee 


When x < 1, we have 

f (x) =- 2x + 3 which, being a polynomial function is continuous and differentiabl 
When 1 S$ x <2, we have 

f (x) =1 which, being a constant function, is differntiable on (1, 2). 
When x = 2, we have 

f (x) =2x —3 which, being a polynomial function, is differentiable for all x > 2. 
Thus, the possible points of non-differentiability of f (x) are x = 1 and x =2. 
Now, 


: ata 
AAD ake t= lim ee 


x31 


(—2x+3)-1 
x-1 


=> ; (CHD ate) =< tam 


x71 


tye i ee ee 


4 ee 


[-.. f (x) =-2x +3 for x <1] 


— (LHD at x 


x71 


(RHD at x = 1) = lim eS ken ks) 


fe al 


= (RHD at x = 1),= lim =1(0): {-.. f(x) =1 forlsx <2] 


(LHD at x=1) # (RHD atx 
So, f(x) is not differentiable atx = 1. 


(LHD atx =.2) =< lim ff) 


1) 


x72, “2 
a a PSR ee) -f(x)=1 forl<ex<2 
=> (LH Dat ia——2) lim. 755 and f(2)=2*x2~3 
1-1 
=> (LHD atx = 2) = lim ~ 
x32%7-2 
(RHD at x = 2) = lim LL) 
sp 
= (RHD atx = 2) = lim eee te Se) [2 f(x) = 2x -3 for x = 2] 
x2 x-2 
S (Rio dir =o) ae ee a og 
a ere 5) x-2 


(LHD atx = 2) # (RHDatx = 2) 
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So, f (x) is not differentiable at x = 2. 
REMARK It should be noted that the function f(x) given by 
f(x)= | x-ay| + |x-ag| + |x-43| +... + | x-a,| 
is not differentiable at x = 01, A, 43, «+, Ay: 
EXAMPLE4 Discuss the differentiability of f (x) = |log. x| for x > 0. 


SOLUTION We have, 


— log, x s for 0<x<1 
F(0)= Hoge | =| log, x , for Semed | 


Clearly, f(x) is differentiable for all x >1 and for all x <1. So, we have to check its 
differentiability atx = 1. 


We have, 
(LHD at x = 1) = lim P-L) 
x71° ‘ie 
zal (LHD at x = 1) = lim = log len} 
x71, eee 
= (LHD at x = 1) = -lim 28% 
ae ae 
= (LHDatx = 1)'= —lim log A-h 
h>0 Lob—J 
= (ASIA Bae ee a ee es 
h-0 =h 
Gipate 1 ine 
ast =1 
=> (RHD at x = 1) = lim log x-log 1 
os x-1 
= (RHD atx'= 1) = tim 28 0+h) _ 5, leeds) _, 
h>0 1+h-1 oso h 


(LHD at x = 1) # (RHDatx = 1) 
So, f (x) is not differentiable atx = 1. 
EXAMPLES If f (x) =x" + 2x +7, find f’ (3). 


SOLUTION We know that a polynomial function i i i 
TEAR ee Tee TOU y | is everywhere differentiable. There- 


f G) Sin Lee ate) a= g 


h-0 
ey f° (3) = lim {G+h2+2G+h)+7|-9+6+7) 
h->0 h 
2 
as 7) = lime en (8+h) = 8 
h->0 h>0 


EXAMPLE6 Find f’ (2) and f’ (5) when f (x) = 47K 4 4. 
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SOLUTION We know that a polynomial function is everywhere differentiable. There- 
fore, f(x) is everywhere differentiable. The derivative of fat x is given by 


f(x) = lim filet the hD 
h-0 h 
a Pye ten {oct Wy? + 7x +h) + 4} — [x2 + 7x +4] 
h-0 h 
2 
= fe) = lim MAZES A tim Qe +7 +h) = 2x47 
h-0 h>0 


f(2) = 2x24+7 = 11and f’(5) 
EXAMPLE 7 For the function f given by f(x) 
f’'@)-3f' 2) =f'@). 


SOLUTION Clearly, f(x) being a polynomial function, is everywhere differentiable. The 
derivative of f at x is given by 


ft) = tim £@+-f@) 
h—0 h 
a fie) = fim (tN? = 6x + hy + 8| — |x? - 6x + 8 
z h 


2205 7 =: 17. 


x -6x+ 8, prove that 


h—-0 
ah 2 
a f(x) = lim 2Qhx —-6h+h 
h->0 h 
as f(x) = lim (2x -6+h) 
h-0 
= f'Qy = 22-5 


.. f’ (5) —3f’ (2) = (2%5-6)-3(2x2-6) = 4+6 = 10 
and, f(8) = 2x8-6 = 10. 
Hence, f’(5)—3f’(2) = f’(8). 


EXERCISE 10.2 
1. Iffis defined by f(x) = 2”, find f (2). 
2. If f is defined by f(x) = x? —4x + 7, show that f’(5) = 2f (3) 

| 3. Show that the derivative of the function f given by 

f(x) = 2x9 —9x* +12x+9,atx = landx = 2are equal. 

_ If for the function ® (x) = Ax2+7x—4, (5) = 97, find A. 

. Tf f(x) = 8+ 7x" + 8x —9, find f (4). 

_ Find the derivative of the function f defined by f(x) = mx+catx = 0. 

. Discuss the continuity and differentiability of f(x) = | log |x| ts 


_ Discuss the continuity and differentiability of f (x) = el*l, 
. Discuss the continuity and differentiability of 


" #C 
f(x) = (x —c) cos WEN Avee 
0 


onan an - 


rade eae 


10. Is | sin x | differentiable ? What about cos | x |? 
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ANSWERS 
1. 4 4. 9 tp 6. m 
7. Not differentiable at x = +1 8. Not differentiable atx = 0 


9. Not differentiable atx = c. 
10. | sin x | is not differentiable atx =nn,n€ Z 
cos | x | is everywhere differentiable . 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 
1. Define differentiability of a function at a point. 
. Is every differentiable function continuous? 
. Is every continuous function differentiable? 
. Give an example of a function which is continuous but not differentiable at a point. 


. If f(x) is differentiable at x = c, then write the value of lim f (x). 
x —=—>C 


ao f— WwW NN 


6. Iff (x)= | x-2 | write whether f’ (2) exists or not. 
7. Write the points where f (x) = | log, x| is not differentiable. 


8. Write the points of non-differentiability of f (x) = llog | x | | . 


9. Write the derivative of f (x) = | x |S atx=0. 
10. Write the number of points where f(x) = | x | + | x-—1 | is continuous but not 
differentiable. 


11. Iflim LO=LO exists finitely, write the value of lim f (x). 
x3 eBrns x—>C 


12. Write the value of the derivative of f(x) = | x-1 [+ |x-3 | atx=2. 


13. If f(x)= Vx? + 9, write the value of lim Coke f(4) 


x34 Ad 


S..  ——EEPANSWERS 


2. Yes 3. No 4, f(x)= |x| atx=0 5. FC) 
6. Does not exist We ah ih fell 9. 0 HOS Seog! 
1 fe). w12.50 13. 2 


i a a MULTIPLE CHOICE QUESTIONS (MCQs) 


1. Let f(x) = |x| and g(x) = Ix? |, then 
(a) f(x) and g (x) both are continuous ales (0) 
(b) f (x) and g (x) both are differentiable at x = 0 
(c) f(x) is differentiable but g (x) is not differentiable at x = 0 
(d) f(x) and ¢ (x) both are not differentiable at x = 0 
2. The function f(x) = sin”! (cos x) is 
(a) discontinuous at x = 0 (b) continuous at x=0 
(c) differentiable at x =0 (d) none of these 
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3. The set of points where the function f(x) = x |x| is differentiable is 


(a) (— 2,22) (b) (—2, 0) U (, ~) 
(c) (0, e) (a) [0, 9] 
J cca Re 
4. Iff (x) = 4 tan! (x +2) , then f (x) is 
2: 2. 
(a) continuous at x=—2 (b) not continuous at x =- 2 
(c) differentiable atx =-—2 (d) continuous but not derivable at x = —2 
5. Let f(x) = (x+ |x|) |x|. Then, for all x 
(a) f is continuous 4 (b) fis differentiable for some x 
(c) f’ is continuous (d) f” is continuous 


6. The function f(x) = & !*! is 
(a) continuous everywhere but not differentiable at x = 0 
(b) continuous and differentiable everywhere 
(c) not continuous at x = 0 
{d) none of these 
7. The function f(x) = | cos x| is 
(a) everywhere continuous and differentiable 
(b) everywhere continuous but not differentiable at (2n+1)1/2,ne€ Z 
(c) neither continuous nor differentiable at (2n + 1) t/2,neEeZ 
(d) none of these 


g. Iff(x) = V1-V1-2*, thenf (x) is 
(a) continuous on [- 1,1] and differentiable on (— 1, 1) 
(b) continuous on [- 1,1] and differentiable on (— 1, 0) U (0, 1) 
(c) continuous and differentiable on {-1, 1] 


(d) none of these 


9. If f(x)=a |sinx| thel*l+e |x|° and if f (x) is differentiable at x = 0, then 


(a) a= b=c=0 (b)ia-= 0,b = 0;cER 
(cy B= ce = O7aeER (d)fer=0;a = 0,0E R 
2 2 2 


x x 

cri : (1 +x)" er’ (1+.x°)" 
then atx = 0, f (%) 
(a) has no limit 
(b) is discontinuous 
(c) is continuous but not differentiable 
(d) is differentiable 

11. Iff(x) = [loge x | then 


10. If f(x) = + 


(a) Pe) =o (b) f= -1 
{c) f'(Q)= ] (d) fy = -1 
, then 


beak 
t 


Ui f(x) = |log. |x| 
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(a) f(x) is continuous and differentiable for all x in its domain 
(b) f(x) is continuous for all for all x in its domain but not differentiable at x =+1 
(c) f(x) is neither continuous nor differentiable at x=+1 
(d) none of these 
1 
ee >1 
13, Let f(x) = 4{x| an) 
ax? +b for Lhe 
If f (x) is continuous and differentiable at any point, then 
1 3 ee 
Oe Ue (Dy oaa= SA Rls 
(c)a@=1+b=—1 (d) none of these 


14, The function f(x) = x — [x], where [-] denotes the greatest integer function is 
(a) continuous everywhere 
(b) continuous at integer points only 
(c) continuous at non-integer points only 
(d) differentiable everywhere 
15. Let f(x) = be ie a i Then, f (x) is derivable at x = 1, if 
(a) a=2 (b) a=1 (cea=0 (d) a=1/2 
16. Let f (x) = | sinx |. Then, 
(a) f (x) is everywhere differentiable. 
(b) f (x) is everywhere continuous but not differentiable atx=nn,ne Z 


(c) f(x) is everywhere continuous but not differentiable at x = (2n + 1) 5 rer 7. 


(d) none of these 
17. Let f (x)= | cos x |. Then, 
(a) f (x) is everywhere differentiable 
(b) f(x) is everywhere continuous but not differentiable at x=na,ne Z 


(c) f(x) is everywhere continuous but not differentiable at x = (2n + 1) 3 ,neZz 


(d) none of these 
18. The function f(x) =1+ | cos x | is 
(a) continuous no where 
(b) continuous everywhere 
(c) not differentiable at x =0 
_ (d) not differentiable at x =n l,nez 
19. The function f(x) = | cosx | is 
(a) differentiable at x = (2n-1) 1/2) ne 
(b) continuous but not differentiable at x = (2n+1)n/2,neEZ 
(c) neither differentiable nor continuous atx=n 7, ne Z 
(d) none of these 


; _ sin (m [x — 7]) 
20. The function f (x) = one where [-] denotes the greatest integer function, is 
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2M 


22. 


23. 


24. 


25. 


26. 


1. 
hs 
17. 
25. 


(a) continuous as well as differentiable for all x € R 
(b) continuous for all x but not differentiable at some x 
(c) differentiable for all x but not continuous at some x. 
(d) none of these 
Let f (x) =a+b |x| +c |x |*, where a,b,andc are real constants. Then, FAC He 
differentiable at x = 0, if 
(a) a=0 (b)' 6 =0 
(c)ic = 0 (d) none of these 
If f(x) = | 3-x | + (3 +x), where (x) denotes the least integer greater than or equal 
to x, then f (x) is 
(a) continuous and differentiable at x =3 
(b) continuous but not differentiable at x =3 
(c) differentiable but not continuous at x = 3 
(d) neither differentiable nor continuous at x =3 
1 
If f(x) = 414 ¢!/* | eee ae 
e 0 ree 0) 
(a) continuous as well as differentiable at x =0 
(b) continuous but not differentiable at x = 0 
(c) differentiable but not continuous at x = 0 
(d) none of these 
1—cosx 
If f(x) = leila 
2 px 0 
then at x = 0, f (x) is 
(a) continuous and differentiable 
(b) differentiable but not continuous 
(c) continuous but not differentiable 
(d) neither continuous nor differentiable 


The set of points where the function f (x) given by 

f(x) = | x-3 | cosx is differentiable, is 

(a) R (b) R- {3} (c) (0, °°) (d) none of these 
iN Daal x<-1 

Let f(x) = ;|x|- —1<x<1 Then, fis 
Ome, Kal 

(a) continuous at x=-—1 (b) differentiable at x =—- 1 

(c) everywhere continuous (d) everywhere differentiable 


ANSWERS 
(a) 2. (b) 3. (a) 4. (b) 5. (a),(c) 6. (a) 7. (b) 8. (b) 
(5). we10n(b) « e211 o@)y(b) 12 (by -13.6(b) 44. () 15. (d) 16. (b) 
(©) eot80(b). 919.0) 20. (a) 21. (6) 22, (d) 23. (d) 24. fa) 
(b) 26. (a) 
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SUMMARY 


1. A real valued function f(x) defined on (4, b) is said to be differentiable at 
x=ceé (a,b), iff 


©S 


4 


lim 8G, exists finitely 
~—>C BEE 

= —f(c 
lim L& hi a f(x) =f 

<. eC + i 
x7C oa 
—_ m fetWa-fo 

nee spre 


ctPatn = (RHD at x =c) 


2. A function is said to be differentiable, if it is differentiable at every point in its 
domain. 

3. Every differentiable function is continuous but, the converse is not necessarily true. 

4. Following are some results on differentiability: 


(i) 
(ii) 
(iii) 
(iv) 
(v) 


(vi) 


(vii) 


Every polynomial function is differentiable at each x € R. 


The exponential function a", a > 0 is differentiable at each x € R. 

Every constant function is differentiable at each x € R. 

The logarithmic function is differentiable at each point in its domian. 
Trigonometric and inverse-trigonometric functions are differentiable in their 
respective domains. 

The sum, difference, product and quotient of two differentiable functions is 
differentiable. 

The composition of differentiable function is a differentiable function. 

If a function f (x) is differentiable at every point in its domain, then 


aa 
lim fo+W— fe) or, lim £@-h)~f) 


h-0 h-0 = 
is called the derivative or differentiation of f at x and is denoted by 


d 
f'@) or Ff): 


DIFFERENTIATION 


11.1 INTRODUCTION 


In the previous chapter, we have learnt about differentiability of a function at a point. 
The same was extended to the domain of a function. In case, a function is differentiable 
at every point of its domain, then each point in its domain can be associated to the 
derivative of the function at that point. Such a correspondence between points in the 
domain and the set of values of derivatives at those points defines a new function which 
is knownas the derivative or differentiation of the given function. In the previous class, 
we have studied that the derivative of a function f (x) is given by 


da Ee Pca hy) 
dx (r ())= lim pal 


or, £ (F(@))=lim f@-h)-f) 


This is also called the derivative or differentiation with respect to x and is also denoted 
by f’ (x) or Df (x). Sometime the derivative or differentiation of a function f (x) is also 
called the differential coefficient of f(x). The process of finding the derivative of a 
function by using the above definition is called the differentiation from first principles 
or by ab-initio method or by delta method. 


Following are derivatives of some standard functions which we have derived in Class 
XI from first principles. 


* d fe n-1 Pr a Xa OG 

(i) ae ee (ii) ape re 

(iii) £ (a*) =a" log,a,a> 0 (iv) £ (log, x) = S 
d 6 dn S90) 

(v) eS (log, x) = ieee” a>0,a#1 (vi) 7 (sin x) = cos x 

jhe =— sin x (viii) oh (tan x) = sec’ x 
(vii) We (cos x) =— sin rF 5 
(ix) 4 (cot x) =— cosec’ x (x) £ (sec x) =sec x tan x 


(xi) Ae (cosec x) =— cosec x cot x 
dx 
Let us now have a brief recall of what else we have studied in Class XI. 


11.2 RECAPITULATION 


In the previous class, we have learnt about the following fundamental rules for differen- 
tiation. 
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: d 
(i) Differentiation of a constant functions zero L.e., a (c)=0 


(ii) Let f(x) be a differentiable function and let c be a constant. Then, cf (x) is also 
differentiable such that 


az (©fe)=© a (FO) 


i.e. the derivative of a constant times a function is the constant times the derivative of 
the function. 

(iii) Product rule: If f(x) and g (x) are differentiable functions, then f (x) g (x) is also 
differentiable function such that 


2 (f@)s @}= Boe -§ (x) +f (x). os (s (x) 
If f (x), g (x) and h (x) are differentiable functions, then 
£ [Fag @ne} 


d 

= (f@)-8@h@ +a) F (g@).h@ +f@).2@F (ho) 

(iv) Quotient rule: If f (x) and g (x) are two differentiable functions and g (x) #0, then 
d d 
q (one (F@)-fe) z (s@) 
d. 2 
ae ig | 
ILLUSTRATION1 Differentiate the following functions with respect to x: 
(i) 2 cox 
% 

SOLUTION (i) We have, 


(ii) e* log Vx tanx 


ar Ps [2* cot x xi? | 


d nd 
He @|.cotx.2 V428 1 ot] 1s Heote| Ex | 
dx 


A 1Be Zescots.. 250 + 2° (— cosec? x).2° 2+ 2 cotx x5 4.9/2 


Bie eee Scot ot ncac + Dal erg 
a x oly 
Gi) 4 fe tog We tana} 
ae g Vx .tanx 
d 1 
with [e-} low tans} 


a lex log x tan x} 


" 


NIE Ne 


[ ar eK 


Ls (e*)} .logx.t aif g 
ip -logx.tanx+ 2 (log | tan x + e* log x ea (tan |] 
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e* tanx 


3 [er tog tan x +8 +e log x. secx| 


2 
= ee tan 
Tie log x tan x + * + log x. sec? x 
ILLUSTRATION 2 Differentiate the Ral functions with respect to x: 
(i) e*+sinx (ii) sin x= cos. x 
1+log x x sin x + cos x 
SOLUTION (i) We have, 
d jJe&+sinx 
dx {1+ pe ay x 


“oh + log ye 7 + sin x) — (e+ sin ot cl + log x) 


(1 + log x)? 
(1 + log x) (e& + cos p= +sinn(0+ 5] 


; (1 + log x)* 
e.+sinx 


(1 + log x) (e* + cos x) - 


(1 +log x)? 
ie d |sinx-xcosx 
(ii) ~ 
dx |xsinx+cosx 


£ é 
(xsinx+cosx). ax (sin x —x cos x) — (sin x — x cos x) .— my sin x + cos x) 


(x sin x + cos x)? 
_ (xsin x +cos x) (cos x — cos x + x sin x) — (sin x — x cos x) (sin x + x cos x — sin x) 


(x sin x + cos x) 


_ (xsin x + cos x) (x sin x) — (sin x — x cos xX) (x cos x) 


(x sin x + cos x)* 
z 


(x sin® x + x sin x cos x) —(x sin xX cos Xx =*X cos” x) 


(x sin x + cos x)* 


OMe (sin? x + cos” *) x? 
(x sin x + cos x) (x sin x + cos x) 


ILLUSTRATION3 If y =(1+x)(1+x*) (1+x4) (1+ x°) ... (1 +27 ), find a 


SOLUTION We have, 

=(1+x)(1+x2)(1+2x4) (1425)... (1 +27) 
_O-xn +x +1424 4x4... +27) 
<" 1-x 


= 
1 1 ne 14x 14+%x°)... (1427 
. ae L—% 


n+1 
p> 
4 i= 1-x 
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(1 -n4 (1 en es (1 -2\£a ~x) 


dy 
% dx (1—x)* 
n+1 n+i 
2 Waist G2 ek ee) 
dx a=) 
= iy peer ee Per ce tent eee Ae 
dx (xy 
n+ n+1 
a ipa sie (ag eg ee Oe Gen) 
dx (1-x? 


11.3 DIFFERENTIATION OF INVERSE TRIGONOMETRIC FUNCTIONS FROM 
FIRST PRINCIPLES 


In the previous class, we have learnt that the derivative of a function f (x) is given by 
a jim L@+H-f@ 5. 4 =lim [@+0-f@ 
Fe aks ae or i 
The process of finding the derivative of a function by using the above definition is called 
the differentiation from first principles or, by ab-initio method or, by delta method. 


In this section, we will find the derivatives or differentiations or differential coefficients 
of sin | Cost ly 7 tate : : : 


x, cosec ly and cot” 
Following results will be very useful to find the same: 
(i) sin} x+sin™} y=sin | {x V1 =y +yV1 ke 
(ii) cos”! x+cos'! y=cos ! xy ¥ Vix" Vif 


(iii) tan” 1e+tan ! y=tan Y rear 
Li RY 


XpseCs x from first principles. 


x = al 
(iv) lim nate: 
x—-a —a 
: sin x : sin (x -—a 
(Cig) deb =e Il heal all 
x0 * xa x—a 
p ; tan x : kane 
(vad) eit SS —= SL Nina eee! =o 
c= geet toa 4 
peal 51 
«e ; sin x : t 
(vii) lim Tee lim 2 = 
x—0 - x0 


Peter fs Te, 
(viii) lim {= logea,a>0,a41 


x0 
it at 
Gey ine 
x0 x 


(x) lim 
x30 


log, (1 + x) 
<< Seas log, e. 


THEOREM 1 [fx e€ (—1,1), then the differentiation of sin™ ly with respect to x is 


4-1 
Se, ae (sin 


1 
Y= SS = 
) Ape BBS 14) 


DIFFERENTIATION res 


PROOF Let f(x) = sin” Vy. Then, 
f(xth) = sin! (x +h) 
£ (f(x)) = lim f(x+h)-f() 
x h>0 


d ; 
= at (x)) = sess hy 
d \(x +h) V x ~xV1-(x+h)*! 
=> a f &) = im ———_— 
h->0 h 


4 F(x) = li sin {(x +h) V1 =? — x Vi = (x +h)" | 
—- — x = 
dx eho (+ hy Vi = 27 —x Vi-(x +h)"} 
(+h) VI = 27 — xV1- (x +h)? } 
x 
h 


=> £ Ff) an ie ee 
F he 
ree £ ¢@) = lim (x +h)? 1 — x2) — x? (1- (x + h)*)} 
a h->0 h 
x 1 
(x +h) VI-*2 4x V1-@ +h 
a  (xthP-2 1 
Fg eAy Soak 
=> dx (f (x)) gees h ath Vix? +xV1 — (+h } 


1 
4 ey = jj h 
=> az F )) aa ia aig +h) V1 22 + xN1-(x +hy* 
en 4 F(x) = A= = => 
dx 2xV1 — x* i= a 


Hence, (sin cay mae » where-1<x<1. 
THEOREM2 [If xe (—1,1), then the differentiation of cos }x with respect to x is 
1 
Pex 


1 1 


chee 
1.€., Ae (cos x)= A ae 


PROOF Letf (x) = cos !x. Then, f (x +h) = cos | (x +h) 


Soy = linn f(x+h)—f 
dx h->0 h 


s7} (x+h)-cos 'x 


d co 
= — (f(x)) = lim 
dx v ho 0 


Tape sed 1 Ly eee 
——sin +h} - 5 —sin | 
2 J 2 =< Tl : ah 


d : 
ios — Deu a0) 
—> (f (x)) ee : cos 5 sin 
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Ae Pes | 
j t h)- x 
pa < Fm) aE a sin “(x +h)—sin 


h->0 h 
oe ss [See Theorem 1] 
= dx (f (x)) = Vi_ ae 
ab, eee ed 
Hence, ae (COSS ax) != eS 


= : idecot 
THEOREM 3. The differentiation of tan 1 x with respect to x is aoe: 


: d ieee ul 
seh, PE (tan ~ x) = cans 


PROOF Let f(x)=tan— 17 Then, f (x +h) =tan- : (x +h) 


Now, 
: im £64) =f) 
—— (f (x)) = lim 
dx us h->0 h 
tan! area 
a £ F(x) er rn tan Sati estane 2 im 1+x(x+h) 
dx ha i jim : 
h 
tang 
d 5 ae 7 
a a, F@) = lim) —7-——_., — | x ——_——_ = 1x x 
dx FC )) h->0 ati xl ae (1+x2+hx) ee a: 
1+x7? +hx 
ae 1 
"i 1+x 
THEOREM 4 The differentiation of cot ' x with respect to x is — 2 
1+x 
; d ae 
eu Ax (cot a) = ae 


PROOF Let f(x)=cot 'x. Then, 
ix) = 5 7 tant tx = f(xth) = 5 tan! (x +h) 


gd er: x +h) —f (x) 
dx (f (x)) = toa F@+=f@) 


>0 
2 tan! (x +h) a4) aad 
2 77 tan x 


d 
e ee ee h 
a Baers tans: x- tan”! (x+h) 
= dg F@) = lim SE —A—Bn +h) 
tan7} |-*=@ +h) 
d ; 1+x(x+h) 
ie ax ¥ &) = ins ; 


DIFFERENTIATION nae 


- —h 
tan La) eee Senvers 
( ae 


d 
=> —(f(x)) = lim 
dx h->0 h 
tan’! ed es 
d 1+x2+hx ; 
=> —(f(x)) = lim }———— | x ——_. = — 1x — = 
ax f h>0 Te 14+¢x24hx 4 eee jae 
14+x2+hx 
eee 1 
Hence, — (cot! x) = - 
dx 1+x2 


THEOREMS If xe R-—[-1,1], then the differentiation of sec} x with respect to x is 


|x| Nga 


i.e = (sec! x) = = 
een hai Ix Vx? -1 

Bin fo eee 
PROOF Let f (x) = sec! x. Then, f(x) = tan 8 Wy, rheaeee Il 


7m — tan x = 10 ifx<-1 


CASEI When x>1. 
We have, 
f(x) = tan’! Vx?-1 and f(x +h) = tan7! V(x +h)? -1 


£ (f(x) = lim ae ca) 
h->0 


(x+h)?-1 —tan7! Vx?-1 
h 


d yest oF, “| Vox + hy? - Vx? =1 
a Gee cy he [1+ Vie + hy? — 1 x Vt -1 


eS 
2 — 
1+ V(x +h) 1 x Vx2 saat aa 


= jy F@)= lim ae. Vx? — “ait + NV@ +h? - 1x V1} 
14Vaq+he-1xVe- 


x Phy =a (x = 1 1 
x 
menor 2 Vic + hy — 1.4 Vx? -1 


| 2hx +h? 


= = (f (x)) = lim 


h->0 


tan 1 


> |e 


as Pa 
= dx (f (x)) = git 


1 
14+4V(xt+h?-1 Spa} err + Vx? =1 


ro) 
= le 


A Rae 
eT (f(x) = ca 


2x +h 


ere ES ORRIN © SES een ae ee ee 
=> dx £ (F(x) =e Hak i pemierans 1 x Vx2 =} * Vix +h)? -1+Vx?-1 
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Lat 4 F(x) £ 2x y 1 
dx {exe 1 (x +h)*-14+Vx*-1 
da bh* 2 fl Be 


CASEI Whenx<-1. 
1 


1 
OS eT 


Proceeding as in Case I, we have 2 (sec 


Hence ue (sec! x) = a 
OS ks |x| Vit -1 


THEOREM 6 Ifxe R-[-1,1], then the differentiation of cosec ! 


x with respect to xis 


PROOF Letf(x) = cosec_ 1. Then, f(x+h) =cosec . (x +h) 


a take fe th) = fC) 

dx FO) F oa h 

vas Tore eOsece 1 (x +h)—cosec 1 x 
= oe (f (x)) = OE h 

F {F-sec +i} —|F—secrt| 
ede esc hi 

d _ sec! (x+h)-sec 1x 
=> as =— 

dx F &)) ets h 

ce 1 
=> Pa (f (x)) ees [See Theorem 5] 

d © 1 
Hence, ~- (sec t 8) = 

dx Lx [Nxt ok 


The above results and derivatives of other standard functions are listed below for ready 
reference: 


oy. on n- 

@) 2%) =n" Gi) £e=e 
eg a 2 
(iii) ax 2 ) = a log,a (iv) + (log, ee 


d 
a Scotia dats Pe teh ie. 
(v) a5 (log, x) = Tee (vi) ae (sin x) = cos x 


a 


(vii) or (cos x) =— sin x = 


Seen 
(viii) FE (tan x) = sec“ x 


ew?! 
sea <a 2 d 
(ix) Ag (cot x) =—cosec* x (x) 13 (sec x) = sec x tan x 


(xi) a (cosec x) =— cosec x cot x iy & (sin 1 
dx (xii) ae (sin x) = 


1-2? 


DIFFERENTIATION iL) 


gon ad | ves 1 fs d =I a, 1 
(xiii) oF (cos ~ x) = ess (xiv) as (tan >x)= nae 
d =e 1 aod! - SS ls) 
(xv) ZT (cot 2) i Aan (xvi) ae (sec ea ares PEs. 


ees aa -1 
(xvii) ae (cosec Fa er eat 


Following examples will illustrate some more applications of differentiation by first 
principles. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Differentiate the following functions w.r.t. x from first-principles 


(i) & (ii) &* ii) e* [CBSE 2003] (iv) eins 
2 
SOLUTION (i) Let f(x) =e* . Then, f(x +h) = oor + hy 


can. a, fee FO) 
Die Ck 


2 2 
z "i io are oe 
& dx FO) +2. h 
2 yd 2 
: a ee ees 
ax VO) ay 0 h 
2 
d ; 2| paxth _4 ae 
GL Be ; 
4 dx i oon | 2h x +h? | h 
2 
d 0 Pratl £4 
dx =e lim | —— | - lim (2x +h) 
Pr er sn | Qhx+h? | n—o0 
0 
rf £ (fx) = ira eal -lim (2x +h), where @ = ng he 
dx 6-0 ) h->0 
2 
oad 4 Gyy = 12x = ne 
dx 
d 2 2 
ag ee = 2xe 
(ii) Let f(x) =e". Then, f(x +h) = 2 (x +h) 
a ee OE KS) 
gg AO) = Lim, 
‘  gethigt er aha gs 
de = im —<————— = im 
2 a ae a h h—0 h 


2h _ fe 
=> us (f(x)) = 2e2* lim | © 1 | = 26% lim | * . }. where y = 2h 
dx h—>0 U 


11.10: 


(iii) 


(iv) 


=> 
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F (fox) = 22-1 = 26 E im = | 


d 
Pp (2) ato 


ee Then, f(x +h) = e*t" 


te 
h->0 h 

Nxt+h _ Vx. x+h —Vx 
= £ ee) e ] 
fee () en ea =i tim ( h 

x +h —Vx 

4 a) ME lim | aL) f Meth Ve 
ix 0) = ¢ tin | Vx+h -—Vx } Gace h A) 
4 (Ae)) = & tim Ee eer Ox +h -Vx) (Wx +h + Vx) 
a nol ve+h—Vx h (Vx +h +z) 
f ge) =e tim | 2H | he el U : 
Fx (f@)) = e tim [ 7 J im ct where y = Vx+h —Vx. 


[.. when h-0,y— 0] 


é Nee : es es 
dx = 1 = o- i — 
roe (Ene owe Fim 3 
Let f(x) =e" *. Then, f(x +h) = ein +h 


fy (2) = tim LE += £2) 
dx h—0 h 


a (fo) ae esin (x +h) _ psinx 
dx h>0 
esin(x+h)-sinx _ 4 


a3 = Aten 
dx (f(x)) =e ine h 


£ f@ = ein i oles ans Z sin (x +h) —sin x 
h>0 


sin (x +h) -sinx h 


@) = &"* lim 
af h>0 


co 
oars 


yan 


£ F@) = 2% tim [252 | tim 258 h/2) cos (x +h/2) | 


h>0 2 (h/2) 


where y = sin (x +h) — sin x [ ..whenh—0,y—> 0] 


y>0 


eds Pel in x 1: Y_1 . i 
dx F &)) = im ( Jim SL2) tim co ee h/3 
h>0 


y—>0 hao 1/2 


d f 
a EO) = &"* (1) x (1) x (cose)-= ein, BY 


EXAMPLE2 Differentiate log sin x by first principles. 
SOLUTION Let f(x) = log sin x. Then, f(x+h) = log sin (x +h) 


DIFFERENTIATION 1.11 
a: a.) - 14+) —-f@ 
dx (f (x)) gia h 

Ly 4 f@) = jim 108 sin (x +h) log sin x 


h3>0 h 
log fe (x +h) 
d = is sin x 
= dx F@) = lim ; 
sin xX 


d 
=> = (f.es)) then 
dx f h-0 h 
1 cae 
og 41+ 


@ f(x) = Ii Snes 
=> == ig — im 
dx h—0 h 


sin (x + h) — sin x 


a : uns sin (x +h) —sinx 

7: f dx (f(x) ah * sin (x + h) - sin x | sin x 
sin x 

a 


log 41+ 


tog f+ 
x —=, 
Se h sin x 


Poa sera 2 din cos pres 


sin (x +h) - sin x 0 
h 


log 1a sin| = |cos +3) 
= 4 Fea) = lim lim 5 
dx 4 Byo eee ae h sin x 
2 


h 
ue = 1x xx se cot x 
= oF (f (x)) = cos ae : 
EXAMPLE 3 If f(x) =x tan” 1 x find f’ (N3) by first priniciples. 
SOLUTION We have, 


ie (x) = te SEE 
rise = lim * (0 =£08) EQS) 
h->0 h 
; Lue (V3 +h) tan”! (V3 +h) — V3 tan! V3 


> 


me )- tan7! ¥3] “1Q3 +h 
a Pe iteginge es V3 +h tan’ V3] +h tan +h) 


h-0 


UZ 


=> 
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, 4 V3 = V3 +h-V3 x | V3 i 
f’ (N3) = lim >, tan (eee (V3 +h) 


ho0 


h 
i 
tap r F Bi 


h 
4+ 3h 


1 : -1 
it t V3 +h 
ae a an ( ) 


f’ (3) = V3 lim 
h->0 


f’ (3) = Bx 1x4 +tan | V3 = MB tan” v3. 


EXAMPLE 4 Differentiate xe from first principle. 


SOLUTION Let f (x) = xe*. Then, f(x +h) = (x +h) a8 
d ; f(x+h)-f@ 
Ges) = Ite 
dx HE h>0 h 
d thy et th xe* 
an F&O) = am, , 


=> 


d ‘ (te +" — xe*) + het" 
(GCS) Se Inte 
dx h->0 h 


£ Fo) = My freer 


d Pere =k h 
== (Ed) S see? We lim: eo 
4 F(x) uns ( : ) lim 


d = <= 
a FO) aoe fe = seer) e: 


EXAMPLE 5 Differentiate cos” 1 (2x +3) from first principle. 
SOLUTION Let f(x) =cos— t (2x + 3). Then, f (x +h) =cos— : (2x +3 +2h). 


a _ 3 f(x+h)-f@ 
dx (f (x)) = rae 7 


4 (yy) Hes cos! (2x +3 +2h)- cos! (2x +3) 
dx h>0 h 


iB ~sin7! (2x43 +4 2] od {3 ~sin7} (2x + 2) 


d 
—- (f(x)) = lim 
dx h->0 h 


£ ¢ (xy) = lim sin’ (2x +3) - sin”! (2x +3 + 2h) 
dx alee 


h 

2 a ome sin” 1 {(2x +3) V1 — (2 +3 + 2h) — (2x +3 + 2h) V1 — (2x _ 3) 
dx h>0 h 

a ae sin: ZZ 

ax (f (x)) ot Pere apt 


where Z = (2x +3) V1 — (2x +3 + 2h)? — (2x +3 +2h) V1 —(2x +32 


DIFFERENTIATION 


= 


d Zi 
SEO) SS lib = 
ax hoo fh 


£ f(x) = lim 


£ Fe) = lim 
Laie: )= hi 
ha> 
4 f@) = ee 
ra KG )) = lim 
a a 
ax FO) = 


a | 
-- lim cing ml 
h->0 Z 


(2x +3) V1 — (2x +34 2h)? — (2x +3 42h) V1 - (2x +3) 
h 


(2x +3)? {1 — (2x +3 + 2h)*} — (2x +34 2h)* {1 - (2x +3)7} 


eS h (2x + 3) NI — (2x +34 2h)? +(2x+3 42h) V1 —(2x + 3)*} 


(2x + 3)* — (2x +3 + 2h)* 

ro h[@x +3) Vi @x+3+ 2h? + (2x+3+2h) VI —Qx+3y} 
~ 4h (2x +3) — 4h? 

0 h |(2x +3) V1 — (2x +3 + 2h)? + (2x +342h) V1 = (2x +3)7| 


=4 (2x +3). 


0 (2x +3) V1 - (2x +34 2h)" ESRD RSE 


s 4 (2x +3) 
2 (2x +3) V1 8 (2x 43)" 


~ Vi—- (x +3) aeRO 


EXAMPLE 6 Differentiate log sec x from first principle. 


SOLUTION ach = log sec x. Then, f (x +h) = 


log sec (x +h) 


S (f (x)) = = m L+H=-f@) 
oat 

is _ 4. logsec (x +h) —log secx 
a? ae h 

loo (Oe (x +h) 
d 5 sec x 
a FO) phe h 

cos x St 

fi 10 i ce (x +h) ) | 
FF (f (x)) = aoe % 7 

we lie cos x — cos (x sia 
as = cos (4 +11) y £08 x = cos (x +h) 
dx (f(x) = ee cos (x +h) 


d ee 
Be foc 


d 
a FO) = 


d a sin X 
ax F &) ik SOT 


h ia x — cos (x+ a 


cos (x +h) 


Loses cos X — COs seal 


2 sin cee eae 
cos (x +h) 


2 2 


an h cos (x +h) 


h>0 


1 x lim 5 Th 
h-0 — 
2 
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EXAMPLE 7 Differentiate e’"* from first principle. 

h 
SOLUTION Let f (x) = evianx Then, f (x +h) = e\tan (x +h) 
d et fat hy =F (x) 
a f &) = lia. 


=> 
Vtan (x+h)  Vtan x 
d eg ae 
ates = ji aly ay eee 
=> dx f )) aa h 
Me BRE eae atin eed ead 
dx h>0 h 
4 evtan (x +h) —Vtanx _ 4 Vtan (x +h) — Vtan x 
= el S)) cota ind V ‘i 
dx no (Vtan @ +h) — Vtan x i 
, pvtan (+h) -Vtanx _ 4 Van Gh) ~ Ytan x Vtan x 
=>  — Zg(x = M® tim Vtanx|° 
PF “po [Vtan(x+h) —Vtanx]° ,_,9 
d _ Nant im tan (e +h) - tan x Re 
= ax O) =e eta ae h “ tan (x +h) + tan x 
rh eae ites aie Fe ows i 
=> de (f(x) =e a cae h cos (x +h) cosx * Vtan(@ +h) + Vtan x 
rds _ ,Vtanx Slay 1 
=> dx (f(x)) =e i Bee Oe 
d Ee evtan x 2 
= dx GOs 2Vtanx “°° * 


EXAMPLE 8 Differentiate x tan”! x from first principle. 
SOLUTION Let f(x) = x tan™ nee Then, 
f(x+h) = (x+h) tan} (x +h) 


rae a. f (x +h) -f (x) 
re) pe h 


h>0 


a — ve +h) tan! (x+h)-x tan) x 
ar dx (f (x)) sz: ft h 
d : tan”! (x +h) -tan-! x htan-1(x+h 
4 gy = tim |x {tant @+h)-tan x] htan (x +h) 
S eilleie (Se 
-1{ x+h-x 
ce feran 


a Sei; a ee 3 = 
= rs (f (x)) oe i +. ise tan ~ (x+h) 


= h 
oo lr Foam 


da 
BS) G(x) =x lim x “ly =—* 
dc h—0 eer rary 
1+x(x+h) 
EXAMPLE 9 Differentiate sin | Vx (0 <x <1) from first principle. 
(HSB 2001] 


SOLUTION Let f (x) =sin™! Vx. Then, f (x +h) =sin”! Vx4+h 


DIFFFRENTIATION 11.15 


= (f(x) = lim 123 IEG) 
1 


dx hao 
— £ F(x)) = [bore sin‘ Vx th - sin’ Vx 
dx h>0 h 
Pils sin’ | vx +h VI—x —Vx VI—-x_h| 
= BAL @)): = lingers s 
dx hoo h 
d i ae es 
= ax UO) = dm =e Zz —, X>,where Z=Vx +h Wee at bath eee eee 
>0 
d NOY ods sint hz sine Z 
= SX) =. ima =o ite = Ss Bhi =1 
dx hoo hoo Z Z>0 
d eo (Pn Ay ee ee) 1 
Be ry). nl 
z dx 7) yim h “Teth Vi-h +\x Vi-x—h 
da a h(-—x+x) 1 
y dx 1502) ena h “Vxt+h Vi-x +x Vi-x—h 
‘ d ; it 
$i ax FO) slim. NX #hN hao ene ioaex h 
d 1 
af Fic) PONG NI =o 


REMARK It should be noted that a is an operator such that when it ts applied on y = f(x) gives 


us f. (f (x)) = au Also, ay is not simply a fraction obtained by dividing dy by dx. For example, 


a ee : ie the ce by rag? hae ae 
if dx 8 applied on sin x it gives us Cos X 1.¢., ae (sin x) =cvus x. The operator dx called the 


differential operator. =< iapEt 
f(x) 


Operator 
a 
dx 


Output \ ; 
ay f) 
Ficalaa 


EXERCISE 11.1 


Differentiate the following functions from first principles: 


Rig ae ne oh eae q) eook 
Hiss 
5 yee 6. log cos x 


7. (i) eX OFX iy x7 e* (iii) log cosec x Hope Upbeey 
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ee ee en  maaE CA Let leas 8 OST eG ANSWERS 


1. =¢e* a. 36% Bude a = es gin x 
V2x Ycot x : : 
e 2 é 2 . x- a x 
5. 6. —tanx Tis (00) a= SA TED cosec’ x (ii) (0 +2x)e 
V2x 2 Vcot x 


(iii) — cot x (iv) Tee 


11.4 DIFFERENTIATION OF A FUNCTION OF A FUNCTION 


In this section, we will study about the differentiation of composition of two or more 
functions. 


THEOREM (CHAIN RULE) If f(x) and 9(x) are differentiable functions, then fog ts also differen- 
tiable and 


Pe (x) = f’| (©) g(x) 
o£ yes) | = Fags ooo) @}-F(8) 


PROOF Since f (x) and g (x) are differentiable functions. Therefore, 


x h>0 


h 
vet 2) 
£ @) = lim Se tH=s 
x 0 h 
Now, 
# {(fog) (| = tim PRED —fe8 
h>0 
ak: ra fig (x) = Fea}, 
= cm (fog) (x) lim h 
a ofr heayie @)) 3 +h) =e ix) 
s 0. = Il . 
dx (fog) (*) meen BAX TH) oAN) h 
23 4 (fog) Goie lims 2 tN a ts CO) et ee er) 
x psd ve eS 8 (x) eh h 
Z: 4 (os)! Se lim ie, Re H=3) 
g(x+h)> 9 (x) § (x +h) — g(x) h-0 
[... g§ (x) is differentiable, g (x) is continousand hence lim (x +h) = g )] 
h>0 
= + |(fos) (x)} arte {fog (2)} -- = © (g@)). 


son x) 
REMARK 1 The above rule can also be restated ive 
If z=f(y) and y=g (x), th ee ioe) 
uA y=g (x) on dx dy dx 
OR 
Derivative of z w.r.t. x = (Derivative of z w.r.t. y) x (Derivative of y w.r.t. x) 


DIFFERENTIATION 11.17 


REMARK 2. This chain rule can be extended further. 
Derivative of z w.r.t. x 
= (Derivative of z w.r.t. u) x ( Derivative of u w.r.t. v) x (Derivative of v w.r.t. x) 
ILLUSTRATIVE EXAMPLES 

EXAMPLE1 Differentiate the following functions w.r.t. X: 

(i) sin (x7 +1) i) eo (iii) log sin x 
SOLUTION We have, 
(i) Let y=sin (x7 4-1). Putting v= x*+1, we get 


+ is 
y=sinuandu=x°+1 


dy du 

rae cos u and Pow 2x 

dy dy _ du 
NOW. dx du’ dx 

da > 
= Fe = (cos u) + 2x = 2x cos (x* +1) [wax +1] 
Hence, £ \sin (x7 + 1} = 2%. COS (x7 +1) 
ALITER We have, 

2 d 
2 je ey I (x7 +1) - de (x7 +1) 
: d (x? +1) 

= = |sin (x* +1)! = {cos 2 +1)} - 2x 

re 5 2 
= We \sin (x? + 1)} Ei COS (x? +1) : 5 2 rn i isin (ea + 1)}=cos (x* + 7) 
(ii) Let y = &™%, 


Putting u=sin x, we get 


y =e" and u=sinx 


tl 


ey e” and cL COS x. 


du dx 
dy _ dy | du 
eee dx du dx 
= Gy ne! cose = cone ot [-.. w= sin x] 
dx 
q . 
Hence, ae (PA ee eos. 


ALITER We have, 


sin x 


; t d 
d (errr he — {gin *) xy sina, = ¢ x COS X. 


dx d (sin x) 
(iii) Let y = log sin x. 
Putting u=sin x, we get 

y = logu andu = sinx 
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d 
ee ae and a =ECOSHY: 
dy dy _ du 
Now, dx Fine Fe 
d 
— LCL ae : x COSX = COU ad, 
dx u sin x 


Hence, £ {log sin x} = cot x. 


ALITER We have, 


1 
{log sin x} x © {sin x1 = —— x cos x = cotx 


d : -- 
— {log sin x} = pia 


dx 
EXAMPLE2 Differentiate the following functions w.r.t. x: 


d (sin x) 


(i) log sin 2 (ii) ein (iii) sin (e*). 
SOLUTION (i) We have, 
Let y = log sin ie 
Putting v= x? and u=sin x7 =sin v, we get 


y = logu, u = sinv and v=x* 


Cig aduge Te, aes Age 
aio doe aa Cn onl 
Now, 
dy _ dy du | dv 
ax -du~ do \dx 
dy 1 ng eel ; 
= dx y OOS OX xing nex ee [-.. u=sin v] 
Up 2 
= ara COUU 2x 2x cot x [-.- v=x"] 


Hence, £ (log sin x?) = 2x cot x? 


ALITER We have, 


d ; 2 
2m log sin x| pers {log sin x| isin x| -— (x7) 
d (sin x2) d (x*) Hy 
d : 
= - flog sin e = x cos x7 x 2x = 2x cot x2. 
sin x 
(ii) Let y=" e 


Putting x*=vand u=sin x =sin v, We get 


y =e", u = sinv and v = x2 

ad d 

Ape Che ema and & = 2x, 
Now, 

dy _ dy, du do 

dx du dv” dx 


DIFFERENTIATION 


=> = = e“xcos vx 2x =e” x cos v x 2x 
=> 2 = NX cos x2 x 2 
(iii) Let y=sin (e*). 
Putting e=v,u = pe = e”, we get 
y=sinu,u=e’ and v=x’. 
dy _ du _ sy» do _ 
die C8 G5 dy = 
dy _ dy du. dv 
SoM, dx ~ du dv dx 
= MY = cosuxe’ x2x = cos (e") xe” x2 
v2 2 
=> ML = cose") xe* x 2x 
2 Pa 
ALITER + tsine*) = ee {sin e* } x L 
3 d(e* ) d (x*) 


EXAMPLE3 Differentiate the following functions with respect to x: 


(i) 7 +x+41)4 (ii) Vx24x41 (iii) sin? x 


SOLUTION (i) We have, 


Putting 


Now, 


=> 


Lety = OF. 42 41)*. 
x7 +x+1=u, we get 


y= ut and vy = x7+x+1 


ay = Ay? weet =i Pie eM 


du dx 
dy _ dy du 
ix = du ds 


dx 


ALITER We have, 


d 
d(x7+x+1) 


eS 4 
7E {(x° +x4+1)"} 


texts = A(x27+x+1)°- (2x41) 


Lety = xet+x4t1 
x°+x+1 = u, we get 
y = Vu andu=x+x+1 


1_ 
dy 11) Leet ns 


dit 2 aly dx 


; it 
(iv) Apes =e 


BYE aes (x+ 1).204 00 tx) aoe + 1) 


(2+x+Dix 2 @r+r4) 


11.19 

-- u=sin v] 
[vo = x7] 
[uae 
[0 =x"] 


¥ da PIN xv x 
{e } x) COSI (Cam) Cums 
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| dy _ dy du 
dsatic dx ~ du’ dx 
ey ee x+1 eee Le eed [-.- u=x+x4+1] 
a dx ee 2Vxt+x4+1 
ALITER We have, 
d ipa d 2 101 %4s 7 e 1 
#2441} = —z— [x + 42)" ]- txt) 
| ‘ tay dx 
= EW +x+1] = 5024x410? rth) 
(iii) Let y= sin? x. 
Putting u=sin x, we get 
y= and u=sinx 
dy _ 42 dupa - 
ipo 3u° an ag COS X. 
dy _ dy du 
mow: dx du’ dx 
= 2 = 3u?xcosx = 3 (sin x)* x cos x [-.. w= sin x] 
dy 3 
=> eo Sie ICOS Ns 


dx 
ALITER We have, 


fOr «Bn oe igre ahS 

FE: (sin- x) = fe {(sin x)°} 
=> ue (sin? iQles se {(sin x)} < te (sin x) 

dx d (sin x) dx : 

ie 3_ 
— ae (sin? e) = oi (Sin xy 1 x cos x = 3sin? x cos x. 
é 1 
(iv) Let y= Ce 

av —x* 


Putting «u=a?—x*,we get 


es Si 


y= au andu=a- 2 
u 
dy +1. 3 du _ 
oh u and eae 2X 
Sg EE 
axe du dx 
d I ae i q 
=) =—-=-uU Pax (= eee (Dy =. Pers Su = at 
dx D, 2 43/2 ( ) (a2 — x2)3/2 ee One 
EXAMPLE4 Differentiate the following functions with respect to x: 
(i) log (sec x + tan x) (ii) e* sinx 


(iii) sin“ (x3) aa sin“! atbcosx)\ , 
b+acosx |’ a 


DIFFERENTIATION T27 


SOLUTION (i) Let y =log (sec x + tan x). 
Putting u=sec x + tan x, we get 


y = logu and u = secx + tanx 


- = 2 and ou = sec x tan x + sec? x. 
u u dx 
dy _ dy du 
SOW. pbe Shee bs 
= & — T.(secx tan x + sec? x) 
dy 1 
= = ——————_ sec x (tan x + sec x) = sec x. 


dx. sec x. + tan x 
(ii) Lety = eo". 
Putting u=x sin x, we get 


y =e" and u=xsinx 


ay du : 
GY _ and — = xcosx + sinx. 
du dx 
Now, lt = dt Mt 
‘ dx aw ax 
d : rf : 
=> See = EE COSEPRISIE OPEL amg eps oe oe *) 
ALITER We have, 
d x sin x d x sin x d . sin x . 
gt sin x) — ———_—_ {e* "| x —— (x sin x =e x {x cos x +sin x}. 
a ) aan. dn ) 
{iil} Lety= sin’) x” 


Putting u= x", we get 


y= sin wand u=x° 
ee at ae 
a View ra 
Now, ae = dy x du 
ux au ax 
Al 
= Ee ee oy = eX 3x? 
dx Niet a Vi-x 
ALITER We fae 
ie 1 
=~ i (sin 13) = —— {sin 1,3} A= — f= z x 3x2 
egy { a+b cos x 
Gy} EU es ath | ae 
7 
a+bcos x 
i ———— , we get 
SORES ~b+acos x’ 8 
biter: a ents es 
a a oa  — b+acosx 
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du _ (b+acosx) (0—bsin x) - Se 
and, 

ie (b+acos x)" 

du _ (a eecolem 
= eee A SE eS Semis 

dre (b+acos x)* 

dy _ dy, du 
Noe Gpumda dx 

ee, 

a dy _ 1 aC Pi sine 

dx f1—u2 (b+acosx) 

dy 1 - (a? - b?) sin x 
=> a e =a 

- ii SUES (b +a cos x)? 

| b+acos x | 
l 5 be 

i gee el oes 2) ey Pe 

“ V(b + a cos x)? - (a+b cos x)* (b+acos x) 
= dy _ (a Hsin 1 


dx Vb? (1 - cos” x)- a’ (1- cos” x) *(b+acos x) 
mat dine (a? — b*) sin x we! A Le —a*) sin x 1 _-Ve-@ 


x = : 
dx VK Haag or b+acosx — NB? ee ges Sine et SOO8 aa Ba c0S 


EXAMPLES Differentiate the following functions w.r.t. x: 


(i) & (ii) log, (logy x) (iii) log, 2 
SOLUTION (i) We have, 
Let y=e°. 
Putting e* =u, we get 
y =e" and u=e* 


dy _ du _ x 
du aCe 


dy _ dy | a 
Noy dx ~ du~ 


dy _ 
mi ax 


(ii) Let y = log, (log, x). 


ae. 


| 
ia 
x 
ia 


Putting u =logs x, we get 


= logy u and u = logy x 


OUP an Bu eee wee 
du u log, 7 dx x log,7 
Now, ay = dy du 
dx du dx 
= eee! 1 


dx ulog,7 ao log, 7 


[uae] 


DIFFERENTIATION 


LOR 1 1 
= Gx elds, ¢ los, fox loge 76 
ate Been 2. x logy x (log, 7)* 
ALITER We have, 
hogy ( — 
dx 087 (log7 x)} = P(lose 2) (log7 (logy x)) - 5 (logy x) 
d 1 1 
= —— jlogs (1 = 
dx | 087 C087 %)| logy x. log. 7 * x log, 7 
= & logy (log x)} Sees oe 
dx x logy x (log, 7)* 
wa 1 [ 
1 ) ‘§ f = 4 Da =- | 
(111) et y = log, 2. Then, y bee | 
Putting u = logs x, we get ‘ 
y=7and u =logy x 
yds 2 du _ 1 
du ue a axe x l6g,9 
iat. a YY x = =-+x—1 Sar 2 a Gee bree 
Adu ax ue we tos ee (logs x)? * log, 2 
ALITER We ine 
d i} d bil d 
—— | - | ) = 
fe Bx 2) dx | logs x lis Zi togs bs \\ logo x | dx toga x) 


EXAMPLE6 Differentiate the following func tions w.r.t. x: 


— 


(i) sec (log x”) 


Viog | sin| 5-1 |}. 


(ii) log tan 
(111) 3 
SOLUTION (i) Let y=sec (log x”). 

Putting $x" =v, u=log x’ = log v, we get 


y = secu, u = logv and v = x” 


dy = 4 du = 1 dv r n-] 
a sec u tan u, ae zs and ax nx 
dy _ dy du do 

Bow, de du do. de 

= LN oy ap A Ne RAS 
dx v 

= ee (log x") tan (log x”) x se Neri 
dx pal 

= ay = = x sec (log x”) tan (log x”) 

i mx | 

(ii) Let y = log inl T+ 415 } 


E23 


[-.. u = logy x] 


- log, a= 


[ee 


Slike 
log, 


[-.- u = logs x] 


1 1 


(logs x)* XG log, 2 


[CBSE 2002] 


MATHEMATICS-XII 


11.24 
Putt Rytsy pales ~ |= tanv =u, we get 
Ce Meer a a eee 
WS ees 
y = logu, u = tanv and v= 4 + 5 
ay eA dui eth du _t 
ee aan ios v and yal: 
dy _ dy du, do 
ON can du do dx 
= a Be cess = ie sect ox 5 [-..u =tan v] 
dx u 2. tanv 
— MBs z pee ne ee = sec Xx et ae 
We sin ucosy sin 2D ._{ T | cosx ‘ts 4 
sin| 7, +2 } = J 
er ) 
——] )=sin v= wand log } sin| ae bbs log u = z, we get 
\ I] 
ip Zs Z =log u, u = sinvandy = 7-1 
tye mle eedcte alae! dv _ 2x 
CES RE TTD se axe 
N dy _ dy dz_ du a 
OWA dz" du do dx 
d 1 1 {2x \ 
=> = Sel q = 
es By Rye COSC 
dx = 3 yVlog u [-.-z = log ul 
(oun. 
te meres 
gee AT — = =< ) 
=> dx 3) Me oe coal 
x Ped hist 
sin [5-1] log jain | | 
22 
XCOL ea 
= dy _ 3 
dx 5 ee cee 
Bere eax: 
3 eee 1 | 
\ 3 J 


EXAMPLE7 Differentiate the following functions with respect to x: 


(i) log (x+Va2 +22) [CBSE 2003] Gi log) == b sin x | 
: a-bsinx ) 


e+e 

(iti) —- ' +sin x 
Pe. (iv) lo = 
e-—e § —sin x 
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SOLUTION We have, 
(i) Let y = log (x + Na? +x"). Then, 


Bye 2 oe log (x + Va* + x?) 


dy _ 1 ay Apa Go, 21a xe 
= ie io at pHs acm $x°) Se (a TAS al 
os dy _ ie a re ie aural 1 Nat eee x 1 
dm hat Nails = Nate CP EN PE ge a+x 
ms wsin x. 
Bet 1 (a+ 
(ii) ety = °8| FOE os . Then, 


} 
y = igen — log (a—b sin x) 


= dy _d igre 
= a ae og (a + b sin x) - PF log (a—b sin x)} 
vee, eel d - 1 
> Wa balay ait ik Gee eri eben xe pea 
dy _ 1 “a 1 d ‘ 
4 de = a@ebsinx dx leah) S10 a—bsinx EG oe) 
ey PONT ttc fee! sy 
— tic ug wrmrr a e ret ed Es a b cos x) 
aA Gee UeOene.  PUCOSK hy shen eile eee 
dv Gbsinx -a—bsinx Siren a=bsinx 
a BU lage aged 2 Pas as Using _ __2ab cos x 
die | (a+bsin x) (a—bsin x) az — b2 sin? x 
Katy WE 
(iii) Let y= <—“—. Then, 
dy * a} € am ei 
dx dx | ee x | 
(e* -—e 4 Oe \-(e +e 23 eh (e*-e .) 
is, dy _ dx 4 dx i 
= dy _ (e*-e *) (ea ee Gig 08 (e*+e *) 
dx - (eset) 
dy (fae Py eegre min OF! 
=. 4 ia Xx g Ky2 re ee RY) 
b (e“-e *) Cree) 
(iv) Let y = log aaa Then, 
‘ 1/2 
Pas 1+ sin x 
y 8 1-—sinx 


pips 1+sin x 
re ie eat 1=sin x | 
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= y= . log (1 + sin x) — log (1 - sin x)| 
MEL: od te ty es et ee ere 
=> aa Wie {log (1 +sin x)} qx (108 ( sin x)} 
d , 
ae : Hl 51 See ee OLS: 
y uke ene ee 1—sin x ton ) 
= dy _ 1} 1 Wid Sacot a) Oe eco 
dx 2 | 1+sin x 1 — sin x | 
dy~_ 1|_cosx 5 _cos x | 
a dx 22 Deine 1 -sin x 
me dy 1 oe | Lzsinx+ 1+ sinx | 
dx 2 | 1 — sin? x i 
=> ay = ona < = LOS TSEC: 
ax 2 t 1-sin* x cos* x 
EXAMPLE8 Find ee when 
a e* + log x 
: ra ee ce x 
(i) y=e™ cos (bx + Cc} (11) sex 
iii) y=e* log (1+27 wv) ya Sixt 
(iii) y og ( ) (iv) y Capa 


SOLUTION (i) We have, 
Using product rule, we have 


dy _ yxy a d 
ae et x =e (cos (bx + c)) + cos (bx +c) x oe (4) 
ay : : d 
=> a =e x {sin (bx + ¢)) x oe (bx + c) + cos (bx +c) x &* x £. (ax)} 
d 
= oe - #*{— sin (bx +c)} -b + cos (bx +c) - & - (a)} 
d y 
= fs = ée* {—bsin (bx +c) +a cos (bx + c)}. 
(ii) Using quotient rule, we have 
: d 
es : sin 3x x FE (e* + log x) - (e“ + log x) x # (sin 3x) 
dx (sin 3x)" 
; (ecm LT Aan d 
sin 3x-| &* += |-(e* + log x) - cos 3x -~ (3x) 
dy x ax 
=> ae : 
x sin* 3x 
é 1 
ee alge + log x)- cos 3x -3 
3s a , 
dx sin? 3x 
at © _ (e +1/x) sin 3x —3 (e* + log x) cos 3x 
bs 


ae) 
sin* 3x 


DIFFERENTIATION 11.27 


(iii) Using product rule, we have 


dy _ 
ax ~ 


1s ek eae 


ee & {log (1 + x*)} + log (1 + x?) - =~ (e*) 


d 
dx 


Sa Pe e i Waees (1 + x*) +log (1 +x) -e* 
+x x 
dy __¢ en 2a 
= Ps ees BA AES ) = ae eyes, Oey Me 
(iv) We have , 
= ae = (sin x +27)- tan 2G 
Using product rule, we have 
dy = fi 2) a oy a ; ) 
ip (sin x + x*) Fe: (tan 2x) + tan 2x ay (sin x + x*) 
=> 2 = Gi yeee ro aaah (cos 2 20) 
ax dx 
— au = (sin x + x*) sec? 2x - 2 + tan 2x - (cos x + 2x) 
=> a = 2 (sin x + x*) sec* 2x + (cos x + 2x) tan 2y. 
= [x ¢V x24 07 ]%, th es ae BSE 2005 
EXAMPLE9 If y=[x + Vx° +a], then prove tha an ee [CBSE 2005] 
SOLUTION We have, 
{ n 
va ix + V2 + a2 | 
d ee ho? oad | 
= aaa NE +a°} 
n=l { 
=> 4 = alee Vetta lee x? +a"} 
dx dx 
=> 4Y _ ales Vt 4a eas Lib es Vx +a? 
dx dx dx 
=> Ye nea Vero e? a ena fated) 
Be 


ao 1 
= CL aN x* +a" }" fen oa | 


= Bed Vix? +a? |" eas 1 as 


[ 2 2 


= bee Gaim Bene ny 
ULias Vetaeae\ u a 
af dx niet ae Vix +a? x7 + a7 x7 +a" 
I hed Pa as 
AeSin sa 2 oy Sn 
= ~ SE = + log V1 — x°, then prove that = 
Naha RL ee Glin ay aeee 


MATHEMATICS-XII 


11.28 
SOLUTION We have, 

s 1 2 
y=xsin! x (1- x7) Utt slog ( — x*). 


J 


Differentiating with respect to x, we get 


i -1/2 i dae 21 
= fhe! x*(1—2°) MA) +5 Gy HOB (Lx )! 
Hae 2\-1/2 
=> @ = sin tx a -2y? (x) +x+ 4 (sin x) dx 
EG at ae aa a ie. Gin 2 Ey hn Be 
tarsin” es (le) ete ‘ie ae x“) 
= died Sti 0) ene Leora 
dx Vi —x* Viet Aaa 
ssh lt exible, \igae 222g iO Le Pa a yeh ee Be py 
+x sin xf tid x*) ax a 2x) 
5 dy sit) aie * 8 AONEY Gin ATE Sg AS a 
Be Nba pax 2 tpl? 1-x? 
es dy _ sin) x | x? sin x 
dx ae al x2)3/2 
= dy _ sin’! x a x | sin”! xy tian ee sin! x 
die Vi-2 | a= vi- 2 1-2/2 


EXAMPLE11 Differentiate the following functions w.r.t. x: 


(i) sin (msin | x) (iy sg 7): Giese 
SOLUTION (i) We have, 


y=sin (m sin ! x). 


dy ae: ee 
> =) =a sshaul(7mmeinge » oe 
eee. (ahs isin )} 
dy ‘ me d ee 
= = COSI? Slit mk) Game (72ST 
a ( ) ay ( ) 
dy 1 d 1 
= ee COSI (Ties Lee Cra See 
ax ( ) dx ( %) 
if cies et 1 mI 
= dye cos (msin  x)xm Bee = = == COS (1 sin | xy. 
Ha Vege Nie 
(ii) We have, 
(si Lee? 
ey 
dy We pegecd cays 
dx ax ‘ 
dy (Ee A , 
=> ee = GM 2) Noo a isin) ie 
ax 5 dx KSEE a 
du in i ane ‘ a 
=> oes aksin x) loga-2 (sin! x)* tes es (sin | x) 
ax Aine 
dy mee { 
= EE, = gin” x) loga-2sin “1 xx eral 
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dy _ 2loga: Sin px 


fogs! 
= « isin x) 
dx Vix 
(iii) We have, 
ee eos Vix? 
dy — &) cos N1—x‘| 
— = 
ue x 
= ela Be 
= dy = ecos NI-x caateaa Vi- x} 
dx dx 
dy cos! V1 = x? =a d Ni giges 
=> == (3 x a 
ax | a eee dx‘ amin 
A 
dy cos) Vi-x* . vt 1 Nee ial We 2 
aa =e x me X= (1—-x°)2 x7 (1-2) 
dx iy ¢ Soa es ) dx ( 
dy eos EViisx4 1 il 
= = = SS ee (ee 
ie € x( 5 5 ee 2x) 
: dy Sccos” V1 ~x" 1 
¥ ee lias 
EXAMPLE 12. Differentiate the following functions w.r.t. x: 
2 5 
(i) logig x + log, 10 + Jog, x + loging 10 (ii) 59°* +@-x/P 


SOLUTION (i) Let v = logy) x + log, 10 + log, x + logj9 10. Then, 


i 
CRO (8.2 ea cae ae 2 1+1 
y or logig x 


= y = logig x + ogio x)! 2), 


Differentiating w.r.t. x, we get 


dy 1 a7 d 
a = ———_— ¥(— 1) (1 Ra xe x 
dx  xlog,10 ui RCS, dx (logo #) 
Ly) eo CoN erie OE 
” dx  xlog,10 bees s log, 10 
dy 1 1 1 
— =- a ee, ea 
dx xlog,10 x (logig x)? loge 10 
1 
= Las eae aa ———F log, 10 
dx xlog-10 x (logig x - loge 10)” 
= dy Fades oe Sn eae jog 10 
dx Sd log, 10 y (log, Cae 
(ii) Meteo Mark). 
Differentiating w-r.t. x, we get 
dy _ 8 -*) 44 (3-2) 
ax: ax dx 
oA EN eS 7 AG 5x tx 45 B= atx BEX) 
Axi Gy Ber 2 idxey dx 


MATHEMATICS-XII 


11.30 
= a = 5°-* log, 5x (0- 2x) +5 (3 -x?)* x (0 - 2x) 
ce Be = 2x (5°-* -10g,8 458-1) 


wana) 2 
Vat +37 + Va? x 


“ ———, show that =— 
EXAMPLE13 If y Neg ecece Up ee ae * 


SOLUTION We have, 


dy 2 Qg* 
<= 


——— 
“ 
pd 
Als 
| tr 
Rs 


lm aL. va > => 4 = 
Va? + x2 —Va2—- x2 Na? +22 —Va2—x* Na? $224 Va* x2 


SOs ei ery wis ar pee ner ee ee | ie ve 
re a= (a? He) = (a2 =a) 5 2x? 
a fie Oa + 2Na 
2x2 
ue a 
=> y = ax 4 Vat — x4 x? 
So ee eore mere 
= a = — 2a? x34 (-2) x3 Vat x4 + (0°) : (a+ = bide? £. (a* — x?) 


2 
dy 2m 2 fan 4 J 3 
——3 SS SSS SS 5 — xX SS | a 
dx neh = "4 2x? Vat — x4 SS 


2 
dt = ii 2 
a eee 
ae ee a*—x 
cn oe a ie 
dx 3 | 33 at Pe x4 
= dy x = 2g" | at x44 x4 
dx | ov 4 
A dy fe 20 a Oa ee oo 
ane PS 5 or ee a 
dx x Nat Seo eee | Vat — x | 
il == 3 
EXAMPLE14 Ify= V— prove 2, dy 
fy Lax (Prove that (1 — x ae +y =0. [CBSE 2004] 


SOLUTION We have, 
y-V 


Differentiating w.r.t. x, we get 


l-x 
L+x 


dy i721 


ri dhe | 4H l= x | 
dx 2| es ix| ip 


DIFFERENTIATION 1ESt 


d 
Nifer (+x 5-0-9-d-n£a+y 


dy 1 
=> => x 
dx 2 ae (1 +x)? 
dy _1~fl+x _(1+x)(-1)-(1-x) (1) 
= = x 
dx 2 1-x (1+x)* 
dy _1 1+x  -1-x-1l+x 
= de > 2-1 exe he? 
dy __ 1+x 1 
a dx lesy (+a 
d Bay 1+x 1 2 
=> ql x) = eee cutee, 
- a-4y@=-Vi= = => (1- -x)H = -y = a- - x7) +y =0 
d x 
EXAMPLE15 If y = VAtE show that = ISS 
f-< GX. (ire) Nie 


SOLUTION We have, 


eNi ie 


1-& 
Differentiating both sides w.r.t. x, we obtain. 


1j2—1 
ay 1} 1+e xo 1+e& 
dx 1-& ag & 
(1 - e*) — ye fey (1 -&) 
a dy _1./1-¢ “aoe dx dx 
deg lap iy =ey 
a dy = ok oa Us yer+lteryr _ DiAjives 2e* 
dx 2 ee ad- ey 2: ieces (1 -e*)* 
epee Ay een SL AS eS oe ees 
% dx 1+e ey) Vite (1-03? 
dy _ e 


=> 


e 
Vite vVi-fa-&) O-e)vi- 
EXAMPLE16 If (1+x)"=Cy+Cyx+Cox° +... + C, x”, prove that 
Gale 2o + tnd, =n2"-! Gi) Cy=2C7 4334... +C1)" 2G, =0 

SOLUTION We have, 

(1+4)" = Cot Cy x4 Cox +... +C, x" 
Differentiating both sides with respect to x, we get 

nO +) = Cy +2 Cox 43Cax'+...+nCyx"* 
Putting x = 1 and — 1 successively, we get 

Coe iG e9C, 4. +0, = 02" 
and, 7-203 Gs $e 1" nC, = 0 
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EXAMPLE 17 Using the fact : sin (A + B)= sin A cos B+cos Asin B and the technique of 
differentiation, obtain the sum formula for cosines. 
SOLUTION We have, 

sin(A +B) = sinA cos B+cos A sin B 
Taking B as a constant, A as a variable and differentiating both sides with respect to 
A, we get 


aioe 4 Sore rae 

7 (sin (A +B) ) = cos B qa Sin A) + sin Ban (cos A) 
=> cos (A+B) = cos BcosA-sin BsinA 
= cos (A+B) = cos A cosB — sin A sin B. 


11.4.1 DIFFERENTIATION OF INVERSE TRIGONOMETRIC FUNCTIONS BY CHAIN RULE 


Insection 11.3, we have obtained the derivative of inverse trigonometric functions from 
first principles. In this section, we will obtain the same by using chain rule. 


THEOREM1 [fx (—1,1), then the differentiation of sin” 1 + with respect to x is 


_— x2 d 

; iy EER ee en 
i.e., ae (sin “x)= fea for x € (— 1,1). 
PROOF Let y=sin— ly. Then, 

sin (sin! x)=x => siny=x 
Differentiating both sides with respect to x, we get 

eae 
i= FP (sin y) 
ates di 
=| des i (sin y) X ot [By chain rule] 
d 
=> l=c ay 
cosy 7 

= i es 

dx cosy 

d 
cn a hee 

dx N‘1-sin? y 

d 
=> ath ae aod 

dx V1 = 32 

dy 

te eee 
So at ace eh ree: 
THEOREM 2 ifx€ (—1,1), then the differentiation of cos x with respect to x is ee 

1-x* 


A de et =i 
i.e., ae (COSHa:x) — vie for x€ (—1, 1). 
PROOF Lety=cos ! x. Then, 


cos (cos! x) = x 
= cos y= x 
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=> a. (cos Raa [Diff tiating both sid 
ay Laas ifferentiating both sides w.r. to x] 
d d 
= ayses yx aba ; [By chain rule] 
=> ~siny #4 =1 
es By 
dx siny 
= 1 as Gee 
dx V1 —cos* y 
d -1 
a eae ge isx<! [-.- x =cos y] 
= = (cos! x)= ; sil pec il 
d Wee 


Px? 
— d Se ed 
i.e., rs (tan x)= ee 
PROOF Lety=tan- ly, Then, 
tan (tan — 1 i 
aS tany=x 
=> £ (tan y) = £ (x) [Differentiating both sides w.r.to x] 
=% ne (tan y) x ay) 1 [By chain rule] 
dy dx 
as 
=> sec* y a 1 
E Oe unditex 
X SeGEa/ 
=> HY : 


ah [-.- y=tan! x and tan y= x] 


dx 14-2 
THEOREM 4 The differentiation of cot | x with respect to x is —=5. 
Iai 
: d ee -1 
fen == tiie x)= 
i.e Te (co ) 7a 


PROOF Let y=cot ' x. Then, 
cot (cot! x)=x 
=> coty=x 


=> £ (cot y) = - (x) [Differentiating both sides w.r.to x] 
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a dy _ Using chain rule 
=> Hew [Using c rule] 
=> - cosec?y x = 1 
s dig aut 

dx cosec* y 
tay dijset e USs ' 

dx 1+cot? y 

a -1 S al “* = — i = 
= dx (ct eae [-. y=cot ‘x and x=cot y] 


THEOREMS If xe R-[-1,1], then the differentiation of sec |x with respect to x is 


1 
heel Vx7—-1 


: d ea 
1.e., =a (SEG t 


1 
ee ee ok ed: 
|x | Vx*-1 I 
PROOF Let y =sec"! x. Then, 


sec (sec ly=x 


= sec y=X 
x eee) [Differentiating both sid 
op ae erentiating both sides w.r.to x] 
d d 
= “wee y)x Stal [Using chain rule] 
> secy tan y G4 =1 
£ is a 
dx secytany 
Ifx>1,theny€ (0,m/2) .. secy>0, tany>0 
y dy _ 1 = | secy| | tany | =secytany 
dx | secy | | tany| [tany | Ifx<~-1,then ye (n/2,m) -. secy<0,tany<0 
= |secy| | tany | 
= (- sec y) (— tan y) =sec y tany 
by ears ae ee 
dx | secy | Vtan? y 
a 
dx | secy | Vsec*y-1 
d 2 1 
=> — (sec! x) = ———=——= 
dx a Wye sea 
bared el If xe R-[-1,1], then the differentiation of cosec! x with respect to x is 
1x | Via 
d 
Le, ae (cosec” ! x) = 1 
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PROOF Let y=cosec ! x. Then, 


cosec (cosec” ! xX)=x 
cosec y =x 


a mC 

Fe (cosec y) = ae (@9) 
a dy _ 
dy (cosec y) x ie 1 


— cosec y cot y x = 1 


dy -1 
dx cosec y cot y 


1 Ae aad OR 
dx | cosecy | | coty | 


Oye 1 SRS 
dx | cosec y | Vcosec* y - 1 


a $ 23 
rs (cosec 


St 
x) = 
ite] No 1 
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[Differentiating both sides w.r.to x] 


[Using chain rule] 


If x>1, then ye (0, 2/2) 
=> cosec y >0,cot y>0 


= | cosecy | |coty | =cosec ycot y 


If x<—1, then y € (- 2/2, 0) 
. cosec y <0 and coty <0 
= | cosecy | | coty | 


= (— cosec y) (— cot y) = cosec y cot y 


Differentiate the following functions with respect to x: 


1. sin 3x +5) 
3. tan (x° + 45°) 


5. esin Vx 


7. sin* (2x +1) 


9. tan 5x 


x 


ai, 3 


° 


13. 3x +2x 


a5, 3% 198% 


17. 


19, 


21. e?* cos 2x 


Jae 


10. 
12. 


14. 


16. 


18. 


20. 


22. 


tan” x 


4. sin (log x) 
6. 
8. logy (2x — 3) 


efan x 


a 

log, 3 

eee 
a? +37 


1+sin x 
1-sinx 


(log sin x)? 


: igus 
sin 5 
1-x 


sin (log sin x) 
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MATHEMATICS-XII 
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Oey etan Sie 24. é Coke 
: 1-cosx 
sin x —— CBSE 2003] 
25. lo f.3 26. 10g 1+ cos x 
D7. tan (ean) 28. log (x + Vx7 +1) 
29. a nos x 30. log (cosec x — cot x) 
x 
Pa Pe x74+x4+1 
RATS ee 32. 10? |= eee 
31. et pee S x-xtl 
a in! 2x 
33, tana (€) 34, € 
= 
35. sin (2 sin ! x) Bowe Ve 
37. \ tan”! & 38. log (tan™ 1 y) 
as 
39. ee 40. xsin2x+5* + K + (tan? x)? 
(x7 +3)? 
3x7 sin x 
41. log (3.x +2) —x* log (2x-1 TY Di 
og ( ) on ) afm a 
43. sin” {log (2x + 3)} 44, e* log sin 2x 
2 \ 3 
45. oe : 46. log {x+2+Vx?+4x+1] 
44 —Vx-1 
47. (sin™! x*)4 48. sin! a 
Vx2 + a? 
e“ sin x 3 
49, een! 50. 3¢** log (1+x) 
7 2 3 
ae) x2 (1 — 22) 
51. = 
5 Vcos x oh cos 2x 
53. log (3x + 2) — x? log (2x - 1) 54. e* sec x tan 2x 
55. log (cos 7) 56. cos (log x)? 
x-1 
57. log csi 
58. Ify=log Vx-1-—vVx+1 |, show that 2Y a 
aX ON 4 
59. Ify=Vx+1+Vx-1, prove that Vx" -1 wat y 
x 
60. If y= x_, prove that x a (i- 
x+2 dx . y) y 
61 


62. 


ae yates (+7) prove that £4 = a 


Vx dx 2x (x +1) 


Ify= 1+ e show that Y= e 


-eé dre (tee Nees 


pas 


— 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


FAs 


72. 


TAR 


74. 


Ls eget 2. 2tanx sec” x 
1 
S Sirsa ps sec? (x° + 45°) 4, 7 008 (log x) 
in Vx 
5. ua 6. &AN* . sec* x 
: 2 2 
7. 2sin (4x +2) 8. (2x —3) log, 7 
ue 2 5x 
< 10. 3x*-2* log 2 
9 180 5°¢ 2 (5x° ) x 0g 
1 
11. 3° log 3 - e* 12. - a Ant ie 
x log, 3 (logs x) 
2 — 2a? x 
13. (3% ** log 3)- (2x +2 14. — 
By taal 2)" +2) Vas +O? 
15 16. sec x (tan x + Sec x) 


19. 


21. 


. 3° 108%. log 3 - (1 + log x) 
DG 


dy _ 1 
If Vx A 
yY=Vx + ma prove that 2 x ie eR 
2, 4y UI 
If == = 
y= See prove that (1 -x 4) aos xm “ 


ieee 
ify Be Ses y ay ara 
y See = prove that 4 Ly 
If y = (x ~ 1) log (x ~ 1) - (x +1) log (x + 1), prove that & = log 


dx 
If y =e* cos x, prove that $4 = N2 e* 


-cos| x+= 
4 


es 1-cos 2x | dy _ 
Ify= 5 log Teas oad ‘Lai that ff = 2 cosec 2x 


Ify=xsin! x+V1-x7, prove that av sin! x 


If y= Vx? + a*, prove that yt —x=0 


ay pa 


dx 
If y= Va" - , prove that ytsx=0 


If y =e +e ~, prove that 


Ifxy=4,proverthatx{ H+ y# |= 


ihe Ko Am Eze rae oe 
Prove that oe F a —* +7 sin 


2 


. 2 (log sin x) cot x 


al 
cos 


1—x? 


- ee ae 20. 
Vli+x (1 ye 


e>* (3 cos 2x — 2 sin 2x) 22. 


—*,, 
(1-x*)? 


cos (log sin x) - cot x 


ro | 


1+x 


THES 77 
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23. 


25s 


Pad fe 


DO: 


31. 


Sieh 


35. 


37. 


39: 


“40. 


41. 


43. 


45. 


47. 


49. 


51. 


52. 


Bx} 


54. 


55. 


57. 
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1 e\cot x 2 
tan 3x , 2 24. -= - cosec* x 
3€ sec’ 3x 2 tnx 
pee = 26. cosec x 
i+ cos x 
: ; 1 
2 ,sin x) , sin x . 28. 
sec” (e%!"*) - e& cos x SE 
-2 1. 2 
ox log x +5 — 7 log x 30. cosec x 
5 ea 32, — Zeal 
(e2% — @ 2%)? xt+x54+1 
e 2. in” 2x 
— 34. -e 
1+e* 1-47 
-1 
dos 2 sin? x)» ==> aac tah 
V1 — x2 " Vx (1+) 
ba | 38. V yaa, 
x - 
(4422) Vian 5) a 
Seat cos x-lo ea 
(x? +3) ss x7 +3 


sin 2x + 2x cos 2x + 5* log 5 +6 tan? x sec? x 


3x° sin x 


ei 2x2 6x sin x + 3x2 cos x 
ax42 Dea ot oe e- 42. a ors a re 
sin {2 log (2x + 3)} - a 44. 2e* cot 2x + e* log sin 2x 
2x +3 

2x3 1 
ax + 46. >> 

x*-1 Vx2 44x41 
16x? (sin! x4 ‘ 48 a 

V1 -x8 gt + x2 


e‘sinx+e*cosx 6x e*sinx 
(x74 2° (x? 42)" 


see) 
fio x42 
2x +| ——— |tan x 
ae) 2 
2x (1 - x)? sec 2x {1 — 4x? + x (1 - x?) tan 2x} 
Sat 2a" 
3x+2 2x-1 


e™* sec x {a tan 2x + tan x tan 2x + 2 sec” 2x} 


50. 
x+1 


— 2x log (2x — 1) 


~ 2x tan x2 


- Slog (+1) | 


a6. = log x sin (log x)? 


x 
1 


1 
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11.5 DIFFERENTIATION BY USING TRIGONOMETRICAL SUBSTITUTIONS 


Sometimes, it becomes very easy to differentiate a function by using trigonometrical 
transformations. Usually this is done in case of inverse trigonometrical functions. Some 
important results on trigonometrical and inverse trigonometrical functions are given 
below for ready reference. 


(i) sin 2x =2 sin x cos x 
(ii) 1 + cos 2x =2 cos? x or cos 2x =2 cos* x -1 


(iii) 1 -—cos 2x =2 sin? x or cos 2x =1—2 sin’ x. 


2 tan x 1 —tan? x 

iv Sh SSS v) cos 2x = ———_ 

(iv) 1+tan? x ( 1+ tan? x 

(vi) ante ae (vii) sin 3x =3 sin x -— 4 sin? x 
Saab 21 i ae, § 


3tanx—- tan? x 


(viii) cos3x=4 cos? x — 3 cos x (ix) tan 3x = °) 
1-3 tan’ x 


(x) sin! {x Vi-y¥° +y V1 -x } 
‘ Iv¢sin by , if-1<x,y<landx+y’<1 
or 
= ifxy<Oandx?+y*>1 
nm—(sin7!x+sin"! y) ‘ if0<x,ySlandx*+y*>1 
—n—(sin'x+sin ! y) , &-15 x,y<Oandx*+y*>1 


ssinn {x Vi-¥ -yVi-x | 
sins! x-sin'ly, if-1<x,ySslandx*+y’*<1 
or 
a ifxy>Oandx*+y°>1 
n—(sin7!x-sin™! y) ; if0<x<1,-1<ysOand’+y*>1 
~n—(sin'x—sin+y) , if-1S5 x<0,0<yslandv+y/21 


6x) cos! xy I=? VI | 


cos }x+cos ‘y , if-1<x,ysSlandxt+y20 
2n—- (cos }x+cos ' y) f if-1<x,yslandx+ys0 


cos’! fxy+ V1-x2 Vi-y’ | 


. cos'ix-cos'!y, if-1<x,ys<landxsy 
1y-cos ly), if-1Sy <0,0<xslandx2y 


sin” 


—(cos” 


tan-ix+tan ly, ifxy<1 
(xii) an (78 5 n—-(tanix+tan‘y), ifx>0,y>Oandxy>1 
- n+(tan-'x+tan/y) , ifx<0,y<Oand xy>1 


tan-'x—tanly, if yi 1 


(xiii) tan”! See n—(tan7! x —tan™! y) , ifx>0,y<Oand xy<-1 
fas ~n—(tan”}x-tan | y) , ifx<0,y>Oand xy<-1 


z Es i 2 
(xiv) sin 1y+4cos Da eS a 
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(xv) tan“) x+cot! x= : for allxe R 


(xvi) sec! x+cosec!x=7 ifxe (-2%,-1}U[1,%) 


(xvii) cos! (- x) =n-cos! x forxe [-1,1] 
(xviii) tan”! (- x) =— tan! x forxe R 
(xix) sin! (-x)=- sin! x for x€ [-1,1] 
(xx) sit acoseet[ F)ifx< (-o,-1]U[1,°%) 


1 i] 


—,ifxe (-~,-1] U[1, 2) 
x 


eor'(5] Dice 0 
x 


(xxi) cos“ x =sec_ 


(xxii) tan} x= 


-rrcor!() 5 beet) 
(xxiii) sin”! (sin 6) = elfe sea 


cos” ! (cos 0) = 6,if0<O0<7 


=4 Up ar 
tan ~ (tan 0) = 60, if 7 <O<,5 


sec! (sec ®) = 8, if0<0<n, 045 


cot! (cot ®) = 6, if0<0<n 
Following are some substitutions useful in finding derivatives: 
Expression Substitution 
an +x x=atan98 or acot®@ 
ae — x2 x=asin® or acos®@ 
aie 


x=asec6 or acosec8@ 


eae or Vers x=acos26 
bY , 


a+x a-x 
a? — x? ae Af a? +27 x7 =a* cos 26 
hips x? om x 

ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Differentiate the following functions with respect to x 
(i) sin”! (sin x),x € {0,2 11} 


(ii) cos! (cos x),x€ [0,2 7] 
(iii) tan”! (tan x), x € [0, x] - 


DIFFERENTIATION 


SOLUTION (i) Lety=sin™ d (sin x). Then, 


Ae tt 
ae ite] 0,5 | 


y = sin | (sin x) = nx, itve|> a 


We observe that 


[LHD at x 5] = 1 and, RHD at x = | =-1 


yf Z 
[LHD at = 2 = ~ Land, [ RHD at = =| = il 
So, y=sin | (sin x) is not differentiable atz= a 
; Tt 
. ey txe0,5] 
ay exhc Ll mr 3 
eae 1, ite (32) 
: 31 
1 xe [% 2] 
(ii) Let y =cos > z (cos x). Then, 
—-x, ifxe [-1,0} 
Be cee a) = x, ifxe [0,2] 
y Qn-x, ifxe [1,27] 
-2n+x, ifxe [22,37] and soon. 
Clearly, 
(LHD atx = 0) = —land(RHD atx = 0) = 1 
(LHD at x = ™) = 1and (RHD atx = ™) = ~-1 
(LHD atx = 27) = —land (RHDatx = 27) = 1 
So, y =cos- 1 (cos x) is not differentiable at x =0, 7, 2 7. 
dy _ 14, if x-exX0 ,3) 
PICNCE, ap gic (3 | ifxe (mn, 20) 
(iii) Let y=tan_ 1 (tan x). Then, 


Me xe 0.5 


=] et x=n , ifxe Uap 
y = tan (tan x) = 2 
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EXAMPLE2_ Differentiate sin! (2x V1 - x) with respect to x, if 

: 1 1 et ae fra 
(i) — Ya <*< Yr (ii) yr <*<! (iii) -l<x< Cy 
SOLUTION Let y=sin | (2x V1-x*). Putting x =sin@, we get 


= sin! (2 sin @ cos 8) 
y 


= y = sin !(sin2 6) 
; a, 1 
(i) If- J <x< yy, then 


ee 1 T Zee t 
ssn l= 515 Sinks a = ee 7 <20<5 


sin” ! (sin 2 6) 


y= 
- Oe | -Fe2e<m 
=> y = 2sin +x [-. sin@=x = 6=sin~!x| 
=> eae é 

dx — V1 — 42 
(ii) Itc, then 

pb 1 : Tt T T 

a sin® = > <sin® <> rie = 9 <20<n 

y = sin’! (sin260) 
fk seas * (si 

y = sin sin (n- 28) ) 
> Y= 2.0 [- F<20<n = 0<n-20 <3] 
> y=n-2sin"! x 
=> ay — “ = - 

dx V1 — x* 1-x? 
or | 
iii If-1 - 
(iii) ax < Yo then 


: ; 1 
x= sin > —1< = _ _t Tt 
sin 0< ye 9 = 0< doen "Pep “sy 


y= sin ! (sin 2 0) 


= Yee sine. (—sin (1 + 2 6)) 

= y= sin’ ! (sin (-n-26)) 

= =-7-20 fs <20<-5 > ~Bens20<9 
=> y =-n-2sin"!x 


2 


Z 
- 0 -—==— - ___ f+ 
V1 — x? V1 = x2" 


s a 
dx 
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EXAMPLE3 Differentiate sin” (3x — 4x°) with respect to x, if 
eh ne ata 
(i) 9 <t<5 (ii) 7 <x<1 


SOLUTION Let y=sin ' (3x — 42°). Putting x = sin 0, we get 
y = sin’! 3 sin@-4 sin’ 6) 


— y= sin’! (sin 3 @) 
; 1 1 
(i) If-> <x <5, then 
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(iii) ~l<x<-3 


Tt Tt 


x = site => i < sees = Z£ 26 <a 5 Bea 


2 2 6 6 


= y = 30 | -F<30<5| 
= y = 3sin'!x 
& dy. G23 

dx V1 -x 
(ii) If 5 <x<1,then 

: iW a: tT nm 9 3 

eS E> 7 <SinO<1 = 6<8X<9 = 9 <3 9< 7 

y = sin’ (sin3 6) 
= y = sin’! {sin (n- 3 )| 

ug St SH 0 aD n 

=> y=n-390 [.- $<30< seed Ey 30<5| 
=> y =n-3sin ‘x [-. x = sin®@ = @ = sin! x| 

dx Vi -x* Vi-x 
(iii) lf-1<x<-3, then 

: 1 Tt Tl eas T 
x = sin@ = —1<sin@<-, = a ee ey 
y = sin | (sin3 6) 
3n Tt T 

=> y = sin’! {sin (- 1-3 6)| E ~3% <30<-Fa -Fa-n-30<5| 
a y= -n-30 
= y =-n-3sin |x 

a 
y dx ~ la 1=x* 


EXAMPLE4 Differentiate cos” 1 (2x* — 1) with respect to x, if 
(i) 0<x<1 (ii) -1<x<0 
SOLUTION Let y=cos- : (2x* —1). Putting x =cos 0, we get 
y= cos’! (2 cos? 6 — 1) 


2 


Y uy 


J 
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y = cos” 1 (cos 2 8) 
If0<x<1,then 


RR 
i 


cos0=> 0<cos0<1 => 0<0<5 = 0<20<7 


y= cos’! (cos 2 8) 


y= 2.0 [.- 0<260<n] 
y = 2cos !x [-.. x = cos 6 = 0= cos} x| 
dy 2 

dx 1-x 


If—1<x<0O,then 


x = cos0 = —-1<cos9<0 => A<OKn => 1<20<22 


cos! (cos 2 6) 


y= 

y= cos! {cos (2-28) 

y =2n-20 [3 tc 20<20 => 0<2%—-20<7 
y = 2nm—-—2cos A 

NO ee noe 2 

ie ee A oa 


EXAMPLES Differentiate cos‘ (1 - 2x”) with respect to x, if 


(i) O<x<1 (ii) -1<x<0 


SOLUTION Let y=cos— Pi = 2x"), 
Putting x =sin 9, we get 


(i) 


y = cos !(1-2sin? 6) 
y= cos | (cos 2 0) 
If0 <x <1, then 


33 = Goals) = Orsini] = 0<0<5 = 0<20<2 

y = cos ! (cos 26) 

y = 20 

y =2sin ‘x [... x=cos® = @ = cos"! x] 
hae ae 

dx b= x" 


If—1<x<0,then 
x =sin®0 => -1 < sinOd<0 = Sia => te 0 


Y=cos” ; (cos 2 8) 
y = cos” i (cos (- 2 8)) 


Yee [-. —t™<20<0 => 0<-206<7] 
y=-2sin ‘x 
Uae 
che 2 


1-x 
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EXAMPLE6 Differentiate cos‘ (4x° — 3x) with respect to x, if 


eel a 1 os 1 
(i) r(-3-3] (ii) ve (3-1) (iii) re(-1,-3] 
SOLUTION Lety=cos_ : (4x? - 3x). Putting x = cos 8, we get 


y = cos” 1(4 cos? 0-3.cos 8) 


=> y= cos ! (cos 3 8) 
i) Ifxe [373] ten 


1 il Tt 27 
cos 8 => — 5 <cos 8<5 — pet a 3 es qn S18) — 2 


y= cos! (cos 30) 


R 
i} 


=> y = cos ! {cos (2n-3 09) 

= y =2n-36 [inn U <0 <2 gh Ol 2 nO <a | 

= y = 2m-3¢c0s a [-. x=c0s 0 = @ = cos”? x] 
dy 5 3 

— - ae RE Sia eo) ee ee: 

(ii) ieee (}/1},then 


t=- COs 0) => 7 <cos8<1 = 0<0<3 =>) ar <0, 


ae y = cos} (cos 3 8) . 
=> Gea ol [= O30 <*t] 


=> y = 3cos’!*% [- x=cos © = @ = cos”? x] 
EL Bova: ee 
dx Y Aa xe 
(iii) - If-1<x<~3, then 
j Dare 
x = cos8 => -1<cos8< as — a <@0<m => 27<380<32 


cos”! (cos 3 8) 


y= 
> y = cos ' (cos (2m—38)) . 
= y = cos ! (cos (30-27n)) [-.. 22<30<3n => 0<30-22<7] 
=> y=30-2n 
= y =3cos 'x-2n 

dy - me) 


i 


3 
— . —=¥—-_ 0 = = 
dee NT = x* V1 — x7 
= 2x : ; 
EXAMPLE 7 Differentiate tan i = 5 with respect to x, if 
-—Xx 
(i) xe (1,1) Gi) xe Coo,= 1) (iii) xe (1, -). 
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SOLUTION Lety=tan™ 4 i; ce i} Putting x= tan 6, we get 


y= tan! (tan 2 8) 


(i) If—1<x <1, then 
x=tan® => -—1<tan@ <1 > -1<0<4 =, ~5<20<5 
T T 
y = tan? (tan 2 0) = 20 [.. -F<20<5| 
=> y = 2tan'!x [-. x=tan@ = @ = tan! x| 
dy Pee 
— = 
dx 1422 
(ii) if -coo<x<-1,then 
Tt Tt Tt 
x = tan® => -e<tan@<-1 => 2 ip ows Os —s —m<26<-7 
y= tan’ | (tan 2 6) 
= y = tan’! {tan (n+ 2 6)} 
= y = tan’! {tan (x +2)| js -"<20<-5 0<n+20<5| 
= y =n+20 
=> y = 1+2tan! b 
aye +S Wes 
= = 0+ = 
dx lee, Lex 
(iii) If x € (1, 0%), then 
= T Tl Tl 
x = tan® => 1<tan0d<o => 4<9%<5 = 3 <20<n 
y = tan’! (tan 26) 
= y = tan’! {- tan (n— 2 )| 
> y = tan! {tan (2 0 - n)| 
=> y= 20-nt jv F<20<n = ~F<20-n<0| 
= y = 2tan!x-n 
=> dy _ 2 _ i ed 
dx 14x? 1+ 


3 
EXAMPLE8 Differentiate tan’ ! sre ‘ais 
1-3x 
ae aad 1 - i! os 
(i) GED aay (ii) Pay (iii) x<- Te 
3 
SOLUTION Lety=tan ! e a . Putting x= tan, we get 
=x 


tae tan=2 3 tan 0 - tan® 0 
1-3 tan’ 6 


=> y= tan ! (tan 3 8) 
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; 1 1 
(i) If V3 <*< yay then 
- ae li ug ug i n 
x = tan8 => ei Oe ee 
y= tan’! (tan 3 0) 
=> = 30 meee Ue 
y¥ . 9 <3 9<, 
= y = 3tan ! x [.. x = tan@ = 0 = tan! x 
aye es 
=> = 
dx 14x 
= 1 
(ii) Ifx> 5, then 
5 1 n nt nq 3T 
x = tan®8 => tan @> 7 = es = 7 <3 8< 5 
y= tan”! (tan 3 6) 
=> y = tan’! {- tan (n-3 6) 
= y= tan”! {tan (3 6-7) 
= £ eae 3m eee See 
= y=30-t . 7 <3 8< ee 7 <38 T<5 
=> y = 3tan} x= ih [. x=tan@ > @=tan! x] 
dy 3 ) 
=> ee (= 
ax 1422 1++ 
ae 1 
(iii) Ifx<-<p, then 
enh oes dan 0 2 8 ee Boe ge = 
V3 2 6 2 
y = tan! (tan3 6) 
a y = tan”! {tan(n +3 6)} 
31 T Tt Tt 
4 y = 7+380 [.. -S<a0<-F  —Fans30<5| 
= y =n+3tan 'x 
dy _ 3 wares 
—> = O+ = 
dx Tore 14x 
EXAMPLE9 Differentiate sin’ : k 2x | with respect to x, when 
+x 
(i) xe (-1,1) (ii) x € (1,2) Gil) xe (—%,= 1) 


rie acy 
SOLUTION Lety=sin | : 
ioe 


y = sin”! 2 tan 98 
1+ tan? 0 


} Putting x = tan 0, we have 


= y = sin’! (sin 20) 
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Gi) 


u 


=> 


= 
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If x € (—1,1), then 


Tt Tt Tt Tt 
x = tan@ => -1<tan@<1 > se clare =, mo = 203 * 


= sin’! (sin 2 0) 


Tt Tl 
y= 20 [ -F<20<9| 


< 
| 


If x € (1, ~), then 


Tt Tt 
x = tan0 = 1<tanOd<o => ete = 9 cae 


reaiey: 
y = sin’ ! (sin 2 8) 
y = sin’ } {sin (n-26)| [-.. sin (w-2 0) =+sin2 6] 


tT-20 E 


y = n-2tan |x 


WPS 5 Se 2a ABE se. 
dx ix 1+x7 
If x € (— 0, — 1), then 


y <20<n = 0<n-20<5| 


2 


a NIA 


- x=tand => 6= tan”! x| 


x = tan8 => —»<tanOd<-1 > ote => -n<20<-+ 


y = sin | (sin2 6) 
y = sin | {-sin(n+26)} 
y = sin! {sin (-2-20)} 


= 2 0 [- -m<20<-§ = -$<-n-20<0| 
y =-n-2tan! x [.. x = tan > 0 = tar’! z| 
GE er erate 
dx See 1+x° 


2 
EXAMPLE10 Differentiate cos’ [ 4 with respect to x, when 
i 


(i) x€ (0,-) (ii) x © (— 2, 0) 


2 


=f R= 
SOLUTION Let y=cos 4 t 4 . Putting x = tan 0, we have 
+x 


(i) 


pe paca 1-tan? 6 
1+tan? 0 
y = cos’! (cos 2 6) 


When x € (0, °°) 


x = tanO=> 0<tan@9<o = 0<0<>=>0<20<n 
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y = cos" , (cos 2 0) 


Te 
« 
i 


20 [.. 0<20<7] 
= y = 2tan'! x [-.. x=tan@= @=tan ! x] 
a. 942 
—— = 
dx 14% 
(ii) When x € (— ©, 0) 
x = tan® > -«<tan@<0 => ~3<0<0 => -7 <20<0. 
y= cos’ ! (cos 2 6) 
= y = cos ! (cos (-26)) ; [.. -%7<20<0 5 0<-260<7] 
= y=-26 
=> y =-2tan !x 
an YS eA 
dx 1+x7 
EXAMPLE 11 Differentiate each of the following functions with respect to x 
aah ae2 
(i) cos™! : _ ,0<x<1 (ii) sin7! i _ RO ac al 
1+x 1+x 
= ee i 1 1 
ves 1 . 1 
111) cos i Loa 1 iv) sec |, 0 au 
eH) feed Ry baa V2 
SOLUTION We have, 
=i 1—x? 
(i) Let y = cos 5 , Where 0 <x <1. 
ibeere 


Putting x=tan 6, we have 


y = cos7! at 


1+tan?6 
= y= cos” ! (cos 2 0) 
= y = 28 | O<x<t = O<tenO<1 > 0<0<5 = 0<20<5| 
> y= 2tan} x [-. x=tan0 > 0 = tan”! x| 
dyss 2 
=> 
a ier 
1-x7 
li Let y=sin"! , Where 0 <x<1 
G) a teal 


Putting x=tan 8, we have 


ag) Bot 1 -tan? 6 
7 1+tan? 0 


= y = sin! (cos2 6) 


=> iy eesit {si E ae a 
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Tt 
- O<x<1 =>O<tan0<1 > Ob 


Tl 20 4 
x LISS F 1 1 m 
= 0<20<5 =e 5a2o<p 
= po eerai hi 
= y = 5-2tan' x [.. x=tan@ = @=tan x| 
dy _o9- 2 ee 
=> = = 
dx Woe 1+x7 
om Sale 23 
(iii) Let y = cos 5 , where -1<<x<1. 
+x 
Putting x=tan0, we have 
Cea eed 2 tan 6 
z 1+tan?6 


cos’! (sin 2 @) 


= y = cos} [as(S-20)| 


va y 


.--1<x<1>5-1<tan0d<1 => -i<0<7 


= y = =-20 
~ 2 Reng ck we 
=< 205 = 0<, 20<5 
— y = =-2tan'x 
dy Ton ee 
os —4 
dx 143 
; Sos 1 1 
(iv) Let y =sec ae ; , where 0<x< acy 


Putting x = cos 8, we have 


y= sec! — 
2cos 8-1 


— y= cos! (2 cos? @— 1) E sec 12 = cos! | 
=> y= cos! (cos 2 8) 
1 1 TU Tt 
= 20 = = = = 
= y |: U<x< 5 = 0-<cos 0<"F- > O<6¢7 —)-20-7 
— y = 2cos ‘x [-. x=cos@ = @=cos !x 
i ae 
dx eee 
EXAMPLE 12 Differentiating each of the following functions with respect to x : 
Cf eat eve ee hs +s -1 2 1 1 
(i) sin (2x xe |, ya <*< Va (ii) cos (2 V1-x |) Yr <%< yy 
: hoe. 1 1 
SOLUTION Let y = sin! (2 1 -x” |, where - = a 
(i) y=s x x” ), where — [>< <7. 


Putting x = sin.6, we have 
y = sin | (2 sin 0 cos 0) 


= y = sin | (sin 26) 
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Fe ee os ee ao < nee 
fey S50 2 TAREE Pe CS eRe? 
3 ™ pgs Tu 
— Ir ae 2 <29<5 
=> y = 2sin'!x [-. x=sinO= O=sin ! x] 
= ee Z 
dx Vi-x 
li Let = cos” 1(2 1-x*), ra 2h 
(ii) y Ss x x“ ), where Venn 


Putting x = sin 9, we have 


y= cos } (2 sin 8 cos 8) 


=> y = cos ! (sin2 6) 
=> y - cor fos(-26] | 
ne : vegies = earn Ge : 
an y = 2-26 Ne 2 ae V2 
2 x x wu 3 3 
= 4 kT a2 O< oy? O55 20<T 
=> y = 5 2sin) x [-. x=sin@ = O=sin ' x] 
— oe 2 
tn iy 
oH i 
dx V1-x7 
EXAMPLE13 Differentiate the following functions with respect to x: 
(i) Ee rel _—nax<n (ii) ten | fuentes | ,—-R<X<T 
sin x 1+cosx 
(iii) tan“ hana | MV RES Eene (iv) tan”! ee nO ae <7 
1—cos x 1+sinx 
(v) tan“! | cee | pe ck (vi) tan (sec x + tan x) ,- 5 <x <5 
SOLUTION (i) Let y = tan’ | = s082 | Then 
sin x 
2 sin? ~ 
= tan! 2 = tan! tan~ == |. -gex<ens Jecteck 
y a x Mite re pha 
sin 5 COS 5 
dy _1 
Ai @ oe 


(ii) Lety = tan | vee’ | Then, 


1+cosx 
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(iii) 


(iv) 


(v) 


(vi) 
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tan” (ee | , if tan =a 


3 2 2 
y= tan! cP ere! = tan! tan | = 
2 cos* x/2 - tan" {tan 3) if tan 5 <0 
xe 1a 
27 ifO<x<n dy 2? ifO<x<7 
UES — - 
-5 , if-t<x<0 cae — if-t<x<0 
Lety = ta \y cose | Then, 
d= COS x 
= ‘VV 2.cos*x/2 -1 x = x 
Sect 2eos?s/2 | _ iy cot | = tan cot > 
2 2 sin? x/2 2 2 
= =I eS vite es 
y = tan cae a] 2792 
ie Tey A 
aan Page sy 
Lety = tan cos * . Then, 
Pest a 
au roa Lior <3 Rix 
sin( Fx asin( $+3 Jeos( 745 | 
y = tan! y ———__- f = tan”! 
1-cos{ F +2] 2 sin? ra 
= = oe = 1 ES re Wie eal 
y tan {eot( 7 +3 || tan {ea{ 5 he ae’ 5 
d al 1 
Go fe 
Let y = tan”! | \ Rees | then, 
ie Sin x 
= =| 1—cos(m/2+x 
= tant { Viz 008 /24 9) 
y 1+ cos (1/2 + x) 
ys tart Saini c/a aay) 
2 cos” (1/4 + x/2) 
=l Une TUS* x, . 
eetan 5s tanh += |e igen cL eee 
| e || ah 9) . B<E<G 7 O<7+5 <5 | 


Lety = tan! (sec x + tan x). Then, 


y = tan! 
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2 sin? E = 4 ) 
-1 =i Th Tau 
ad = tan = ae et 
: 2sin| += |cos Rx o {( 42 |] 472 
4 2 Ame? 
dy _1 
poses 
EXAMPLE14 Differentiate the following functions with respect to x: 
(i) tant {Vi+x2 +x},xeR (ii) tan? {(Vi+x?-x},xeR 
Vix? -1 
(iii) tan“ | Eafe 69 [CBSE 2004] 


x 


Py bNi eat gee 
(iv) tan 1{ Herat) x0 (v) cot | Te +x} 
1+sinx +V1l—-sinx 
V¥1+sin x —V1—sinx 
SOLUTION. (i) Let y=tan) (V1+x" +x). Putting x = cot 8, we get 
‘ y= tan”! (cosec 0 + cot 8) 


Ba 1 cos:05\) 2 _1{ 1+cos 8 
gare (ana “Sire |} ea 


(vi) tan? | | ,0<x<0. [CBSE 2004] 


u 
Ml 
s 
5 


2 sin g cos g 
2 2 


nm O Aen oll 
= y = ta n( cot} = tan ten[ 3- Aras 
co 


37 5 ot! x [..x=cot6 -.0= cot! x] 


ay - 9-3} - oe tie 
2 ae ~ 201 4+x2) 


(ii) Let Tras 1 (14x* — x). Putting x = cot 8, we get 
y = tan 1 (cosec 6 — cot 0) 
) 
2sin- 
_1{ 1-cos® \_ Sl ek 2 
=> y =tan an tan 0 
2 sin, COS 5 
1 A ieee er! 
= y = tan [eng ]- 29-20% a8 
cre A SN > S63 60 NM Sana 
dx 2 1+x (lar) 
be 
(iii) Let y=tan” Bas ak . Putting x = tan 8, we get 
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2sin? 
=> y = tan! 2° an ee 
2 si Cone 
sin 5 2 
= 6 1 1 -j 
ne 1 seh Se ee 
=> y = tan [ten | 59 5 fan x 


dy _1(_1 
dx 2| 1442 


1 V1 +4741 


(iv) Let y=tan™ * . Putting x = tan 6, we get 
anni sek Uaelews oe 4 jl eos 0 
y = tan ( ane }e es Bin O 
2 cos? 
=> y = tan”! a a 
entree 
Be 2 
sh O ages HO ) Vee) 2 a Rd oieeg 
= y = tan [cot 5 =tan ae alee a 5 tan 23 
BU eS ele et 
dx 2 14x 2 (1+ x) 
(v) Let y=cot! (V1+x2 + x). Putting x = cot 0, we get 
y = cot ! (cosec 8 + cot 6) = cot SS | 
sin 6 
2 cos? 8 
=> y = cot’ 6 
2 sin 5 cos 5 
1 1 
= = tl —-j=- = sil 
y = co cot 59 7 cot x 
(2! ie eens 
dx 2 (1+ x*) 
: -1 JNl+sinx + V1-si 
Vi Hetaivi=t : eux 
iva} ‘alent [rene singin | 
We have, 
Nae Nate ky a ee Na ee 
1+sinx = Vsin > + COS Basi COs = [coo 5 +sin 5) 
—> V1+sinx = cos 5 + sin 5 
= V1+sinx = cos 5 +sin 5 , for0< x <7, 


2 


: a <a \/ ‘ 
and, Vl-sinx = cos’ 5 + sin? 5 ~2sin 5 cos = [cos 5 sin) 


DIFFERENTIATION 155 


=> Vl-sinx = 


cos = sin es 
2 2 


Sayaea ake eam ta T 
cos 5 — sin 5 , if O<x <= 


= V1l-sinx = 2 2 
- cos == sin = if texen 
2 Pah? 2 


Thus, we have following cases : 


CASEI When0<x 


In this case, we have 


As DC x Owed 
cos > + sin — |+!/ cos = — sin = 


2 2 2 2 
y = tan! . 
[cos 5+ sin 5|-[cos sin] 
=> y= tan [co 5] 
: at 1 n_x 
=> y = tan {an( s)| 
ae? Roa 

$= 559 jo O<x<F = F< 5-30] 

Lame ae 

dx 2 2 


CASEII When - <x<n. 


In this case, we have 


~ +sin~|+| sin = —cos~ 
cos 5 +sin 5 | +) sin; 7 


> y= tan? tan 5| 
x 
=> Pa) 
ay 21 
~ Eee ee 


EXAMPLE15 Differentiate the following functions with respect to x: 
(i) tan“! bee 


acosx—bsinx 
bcosx+asinx 


(ii) tan Jo Pex Zand f ance 1 
at ad a et ae 1 

By at} Oa" x =| ae 

(iii) tan Recueil Ae os 
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‘ = | a-x 
(iv) tan! ,7a<x<a 


a+x 
SOLUTION We have, 


0 £{=(#5) 


Le {tan} at+tan! x) 


dx 
en SOR Fhe rere ee 1 
Ep (tan ata (tan™ x) = O+ 
(ii) Lety= tan Se erasin® } Then, 
bcosx+asinx 
; tan x 
Y Stato aoe eee 
1+ — tanx 
b 
=> y = wa '(f) tan? (tan x) 
— y= tn f)-x 
=> a) =(0—-1 =-1 
dx 
ae og Bee 
(iii) Let y=tan” || ~~ |. Then, 
2 a? — 3ax* 
3 
3x _ [x 
a a 
= aa 
y = tan 5 
1-3(3) 
a 
Putting = = tan 0, we get 
y = tan7?( 3 tan 8- tan” 6 
1-3 tan? 6 
— y= tan” | (tan 3 6) 
zs Lee 
= = oe pestle 
: | ae a 
=> a 3 -1% 
y tan a 
= a rare a ee a 
‘ x ane Gate 
may a 


1+x2 1+x 
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1 
2 
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a=x 
at+x 
Substituting x = a cos 0, we have 


(iv) Lety=tan-1{ |. whereas 


y = tan? | a=208 8 
a+acos®0 
er y = tan“? {V1= 088 | 
1+cos0 
| earl 
ary 2 
= y = tan 
Gyo? 
2 
=> y= tan * tan 3 
Now, —-a<x<a and x = acos@8 
= —a<acos8<a => -1<cos0<1 = 00m =F [03] 
TAS" 8 
y = tan nS 
—s ye tan-1(tan 5| 
2 
= y=50 
1 role 
— y = 5 00s = 
a ee b= -ake 
Cb Caen be |v aoe Vaz — x2 
ees ; 2Va 


a 
EXAMPLE 16 Ify=sin! {x VI- — Vx. V1 - 2? } and Oma ie then find © 


SOLUTION We have, 
y=sin! lx VI—x —Vx V1 - x? | whereO<x<1 


=> y =sin™ {x V1 — (xy - Ve V1- x | 
=> y=sin! x-sin wx | Using sil oe — sin y= si {x Vi-y*? -yV1-x7 H 


Differentiating w.r.t. x, we get 


SL erg aie Rea CMG rs Gn She bs 
dx V1-2x? 1-(Vx)? ax Vi-g Vi-x 2x 


V1 +27 4+V1-2x d 
ee ee ee ; Aid 
EXAMPLE17 If y=tan Tae eee 1<x<1,x#0 find. 


SOLUTION Putting x? =cos 20, we get 


11.58 


— 4 


: “ foe 2x =1\ = 
EXAMPLE18 Differentiate sin aE }: cos i 
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_1( V1+cos 20 +1 —cos 20. 
an 14 cos 20 — V1 —cos 20 


cos 6 — sin® 


; .\ 
os tan! eee ain = tan! ices le tan} (tan (1/4 + )) 


(i) xe (0,1) 


“ O<x7<1=> 0<cos26 <1 


Tt 30<20<n/2 
ae =>0<60<n7/4 
=>1/4<n/4+0<n/2 
ES cost x [ -.. cos 20 =x2 = = (1/2) cos? x7] 
ads SY erases Pe 
ae (1/4) + 5 ay (cos © x“) 
ee LCL ee? 
04%, aay rele) 
2x —x 
=— — X = 
eee eee 


x2 
5 | with respect to x, if 


+X 


(ii) xe (-1,0) (iii) x € (1, ©) (iv) x € (-~,-1) 


ae 2a =4 l= x? 
SOLUTION Lety = sin 1 +cos 
Y G — 2] ¢ + z| 


Putting x=tan 0, we have 


=> 


(i) 


We have, 


v= 


Ye 


.-1( 2tan®@ _1(1-tan?6 
sin ewe eo Ee + cos et Sos 
1+tan* 9 1+tan* 6 


sin ! (sin 2 6) + cos! (cos 2 8) 


When 0<x <1. 


x=tan@8and0<x<1. 


O<tanOé<1 => eae = 0<264 = 


ye 


y = 20+20 = 40 = 4tan 'x 


4 2 


sin’! (sin 2 6) + cos! (cos 2 8) 


[-. x=tan@=> @=tan! x| 
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(ii) When -1<x <0. 
We have, 
x=tan0@and-1<x <0 


-~1<tan0<0 > -7<0<0 => -F<20<0 


= sin! (sin 20) = 20 and cos’! (cos 2 0) = cos! \cos (-2 9)| = -20. 
y= sin! (sin 2 0) +cos ! (cos 2 8) 
=> y= sin! (sin 2 0) + cos”! {cos (- 2 8)| 
ad y = 20+(-26) |» -20¢(0.3] 
— y=0 
ay 
—— 7 0 
(iii) When x € (1, °). 
We have, 
Y= tan) amd 1 < x< co 
; ™ Tm ™ 
—s 1<tan6<0 => 4 <8<5 = 7 <20<0 
ss cos”! (cos 2 @)=20and sin”! (sin26) = sin” '{sin(n-26)| = 1-28 
“ y = sin ! (sin 2) + cos! (cos 2 ) 
=> y=7-20+20=7 
BY, 
= ie 0. 
(iv) When x € (—©,--1). 
We have, 
x = tan® and -o<x<-1l 
Tt Tl Tt 
= mee xeal Pa 1 =? Oi 5 BS => -7m<206< > 
=> sin7! (sin 20) = sin’ | [—sin (n +2 6)} = sin” ' {sin (-1- 2 )| =-n-20 
and, cos! (cos 26) = cos”! |cos (-26)} = -2060 
ee y= sin” ! (sin 2 0) + cos’! (cos 2 8) 
= y =—1n-286-20 
= y =—n-4tan 'x [.. x=tand «. @ = tan? x| 
LL apt Sam 4 
= a) = 
dx tex 1+x 


2 
i 2x a es es ; 
EXAMPLE 19 Differentiate tan 1/_ —|4cos7' with respect to x, when 
{=x 14x 


(i) x € (0,1) (ii) x € (1,%) (iii) x € (—1, 0) (iv) x € (—-,-1) 


= 2%, _1{1-x? 
SOLUTION Lety = tan : ; a} cos af | 


1+x 
a 
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Putting x = tan 8 , we have 


_4{ 2 tare if 1-tan?6 
ETO Neer ele rs mae ce 
1 —tan* 6 1+tan* 6 


y 4 
=> y = tan’! (tan2 0) +cos ! (cos 2 8) 
(i) When x € (0, 1). 
We have, 
0<x<1 and x = tan@ 
=> 0<tan6O<1 = 0<0<7 = 0<20e5 
= tan! (tan20) = 20 and cos !(cos20) = 20 
ee y= tan’! (tan2 6)+cos ‘(cos 2 8) 
= y = 20+20 = 40 =4tan /x [.. x=tan@= @=tan}y| 
dy 4 
—- => = 
dx 147 
(ii) When x € (1, ~). 
We have, 
x>1 and x = tan8 
Tt Tt Tt 
==) tan@>1 => Ter = 7 <20<n 
= 5 <20<n and -5<20-n<0 
SS cos! (cos 2 0) Sue 


and, tan’! (tan 2 8) = tan 1 (— tan (1m —2 6) ) 
= -tan !{tan(n-26)| = -(n-20) = 20-7. 
y= tan’! (tan 2 8)+cos ! (cos 2 8) 


— ye 20-1420 4 0 him A tan ver 
=> ay 4 770 = 4 
x 1+x 1+x- 
(iii) When x € (—1,0). 
We have, 


Lx OFand x)= taro 
=> ~I<tan@<0 = -7<0<0 = -E<29<0 
tan”! (tan 2) = 20 and cos! (cos 20) = cos7} {cos (-26)| = -20 


os y= tan”! (tan 2 6) + cos”! (cos 2 @) 
=> y = 26+(-20) = 0 


dy _ 
oi ax 2 
(iv) When x € (— «0, — 1), 
We have, 


—-e<x<-1 and x = tan@ 
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3 cals a oy 

= <tan@< at US ioe M<20< 7 
= 3 <-20< m and O<n+20<5 
=> cos! (cos 26) = cos! {cos (— 2 6)| =-20 
and, tan’! (tan 2 6) = tan’ |(tan (w+206)) = 17+20 

y= tan’ ! (tan 2 6) + cos” ! (cos 2 6) 
=> y=um+20-20=7 

ae 
=> eB 0. 


EXAMPLE 20 [fy = sin’ 1y4sin }V1- x”, find ay , in each of the following cases: 


(i) xe (0,1) (ii) x € (-— 1,0) 
SOLUTION Putting x =sin 6, we have 
y = sin” : (sin 8) + sin™ i (cos 8) 
(i) . We have, 
xe (0,1)andx = sin®@ 


: Tt Ls els 
=> O<sin@<1 = 0<0<, = 0<5 9<, 
y = sin’! (sin @)+sin ' (cos ®) 

Ts hoe ; alee 

= y = sin (sin @)+sin |in(-0} 
= y = 0+5-0 
aS rei 

hee? 

ag 
=> av 0 
(ii) We have, 

x€(-1,0) and x = sin® 
= —1<sin0<0 => -7<0<0 


= 2 
= sin! (sin 6)+sin ! (cos @) 

=> y= 0+5+0 

= y = F+2sin x 

= STO 2 = 
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Differentiate the following functions with respect to x: 


1. 


i 


13. 


15. 


dz 


19. 


21. 


23. 


pAsy 


PAT. 


pkey. 


31. 


33. 


35. 


cos} QV}, 5e<x<l 


| ee 
2 2 


=} x 
tan its, TEU! Fa ES XL 
ax 


ees 


. sin! (27° -1),0<x<1 


= x 
. cos >> 
Bed 
ener cosx+sin x Ne ot 
V2 soe | 4 
tan! a ee -a<x<a 
at+Nat—x? |’ 
cos! x+V1-x° -1l<x<l 
V2 2 * 
x+1 
tan} z 7-2 <x<0 
1-4* 
i 5 | 1+x+v1l-x 
sin 5 Wks see ‘il 
tan} sin x —UM<X<T 
1+cosx }’ 
a nN 
cos! . = Pian <aco 
1+x" 


sin! nd 
x2 + a2 


EXERCISE 11.3 


r cos | ve tei <i 


. sin (V1 —x7},0<x<1 


8. sin7! (1—-2x*),0<x<1 
Sere Bicke t? 
12. tan”! ,-1<x<l 
14+N1-x22 
x+V1—-x2 
14. sin” | tee | -t<901 
4x 
16: ~3<x<5 
Be i 2 
2a x 
18. ae ,A>1,-0-<x<0 
20. (i Aue A fost 
22. : 
14x 
24. Lax +sec! +x ,xER 
1+x? 1 =x? 
26. (e oy 
=e 
28. tan & 2 
30. tan” 
a es] 
a aa i Tt 
4 er 
cos x —sin x 4 4 
34. sin 
cee 
d 
,0<x<1, prove that 44 = ; 
dx 142 
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nee ha = sint eee |aicosel oe os oye 
y ieee cos Pt ee ,0<x< , prove that a agi 


37. Ify=tan™ 
g 1+x°-Vi-x 


V¥1+sinx +V1-—sinx d 
38. If y=cot? oY gj 
y =cot Bae oa aan , show that dx® independent of x. 


2 
39. ty=tant( 25 Jeon TS |-s>o-prove at 2 


1-x dx 14x? 
40. pane ey x+1 regex. ayy dy 
0. If y=sec Lr + sin a ,x>0. Find —. 
a. =i ix | A dy 
41. Ify sin| 2tan NS , find he 


42. If y=cos! (2x) +2cos? V1 = 4x2 ,0<x<3, find $4. 


43. If the derivative of tan’ (a + bx) takes the value 1 at x = 0, prove that 1 + a’ =b. 
44. If y=cos’ + (2x) +2cos ! V1 —4 x7 /-5<4<0, Andes 


dx 
45. Ify=tan’! Saeed and; [CBSE 2003, 2008] 
1l+x+v1-x dx 
46. Differentiate cot ! ce with respect to x. [CBSE 2004] 
ANSWERS 
2 1 1 
1. Pam = 
ere INI = OVI Sx 
1 1 a 
4. — 5 6 
1-x7 eae arex? 
a Pe a 
Wh 8. Ch = 
tx Lex az +x? 
1 
itty, a! 11. -1 12. > > 
ai = x2 
1 1 ai 
13. SS 14. 15. 3= 
2 Va? - x2 1—x* 1-x" 
g* td lop na at 
Che te 17. : Tp ee a 
1+ 4x2 1+4 1l+a 
1 1 a 1 
19. - >>> 20.4. |\ sama) 23 
INA 2 wae] 2 
n-1 
Bi 6 ries 24. 0 
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25 1 26 1 PH fen ok 
eee - 2Vx (1+x) 
3 2 
1 Eg 30. ——_> - —— 
oe 1+x° “ a +x" 1+92x7 1442 
2/3 
3 2 1+. 
31. ——; + 32ah1 33. 2/3 
149x7 14+4x° 3 14+x 
sr send 
eager 40. 0 41. 
34. TR Vi 
2 hoe 6 45 oes | Sa 
> Se "1-42? 2V1i-x 
1 
46. 
1+ x? 
HINTS TO SELECTED PROBLEMS 
1. Put x=sin0 2. Putx=cos @ 
3. Putx=cos@ 4. Putx=cos9@ 
5. Putx=asin0 6. Putx=atan0O 
7. Putx=cos 9 8. Putx=sin9 
9. Putx=acotd 12. Putx=sin@ 
13. Putx=asin 0 14. Putx=sin80 
15. Putx=cos 98 16seEat ZY tam 
17, -Put2* =tan 0 18. Put a* =tan 6 
19. Putx=cos20 20. Put ax =tan 6 
22. Putx=cot0 23. Putx"”=tan@ 
24. sin! A+cos!A =5 25. Given function = tan! a+tan7! x 
26. Given function = tan! Vx + tan7! Va 
27. Gj san ear at | (a/b) + tanx a e1 4 
Given function = tan ( S070) an tan” (a/b) + tan (tan x) 
28. Given function = tan7! onan = tan”! (a/ b)+tan! x 
1-—(a/b) x 
: . -1{ 1-(@/x bas 
29. Given function = tan! eae = tan! (1) - tan! (a/x) 
30 CH TanCDR a) We oer See. tet ee 
iven function = tan 1+ (3x) (2x) tan “ 3x -tan* 2x 
31. Given function = tan”! 3x + tan} Tage 
: oe 3, L+tanx bs Es 
32. Given function = tan essen tan! (1) + tan™ (tan x) 
33. Given function = tan7! x!/3 4 tan“! ql/3 34. Putx=cot@ 
35. Putting x = tan 0, we get y=2 tan! x42 tan! x 
36. Putx=tan 6 37. Put x* =cos26 
38. See example 4 (vi) 39. Putx=tan0d 
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U3 


| +1 
41. Put x=cos 6 ’ 
42. Putting 2x =cos 0; we get 


No 


40. Use sec"! aa ) =cos! a : and cos! 6+sin7! @= 


y=0+2cos! (sin 6) 
= 0+2cos ! {cos (n/2 -6)} =0+2(n/2-0)=n-O=nN-cos ! (2x) 


ax 

dy 

Let x and y be two variables connected by a relation of the form f(x, y) =0. Let A x bea 
small change in x and let A y be the corresponding change in y. Then, we have 


Sadie andes Seti 


11.6 RELATION BETWEEN au AND 


dx Ax30 4* dy ax30 AY 
Ay Ax 
Now, Aas Ay 1 
A ag 
=> lim | —%x5* |a1 
wim ( 3 a 
3 Ay ; ACD 
=> lim x* lim” > = 1 [.-Ax7~0 @Ay- 0] 
Ax 30 4* ayo AY 
dy, dx 
¥ dx * dy ~ 
dy 1 
€ dx  dx/dy 


11.7 DIFFERENTIATION OF IMPLICIT FUNCTIONS 


So far we have discussed derivatives of functions of the form y =f (x). If the variables x 
and y are connected by a relation of the form f(x,y)=0 and it is not possible or 
convenient to express y as a function x in the form y = @ (x), then y is said to be an implicit 


function of x. To find eu in such a case, we differentiate both sides of the given relation 
with respect to x, keeping in mind that the derivative of  (y) w.r.t. x is a : ay, 
For example, 

aie: 

deity) oe Me dx rah a 2y dx’ 


— j oa —— i — . dy 
It should be noted that # ay (sin y) = cos y but = ae (sin y) = cos y dx’ 


Similarly, & (y>) = 3y” whereas _ (y*)=3 y" a 
ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 If ax? +2 hy + by? +2gx +2 fy +c=0, find $2. 
SOLUTION We have, 
ax? +2 hxy + by?+29x+2fy+c=0 
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a ae both sides of this w.r.t. x, we get 
oF 4 axt)+4 any +S +e 7 (28%) +f eM+Lo=F £ ©) 


=> WER re oti a 
AY ay. fy, aoe, dy © 
=> dex n(x Gey 1} 2y 7, +28 1+2f a 0 
ay — 
<7 da (2hx + 2by + 2f) + 2ax + 2hy+2g = 0 
=> dy __2(ax+hy+g) axt+hy+g 
dx ~ — 2(hx+byt+f) — peeneeny 


EXAMPLE 2 If x” +2xy+y> = 42, fina 4 


SOLUTION We have, 
x2 + 2xy +> = 42. 
Differentiating both sides of this w.r.t. x, we get 


a a 4 13) 4 
Gee dO pe) = ala 


dy... dy _ 
=> as2[xiiey 1 esr = 
= 2x + 2y +h (2x43 y) = 0 
e— M x43) = -2(x+y) 


re yee Gey) 


dx = (2x +3’) 

EXAMPLE3 If x + y° = 3axy, find wu 

SOLUTION ee both zi of the given relation w.r.t. x, we get 
se £ +o ~ y )= 3a mY) 


) dy _ Guys 

> woe uly 1} 
=> (3y? - 3ax) $4 = Bay — 3x? 
= 3 y? - ax) = 3(ay-x°) 

dy _ ay-x" 
= = : 

dx? —ax 
EXAMPLE 4 If log 3? +y*)=2 tan! 2), stow that GU = 2*¥ 

x xy 


SOLUTION Differentiating both sides of the given relation w.r.t. x, we get 


Logis 22 (w(#)] 


x 
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1 1 d 
=> <== xe 4 =2 ee tae 
emcn ey © isos ie 
oe 1 
1 d d x2 mien We 
= — (x7) += =19 
Bane | ) e@)| fe ay x? 
1 dy} _ 2 [dy 
=> 2{ x+y it} = 2{ tty} 
ayi 4 Ns 
x Pies dee. 
i a 
= dx Ma TY) 
aye) X29 
7 dx x-y 
EXAMPLE 5 if ity +y Vi +x =0, prove that 2 = - : 
( dx (x+1) 
SOLUTION We have, 
xVi¢ytyVlt+x =0 
— xvV1l+y = -yV1+x 
= x (1+y) = y°(1+x) [On squaring both sides] 
= Pipa yx-ey 
fe (x+y) (x-y) = —xy (%-Y) ] 
dips --x-y#0. as x =y does not 
a pion satisfy the given equation 
“as od pale ated | 
=, y(1+x) =-x 
ie wr ae 
oo A x 
Pe ay... (1+x)-1-x(0+1) 
dx (1+ x)? 
By 34 Pod 
“7 dx (1+x) 


2 _ 
EXAMPLE6 If cos} [55% | = tana, prove that a =u 
x+y bie 4 


SOLUTION We have, 


2 od 
cos! aa =tan a 


r+? 
x = y? = 
= =cos (tan. a)=A,sa 
e+y? ( y 
ae Ad mee 
=> = > [Applying Componendo and dividendo] 
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x 1+ 


y 1-A 


Differentiating both sides w.r.t. x, we get 


— 


d 
pt ~y-24y) yx 2x — x? x By SE 
dx dx oe a as? = 0 
= Se oa = (ies y! 
d 2 dy -~ 

=> axy? — 2x7y MH = 0 = Oxy GE = 2xy? 
= ay = Ba = Z = 

dx Qx*y ate x 
ALITER We have, 

2 
cos ! ae = tan ‘a 
x+y 
£ 2 
=> cos! LU = tan la 
1+ (y/x) 

=> 2 tan”! [t}=tante = tan! [z}=z tnt 
= 4 = tan neta ae ¥\_0 

x D: abe | i 

dy 

baer i fae | 

pe OX AS dye" dy _y 
— 2 ae Bs UM ae AG Se 

$2 

EXAMPLE7 If sin y =x sin (a + y), prove that ay sin (at) [CBSE 2009] 


SOLUTION Differentiating both sides of the given relation w.r.t. x, we get 


4 (sin y) = £ (xsin (a +y) 


= cos y SH = 1-sin (ay) +xcos (a+y)- “(a +y) 
=> cos y St = sin (a+ y) + xc0s (a+ y) 
d 
— cos y a — x cos (a+ y) = sin (a+ y) 
d 
=> \cos y — x cos (a+y)| = sin(a+y) 
in \ ‘- siny =x sin (a+ y) 
= [oy -aista ty cose+y) | = sin tas y es sin y 
"sin (a+ y) 
sin (a + y) cos y — sin y cos (a+y) | dy : 
es | sin (a + y) dx Sota eg) 
a sin(at+y—y)_ dy 


=sin(a+y) => dy _ sin’ @+y) 


: x 
sin (a + y) dx dx Sina 


ALITER We have, 
siny = xsin(a+y) 
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Sp a 
= = > . 
sin (a + y) 
Differentiating both sides w.r.t. y, we get 
dx _ sin(a+y)cosy~sinycos(a+y) _ sin(a+y—y) 


dy sin? (a + y) sin? (a + y) 
dyvove til 
dx  dx/dy 
dy sin? (a + y) 
= = : : 
dx sina 


EXAMPLES If vi=x° + vi y? = a (x° ~ y°), prove that ta = = ; Z 
y -Xx 


where-1 x<land -1<y<l. 
SOLUTION Putting x? =sin A and y? = sin B in the given relation, we get 


Vi —sin? A +V1—sin?B = a(sin A-sin B) 


=> cos A+cos B = a(sin A — sin B) 
=> 2 cos at as cos aie = 2a sin abel cos are 
2 2 += os 2 
= ae ae Bayes Me Soa) 
2 2 
=: A-B = 2cot }(a) 
=> sin! x3 - sin! y =2 cot! (a. 
Differentiating both sides w.r.t. x, we get 
1 Le See | da = 
V1 x8 * ax § ) To ae? v 
il 2 1 2 dy 
— xox x3 =0 
J — x6 V1 —y y dx 
dy x? 1-y° 
— = 
dx y’ t—x° 
Z 1 rR IES OE | ay. i 
EXAMPLE9 If x +y°=t-—and x +y =t +, then prove that —=—_ . 
t 2 dx x y 
SOLUTION We have, 
2a putt 
1 2 
— (f+ “(#3 
=> de ytsrdp=P+ 5-2 
1 
=>) ey ary = xt+y*-2 ears 
= a 
= wy? =-257y/ =-1 


=> po-Zaypa- 


Differentiating w.r.t. x, we get 


11.70 
dys = = 2)0° 
BY ie ed oe he 
ae Yin Se ogee 


Sy ele Rah 
EXAMPLE10 If y=b tan [stan a 


SOLUTION We have, 


y = btan! “sant? 
bi 
=) 4 = tan! Stan | 
b a x 
Ub ate Apis 
=> (ala se St Sopa 
pao 
Differentiating both sides w.r.t. x, we get 
dy | 
1 ec? Z ee : a ‘ 
b Dax a 2 — 
ihe | 
x 
dy 
Aa. 
dee, |e A 
= fano(y)at 1 te 
AYA Nel weet Ms \ Se le De th 
=a it psec 5 salsa Pay 
ee ee 
2 2h lk Ean ES 
dx J sec yi x 
bb ery? 
Find a in each of the following cases: (1-11) 
1. myae Zs y? - 3xy? =P +327 y 
Pe Joappey Reape) 
. oe eae 4. 4x + 3y = log (4x — 3y) 
cay aka 
5. eo ey 6. P+ yP = a xy 
7. (x+y) =2axy 8. (x2 +y2)? = xy 
9, tan”! (7 +y?) =a 10: ey = log x 
11 * 


sin xy + cos (x + y) =1 


12. 


If V1-x* + V1 - y? =a(x- y), prove that 4 


ee 


i= 


— x2 
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EXERCISE 11.4 


[CBSE 2009] 
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13. 


14. 


a5: 


16. 


17. 


18. 


a9. 


20. 


a. 


22. 


2S. 


24. 


If y V1 —x? +x V1—y* =1, prove that a =— mi 
If xy = 1, prove that M4 P=0 
If xy” = 1, prove that 2M 4 ¥=0 


Ifx Vl+y +y V1 +x =0, prove that (1 +x Bs1=0 


y 
If log AF =tar| 2} prove that dy x+y 


ax x—¥ 
Irsee( S24 |=4, prove that f= 
ee dX e 
If tan”! ie = 4a, prove that #4 = -tana) 
x+y? dx y (1+tana) 
d (xty+x4+y) 
If xy log (x + y) = 1, prove that “4 =-¥Y“X Y***) 
y B( y)=1,p Fret Wa cay we 
mePsinG ty) oa 


sin (a+ y) -— y cos (a+ y) 


dy _ sin? (a+y) 


If x sin (a+ y) + sina cos (a + y) = 0, prove that as ana 


If y =x sin (a+y), prove that ay = 


Sith. Bey ye 
If y =x sin y, prove that re eee y) 


If y Vx7 +1 = log (Vx* +1 — x), show that (2 +1) H+ xy+1=0 


: = ee 2x LS 1 
25. If y = {log.,, x sin x} {log.i, x cos x} 14 sin ‘(rea fina tang 
Yoreai Note a4 Ol 
26. Ifsin (xy) +7 =x y*, find ag 
sf 2 
27. If\y+x +Vy—x =¢, show that Sf =¥ - ae 
a And oe 
28. If tan (x + y) + tan (x — y) = 1, find re 
dy _ e (e¥ —-1) 
ie 3 teY 2 
29. Ife*+e¥ =e"* 4, prove that 7 Ae) 
d cos? (a + 
30. If cos y= x cos (a+ y), withcosa#+ 1, prove that “4 seer 
ANSWERS 
d 2 1/3 
ee g reagent Genoa i a 
26 dx y? — 2xy — x7 x 
4(1-4x+3y) . ie rs y-x! 


"3(4x-3y+1) ~ ary y-x 
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2 Ne 
7, ay = t= Y 8. Ae Ge ty)—¥ vy x 
x+y-ax x-4y(x*+y*) ¥ 
10. Ven(xee ead) sin (x + y) — y cos (xy) 25. 8 “45 
5 (ye*~¥ -1) x cos (xy) — sin (x + y) nm +16 a: 
6 2x3 + y— x*y cos (xy) 28. sec? (x — y) + sec” (x+y) 
: x {x2 cos xy + 1+ 2xy} sec? (x — y) — sec? (x+y) 


HINTS TO SELECTED PROBLEMS 


12. Putx=sin A, y=sin B and proceed asin Ex. 8. 
13. Putx = sinA and y = sinB 
14. We have, 


Tov id 
xy = Ly => Gu ~ ag Therefore, MP =-5+5=0 


11.8 LOGARITHMIC DIFFERENTIATION 
So far we have discussed derivatives of the functions of the form [f (x)]”, Wf and n", 
where f (x) is a function of x and n is a constant. In this section, we will be mainly 
discussing derivatives of the functions of the form [fxs where f(x) and g(x) are 
functions of x. To find the derivative of this type of functions we proceed as follows: 
Let y = [f() ®™. Taking logarithm of both the sides, we have 

log y = 9(x) - log {f(x)} 
Differentiating w.r.t. x, we get 


2B 9). LO) + 10g (fx) BO) 


y ae fix) dx 
d 
t= ape HO + tog (f(a). te 


Alternatively, we may write 
y = [fe BO = 80) “los (oo) 


Differentiating with respect to x, we bes 


AY = 200 log re) {se -74 a MO) 4 Log (flay) - 2D es 
x 


dx fix) ) dx 
dy _ &@) 
a4 ie VOR | fix) DO +08 Co) a 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Differentiate the following functions with respect to x: 
(toa Gi) pans (iii) (sin x)!°8* 


SOLUTION (i) Let y = x*. Then, 


y= Care” (tae a. eloga’ Ss e? 10g ay 


DIFFERENTIATION 


iN ey/6) 

On differentiating both sides w.r.to x, we get 

& gle, # («log x) 
aS ae log x. dees eee 

ds BX. (x) +x. 7 (log x) [...e six] 

dy _ 1 
= de = [leextx.] 
=> ; M = x (1 +10gx) 
(ii) Let y = x"™* Then, 

y = ein x log x i a? = eloga’ = erhoea 
On differentiating both sides w.r.to x, we get 

dy _ sinx.logx 4 /.. 

— a ee qx (Sin x . log x) 
— ay = ome : log x (sin x)+sinx. + (log | Peete mie | 
>, a See {cos x loge a 

x x 
(iii) Let y = (sin x)'°8*, Then, 
y 


y = clog x - log sin x 


On differentiating both sides w.r.to x, we get 


dy _ gogx. logsins 2 pore eee 


dx 
dy Spt log x pee os ng 8 ; 
=, he (sin x) log sin x We (log x) + log x. ae (log sin x) 
=> i (sin x)'°8* {FOB SN + tog x. A cos | 
dx x sin Xx 
= ae, (sin x)!08 * ae +cot x. log +} 
dx ee 
EXAMPLE 2 . Differentiate the following functions w.r.to x : 
(i) (cos x)* (ii) x 
(iii) (og x)"* (iv) (sin x)°°S* 
SOLUTION Let y = (cos x)*. Then, 
y= eo log cos x 
On differentiating both rae w.r.to x, we get 
dy _ xlogcosx 
es = & re. Live log cos x) 
dy _ x a a 
= far (cos x) {log COS x. (x) +x ae (log cos x) 
dy _ x aa: 
=> ie (cos x) {og cosx+x ee (-— sin »| 
=> a = (cos x)* (log cos x — x tan x) 


(be oo e? log a 
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(ii) Let y = ral Then, 


y= eNx log x 


On differentiating both sides w.r.to x, we get 
dy _ ex log x 4 (VF log x) 


ae 
=> eG Sekine tags) 
dx d 
=> eirad flog. seth: 4 
ye ve (log x 1 
m Fiat ra (3 4p] 
(iii) Let y = (log x)"*, Then, 
y= esin x log (log x) 


On differentiating both sides w.r.to x, we get 


aw esin x . log (log x) o {sin x. log (log »| 


eek : d 
= ay = (log x) {log (log x) a (sin x) + sinx. dk (log (log »} 


dy cz sin x : 1 1 
=> re (log x) {log (log x).cosx+sinx. log xx 
dy Fas sin x sin x 
= Fins (log x) fog (log x). cos x + x log ; 
(iv) Let y = (sin x)°°*. Then, 
y= ecoS x. log sin x 
On differentiating both sides w.r.to x, we get 
dy _ cosx . log sin x a : 
Hae a5 (cos x . log sin x) 
dy = . cos X . ak std . 
=; ae (sin x) log sin x ne (cos X)+cos x. rp (log sin x) 
dy cos x : ’ 1 
=> dx = (Sin x) =sin.x . log suvx+ cos x). 7 COS % 
dy _ 7 cosx | _ cos” x 
= Fie (sin x) sin slogsins SSE), 
EXAMPLE3 Differentiate the following functions w.r.to x : 
-1 
(iva gee (ii) (sin x)s rx 


| 
SOLUTION Lety = x©°° *. Then, 
y= peas x. log x 
On differentiating both sides w.r. to x, we get 


dy — cos x. log x 


d 
We Te (cos™} x. log x) 
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BA, Apes 


ax x flog cn o (cos! x) + cos™! x. = (log »| 


(ii) Lety = (sin x) *. Then, 

y= pcos x. log sin x 

On differentiating au sides w.r.to x, we ae 
dy SRLCOSE or logsinx 4 d 


Fi at ae (cos — ee log sin x) 
dy ere cos} x -1 a F : cas -1 
= am (sin x) {cos og ae (log sin x) + log sin x FR (cos ~ x) 
dy sav pe cos }x -1 1 . . yi 
=> =p, (sin x) feo x x cos * +logsinx. [ EEE 


. dy : cos }x = log sin x 
a = (sinx Os nCcOUx — a 
1, ( ) ( x.cotx ay 


EXAMPLE4 Differentiate the following functions w.r. to x : 
lead Gi) 
SOLUTION (i) Lety = x*.Then, 


y = ex -logx 


On differentiating both sides w.r. to x, we get 
dy = gogx 4 er. tog n 


=> P = x ro hee log x) 

a Wax fuse herent Logs 
=> aw oF flog <8 98* F(elogsy+ eM". 3} 
= ed flog x.x* [xf +ogx}+9°- 3 

=> Wo xt 2 {e(+10g. top +5] 

=> wy in s{(1-+ og) log x +7} 

(ii) Let y = (x*)*. Then, 


y RES 


i y = o -logx 


XII 
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On differentiating both sides w.r.to x, we get 


dye 2 jogx 2 2 
fia e oe (x* . log x) 


d 2 d 2} 2 
= Sees flows. +9 fq 68) 
= ae floge. 2437.7) [et lox = 7] 
De ale oy 
= re (2x . log x + x) 
= Bear (2 log x + 1). 
EXAMPLES Ify = (sin x)'*"* + (cos x)*<~, find oy [CBSE2007] 
SOLUTION We have, 
y =u(sinx)yeny + (cos. x) *. 
as y = pe tanx. logsinx , psec x. log cos x 


On differentiating both sides w.r.to x, we get 


ay = £ (clan + log sin 2.4 £- (eeacx -logens.s 

dy — ptanx.log sinx a : sec x log cos x 4 
= oe e ae (tan x . log sin x) +e ie (sec x . log cos x) 
=> dy = 


_ vtanx | a : ae 
ie (sin x) a (tanx).logsinx+tanx. ae (log sin | 


secx | ad a 
+ (cos x) ae (sec x) .log cos x+secx. ae (log cos x) 
= a = (sinix) a {sec x.logsinx+tanx. ~ cos +} 
A sin x 
+ (cos x)*°* jsec x tan x . log cos x + sec “( : ) (— sin »| 
cos x 
le ea: 


ie (sin x)@"* {sect x log sin x + 1} 


+ (cos x)*** {sec x tan x . log cos x — sec x tan x} 
EXAMPLE6 Differentiate : (log x)* + x°8* w.r.to x. 
SOLUTION Lety = (log x)* +x log x. Then, 
y = eB logy 4 plog (x'°8*) 
= y = et 10g (log x) 4. log x. log x 
On differentiating both sides w.r.to x, we get 
ay =e Oe (One) 4 {x log (log x)} + els xy o (log x)* 


dy _ x d 
Sho (log x) {log (log x). cE (x)+x. é (log (log x} xlog x 2 (log x. 4 (log x} 
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dy = x 1 1 log x iL 
—> a (log x) er gee 2 log x ote 


— a = (log x)* {log (log x)+75 ie + zoe x Roel 


EXAMPLE 7 Differentiate the following functions w.r.to x : 


ice +s (ii) cos (x*) 
(iii) log (x* + cosec? x) (iv) x. 2 +39) 
2 
SOLUTION (i) Lety = x°%'*+ 2x =e eho 
Ie er aeae 
y = ecot x .log x , fo 88 [-. cot x = glog x bes 
Kat x +2 


On Tear both sides w.r.to x, we get 


dy _ ee log x) 4 4 a= ig ae 
dx dx |x*4+x+2 


a eat ns o (cot x . log x) 
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ecot x. log xy 


(2 +x +2)-2 2x? -3)- 2x3) Sx? + +2) 


+ 
(x? +x +2)? 
aw = yotx {log £ (cot x)+cotx. - (log | 
Ge +x +2) (4x) — (2x? — 3) (2x +1) 
(x7 +x+2)? 

2 
a = aye cosec? x . tn aaa ee 

x +X 

(ii) Let y = cos (x*). Then, 

y = cos (e° 5%) [<x = Beh Bn 


On differentiating both sides w.r.to x, we get 


=F lcos(é os 
=. au cee (ley, 2 2 (et'o8) 
= EP Vlora 2 real ne 
z, 4y = sin’) xt {3 0) loge Fog} 
e AY - _ x sin (") flogs+x.2} 
=> a = -x* sin (x*) . (log x +1) 
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(iii) Let y = log (x* + cosec” x). Then, 
ay ees Vy (xt + cosec? x) 
Ax — x% + Be x ax 
ae te (eas) re # (cosec* »| 
x ax x* 4 ce x |adx 
d 
dy _ te et '08 2) + (cosec? | 
sas dx x + cosec? x + cosec? x ( dx 
= ORE \e logx | — £ (x log x) + 2 cosec x 7 ? 7 (cosec | 
dx 4 cosec’ x 
GS x* (1+lo x) — 2 cosec” x cot x 
= dx x* 4 cosec? x | ( 6 
(iv) Let y = x e2 * +3). Then, 
y — ptlogx 42(x+3) [x = clog x — ex log x] 
= y = et logx+2(x+3) 


On differentiating w.r.to x, we get 


dy _ Brent aenee {x log x +2 (x+3)} 


dx 
=> BY _ gxlogx  2(x+3) A itee aye 1G 
dx ; dx dx 
=> a a la (1 + log x + 2) 
=% Bek oat d (3 + log x) 
dx 
EXAMPLES If x’ =e", prove that 2 = lon x [CBSE 2000 C] 
dx (1 + log x)* 
SOLUTION We have, 
see A 
= eVilogx — X-¥ [--x¥ = oer = ey logy 
= ylogx =x-y 
= ylogx+y =x 
=> y (1+ log x) = 
=e 
oa ae 1+ log x 


On differentiating both sides w.r.to x, we get 


(1+log x).1-x. o+: 
dy _ x 
dx 


_ . Ope 
(1 + log x) (1 + log x)? 
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EXAMPLE9 Ifx/+y* = 2, find ay. 
SOLUTION We have, 
w+ = 2 
oh eY logx , px logy ae 
On differentiating both sides w.r.to x, we get 
Es AGED) y o sto) = ¢ x 2) 


=> Bay eRe eeventis = 0 
=> x! ee ere ye 
=> {2-logs+ yh arp Peyt log y| = 0 
=> {x¥ logx+x y*~ 1} + fy x¥~ 14 ¥* log y} = 0 
= dy __ | yx#7!+y" lo 

dx x logxtx yr! 


EXAMPLE 10 If x” = y’, find au 
SOLUTION We have, 

vay 
Taking log on both sides, we get 


ylogx = xlogy 
Differentiating both sides w.r.t. x, we get 


d d d 
y Ax 108 x) + log x ae Y) = x- 7 (log y) + logy 
1 9) Mamma 3 11 
=> y + logss = ea * OB Ye 1 
dy _ x dy _ ae 
=> log x amon log y a 
dy ae ae 
=> = log x 3 log y . 
dy aaa ~ 
=> = 
dx y x 
dy _y bees 
=} =“. ; 
ax 4)\ Yloe x —* 


EXAMPLE11 Jf (cos x)” = (sin y)", find ay. 
SOLUTION We have, 

(cos x)’ = (sin y)* 
Taking log on both sides, we get 

y log cos x = x log siny 
Differentiating both sides w.r.t. x, we get 


d d a , age 
y 7. log cos x} + 7% - log cos x = x- 7" (log sin y) + log sin y 1 


d 
ne (x) 
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(HSB 2002] 


(CBSE 2009] 
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FEY Pe on GE af BY Jog si 
= side oie anette siny 088 de + log sin y 
=> aY (log cos x~ x cot y) = log siny +y tan x 


dy _ log sin y + y tan x 


dx logcosx-xcoty 


EXAMPLE12 Ify = @ +e +x * 4 xt, find Lat x =a, 


SOLUTION We have, 


ya Rt eter 
=> y = a tet + et 8% 4 x4 
dy _ a a ere log x a 
=! peo orl A Sarl! ) + OD 
Ca x log x ike =a! 
=> ae =a@.logate’ +e Fy (* log x) +a. x" 
=> w a .logate* +x*(1t+logx+ax™! 
=> it = a logate+a*(1+loga)+a.a*' = & +2a* (1+ log a) 
x =a 


REMARK In order to find the derivative of a product of a number of functions or a quotient of 


a number of functions, we first take logarithm of both sides and then differentiate. The procedure 
is illustrated in the following examples. 


Ni = 27 (24—3)'/2 


acy 
(eaeep yes Nae 


SOLUTION Taking log of both sides, we get 


EXAMPLE 13 If y= 


log y = ; log(” - x?) +3 log(2x = 3) - : log (x? +2). 
On differentiating both sides w.r.t. x, we get 


14y 1 1 Ds 1 


y dx eee 2 Orsay oes cere 


a ae BABE ie Me ak 
dx tx? 2x-3 3 (x7 42) 


ee x 1 4x 


+ — 
dx (x* + 2)2/3 PERO Pee 3 (x2 +2) 


8/2 
EXAMPLE 14 Find the derivative of as w.r.t. x, 
— 3) 


Vx (x +4)3/2 
(4x -3)8/3 © 
Taking log of both sides, we get 


SOLUTION Let y = 


log y = 5 log x +2 log ( +4)—2 log(4- 3) 
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On differentiating both sides w.r.t. x, we S 


Wap Oat 34 1 od 
y dx ~ 2x* 2x44. ee et-§ Ain dash oo 
@ aia 3 4 
-" dx = {54 er | 
s dy _ Vx (x+4)” ree 16 
dx ~ (4x —3)4/3 rs 2(x+4) 3 (4x—3) 


EXAMPLE 15 If x" y" = (x + y)""*", prove that a - s [CBSE 2000, HSB 2001} 


SOLUTION We have, 
Xey cole yy 
Taking log on both sides, we get 
mlogx+nlogy = (m+n) log(x+y) 
Differentiating both sides w.r.t. x, we get 
va ai AY Me nd 


ydx* x+y dx ry) 


:, eS eee | 
hn Kg ere de dx 
Fs eae m+n m 
=) = pe ee = = 
Yeer ty ean ey OX 
a nx+ny-my—ny|dy _ | mx+nx-—mx-—my 
y (x+y) oe (x+y)x 
3 nx—my dy _nx—my _, dy _y 


y(x+y) dx (x+y)x "dx x 


ax? bx 


(x—a) (xb) (x-0)” (= b) (x—c)* 
ee c 


EXAMPLE16 If y= ag tas Rrove that 


Loma D— x C—e" 
SOLUTION We have, 


ax bx fe 
ims Cai Ca Oe ae 
ip es nt gy Come 
Y = Gua) (x-b)@-0) (xb) (x-0) C 
bah Bat Est A 2 ea Sa 
4 Y ~ (=a) (x-b) (X—-0c) (X-D)(X-0) XK 
4 axe 4 Dx +x (x-0) 
. Y= (x=a) (x-B)(K-0) | (X-b) (K-08) 
ere tears one ee 
a: ¥ = («-a) (x-b) (x-0) (#-) (x-0) 
— __ axt+x?(xe-a) 
id eg (x — a) (x — b) (x-¢) 
x 
7 Y= (=a) (xb) (x-0) 
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Pe 
eal dei a 08 [aa @-) EI 
= log y = 3 log x - {log (x —4) + log (x — b) + log (x -c)} 
On differentiating w.r.to x, we get 


d 
Woe Bale A 


YX ek lH x-b'* x-c 

ME | Gers ton eg oe Loreat 
Tt dx % \ix x-al |x x-b x x-C 
Ba dy — 128 Webi "sehr e 

dx 4 x(x-a) x(x-b) x(x-0c) 

wy sy a b c 
zs dem ys nex hee tee 


EXAMPLE17_ Prove that the derivative of an even function is an odd function and that of an 
odd function is an even function. 
SOLUTION Let f (x) be an even function. Then, 


pe 


= £ if te x)} = £ fol 
=> fale x): fC» = f’ (x) 
=s -f'(-x) oe (x) 

= fox = =f") 

= f’ (x) is an odd function. 


Let f (x) be an odd function. Then, 
f(-x) = -f (x) 


d 
= a EOI = - + Fo) 
= f'exEen=-f'@ 
= fix) =-f') 
= FX) =f @) 
= f‘(x) is an even function. 


EXAMPLE18 If y “(3 ~ Jena (x) =sin x, find Eve 
x 1 dx 


SOLUTION Let z = ——! then; 
x2 +1 
y = f(2) 
dy _ da dz 
=> 7 ae eS {f(z} = é f(@)} . 
We nd [ex =1 
= dx £@ a(n) 


Sy yy Bz gries [pete D= x= D2 
(x* +1)? 


DIFFERENTIATION 


dy _ nj2, 200 +1) ~ x" = 2x) 
=> = BANS eee ee 
exw? (+1) 
2 
dy tee deeded toe 
¥ dx 2sin| | Peer 


x2 


EXAMPLE 19 Given that cos A . COS : . COS 3 = - ~ prove that 
1 eae! 2x - 2 1 
eee Aa tees atc = cosec ie 
SOLUTION We have, 
cos * . cos * . cos = Sas 
wD . 4 . 8 CC ia x 
Taking log on both sides, we ns 
log cos 5 5 x 4 log cos 7 x4 logcos 30° log sin x — log x 
Differentiating both sides with respect to x, we get 
¥ sin = sin ~ sin ~ 
1 Jey A ary yd GoaeeecOs 2k 
2 cose cos = See ee ae 
2 4 8 
1 ie tot x 1 
= tan =—— tan——=tan=... = cotx-— 
=> 5 an 5 Pade emer Cotx 
Differentiating both sides with respect to x, we get 
1 Kaa! Xie eas) 2 
~ Fe sect 5 - yset TG ee = ICOSCCM unig 
1 2x 1 ax 1 2* = a 
=> ar eee 5 tg Ole toe pe eames aca w 


Differentiate the following functions with respect to x: (1 - 18) 


1. xi/* 
3. (1+cos x)* 


5. (log x)* 


. 


7.-(einaz)-** 


9. (sin x)°8* 


. (log x)!08* 
. sin (x*) 


15 Ee o8 


17 tan” x 


. (i) Oe) ve 


2: 


4. 


(ii) 


sin x 


(log a oi x 


ex log x 


10!°8 sin x 


100%) 


-Xein x¥ 


. (tan x)i/* 


(sin x —cOS X) rs 


cad 
x2 +1 


[: 
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-f’ (x) =sin x 


.f’ (z) =sinz 


| 
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Cy KEES Ae ot ce: (iv) (x cos x)* + (x sin x)!/* 
il 
x =f sts +] 
(v) [: “ 4 eh et (vi) (sin x)* + sin Vx 
(vii) eS" * + (tan x)* [CBSE 2003] 


Find ay ( 19-32) when 


19. y=e*+10* +x* 20. y=x" +n 4+x%4+n" 

21. y= Fad 22. y= © SEER NOR 

23. y =e" sin 4x - 2* 24. y=sinx sin 2x sin 3x sin 4x 
25. y=x°™* + (sin x)* 26 y=(sin x)** +(cos x)" 
27. y=(tan x)°'* + (cot x)@"* 

28. y =(sinx)* + sin?! Vx [CBSE 2009] 

29. Gi) y= a * + (sin x)" [CBSE 2009] 


30. 


31. 
33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


(Gi) y=x"+(sinx)* [CBSE 2008] (iii) y= (sin x)* + sin’ | Vx [CBSE 2009] 


y = (tan x)'°8* + cos'( 5 
Yeu +n * 32. y =x!°8* + (log x)* 
If xBy Pe: =(x+ yy? , prove that ay u 


x 


lex y?= = (x* +y)” , prove that x a =2y 


If y = sin (x*), prove that a = cos (x) - x* (1 + log x) 


xX 
If x* + y* =1, prove that 24 = - x (1+logx+y*-lo 
dx 2. yew 


d +xlo 
If x. 1, prove that 44 = yy + x log y) 
y=1,p : tak x (y log x + x) 


leat + yi =(x+ yy, find HY 
If x” y” = 1, prove that Me — Ty 
nx 
If y =e!" *, prove that ay _ (1+ log y)? 
dx log y 


If (sin x) = (cos y)*, prove that au . log cos y—y cot x 


log sinx +x tan y 


If (cos x)¥ = (tan y)*, prove that 44. log tany+ytanx __ 
dx log cos x — x sec y cosec y 


If e* +e = et ¥, prove that 4 +e ~ *=0 
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44. If e¥=y*, prove that a! = (logy) 


dx logy-1 
45. Ife**¥—x=0, prove that ole Lo 
dx aK 


Poe: 
fect! dyna Wiss Sin (NY) eee 
y=xsin (a+ y), prove that dx sin(a+y)—ycos(a+y) 


47. Ifx sin (a+y)+sina cos (a+ y) =0, prove that 4 = en aan 


wer y_ dy _ 1- =e 1) COL 
(sin x)’ =x + y, prove that dx (x+y)logsinx-1 


49. If xy log (x + y) =1, prove see! rhe _uGfytx+y) 
x (xy? +e Y) 


1 de Ayia Ves 
50. If y=x sin y, prove that dx ~ x(1—x0s y) 


51. Find the derivative of the function f (x) given by 
f(x) = (+x) (1424) (1 +24 0 +2°) 


and hence find f’ (1) 
52. Ify=log ae + + tan! ee _ find ay [HSB 2001] 
—x+1 3 iL — x 
a ANSWERS 
1. ge | 9, xine { #2 + (cos) 10g x | 
3. (1+cos x)* {log (1 + cos x) - oe 


yt 1 
= : 5. (log x) | lap (log x) tas, log x 


4. x08 1y cos) x log x 
1-x 


COB eV hed Ae cos x 
6. (log x) | sin x - log (log x) + 7 ioe | 


7. (sin x)>* {- sin x log sin x + cos x cot x} 


8. x* (1+ log x) 


9, (sin x)°8* . log sin x + log x - cot x 


10. 10!°8 SN * . log 10 - cot x 11. (log x)!°8* ter ton og) | 

12. 10! . 10* (log, 10)? 13. x* (1 + log x) cos (x*) 

14. (sin! x)* | log sin! x + al ie ; - 2 | 

15, x88 ae sina , JOB, 16, (tan oe Tiogtans + ee | 
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18. (i) arial (21) tog] 


(ii) (ein x — cos x) Fess pee = a ~ + (cos x + sin x) log +} + 


-1 
17. ytan™ x | tan x + log x 
* 1+x? 


(x? + iy 


: 4x 
(iii) 00 {C1 + log x) cos x + (1 —xlogx) sinx}-—3 "5 
: {1 + x cot x — log (x sin x)| 
(iv) (x cos x)* {1 — x tan x + log (x cos x)} + (x sin x)!/* be 
Lela 1 1+7 x+1 logx 
(v) [+3] [ezptes(e+ ts ea = a | 
(vi) (sin x)* (x cot x + log sin) + 
(vii) e!”* cos x + (tan x)* {log tan x + x sec x cosec x} 
19. e* + 10* log 10 + x* log (ex) 20. nx"~1+4n* log n +x* log (ex) 
ae (2 1)2 x =). [26 x e221 See 
" Vx = 3) (4x—-1) peel 2 Bie And 


V1 —2x xlogx ’1—2x 
23. e** sin 4x 2* [3+ 4 cot 4x + log 2] 


24. sin x sin 2x sin 3x sin 4x [cot x + 2 cot 2x + 3 cot 3x + 4 cot 4x] 
sin x 
v2 


ax 
pay. 5 PCE JB * sec %lo {attanes : I 


25 ee? | cos x log x + + (sin x)* {log sin x + x cot x} 


26. (sin x)°°°* {— sin x log sin x + cos x cot x} 
+ (cos x)Si"* {cos x log cos x — sin x tan x} 
27. (tan x)°°'* cosec? x (1 - log tan x) + (cot x)" * sec? x {log cot-x — 1} 


1 
2. ees 


29 Mien = | a * _ sin x log x | + (sin x)'n {1 + sec? x log sin x} 


28. (sin x)" (x cot x + log sin x) + 


(ii) x* (1 + log x) + (sin x)* (x cot x + log sin x) 


<a z F 1 
(iii) (sin x)* |x cot x + log sin x} + ———_ 
| ERE otras 
2 
30. (an 08" Jog SSE Hopton 31, ql + log eal) meri, 
tan x x 2 
1 2log x i 1 

ca ves) BME + dog" og dog +=} 


AS (x+y) *Y 1 + log (x + y)} — yx¥ =! -y¥* log y 
Mlogx+ xy?! — (x+y) tY (1 + log (x + y)} 


51. 14+2x+3x7+...+15x!4) £71) =120 52, Saeed 


DIFFERENTIATION 11.87 
11.9 DIFFERENTIATION OF INFINITE SERIES 


Sometimes the value of y is given as an infinite series and we are asked to find au In 


such cases we use the fact that if a term is deleted from an infinite series, it remains 


unaffected. The method of finding au is explained in the following examples. 


ILLUSTRATIVE EXAMPLES 


oo 


EXAMPLE1 If y= x , find a [PSB 2001 C] 


SOLUTION Since by deleting a single term from an infinite series, it remains same. 
Therefore, the given function may be written as 


ons 
=> logy = ylogx [-.. On taking log of both sides] 
Ly Sys pe od. eee 
= Uae Wee logx+y cE (log x) [Differentiating both sides w.r.t. x] 
Mead vil Zt, 2 
a ydx dx oo 
dy {1_ ae 
=> ae | log x | =e 
dy {1-ylogx} _ 4 
= =— 
dx y x 
d 
= = 


ax x (1-y log x) 
d 
[PSB 2001 C] 


SOLUTION The given series may be written as 


y = Vsinx+y 
= y? = sinxt+y [Squaring both sides] 
2y 2 = cosx + hi [Differentiating both sides w.r.t. x] 
dx dx 
Oya) = 
=> ae (2y-1) = cosx 
4 dy _ cosx ; 


dx 2y-1 


: Be ee yin yee 
dx x(1-y log x - log y) 
SOLUTION The given series may be written as 
y = a) 
=> log y = x” loga [Taking log of both sides] 
= log (log y) = y log x + log (log a) [Taking log of both sides] 


EXAMPLE3 Ify=a" _, prove that 
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1 “an = dy Pa ; a ] + @) 
=> lop y dene) ae log x+y dx (108 ¥) 
[Differentiating both sides w.r.t. x] 

=, logy ydx d OBE TH ae 

Hy Serle 2 
z shares Ie a 

dy;| 1-ylogy-logx | _ ¥ 
dx y log y x 
ei ay y? log y 

dx x{1l-ylogy-logx}- 

Fins 00 C2 
aoe Bs +e dy eS", 

EXAMPLE4 Ify=e , show that detsy 
SOLUTION The given function may be written as 

Y — Nd 
=> logy = (x+y) - loge [Taking log of both sides] 
= logy=xty [..- loge =1] 
=> oe 1+ ou) [Differentiating w.r.t. x] 

y dx dx 

ay; l_4)\. nye Psy 
wre ae Nes eames 

a 

EXAMPLES If y = (Nx yo) , show that nee ee Ee 


dx x (2-y log x) 
SOLUTION The given function can be written as 


= Y= xy/2 
= log y = - log x [On taking log of both sides 
ld Visele ated d 
= 7 se = - ‘es + 2 log x oF [Differentiating both sides w.r.t. x] 
dyji_1 Y 
= -=] = 
ax ye ex | 2x 
Ex dy} 2-ylogx| _ y 
dx 2y 2% 
= oY 
Bx ex (2 = y loo x) a 
EXAMPLE6 If y = pS Sra that BY = +— 
eg: 1 : dx 2y-x 
x+ 
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SOLUTION We have, 


y=x+ 2, 
x+ 1 
X+ 
X+. 
1 
=> y=xt+-— 
wy 
=> y= avr 
d d 
= 2y a = ytxt+0 [Differentiating both sides with respect to x] 
4 oy) = 
=> dy (2Y x)=y 
dy iy 
a dx 2y-x- 
EXAMPLE7 If y = ons : , prove that Sy aj Ubu) 008 KY 2 
Gia cos x dx 1+2y+cosx-sinx 
: r% sin x 
14+ —c08* 
1 tO o0 
SOLUTION Wehave, 
_ —sinx 
1 + f08* 
1+y 
(1 +y) sin x 
= y= 
1+y+cos x 
=> y+y*+ycosx = (1+ y) sin x 


Differentiating both sides with respect to x, we get 


. Ify=Vx+ Vx+Vx+... toe , prove that aye 

. gel Vcos x + Vcosx + Vcos x +... toe , prove that Su = She 

. Ify= Vlog x + Vlog x + Vlog x + ... to ce , prove that (2 y~1) Y= 
_\ ad vent toe | dy _ sec? x 

. hy tanx+ Vtanx+vVtanx+... to prove that © eed at (PSB 2001C] 


Le LS shh Pe = pi 2 oe gna Rose 
y y y. 


dx dx” dx ax 
Mf +2y+cosx-sinx| = (1+y)cosx+ysinx 


dy _ (1+y)cosx+ysin x 


dx  1+2y+cosx-sinx 


EXERCISE 11.6 


dx He 1 


2y 


R|R 


[PSB 2002] 


Sens ae y? cot x 
oe , prove that ELAS 


If y = (sin x) dx (1-y log sin x) 
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(anx)" d Tt 
6. If y= (tan x)" , prove that a =2 at x=] 


Sa? Nace ae ag 8 BNE 
7 Uyee 4x +e" ,prove that 7 =e" a | - +e oa} 
+ xf [Pre tops | +e x* .x71(1 +e log x} 
s (cos nf" ies i 
8. If y=(cos x) , prove that Fy (1 —y log cos x) 


11.10 DIFFERENTIATION OF PARAMETRIC FUNCTIONS 


Sometimes x and y are given as functions of a single variable, e.g.,x = 9 (f), y=W (t) are 
two functions and t is a variable. In such a case x and y are called parametric functions 


; : eS es . 
or parametric equations and t is called the parameter. To find - in case of parametric 


functions, we first obtain the relationship between x and y by eliminating the parameter 
t and then we differentiate it with respect to x. But, every time it is not convenient to 


eliminate the parameter. Therefore, ay can also be obtained by the following formula 
dy _ dy/dt 
dx dx/dt 


To prove it, let Ax and A y be the changes in x and y respectively corresponding toa 
small change A t in t. Then, 


lim 44% dy 

Ay _Ay/At _, dy_ ,,,, AY A= At dt 
= = im a a ee 
akg ea PAN eae gy ates pees eS dx 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find ay in the following cases: 


: 1 
(i) ra] cost+3 log tan? 5 | and y=asin! 


(ii) x =a (0 - sin 6) and y =a (1 — cos 8) 
SOLUTION We have, 


: 1 t 

(i) x =a} cos +5 log tan? § and y=asint 
1 t 

= v= a cost+-2logtan band y = asin! 

= x = a {cos t+ log tan | and y=asint. 


Differentiating w.r.t. t, we get 


dx 1 tom 

=a)-sint 2 dy _ 
dt | sin Seni 5 7} and at =acost 
dx 1 


y 
iH} 


Cag Sy Sia pt one ome ieee. dy _ 
dt Sel + raintiaieos (Zh s de *c0st 
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dx : 1+} dy 

=. nd - a ee = 
dt a oy i seciy a and dt acos t 
dx __—j—sin?t+1 dy 

= dt = {ast | and dt =i COSsit 
ax acos*t dy 

== ape lan and oT acost 
eps “dyldi acest. 

se a ae 

sin t 
(ii) We have, 


x =a (8 — sin 8) and y =a (1 — cos @) 
Differentiating w.r.t. 6, we get 

dx ws 

70 a(1-—cos@) and Pees asin ®@ 


dy _ dy/d®@ ___asin® _ 2sin(@/2)cos (8/2) _ 9 
dx dx/d® a(1-cos@) 2 sin? (0/2) 2 


EXAMPLE2 If x=asec’ @andy=a tan? 6, find a até =3 
SOLUTION Wehave, 

x = asec’@ and y = a tan? @ 
Differentiating w.r.t. 8, we get 


dx _- 294 dy _ yay 
ra 3a sec 0765 (sec 8) and sat 3a tan 076 (tan 8) 
dx _ 3 dy _ ee 
— do = 77 sec 8 tan 8 and qe 7 24 tan 8 sec” 8 
2 2 
ee 8 sec 0. tan - sin 0 
x dx/d® 3asec?O@tane CS 
=> (Z| =sin = 79 
* Jo=n/3 
EXAMPLE 3 Find 4, when x =a cos* tand y=a sin? t 
SOLUTION We have, 
x=acos*tandy=asin’t 
a Ss 4sir cos? t & cos (t) = —3a cos*t sint 


and, 


Ais Peay | a in? t t 
ae 3a sin tin (sin t) = 3a sin” t cos 


ay 
dy _ dy/dt _ _3asin"fcost _ 44 


dx dx/dt ~—3acos*tsint 


aol = 
EXAMPLE 4 Ifx = Nas” ty=Vae® t a>Oand-1<t<1, show that SY = —¥ 


SOLUTION We have, 


= / il 
a/ t 
x = qin ‘andy = gcos 


11,92 
-1/2 2 sf 
=e & ee 2 (gsin’'*) 2 (asin 2) amd ay = (ass ‘t) 
-1/2 & 
ae & sh T (a!) [ar “Hogea |. (sin 
t 
and, 
dy 1 i es cos | t a alte 
ah (a°0s a log, a |. di (cos ~ ft) 
-1 1/2 x log.a 
(Ee 1( sin it) 1] x 1 = Be 
= Teoh Cope Ae Ovi -e 
and, 
-1,\1/2 = —ylog,a 
dy _ ih cos ) 1 = y wad.) 
Le ae (loge 4) x 8 2V1-F 
dy 
dy _ dt 
Oxaede 
dt 
-—yl Ai fe — 
ek Hypa ee UO Be Fat Ley 


dys Alpoge Ox log, a os 


-1 -1 
i 2 2 
ALITER yeaa i COsteat i y reais 


Differentiating with respect to x, we get 


De ay dy__y 
Qxy* + 2x YR > Oe 


EXAMPLES Ifx=sin’! ; 


SOLUTION Let t= tan 0. Then, 


t 


t>1 => tanO>1 => Nee ee On cae 


4 2 
Now, 
a 2t | 
sin 5 
1+t 
> cer sin as 2 tan @ 
1+tan* 0 
= x = sin’! (sin26) 
=> x = sin’' {sin (n-26)| = 2-20 
dx De -—2 
= — = Q0- = —~ 
dt Tes THe 
and, y = tan! 2 2 
Pets} 
as vest an 2 tan @ 
1—tan*@0 


Zz 


m-—2tan !t 


SW) d 
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- Gar” t) 
t 


dx 


2 }, 191 Prowe Pata —1. 


2t Sil 
and y=tan 
+ 3| ” a af 
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¥ 


§ Yous 


y= tan’! (tan 2 8) 
y= tan”! {- tan (n-26)| 


y = —tan !|tan (xn —2 6)| 
y = —(m-28) 
y = —-nm+2tan 't 
aoe 
dt 1+? 
dy 4 
ute athe 1+ Beg 
a Se Pe ee 
dt 1+? 


Find dy , when 


2 


dx 
1. x=al’ and y =2at 
2. x =a(8+sin 8) and y=a (1—cos 9) 
3. x=acos 8and y=bsin@ 
4. x =ae® (sin 8 — cos 0), y= ae® (sin 8 + cos 8) 
5. x =b sin? @ and y =a cos* 0 
6. x =a(1-cos 0) and y=a(@+sin0) at0=— 
Foy ct t_ it 
ete e-e 
7. x=. — and y= 5) 
ga haar, wig 
Lag 44 i 
9. x =a (cos 6 +6 sin 8) and y =a (sin 0 — 8 cos 9) 
1 alg jl 
10. ro 0+5) and y=e [o-§) 
Pt 
11. x= a and poe : 
WEF og Teer 
ait 1 Si t 
12, x=cos! and y=sin y 
Vane Te 
ee 
13. x= : and y = a 
1+f 1+f 


is. 


1G. 


11.93 


EXERCISE 11.7 


30 
Ifx=2 cos @-cos 2 8 and y =2 sin 6 - sin 2 9, prove that it=an( | 


ifz= e052! and y= goin 2 *, prove that 


If x = cos t and y= sin t, prove tha 


ved 


dy__ ylogx 
dx ” x log y 
2% 


1B." | gaa 
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1 dy _x 
17. teenal t+) andy=al #5 | prove that =| 


4{_2t dy _ 
18. ec ei| |pnay=ten 1 Gee 3 Catt sean iar 


1+ 
1 
sin? t cos? t egy 20. Ifx= cay EF ei 3 find dy 
195 lia Wace? OF = Neosat , find Ae 0. x= t ,Y , dx 
2 eed 
a. txna[ 12h Jondyes 2p tina fe [CBSE 2005] 
ANSWERS 
ile ; 2 tan = 3. ——cot9d 
4. cot® 5 = 6-1 
Tig = 8. at 9. tan8 
y reape 
(@-6 4041) x 
10. ee te == 12. 1 
(0° +0 +0-1) 
2 aye 1+F 
= a 
eee 19. —cot3t 20. A284 af haere 


it ae 
a(t+7) 


11.11 DIFFERENTIATION OF A FUNCTION WITH RESPECT TO ANOTHER 
FUNCTION 


So far we have discussed derivative of one variable, say, y with respect to other variable, 


say, x. In this section, we will discuss derivative of a function with respect to another 
function. 


Let u =f (x) and v = (x) be two functions of x. Then, to find the derivative of f (x) wort. 


g (x)ie., to find a we use the following formula 
du _ du/dx 
dv dv/dx 


Thus, to find the derivative of Ff (x) w.r.t. g (x), we first differentiate both w.r.t. x and then 
divide the derivative of f (x) w.r.t. x by the derivative of g (x) w.r.t. x. 


Following examples will illustrate the procedure. 
ILLUSTRATIVE EXAMPLES 

EXAMPLE1 Differentiate log sin x w.r.t. Vcos x 

SOLUTION Let u=log sin x and v = Vcos x. Then, 


du dv sin x 

yee a COU ANN a 

dx dx 2 Vcos x 

du du/dx cot x 

a = as = =—Ts = —2Vcosx - cot xX - cosec x. 
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EXAMPLE 2 Differentiate tan” ( Bera wart. V1 +4x7 


1-2x 
SOLUTION Let u=tan7! iio |* and v=V1+ 4x2. Then, 


u=tan! 1+ tan! 2x and v = V1 + 4x2 


x du _ __2 and @ = 4 —5x8r = 
dx py ae 2 V1 + 4x7 V1 + 4x7 
du Z 
ay fe ede 
ip do AX, 8x N54 
dx V1+42 
: - =I ee -1 =4 
EXAMPLE3 Differentiate tan [ED ar tan = x,x #0. [PSB 2001C] 


1 


SOLUTION Let u=tan and v= tanee x 


cca 


Putting x = tan 0, we get 


1 Ne are ‘ [See 


tan 6 sin 8 

a ee gets "OEE a ee Le DO eo Oe 
Thus, we have 

if Stan” x and v=tan } x 
= du _ly, 1 aaa = : 

ee OG dx 43-37 

du _ du/dx _ 1 4 

ene oa ee 2° 
EXAMPLE4 Differentiate sin} a w.r.t. tan! x p-i<x<i1. 

+ 
[ PSB 2001 C] 


Janel v=tan Ty 


1+x2 


SOLUTION Letu = sn 


Putting x = tan 8, we have 


. Tt _:, Tl 
Ps \a1ee<t= -2<0<5| 
u= ae = sin”! (sin 28) = 20 " | 
| 1+ tan 3) 


==> aoe tan! x 
Thus, we have 
a =i 
= 2tan }xandv=tan x 
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du 2 dv ti 
au _ ee 
i Sp A Gin ale Gil! 


du _ du/dx _ 2/14 _ 


dv dv/dx ~~ 1/14+x+2 


EXAMPLE5 Differentiate x* with respect to x log x 
SOLUTION Let u=x* and v=x log x. Then, 


PB Ga? 
= y= eoSxX = x logx 
du = log x fel 
= Smee e Xa (x log x) 
du 
= = x* (1+ log x) 
and v=xlogx => ey los = (ilo a) 
‘ dx x 


du _ du/dx _ x*(1+logx) _ ee 
dv dv/dx (1 + log x) 


ALITER We have, 


“ex = logu=xlogx=vu =u = e° 


Ce: i » & = iy 

dv 

1+x ~Ni=x with respect to cos — 
res 

ae Sy x 


ae ees ee Vi—x2 mK 
SOLUTION Let u = tan! jo v=cos ! x’. 


Vier +Viee 


EXAMPLE6 Differentiate tan! 


Putting x? = cos 0, we ‘| 


NAS V¥1+cos 0 —V1—cos 0 
V¥1+cos 6 +V1—cos 0 


V2 cos? 6/2. eee V2 sin? 6/2 
2 cos* V2 cos? 0/2 + V2 sin 6/2 


cos 0/2 — sin 6/2 | 


=> u = tan”! 


cos cos 0/2 + sin 0/2 + sin 0/2 


1+tan0/2 | Dividing numerator and denominator by cos u 


= we ten TT TStan 0/2 
0 


2 
> u = tan! tan “E8) 
Toe Tt 
as fe oA S 500 ate [-.. x2 =cos 6 «. 8=cos! x7] 
du —2x x 


1 
Sh. = ee = 
dx Zan ee Vi- 
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and, V2 te — =e SS 


aus auyax 7 1 


out do Or dofax™ © °2 


el 
EXAMPLE7 Differentiate x * with respect to sin’ x 
By 
SOLUTION Letu=x°"" *andv=sin! x. Then, 
=i 


i sin x 
Ls wee esin x .logx 
By Ge = pin slope isin” 1 x log x] 
=n du _ ,sin''x oe _log x_ 
dx 2 ace 
dv ul 


1 
and v=sin x > —_— =>; 
: dx Vi —x* 


a/ a 

1 : : Al Nl =x 3 

EXAMPLE 8 If xe Yo’ 1) differentiate tan a with respect to 
cos ! (2x V1—x* | 


D 
rs i= 3 a 2 
SOLUTION Letu = tan | and v = cos ne tS |; 


Let x =sin 8. Then, 


1 1 : 1 Tt 
vei] => yp aon.8<1 = ISS, 
Now, rh 
a ee 
u = tan 
3 
(a 
=> u = tan el Me 
sin 9 
= u = tan! (cot 8) 


u 
= 
It 
co 
5 
| 
o 
5 
ee 
Nia 
| 
oD 
Sie 
SSS 


Tt Tt Tt 1 
a u= 5-8 | Rock = 0<3-0<4| 
— u = 5-sin *x 

du i 
=> = Siv= d = 
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v = cos” *(2x V1- 2x") 
=> v = Fain (22-2 | 
=s vy = 5~sin” (sin 26) [-.. x =sin 6] 
= y = + -sin (sin (n- 20) 

Tt T t 
=> oem 2 6) [. $<0<5 > 0<n-20<5] 
= p= -F+20 
=> v = -242sin"! x 

2 
GUs Gone 
= dx 1-x 
du =! 
dig dee ea eeey 
dv dv 2 2 


dx Vi — x* 


: = : exe 2x ; 
EXAMPLE9 Differentiate tan’ ' ay ] with respect to sin” Fi | , if 
if 4X 


@) xe(-1,1) (i) xe (1,2) (iii) x € (-2,-1) 


SOLUTION Let u=tan ! — and v=sin ! ae 
1-x ee 


Putting x = tan 8, we have 


pale ta ( Pane Jena ot sin-*[ 2 tan 0 


—tan* 0 1+tan?6 
=> u = tan’ '(tan20)andv = sin”! (sin2 6) 
(i) When x € (—1, 1). 
We have, 
xe (| 1, 1D) andx = tan 0 
=> —1<tan0<1 > -2<9<2 2 -% a 
<tan0<1 => ear ey Se 
= tan"! (tan26) = 20 and sin! (sin26) = 20 
u = 2@andv = 20 
=> u = 2tan x and v = 2tan-)x [.-x=tanO=> 0 = tan! x] 
du 2 dv 2 
—> —_ = PEER 
dx ee AX Jy? 
du _2 
di ode te, 
~ ie ie te |" 


DIFFERENTIATION 11.99 


(ii) When x € (1, ©). 
We have, 
x € (1,-%) and x = tan@ 
=> 1<tan@<o = 7<0<5 => 7<20<n 
u = tan’! (tan26) = tan”! {-tan(t-26)| = tan”! {tan(20-7)} = 20-1 
= u=2tan!x-n [-.. 6 = tan’! x] 
du 2 2 
“Tae ao wre aati 
and, v = sin! (sin20) = sin !(sin(n-20)) = 1-20 = m—2tan ‘x 
a gtr sel 3: 
dx NE a REE 
du 2 
i eae ee 
dv dv =a 
: dx 1437 
(iii) When x € (— 9, — 1). 
We have, 


x = tan®O and xe (-~,-1) 


= —-o<tan@< -1 Se ae ue he 


Nia 


i= tan’! (tan 2 0) 2 tan”! {tan (n+ 20) | =m+20=n+2tan !x 


dx Lit igecnel 4 Xx 
and, v = sin | (sin2®@) = sin ! {- sin (n+20)} 
=> v = sin’ "(sin (-n-20)) =-m-20 = —m—2tan''x 
* Lpae eee 
dx 1+x7 
du 2 
Is dail Ube Ne Ze a le 
Josmabt, wei? 
dx 14+x7 


3 
. or aE ;: a 2 
EXAMPLE10 If — 2 <i ce differentiate tan 1 be - with respect to tan ; =) ; 


3 
“. (= = 2x 
SOLUTION- Letu=tan if 4 and v = tan i | 
1-3 1-x 


Putting x=tan 6, we have 
u = tan! (tan3 0) and v = tan’! (tan 2 0) 


il 1 1 1 Tt T 

a eNg a See ee mig Use 
=> “u= 36 and v = 20 Tt Tl Tl Tl 
=» 1=<39<— and" —<20<-—> 


2 2 3 2 
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u = 3tan-!xandv = 2tan™! 


du _ 3 and v = ee 
dx 1+x 1+x 
du 3 


dus ax doe ee 
dv dv 2 24 


hE 


EXERCISE 11.8 


. Differentiate x? with respect to x° 


. Differentiate log (1 + x) with respect to tan! x 


1 
2 
3. Differentiate (log x)* with respect to log x 
4 


. Differentiate sin! V1 — x? with respect to cos”! x, if 


(i) xe (0,1) (ii) xe (-1,0) 
5. Differentiate sin! (4x V1 — 4x*) with respect to V1 — 4x’, if 
(ice oe ive 
Ne aye 232 
(iii) xE -3. = 5 


6. Differentiate tan™ 


lise on< 2x0! 


iam 


with respect to sin™ i Gee: 


7. Differentiate sin (2x V1 - x*) with respect to sec | ig, if 


(i) re (0.35) (ii) ve (i) 


8. Differentiate (cos x)" * with respect to (sin x)©°S*, 


9. Differentiate sin“! F = 5 Jove respect to cos! ic 
xX 


ne. 


x 
PitO <a 1 
a 


; : at | Le ae ee 
10. Differentiate tan! ee = with respect to V1 + a? x2 


11. Differentiate sin=! (2x V1 — x*) with respect to tan! 
12. Differentiate tan7! 
1 


13. Differentiate tan7! 


14. Differentiate tan~! Moe 
15. Differentiate sin7! 


EY 
ae) d Riss 
2x é = 3x4 

7 | with respect to cos! et: Pit, Olan — al 
Sie 1+ x2 


1 with respect to sin! (38x — 4x3) ,if - ‘ << 5 


with respect to sec! x 


2x 
with respect t -1{ _2x re 
| pect to tan Ga pif-l<x<l1 
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. . — re 2 
16. Differentiate cos ! (4x° — 3x) with respect to tan™! = ; if; gare || 


17. Differentiate tan”! a with re ttosin! (2x V1 —x°), i spot abs. 
Gers spect toisin — (2% Vi— x), if Vo <*< Vp 


18. Differentiate sin! V1 —x* with respect to cot ! A x 5 } iO <i 
=x 


19. Differentiate sin7! (2 ax V1-— az x*) with respect to V1 — az x” ,if— + her 


20. Differentiate tan”! [ ts a ) with respect to V1 — xe) if 1 ex it 


1 
ANSWERS 
o = 2, “Dy 3, dog x) [1+ log x Jog log x} 
at) 1 Gita 
5.-(i) -— (i) = (ii) < 
LS 7. (i) 2 (ii) -2 
g, (cos x89? fcos x- log cos.x —sin x ‘tan x} OMe 
(sin x)°°°* {— sin x log sin x + cos x - cot x} 


2 
1 plane 


10. => Tv 12. 1 
ax N1 +a" x7 3(1+x°) 
yd 
—~x Vx? =-1 
14. oo sea ian 17. 1/2 
a ae? 
18. 1 19, -4 20, += 
ax x(1+x2) 


11.12 DIFFERENTIATION OF DETERMINANTS 

Inthe previous sections, we have studied differentiation in detail. In this section, we shall 
discuss the differentiation of determinants. 

To differentiate a determinant, we differentiate one row (or column) at a time, keeping 
others unchanged. 


For example, if 


_ |f(%) g@) 
A(x) = u(x) 0(x)|’ then 
a EG) 2) f(x) g@) 
dx OA u(x) v(x) ach Gay Gaws) 
Also, 
a me eComs OO. 1G), SG) 
dx OO WA Cay Mane D) Cala (x) v’ (x) 


Similar results hold for the differentiation of determinants of higher order. Following 
examples will illustrate the same. 
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ILLUSTRATIVE EXAMPLES 
x+q soe prio 
EXAMPLE1 [ff(x)= | ab x+b?  &¢_|, findf’ (x). 
ab be x+C 

SOLUTION We have, 

+q2 ab ac 

{@.=—1 Gbowety 

ac be x+c2 

ie at 0 x+a* ab ac x+a* 4b ac 
= f'() = |ab_x4b* | be | +] 0 2 Om) +| ab x+b? be 

ac be xtc ac be x+c* 0 0 1 

, = x+b be x+e2 ac x+a2 ab 

ca Ph bee Sit+ : ac x+t ke ab x+b? 


= f'() = [ (x +b) (x +02) ~ 0 7] +[ (x +02) (x +c?) - a? 2] 

+((@+ay (x + b?) ~ a? | 
= fi) = P4x(Per)¢xtx(Ptcr)+x74x (24+) 
— f(x) = 3x7 42x (a7 4b? +2). 


EXAMPLE 2 If f, (x), 8, (x) and h, (x) ; r= 1, 2,3 are polynomials in x such that 
f, @ =, (@=h, (@);r=1,2,3 and 
A@ hk& fe) 
81%) §2(%) gs (x) 
hy (x) hg (x) g(x) 
SOLUTION We have, 


IS) — 7 fULE Cat eee. 


A@® fh@® fp 
F(x) = |81(%) 82) 83 (%)| 
hy (@) hy (x) Aga) | 
fi) A’) f@! |A@ fp&®) f(x) AM AhO© Ae 
P* (x) = 181%) 82(%) g3(*)| + Jar’ @ g7°@ 93° @l+]91@ 2) wt 
hy (x) hg (x) hax) hy (x) hg (x)  h3(x) hy’ (x) ho’ (x) ha(x 
1@ fY@ f@| |A@ fa@ f@ A@ h@ f@ 
oa F°@ = |81@ 824) 83(@)} + |a1 @) 80’ (@ _g3'(@|} +191@ g2(@) 93 (a) 
hy (@) hy (a) hy(a) hy (a) hy(a) haa) hy'(a) hy‘(a)_ h;‘(a) 
f1@ f2@ f3@| |A@ fA@ f@ A@ fA@ fal 
=> F°@ = 181 @ 82@ 83@)}+\91@ 9) §3@\+ |A@ h@ fl 


81(4) g(a) g3(a) 


A@ fp@ f(a) 81’ (@) 80’ (@) 83" 


[Using : f, (a) = g, (a) =h, (a); r=1,2, 3] 


=> F’(a) = 0+0+0=0 ‘. Two rows are identical 
in each of the determinants 
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EXAMPLE3 If f (x), g (x) and h (x) are three polynomials of degree 2, then prove that 
ff) g(x) h@ 
Le. 2 as) 
ian (x) Coe (x) h” (x) 

is a constant polynomial. 


SOLUTION Let f (x) =a, x7 + ay x +03, (x) =by xP +b) x+d3 
2 


o (x) = 


and h (x)=c, x* +c) x+¢3. Then, 


fo (&) = 2a, x+y, 9’ (x) = 2b, x+ by andh’ (x) =2c, x +c, 
1 aes (x) = 241, gy” = 2bj, ae (x) =2c, 
and, Fo aap Se (x) = h(x) =.0 (a) 


In order to prove that 6 (x) is a constant polynomial, it is sufficient to show that 
o ” (x) =0 for all x. 


Now, 
f(xy g(x) hi 
- $M = f°) 2) h’@) 
rae (x) e” (x) h”’ (x) 
FO e (ey) ty 7)” 82%) YW) Tie (xy I) 
= OMA) Hi ie) ethyl eo i) ee COL” (x). (a) 
if aa gS (x)t ht ee) ALCS AA Seek) lee pe ce ee) ek) 
fi) \e(x) he) 
=> Ors) USUI () 2 G) B®) [Using (i)] 
0 0 0 
= o’(x) = 0+0+0 = 0 forall x. 
> o (x) = constant for all. 


Hecne, 9 (x) is a constant polynomial. 
EXAMPLE 4 [If f, ¢,h are differentiable functions of x and 
a f / & , i 4 
A= | Gf — (xgy (xh) 
eH” (x2 gy’ ea gy? 


prove that 
f . h 
RVE NTA g h’ 
(x3 f sig (x3 wale (x? peoay 


SOLUTION We have, 
Gf) = xf’ +f Ggy = 97+ Sh) e = Sh 
fy = SP ox ey = x? 9! + 2xg , (x7 hy. = xh’ +2xh 
(x7 f)" = xf" + 4x f’ + 2f, (x2. g)” = x? 9+ 4x9’ + 2¢ 


and, (x7 hy” = x* hh” +4xh’ + 2h 
h 


f & Y 
A= AGRA & xo’ +8 xh’ +h 
x7 fi’ + dx f’ + 2f x7 9” + 4x 9’ + 2g x2 h”’ + 4xh’ + 2h 
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I, - bi Applying Ry > R2- Ri, 
= a a *8 A Capa and R3 — R3—-2R, 
xf ax F. x? 9! + 4x9’ x2 hh” +4xh 
[Sap ate eee Ht 
= MeCN BaP OR Gear Applying R3 — R3 —4R, 
bey 2 x fe x2 h” 
g h 
= Avene gy h’ [-.. Taking x common from Ro] 
ofl x2 fist x2 h’”’ 
g h 
= Neal of a g i’ [Multiplying R3 by x] 
x pare x? gy” x? ph” 
Py a ae es so ff |-+Hegoto= 08 
‘NG = ae gy h’ at hc ig h”’ ae f g B 
seu a Be 2" 33 h” agi Ls x33 3” 3 h” ic f “4 (x? oy (x h’y 
f & h bf & 4 
=; A’ =0+0+| f’ fg h Zu f eS h 


Cage (x? ey (x? hy (caf ay (x? gy (x? h’y 


f(x) g@) he) a f°) g°@) h’@) 
EXAMPLES Ify=j 1 m n | , prove that ot = | m n 


a b C 
SOLUTION We have, 


if ae (Xe) 2X) 
l n 


a b c 


y= m 
a b Cc 
5 eto £em See] [fe v@ r@| [fe g@ h@ 
ae ay x. a U0 ) Od + 1W moon 
: be . : i) oa De eat 0.20.0 Ee 
Fo) es (x) ee) > 
i ao I m 7 
a b Cc 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


- If f(x) =log, (log, x), then write the value of f’ (e). 


J 


2. If f(x) =x +1, then write the value of 4 (fof ) (x). 


3. If f’ (1) =2 and y=f (log, x), find a atx =e. 


4. Iff (1) =4,f’ (1) = 2, find the value of the derivative of log (F (e*) wer, to x at the point 
x =0. 


DIFFERENTIATION 


2S. 


. Ify=sin | (sin x), — oe oe Then, write the value of ft forxe(-F 3} 
: or tami 


: If m <x <2nand y=cos ! (cos x), ie eee 


. Ifx=a(6+sin 8), y=a(1 bcos 6) finde 


2 Irystan"{T *}. fin a Wu 
A ind 2 
2 ita. =e, x, find ——. 


. Ify=log Vtan x, write ay 


- ify=secy 1 ead +sin7 ! f — 7 , then write the value of ee 


pol il ee 3 <land y=1+x+x7 +... to, then find the value of =. 


. If f’ (x) = V2x* -1 and y =f (x), then find SY at x =1. 


. Let g (x) be the inverse of an invertible function f(x) which is derivable at x = 


f (3) =9 and f’ (3) = 9, write the value ofe (9): 
ieee d. Teo 
PD ax 


dx 


Ify=sin ! ax /write the value of #4 for x >1. 
1+x dx 


. Iff (0) =f (1) =0, f’ (1) =2 and y=f (e*) e/™, write the value of o atx =0. 


i td 
Ify= “4 
y x | x |, find = for x <0. 


. Ify=sin- ly +4cos7! x, find a 


dx 


If —-2<x<Oandy=tan | \\ 2 = cos 28 fi na Se. 


2 1+ cos 2x’ 


p ify =x" Gnd YY atx e 


dx 


1+x dx” 
dx 


ax 


+1 dx 


dx 


Ifu=sin | 
fr eee 


2x Jens v=tan! 773 | , Where — 1 <x <1, then write the 


u 
value of —. 


24. 


25. 


26. 
27. 


dv 
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St 


If f (x) = log feat u (1) =0 (1) and u’ (1) =v’ (1) =2, then find the value of f’ (1). 


(x) 
- ing 2 
If y=log | 3x | ,x#0, find 


If f (x) is an even function, then write whether f ’ (x) is even or odd. 
If f (x) is an odd function, then write whether f’ (x) is even or odd. 


1 24 rae: 
e 
5) 
at pero ‘112 
14+x 
1 1 
18. 
1+2x x log, a 
1 931 24.0 
1—x)* 
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1 it 

= == Tot ik 8. -1 

4. 5 5. 2 6 9 

12 14 -tan§ 15. -1 1h. 22 
19. cosec 2x 20. O 71 a0 
25. : 26. odd 27. even 


MULTIPLE CHOICE QUESTIONS (MCQs) 


. Iff (x) = log 2 (log x), then f’ (x) at x =e is 
a 


(a) 0 (b) 1 (c) Le (ayo ive 
. The differential coefficient of f (log x) w.r.t. x, where f (x) = log x is 
x log x =i 
(a) Joe x (b) i (c) (x log x) (d) none of these 
. The derivative of the function cot + {(cos 2 xy] Ale = b/ Os 
(a) /a)72 (b) (1/3)'/2 (c) 31/2 (d) 61/2 
. Differential coefficient of sec (tan! x) is 
x 1 x 
(a) (b) xV1+2 (c) d 
14x V1 + x? (¢) V1 + x2 
ae 1 j 
. Iff(x)=tan : ae /O0<x<7/2, then f’ (1/6) is 
(a) -1/4 (b) -1/2 (c) 1/4 (Qriy2 
ite d 
. {f = ora ey = 
y t + "| , then ae 


La x 
(a) +3) fos(1+ 5] | (b) f +3] oa (1 +5 | 


(c) [: oh z {log (x +1) - 


Ifa’ =e" ¥, then eis 
dx 
ares 1-log x 
(a) 1+ log x (b) 1+ log x 


. Given f (x) = 4x5, then 
oe 
ee 


25 
Xe 


(c) not defined (d) —08* _ 
(1 + log x)" 


b) f a shies 
flere 


I 
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9. 


10. 


aa: 


12. 


13. 


14. 


5. 


16. 


17. 


18. 


19, 


If x =acos* 6, y =asin’ 6, then 1+) = 


dx 
(a) tan? 6 (b) sec* 0 (c) sec 0 (d) | sec® | 
Ify=sin?! ee then 2 - 
1+x7] dx 
2 2 1 2) 
(a) - (b) (c) (d) 
14x 1+x* Osi Dax 
The derivative of sec 3 Jone V1+3x atx=-1/3 
: 2x°+1 
(a) does not exist (b) 0 
(¢) 1/2 (d), 1/3 
For the curve Vx + Vy =1, at (1/4, 1/4) is 
(a) 1/2 (b) 1 (c)_=-1 (d) 2 
If sin (x +y) = log (x+y), then # = 
fa) 2 (b) -2 (c) 1 (a) 1} 
ee 23 lee AG Jen 
2 dV 
1l+x 1-x 
(a) 1/2) x oe (a) 1 
x 
= tan | —OS* — | equals 
dx 1+sinx q 
(a) 1/2 (b) —1/2 (c) 1 (d) -1 
d £5254 
i log {(333) |Jeawals 
x2-~1 x7 4+1 -x--1 
1 Rat te d) & 
(a) ey (b) (©) x74 ) A=4 
Ify = Vein x + y, then $4 = 
sin x sin x cos x cos x 
(oi) ame Oot 9 s,cc 
If 3 sin (xy) + 4 cos (xy) =5, then & = 


; 3 sin (xy) +4 cos (xy) 
(a) - = (b) 3 cos (xy) — 4 sin (xy) 


3.cos (xy) + 4 sin (xy) d fae 
©) a cos (xy) — 3 sin (xy) (d) none of these 
lisin y= x sin (a + y), then is 
sin® (2 +4) 
sina 


(a) Sim @-w 
sina 


sing 


as (vb) 
c a) 
sina sin‘ (a+ ¥) 


(a) 


{c) sina sin’ (a+ y) 


11.107 


11.108 


20. 


ile 


22. 


23. 


24. 


20% 


26. 


27. 


28. 


29. 


30. 
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on ri oe ee 
The derivative of cos 1 (2, — 1) with respect to cos 1s 


1 2 
bb) SS red Ones (d).1-x 
(a) 2 (b) pay she (c) 
If f (x) = \x* + 6x +9, then f’ (x) is equal to 
(a) torx.<-3 (b) -—1forx<-3 
(c) lforalxe R (d) none of these 
If f (x) = | x* —9x +20 |, then f’ (x) is equal to 
(a) —2x+9forallxe R (b) 2x-9if4<x<5 
(c) —2x+9,if4<x<5 (d) none of these 
If f (x) = Vx? — 10x + 25, then the derivative of f (x) in the interval [0, 7] is 
(a) 1 {b) el (c) 0 (d) none of these 
If f(x) = | x-3 | and g (x) = fof (x), then for x > 10, g’ (x) is equal to 
(ayes (b) -1 (c) 0 (d) none of these 
1 l+m mY?" 4 n+l 

If f(x) = fe a i , then f’ (x) is equal to 
(a) 1 (b) 0 (c) vem" (d) none of these 

1 1 1 dy . 
If, y= + - , then —* is equal to 

Tet ee bie Tee gee 6 eat ae ee in 
(a) 1 (b) aime 
(c) 0 (d) none of these 
FV 1 — 3° 5 V1 Say =a (x? - y>), then & is equal to 
2 6 2 6 
1- Ee 
(Dat, Mey, oo) SVER 
Yo lee awh 
gee yee (d) f th 
none of these 
Vee ae 


If y = log Vtan x, then the value of dy atx =~ is given by 
dx 4 


(a) « (b) 1 () 0 (a) 5 
Rakoe 2 dy 
If sin ae 5 |= log a then ay is equal to 


(c) 7 (d) none of these 


If sin y=x cos (a+ y), then au is equal to 

(a) cos” (a+y) cos a 
COS'a cos? (a + y) 

(c) Sinty 


cos a (d) none of these 
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a d 
31. Ify=1 eh 
y °5|) a then ie 
4x? 4x 1 4x3 
a —_— —————_ — 
@) fx 2 1-x* «) 4-3 i) ex" 
32. Ify=Vsinx+y, then mu equals 
cos x cos Xx sin x sin x 
Oly) Opes oar OMS 
33. Ify=tan ! oman] , then ay is equal to 
cos x — sin x dx 
i 
(a) > (b) 0 (@) al (d) none of these 


a ————————————— | ANSWERS 
1. (d) 2ekC) 3. (a) 4. (d) 5. (d) 6. (a) Ze (ct) 8. (c) 


9: 
ibyse 
25. 
33. 


2 


(Dy Olay, 11.) (12. (ch HP iei a, \iatd)) «6-15! (} 16: @) 


Nd)dy 18" (a) 19. (b) 26, a) ETI) = 220 ¢e)2 23. (a) 2, (a) 


(By 26--fe) 27. (a) 1 -28:b) 8/2 29. cib)i e308 (a) 31. (6) 32. Ga) 
(c) 


SUMMARY 
- Let f(x) be a differentiable or derivable function on [a, b]. Then, 
m fer) =f) or, lim = ” Ez (x) ...(i) 
ho eh h>0 


is called ae derivative or differentiation of f (x) with respect to x and is denoted by 


if? (2) or, 7 <(f (x)) or Df (x), where D = & 


If y =f (x), then i] gives the slope of the tangent to the curve y =f (x) at point P. 
P 


3. Following are derivatives of some standard functions: 
() £ @% = nx" Gi) £ese 
dx 

wae ad | x a3 hy . a —_ ah 

(iii) ip (a) = a log,a (iv) ae (log, x) = a 
] x)= (vi) Ee (sin x)= cos x 

Sh a a Ba x log,a dx 
es Fx (608 aes (viii) £ (tan x) = sec* x 

+ a t oY 22 
(ix) dx (EAS sees (x) 5 £ (sec x) =sec x tan x 
(xi) = (cosec x) =— cosec x cot x Ee a! Rep ee Ni a a | 


(xii) qx (sin sa saa Bacal 
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(xiii) (cos Ty) = - pal eivae 
x 
(xiv) (tan te ee ok oo 
* 1+ 
(xv) Layers Es ,-00<X< 00 
dx 1+ 


1 
(xvi) (sec 1 y) = ——— _, | x |> 1 
ie ae Vx7=-1 


(vii) 4 (cosec™! x)= Tene rece ae 


- : ok: 
1+22/ 
ey ee Sal eee “4 Ze 
(xviii) hy [sin trea a2) Hara 
- = x<-l 
1+x° 
2 
Ex AD 
(xix) — cos 1 i a 14x 
a +x aay 
14x27’ 
2 


GAOL eae lL 


1 Pi 
pes # {tn (-* Be 5 x 
1-x Fed x<ih 


1+x? 
== ex el or,-1<x< L 
=i 3 1- pee 2 
XNA) es = SIT 3 4 
ges a eee 
1-x2' 2 2. 
= ph a 
sae 


d 
(xxi) Gy loos * 8 - 3x)| = 


3 1 1 
eR eS a 
(xxiii) a tan 3x a! V4e32 Ya OF XE 
ee { 1 -—3x* o>) aoe 1 
d 142" as V3 
(xxiv) dx {sin (sin”! x9| = Lif-l<k<i 


d { Sr Late : 
(xxv) an (eos (cos aa =i ir —1<s<1 


ed = 
(xxvi) ae \tan (tan 1 a = 1forallxe R 


DIFFERENTIATION 


x atl ud 

(xxvii) oe \cosec (cosec 1} = 1forall xe R-(-1,1) 
ee Hs | = 

(xxviii) as sec (sec : x} = 1 forallxe R-(-1,1) 


(xxix) £. loot (cot~! x)} = 1 forallxe R 


—-1, -—3n/2<x<-7/2 
ES Dhcs engee ta 1, —t/2= 2 2my2 
(xxx) fs jsin (sin x)} = =i gee or 79 and so on 
WaT 2c 2. 


aeel ui] Ee le, Oleirt 
(xxxi) a. \cos ala 1, nex <n and so on 


eae! Tl 
Goodi) = {tan7! (tan x)} = {1 nm —Fex<5 nm, neZ 


(xxxiii) = \cosec} (cosec xn} = {_ ee ae 


dx LPG / 2 <— TOK BOE es eRe 


se dalle 7 a 1,0<x<n/2 or,nt/2<x<70 
Bee, dx [sec™' oe x)| = Ne 1,u%<x <3n/2 or, 3n/2<x<2n 
(xxxv) -s lcot~ ! (cot x)} =1,(n-1l)n<x<nn,neZ 


4. Following are the fundamental rules for differentiation: 


(i) 2 (constant) = = 0 
Gi) 4 lef @m}=c {Feo 
(ii) ty : ave ‘ alt x] 


(iv) £ (fx) ¢ @} =f) £ te) + 90) Ff) 


nha g(x) = (feo) — f(x) = tg(0)} 
(v) ax g = 


(x) 
{geo} 
dy _ 1 
(vi) dx dx 
y 
wit) © [pays] ae 
ie a be @ ix Fool +ogfa) Fels eh 
(viii) If = o(f) and y = w(¥), then & dx ST 
du du/dx 


(ix) If u and v are functions of x, then gen dx 
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5. If f (x), g (x), u (x) and v (x) are function of x and A is a determinant given by 
fC) 8) 
AG u(x) v(x) 
Then, 
4a _ lf’ @ s’@i_|f@ s® 
oe) N20.) Oe) a u’ (x) v’ (x) 
Also, 
a _|f'@ g@),|f@ 8 
dx OI u’ (x) v(x) i u(x) v’ (x) 


Similar results hold for the differentiation of determinants of higher order. 


12 


HIGHER ORDER DERIVATIVES 


12.1 DEFINITION AND NOTATIONS 


If y =f(x), then a the derivative of y with respect to x, is itself, in general, a function of 


x and can be differentiated again. To fix up the idea, we shall call a as the first order 


De : ie d 
derivative of y with respect to x and the derivative of “4 wer.t. x as the second order 


dx 
2 2 
derivative of y w.r.t x and will be denoted by Bs Similarly the derivative of ay w.r.t. 
“ dx 
ad? 
x will be termed as the third order derivative of y w.r.t. x and will be denoted by — and 
dx 
n 
so on. The n order derivative of y w.r.t. x will be denoted by Oe 
pi: 
If y = f(x), then the other alternative notations for 
3 
tee tue aly 
bo be dx" 


Yi, Y2, Y3, se Yn 

y Yor ee i y™ 

Dy, ie y, Bilge Se eda 
ae ayaa ohare conte ®) 


The values of these derivatives at x =a are denoted by» © 


> eh 
Yn (a), y" (a), D" y(a), f" (a) or, ea 
x=a 


ILLUSTRATIVE EXAMPLES 


2 
: com dy x 

EXAMPLE1 Ify=sin x, show that a 

y dee Ges 


SOLUTION We have, 
1 


y=sin x. 
On differentiating w.r.t. x, we get 
dy 1 


dx” Vi-2 


12.2 MATHEMATICS-XIL 
On differentiating again w.r.t. x, we get 


4 a-ry V7] 


gay od Meee cs 
Tie ay k AN eae dx 


2 
ey Varela eae 
=> is 5 i) ae ee ee x*) 
2 
a ay _ I = 9x) = “2 


el — x7)3/2 5 
ce 
EXAMPLE2 If y =A ccs nx + B sin nx, show that a +n? y =0. 


--—+ | 
dx? 2(1 — x2)3/2 


[CBSE 2001C] 
SOLUTION We have, 
y=Acos nx + Bsin nx. 
On differentiating w.r.t. x, we get 


dy = —Ansinnx + Bn cos nx. 
dx 


On differentiating again w.r.t. x, we get 


ay 2 2 2 2 
a = — An‘ cos nx—Bn* sinnx = —n*“(Acosnx+Bsinnx) = —-n'y 
x 


dz 
ati nty = (a). 


dx 


EXAMPLE 3 If y = Ae” + Be, show that 


Coys dy Pa 
ae (m+n) “pp +mny = 0 {CBSE 2007] 


SOLUTION Wehave, 


y = Ae™ + Be™ 

=> WA é'”* + Bnel™ 

=> ean Am? e™ + Bn? é 
— (m+ na ay + mny 


= (Am? e"* + Bn? e) — (m+n) (Ame™ + Bne'™*) + mn (Ae”™™* + Be™) = 


EXAMPLE4 If y =A cos (log pile + Be sin pee x), prove that 


2 
d"y , dy 
x pe. he [CBSE 2007, 2009] 


SOLUTION We have, 
y =A cos (log x) + B sin (log x). 
On differentiating w.r.t. x, we get 


d 1 ‘ 
res Asin (logx) +2 cos (log x) 
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ns, 
dy : 
= sr ke A sin (log x) + B cos (log x). 
On differentiating again w.r.t. x, we get 
, ay eu _ 4 £98 (ons) _B sin 8 x) 
dx?” dx 
2 
2a yy, dy 
= x oe) +X he {A cos (log x) + B sin (log x)} 
2 
A ena ea 
= x a2 oa hae 
2 
2 
=> x 7 fie 
a cos x 
EXAMPLE5 If y= tan x + sec x, prove that a ac foe emarmareY 
(1 — sin x) 
SOLUTION We have, 
y =tanx+secx 
. Mo eS at sinsx, > Losin 
drilod gen uer epee ee cos? x 
= dy _ l+sinx _ 1 
We 4 sin ye Ls Xx 
dy d 1 
les ane = sin 
dy Pai ane sia I= Coat) = ee 
> SS — sin re = (— pT es 
dx? dx (1 -sin x) (1-sin x) 
EXAMPLE6 If y = tan x, prove that yo = 2yyj. 
SOLUTION We have, 
y = tanx 
au = sec? x 
d 
=> y, = sec’ x E y= “4 
sa peal by oa 
=> cP: (yj) = x (sec™ x) 
= yp = 2secx £ (sec x) = 2sec x: sec x tan x 
=3 y2 = 2tan x - sec” x 
=> y2 = 2yy, [-..y=tan x and y; = sec’ x] 
Py _(,dy_,) 
= 12a SEF = a CBSE 2005 
EXAMPLE7 If y= x log G 4 5a) Prov that x ie [: as 7 [ ] 


SOLUTION We have, 


x 
Y= 58 a bx 


12.4 
=> y = x {log x — log (a + bx)} 
=> ae = log x — log (a + bx) 


On Pr seetotte w.r.t. x, we get 


dy _ 
ice mae gee aia 
x2 x atbx dx 
Avge ))| Lema 
ae ene ahs ie fears 
dy _ es 
= deme at bx 


Differentiating both sides of (i) w.r.t. x, we get 


roy, dy _ dy _ (a+bx).a—ax(0+b) 
OF = 
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ie dx (a+ bx)? 
‘ ep 
ah eee 
dx? (a+ bx)? 
sh aaa Itiplying both sides by x” 
= ae ane [Multiplying both sides by x*] 
2 
gay |_ ax i 
me % dx? (=| “Ae 
From (i) and (ii), we have 
2 
Pe dy _ 
2 («4 a -»| ; 
d2 
EXAMPLE8 If y =x", find oe 
us 
SOLUTION We have, 
y=x" 
logy = xlogx 
Differentiating w.r.t. x, we get 
dy _ 1 
y dx 1.logx+x.— 
d 
=> ae = y(1 + log x) -.-(i) 
Differentiating both sides of (i) w.r.t. x, we get 
2 
Ty _ Wa, a 
apo nbs (1+logx)+y ae (1 + log x) 
2 
ay _ dy 1 
= We? ey AcuOb ORY) eeaty (lr log a) +h [Using (i)] 


=? oe Ft ttog ste 2}. 
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2 
EXAMPLE9 If y= log {x4 \x2-+021, prove that (+d) E44 7H 20 
dx 


SOLUTION We have, 


y= log {x + V2 + a2} 


On differentiating with ae oe to x, we get 


d i ieee 
a = ee x? +a? ete er is eet 
ae +a x + Nx2 + a2 2 Vx2 + a2 
dy 1 Vx* +07 +x 
= Aer x 
oe ee x? +a? 
il d 
= yy = * where y; = ae 
x2 +a" 
— Peg (x2 +a%) = 


Differentiating w.r.t. x, we get 


Pda gto De pall gre 
Wal an +a°)+ (x + #4, U1 )=9 


d 41 1d 
aU =2y"* +3) 


= yy - 2x4 (7 +07) x2y1 y2=0 AH 

2m (glean 
= 2 yy {yz (x? +a") + xy} = 0 
=> yp (x2 +. a*) + xy, = 0 [-.- y, #0] 


EXAMPLE10 If y=sin- 1 x then show that 


ay dy _ 
a- *) 2% Pf 


SOLUTION We have, 


d 1 : art ; 
=> = Differentiating with respect to x 
dx ~ Vi-2 ! 2 aie) 
=> V1-x? 2 =1 


Differentiating both sides with respect to x, we get 


Vine £4 = @) 


V1 —x? dx 
= (i- ae ey x = 0 [Multiplying both sides by Vi] 


ALITER We al 


y = sin” ! x 
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ie 1 
3 dx V1—x* 
2 
Ben LLaT © 
— et (i 1 


Differentiating both sides with respect to x, we get 


2 
dy d(dy\|_4.(dy) _ 
(= 7) {28 dx dx Ble 2( it) ? 


2 
dy # y dy) _ 
=> DEE. Ss 2( = 0 
Lae x a 
— (i xs) 2 “ae Pa tie 


2 2 
EXAMPLE 11 [If eY (x +1) =1, show that ae (Z| 


SOLUTION We have, 


e(x+1)=1 
1 
Y = 
sf si eae tl 
= loge’ = log é 
soap li 
=> y = —log (x +1) 
2 
=> dy a 1 ey tt 
dx x+1 dx (x +1) 
2 
dy (dy 
= de \dx 


m 
EXAMPLE 12 If y={r4 Vx7 +1 , show that (x7 +1) yo + xy, —m* y=0. 
SOLUTION We have, 


y= {x+ Vix741 a 
= m-fea Nei] xt fer Vera] 


Be 


=> ® = m{fx+Ve+i |" x 1+ 2x 
e+] 
d Wit+1 42h" 
= oY = m- mi 
z V2 44 Not 41 


EY, 


> y = 
: Ve41 
a yy Vx +1 = my 


HIGHER ORDER DERIVATIVES 


=> 17 (x7+1) = m* ¥ 
Differentiating w.r.t. x, we get 

2y1 Yo (L+2°) + yr (2x) = 2m y yy 
=> yo (1+x*)+xy,-m’y = 0 


5S eal 
sin 


2 
EXAMPLE13 If y= eae show that a2) E4— ae 3h —y=0. 
=—7 bg 


dx 
SOLUTION We have, 


_ sin__x 
Yow 
= y V1—x* = 
Differentiating both sides w.r. to x, we get 
ay Ries ene A aa 
Woe! ae 
= a (1 —x*) — xy =1 
Differentiating both sides w.r. to x, we get 
2 
dy au ay 
i w= x?) — 2x ey Past = 0 
= (it yey 3x au y =0 


a 
EXAMPLE14 [If x=tan E log v}, show that (1 + x) ayo + (2x - Ate 
dx* 


SOLUTION We have, 


1 
x =tan k log q 


=> tan ix= + log y 
=. atan'x=logy 
Differentiating w.r.t. x, we get 
qa_ _idy 
1+x7 yax 
2) dy _ 
=> Gi 5 a) peat 


Differentiating w.r.t. x 


a+) fH +a Eig tl a+x4 4 TY + ox—a Ht =a 


dx dx 
EXAMPLE15 y=x" et, oa 
Niet a ae y(ax) x 


SOLUTION We have, 
yar 


ee), 


[CBSE 2009] 
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=> 


=> 


= 
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ae plogx _ pxlogx 
Differentiating w.r.t. x, we get 
aH = et logx £ (x log x) 
uy = x* (1+ log x) 
a = y(1+log x) ..-(i) 


Differentiating w.r.t. x, we get 


2 d 
TE ie Se ay) 
or ade (1+ log x) + 7 (1 + log x) 
2 
EIB Sy ch at 
= e Veet (1 + log x) 
Py y dy(idy a 
aoe ss Sa See See F i), we have 1+log x=— 
= 2 a ly ax rom (i) g y dx 
ar Cavey elit dy 
Fee Se Nake 
2 
= Bye Lavy eG 
Fp AED 63 
an : 2 
EXAMPLE 16 Find ae if x =at’, y =2at. 
bs 
SOLUTION We have, 
x =a’ and y =2at 
dx _ dy _ 
a Tos 2at and Hie 2a (i) 
dy _dy/dt _ 2a _1 
Ne) lien et 
Differentiating both sides w.r.t. x, we get 
day dag) 
dx? dx\t 
2 
Cn igd s Vagc erel » AX _ aes 
a dx? 2 dx 2 Dat From 0, Tee te oo 
dey 1 
=> — Se 
dx? 2at? 


2 
EXAMPLE17 If x=acos° ®, y=asin° 6, find oy 


dx? 


SOLUTION We have, 


x =acos* 0 and y =asin36 


dx 


: d 
qos — 3a cos’ @ sin 0 and os = 3a sin? @ cos 0 
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os dy _ dy/d® _ _3asin* 0 cos® 
? dx dx/d®  —3acos* Osin®@ 
Differentiating both sides w.r.t. x, we obtain, 


= —tan0 


dy d 2940 

ahs dx © tan 8) = —sec Cea 

d- 

oY ~~ sec? 9x ——_4—___ = = sec! 0 cosec 8 
dx — 3a cos” 8 sin 8 4 


EXAMPLE18 I[fx=a cos0+bsin0 and y =a sin 0 —b cos 9, prove that 


2 
2A ee) 
ae 2a Dk ae 


SOLUTION We have, 


x7 +? = (a cos 0 + bsin 8)? + (asin @— bcos 6) 
= x+y =a" (cos? @ + sin? 6) + be (sin? 8 + cos” 0) 
=> ey? = a+b? 


Differentiating w.r.t. x, we get 


2x+2y es 0 


xe) 
ee 
ar dei a 
Differentiating w.r.t. x, we get 
ca, Geet 
a) ee pale a 
dx* y? y? 
2 2 
ye Py _ _@+y’) 
dx* ~ 
Now, 


oe dy ere ape sees 


EXAMPLE19 If (x — a) + (y- by? = c, prove that 
Pd ey (Ps 


Hn 
‘ dx? 
SOLUTION We have, 
(x -a)? + (yb =e? 
Differentiating with respect to x, we get 


2 (xa) +2 (y—b) = 0 


= (x-a)+y-b) # = 0 


is a constant independent of a and b. 


iP) 


[Using (i)] 


...(ii) 


[Using (i) and (ii)] 


saath) 


...(ii) 


MATHEMATICS-XII 
12.10 


Differentiating with respect to x, we get 


2 
2 d 
= y-0) 7 F = -(1+(%4) 


Pa ici ra ...(iii) 


U 
— 
ae 
Se Se 
R 
eer 
— 
Ee 
R 
| 
a 
N 


y 
2 
oe 


R 


(y- by? 


_ 
ae 
al 


2 2 
=— [Using (i)] 


ZO, 2 : 3/2 : 
= {1 ata | = | : 5 ae ..(iv) 
x (y — b) (y —b) 


From (iii) and (iv), we have 


ae Sree S7 = (y * b) = y . b3 .(V) 


= —c, which is ind dent of db. 
ay = eS ich 1s in epen entordan 
dix? (y-b) 


EXAMPLE 20 If f(x) =| x ee show that f”’ (x) exists for all real x and find it. 
SOLUTION We have, 


3 : 
fx 20 

fay = 1x19 =| as, 
-xP=-x | ifx<0 


Now, 
(LHDatx=0) = lim [=f 
; On = 
et 0 
= (LHD at x =0) = lim y= lim —x*=(0 


x30 x30 


HIGHER ORDER DERIVATIVES 


So; 
Hence, 


Now, 


— 
Hence, 


(RHD at x = 0) =.lim feck®) 


S100 


on 


(RHD at x=0) = lim = lim x7 =0 


tk 3 x0 
(LHDiatx=0))= (RE Diat x= 0) 
f (x) is differentiable at x = 0. 


w) 
Fai) = Es  ifx <0 


(LHD of f’ (x) atx=0) = lim sat 
x0 < 
_ ae 
(LHD of f’ (x) atx =0) = lim sal ia lim — 3x 
x30 x a On 
(RHD of f’(x)atx=0) = lim E@-fO) 
x—>0" x 
3x7 -0 


x0 x= 07 
(LHD of f’ (x) at x =0) = (RHD of f’ (x) at x =0) 
f’ (x) is differentiable at x = 0. 


(RHD of f’ (x) atx =0) = lim wien eke him+3x = 0 


ey, fs See nual) 
fea) = Hea ifx<0' 


1200 


——— —._ EXERCISE 12.1 


1. Find the second order derivatives of each of the following functions: 


(i) x°+tanx (ii) sin (log x) (iii) log (sin x) 
(iv) e sin 5x (v) e® cos 3x (vi) x° log x 
(vii) tan | x (viii) x cos x (ix) log (log x) 


2 
2. If y=e * cos x, show that me =e aeinl x 
x 


2 
3. Ify =x + tan x, show that cos? x © —2y +2x=0 
x 
a4 
4. Ify=x log x, prove that 44 = 2 
Oi ee 
on 


3 

5. If y =log (sin x), prove that oe = 2 cos x cosec 
x 

6. Ify=2sinx+3 cos x, show tha 


7. Ify= 


2 
Aen ee 
t +y=0 
dx? ; 


2 =: 
log x a show that ay = “BS eEs = 
x dx x? 


[CBSE 2007] 
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8. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
22, 
23. 
24. 
25. 


26. If 


p4 
oy 
dd 


If x =a (cos 0+ 0 sin 9), y =a (sin 6 — @ cos 8), prove that aa ws 
x 


If x =a sec 9, y =b tan 6, prove that 4Y 
de 


d? Tt \ 

If y=e* cos x, rove that ~~ =2 e cos|x+= 
y =e 008 x, P - i 
d? bt 

If x =a cos 0, y= b sin 9, show that = 


ay 
os ayia =e 
If x =a (1 —cos* 8), y =a sin? 6, prove that Qo =o ate 6 
Py a 
UAT UREA STS IN | 2 BE Mes = cg 
x y 
Ifx = a(1-cos8), y = a(8@+sin 9), prove that 
2 
dU ele el 
oe Seaek 0S - 


2 = 
lix=a (i +c08 0), y=a (0+ sin 0), prove that 4 = —" at 0 = 5 


Ibis & 
dx 


Ifx = cos6,y = sin®@, prove that 


d?y (dy 
y+ .(2] = 3 sin’ 6 (5 cos* 6 - 1) 
dae 


sec’ @ 8 
ae 


2 
asint—bcost, y = acost+bsint, prove that ae Zo 
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[PSB 2000C] 


tay 


y? 


Find A and B so that y= A sin 3x + B cos 3x satisfies the equation 


2. 
d-y dy . 
ed = 10 cos 3x 


2 
Ify=sin (sin x), prove that “4 + tan x A + y cos? x=0 


If x =sin t, y= sin pt, prove that (1 — x7) fea sey = 
: dx? dx 
Ify= (sin! x)2, prove that (1 — x) Y2 - xy; -2=0 


Ify=e *, prove that (1+x*) y)+(2x-1)y, = 0 

If y =3 cos (log x) + 4 sin (log x), prove that 7 yo +xy,+y = 0 
If y = e** (ax + b), show that y-4 y, +4 y=0 

Ify=Ae# cos (pt +c), prove that 
2 

TY op 4y 
ae +2k 


ax 
I ox 


+n*y = 0, where n2 =p+i2 


+b 
4q’ Prove that 2 y; y3 = 3 (y)* 


[PSB 2002] 


[CBSE 2009] 
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nad ie! 2 

27. Ifx=sin{ {Jog y), show that (1—x*) yo-x yy -a’y = 0 

28. Iflog y=tan“! x, show that (1 + x’) Yq + (2x -1) y, =0 


29. If y=tan ! x, show that (1 + x?) ey Fo us 0 
x 


dx 
2 
30. Ify = [log (x + Vx? + 1), show that (1 + x) o +X ay 2 [CBSE 2008] 
x 
31. If y=(tan™ 1 x), then prove that (1 + 2) yo + 2x (1+ x*)y,=2 [PSB 2002] 
2 
2 GV pog Al 2 
32. If y=cot x show that a2 +2y iE 0 
dy a 
33. Find ~~; where y = log) “> [CBSE 2000] 
dx e 
e Py dy 
34. If y=ae~* +be™, show that, —~-—=*-2y = 0 [CBSE 2000C] 
dx? dx 
. ay | dy 
35. If y =e (sin x + cos xX) prove that Gale 2 ty = 9 [CBSE 2002, 2009] 
: i 


2 
36. If y=cos” ly, find eet in terms of y alone. 


dx? 


ay 
dy 
psi COS” wees Pengo 
S7uliyad *, prove that (1 —- yas or ee a 
7 =7. dy 
38. If y=500e’* + 600e “*, show oe = 49y 
; : erate y T 
39. Ifx =2 cost—cos 2t, y=2 sin t —sin 2t, find FE athe 2 [HSB 2001] 
‘e 
or, ey 
40. If x =427 +5, y= 62" +7z +3, find aa [HSB 2001] 
da d 
41. If y=log (1 + cos x), prove that ee ee ay =0 [CBSE 2005] 
42. If y =sin (log x), prove that ae fy +X a +y=0 [CBSE 2007] 
a 3 fy dy p: 
43. Ify=3e% +2e%, prove that “5-54, + 6y=0 [CBSE 2007, 2009] 
ANSWERS 
_ — [sin (log x) + cos (log x)] 
1. (i) 6x+2 sec x tan x (ii) eg ee 
(iii) — cosec x (iv) 2e* (5 cos 5x — 12 sin 5x) 
(v) 9e% (3 cos 3x - 4 sin 3x) (vi) x (5 +6 log x) 
- oe : (1 + log x) 
Vii (viii) -xcosx-2sinx (ix) - 
Me (1+ x2)? (x log x)? 
2 1 Z 2 3 Z 
a = --— 36. -—cot se 6h) ees COS See 
18. A 3/28 3 33 as cot y cosec* y 7 aie 
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VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


; 2 
il Sy eee xttls by" and x oe = Ay, then write the value of 2X. 
x 
dex 
2. Ifx=acosnt—bsin nt and ce = Ax, then find the value of A. 
t 


2 
3. Ifx=f and y=6, find is} 
x 


2 
4. If x = 2at, y =at’, where a is a constant, then find “atx =5. 
he 
2 
5. Ifx=f(t) and y =g (t), then write the value of 4. 
x 
ee Seed 2 
6. ify tas a Pa cae to.» then write “in terms of y. 
2 2 
Teen he, find ©. 8. Ify=| x-x? |, then find £¥. 
dy dx 
f dy 
Omeithays lil , find : 
y [loge x ind 
ANSWERS 
1. : 2 io) £2 be fis io uM 
n(n+1) 2. n 3 At 4 a 5: 73 6. y 
it 
ert) 1 
-e 3 aye = 2 Wyre 2 ay _ x2 hh 
(ones dx 2x Sum 0 ven ee | 
om re Sd | 
e 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Write the correct alternative in each of the following: 


1. Ifx=acos nt —bsin nt, then Le is 


dt? 

2 

(ay) Take se (b) - n* x (c) —nx (d) nx 
2 
2. If x = at’, y = 2at, ene 
dx* 
1 il 

@-> oe () -+ (d) - 

t 2 at? : 3 

t 2 at 


2 
+ bx", then x2 ay _ 


dx 


(a) -1 b 
ae (n — 1) y (b) n(n+1l)y (c) ny (d) n? y 
4, Sap Se 8S a 


Be Ify = ar" +1 
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10. 


Ae 


LZ. 


ifee 


14. 


15. 


16. 


(a) a (cos 2x-279 cos 4 x) (b) oh (cos2x+ 279 cos 4 x) 
(c) 27° (sin 2 x + 27° sin 4.x) (a) 27° (sin 2x - 279 sin 4 x) 


s Ifx=",y=8, then 24 = 


dx 
(a) 3/2 (b) 3/4t (c) 3/2t (d) 3t/2 


- Ify=at bx, a,b Gite constants, then 


2 
(a) aa xy wb) x f¥ Yay, (xf ¥ Wy. @) xf Yana 
dx? dx? dx* dx’ 


and f (1) = 1, then f” (1) is equal to 
2 2 
(a) ee (b) eae (c) - eee (d) none of these 


2 


. If y=asin mx +b cos mx, then oat is equal to 
x 


_(a) -m*y —(b) m’y (c) — my (d) my 


- —-1 
. If (x)= Ve then (1 — x*) f” (x) —xf (x) = 


(a) 1 (b) -1 (c) 0 (d) none of these 
_1 {log (e/x*) _,(3+2 log, x a 

= 1 e 1 e GEL 
If y=tan Bees Tees) ar 
(a) 2 (b) 1 (c) 0 (d) =1 
Let f (x) be a polynomial. Then, the second order derivative of f (e*) is 
@ fOr +peye (b) fF") +f e) 
i © oaio Gok (d) f” (e*) 
If y =a cos (log, x) + b sin (log, x), then x? Yo+ xy, = 
(a) 0 (b) y (ch =9 (d) none of these 

2 ay AN 
If x =2 at, y =at’, where a is a constant, then 7 atx = is 
Is 

(a) 1/2a (b) 1 (c) 2a (d) none of these 


2 
If x =f (t) and y=g (#), then 5 is equal to 


(a) ee Sl 9 (b) je SET 0 (c) & + (d) 


Fy” fy” ig’? 
If y=sin (m sin” 1 y), then (1 - x 2) Y> — XY, is equal to 
(a) mm y (b) my (c) - mm y (d) none of these 


If y =(sin- 1 ¥)?, then (1 - x”) y2 is equal to 
(a) xyy+2 8 (b) xy, -2 (c) —xy,+2 (d) none of these 


12.15 


. Iff(x)=(cos x +i sin x) (cos 2x +i sin 2x) (cos 3x + i sin 3x) .... (cos nx +i sin nx) 
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17. Ify= efan* then (cos* X) YW = 


(a) (1—sin 2x) yy (b) —(1+sin 2x) yy 
(c) (1+sin 2x) y; (d) none of these 
2 -1(a—b a; 
18. ia a eee (oe tan 5} 22 B= O-then 
-1 bsin x 
i Ole rsampapraas: 
al —bsinx 
agg MEM Ae d = 
Tee ae ates (d) y2 (eee 
19. Ify= ee then (2xy; + ¥) ¥3 = 
os 


(a) 3 (xY¥2 +1) Yo (b) 3 (xy, + Yo) Yo (c) 3(x¥2+ YD) (d) none of these 


x 
20. Wy =loee sot ne ): then x° y2 = 


2 
(a) oy -yr &) a+yr © rae (d) none of these 
dx d 

21. Ifx=f(t) cost -f’ (f) sint and y =f (t) sint +f’ (£) cost, then Gai +3) = 

(a) f()-f" © (b) FO-f” (OP 

() FO+F" OP (d) none of these 
OIE yet ysl” a 2x. then (x7 - 1) y> +. xy, = 

(a) - ny (b) n’y (c) 0 (d) none of these 


23. “te (x a, x" 4 ag xt 7+... +(-1)" a, pet =x" &%, 


then the value of a,,0<r<n,is equal to 


' me 

(a) = (b) ee (c) ( a (d) none of these 
24 liy =x : log x then x Yo + (3 —2n). a is equal to 

(a) -(n-1)'y (b) (n-1)'y (©) - Wy (a) n’y 


25. If xy — log, y =1 satisfies the equation 

X (YY2 + yf) —Yo+Ayy, = 0,thendA = 

(a) -3 (b) 1 | (c) 3 (d) none of these 
26. If y? = ax? +bx+ c, then y oy is 


(a) aconstant (b) a function of x only 
(c) a function of y only (d) a function of x and y 


a ————— nm §=—OAANSWERS 


1. (b) 2. (d) posi (2) 4, (b) 5S Eb) 6. (b) 7. (Cc) 
9. (a) 10. (c) 11. (a) 12a (c) sR TED 14, (a) 15. (c) 
17, (c) 18. (b) 19. (a) 20. (a) (ce) 2) 28. (0) 
24. (a) 25. (c) 26. (a) 


8. (a) 
16. (a) 


HIGHER ORDER DERIVATIVES T2517 
SUMMARY 


1. Ify=f (x), then a (a is called second order derivative of y with respect to x and 


2 
is denoted by ty or, Y2 or, y”. 
x 


Similarly, third and higher order derivatives are defined. 
2. Ifx=f(t)hand y=g (t), then 


y= 2 [go 

dx? dx |f"() 

Nereel Morass oo dt. @y _ ff Os’ O-¢ OF" O 
“ogra Recah 2a Bo Uae el ri: if (OP 


YRAMMUE 
osu teh 


off) a 

(a) amen tv ter a Sa 

sot) : a rita © 
end | pee 


ok @) 
a a 


oy WF Mer 


Tt | 


oo 


ii oe 


3 ae thes-y (Tote tad § «/ psi af" (Ff vee daar wet ‘= 
@. fe a Tey j’ ,* 
Se ro" ei” = | Sl ite es 
2h. i: Pry aS, Denvte Ir ye & dey » 
sm —wy ih ny x? a ¥ ~» Ade 
= Aes ame Uwe fe or i qer ne! 
an the value of o, heat Sw. io maate 


en fb) © ae ‘ “-~ \o). woe ~ eee 
Bye ng tens! hs hry © eqaeal te 
we Sat aed ay ¥ ib) (a- ny we Sy ef 
, osdoadibaredl 2 sates. ther esi ove 
Ss tH ya tii y= (i tier 
Sie ‘=k fb) ' ; wa ae 
%, MP rie 12048 0 P24 
t a spa 
seanstenr c to) atin GF) aay 
|B hone ek eee i 


i a - te 


‘kaos a a n ——— a nee eae uit 
mi "y 
RK (9) ‘ es) . >. ti — . 9 « 


ngs “ £, a a a a ee tds teh 


Bi 9 Oa oe 
%. (e) . ime aj ; 


DERIVATIVE AS A RATE MEASURER 


13.1 DERIVATIVE AS A RATE MEASURER 
Let y = f(x) be a function of x. Let Ay be the change in y corresponding to a small change 


: A 
Ax in x. Then, nS represents the change in y due to a unit change in x. In other words, 


A 
ae represents the average rate of change of y w.r.t. x as x changes from x to x + Ax. 


As Ax > 0, the limiting value of this average rate of change of y with respect to x in the 
interval [x, x + Ax] becomes the instantaneous rate of change of y w.rt. x. 
Thus, 


Ay 


lim me Instantaneous rate of change of y w.r.t. x 
Ax— 0 
ee jim AY 4u 
= s. Rate of change of y w.r.t. x : ee AGE ak 


The word “instantaneous” is often dropped. 


d 
Hence, es represents the rate of change of y w.r.t. x for a definite value of x. 


dx 


x=XqQ 


d a 
REMARK 1 The value of os atx =Xqi.e. i) represents the rate of change of y with respect 


to x at X = XQ. 


dy 
dy dt dx 
REMARK 2 - = sit Ag LL pe 
REMARK 2 [fx = o (t) and y = y (t), then rage provided that dt 2(0) 
dt 


Thus, the rate of change of y with respect to x can be calculated by using the rate of change of y 
and that of x each with respect to t. 

REMARK3_ Throughout this chapter, the term “rate of change” will mean the instantaneous 
rate of change unless stated otherwise. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 A balloon, which always remains spherical, has a variable radius. F ind the rate at 
which its volume is increasing with respect to its radius when the radius is 7 cm. 
SOLUTION Let x be the radius and y be the volume of the balloon. Then, 


od is a eee hay? dy _ ibs 2 
yo 3s i = (i crn 4n (7) 196m cm 
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Hence, the volume is increasing w.r.t. its radius at the rate of 196 mcm’, when the radius 
is 7 cm. | 

EXAMPLE 2. Find the rate of change of the area of a circle with respect to its radius. How fast is 


the area changing with respect to the radius when the radius is 3 cm? 
SOLUTION Let A be the area of the circle. Then 


A="r> uae PLS 
dr 
Thus, the rate of change of the area of the circle w.r.t. its radius ris 27 r. 
When ¢ = 3 cm, we have 


dA 


las (2m x3)cm = 61cm. 


: ; ; 3 
EXAMPLE 3 A balloon, which always remains spherical, has a variable diameter (2x + 3). 


Determine the rate of change of volume with respect to x. 
SOLUTION Let V be the volume of the balloon. Then 


3 
_ 40 }3 Pea! REA wag 
- B iF ox 3)| = (2x+3)? => Biige 3.(2x-+ 3) dx 2% +3) 
AVG 2h 2 
> ie Satie (2x +3). 


EXAMPLE4 The total cost C (x) associated with the production of x units of an item is given by 
C (x) = 0.005x? - 0.02x" + 30x + 5000 


Find the marginal cost when 3 units are produced, where by marginal cost we mean the 
instantaneous rate of change of total cost at any level of output. 


SOLUTION Since the marginal cost is the rate of change of total cost with respect to the 
output. Therefore, 


dC d 
Marginal cost (MC) = “= (x)= 75 (0.005x? — 0.02x? + 30x + 5000) 


i 


0.005 (3x) — 0.02 (2x) +30 
When x = 3, we have 


Marginal‘cost (MC) = 0.005 x 3 x 32-0.02x2x3 +430 
= 0.135 - 0.12 +30 = 30.015 


Hence, the required marginal cost is Rs 30,02 (nearly). 


EXAMPLE 5 Tie total revenue received from the sale of x units of a product is given by 
R (x) = 3x* + 36x +5. Find the marginal revenue when x = 
mean the rate of change of total revenue with respect to the n 
SOLUTION Since the marginal revenue is the rate of ch 
to the number of units sold. Therefore, we have 
: dR d 
paatemialtevenue (VRyI ee Fy OX" + 36x +5) = 6x + 36 


5, where by marginal revenue we 
umber of items sold at an instant. 
ange of total revenue with respect 


When x = 5, we have 
Marginal revenue =6x5+36= 66 


Hence, the required marginal revenue is Rs 66. 
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EXAMPLE 6 Acar starts from a point P at time t = 0 second and stops at point Q. The distance 
x, in metres, covered by it, in t seconds is given by x = P c = 3| Find the time taken by it to 


reach Q and also find distance between P and Q. 
SOLUTION We have, 


2 t 
53 ag 
3 
= x = 2p - = See ee Q 
dx 2 ’ 
= ae 4t—-t Fig. 13.1 


This gives velocity of the car at any time f. 


Suppose the car stops at Q after time ¢). 


=> (Z| = 16) 
tai 
= 4t,—t,? = 0 
=. t; (4-+t,) = 0 
=> i, = 4 [-.. ty = Ois for point P] 


Thus, the car takes 4 seconds to reach at Q. 


The distance between P and Q is the value of x at f=, ie. att =4. 


6) 
PQ = (Value of xatt = 4) = 2x95 “= 32-3 2 2 m 


EXERCISE 13.1 


1. Find the rate of change of the total surface area of a cylinder of radius r and height 
h, when the radius varies. 


2. Find the rate of change of the volume of a sphere with respect to its diameter. 

3. Find the rate of change of the volume of a sphere with respect to its surface area 
when the radius is 2 cm. 

4, Find the rate of change of the area of a circular disc with respect to its circumference 
when the radius is 3 cm. 

5. Find the rate of change of the volume of a cone with respect to the radius of its base. 

6. Find the rate of change of the area of a circle with respect to its radius r when r=5 
cm. 

7. Find the rate of change of the volume of a ball with respect to its radius r. How fast 
is the volume changing with respect to the radius when the radius is 2 cm? 

8. The total cost C (x) associated with the production of x units of an item is given by 
C(x)= 0.007x° — 0.003x" + 15x + 4000. Find the marginal cost when 17 units are 
produced. 

9. The total revenue received from the sale of x units of a product is given by 


R(x)= 13x* + 26x + 15. Find the marginal revenue when x = 7. 
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13.4 
ANSWERS 
a in a ee ne ee 
2 
1. 4nr+2nh 2. te ,risthediameter 3. 1cm 4. 3cm 
2 3 
5. Sark 6. 10 mcm?/cm 7, Atr ,16%7m /m 
8. Rs 20.967 9. Rs 208 
HINTS TO SELECTED PROBLEMS 
1. We have, 
2 dS 
SS ia ae = dp watt t+ nh 
2. We have, 
2 
: Vi metGT. 
We = ats) where r is the diameter. .°. PVD 
3. Wehave, 
eS oS dV _ dS _ 
Ve3u s S=4nr => rf, =4nr, ap eae 
2 
eV aV are ante 76 (dV peer 
' dS dS/dr ~ 8nr -3>(55 a2 a 
4. We have, 
A= nr*,C =2nr 
dA _ dGa . BA SdAsadr > aA = 
> oi agai ee ieteal GPO eTateait ayy Fans St (fe) 3am 


13.2 RELATED RATES 


Generally we come across with the problems in which the rate of change of one of the 
quantities involved is required corresponding to the given rate of change of another 
quantity. For example, suppose the rate of change of volume of a spherical balloon is 
required when the rate of change of its radius is given. In such type of problems, we 
must find a relation connecting such quantities and differentiate this relation w.r. to time. 
The procedure is illustrated in the following examples. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Anedge ofa variable cube is increasin § at the rate of 10 cm/sec. How fast the volume 
of the cube is increasing when the edge is 5 cm long? 


SOLUTION Let x be the length of the edge of the cube and V be its volume at any time 
t. Then, 


3 ax 


V = x’ and ae 10 cm/sec [Given] 
Now, Vax 
dV D ke dV 
Cg ble ax Lid die a. 
= | es dali esiaia a) (10) E a7 10| 
dV 2 dv 
=> (<r = B0x? = (tr) ints 30 (5)* = 750 cm3/sec. 


Thus, the volume of the cube is increas 


ing at the rate of 750 cm?/sec when the edge is 5 
cm long. 
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EXAMPLE 2 The radius of a circle is increasing uniformly at the rate of 4 cm/sec. Find the rate 
at which the area of the circle is increasing when the radius is 8 cm. 
SOLUTION | Letr be the radius and A be the area of a circle at any time t. Then, 


2 dr 
AL= Tneand wee 4 cm/sec [Given] 
Now, Az=nr 
tae ar 
et ee a 


dA 
(a | = 2nx8x4cm7/sec = 64 mcm*/sec. 
r=8 


EXAMPLE 3 The radius of a balloon is increasing at the rate of 10 cm/sec. At what rate is the 
surface area of the balloon increasing when the radius is 15 cm? 
SOLUTION Letrbe the radiusand S be the surface area of the balloon at any time ft. Then, 


S = 4nr and a = 10 cm/sec. [Given] 
Now, S47 r 
— as. = 8r it 
Pd dt dt 
dS _ dr _ 
=> a 80m r E Ai == '() cm/sec. 
#5: = 80n (15) = 1200ncm?/sec. 
at r=15 


EXAMPLE 4 A stone is dropped into a quiet lake and waves move in a circle at a speed of 3.5 
cm/sec. At the instant when the radius of the circular wave is 7.5 cm, how fast is the enclosed 
area increasing? 

SOLUTION Letr be the radius and A be the area of the circular wave at any time f. Then, 


A =r and Lib = 3.5 cm/sec. [Given] 


Now, A=nr 


ae T art 
¥ dt dt 
= tale spelt 

at <% dt 

aA _ = Vida 
= ri 20 13:5) = 71Ur : dp cm/see| 
=> vis = Jn (7.5) = 52.5% cm?”/sec. 

dt ta 


EXAMPLES A particle moves along the curve, 6y = x? +2. Find the points on the curve at which 
the y-coordinate is changing 8 times as fast as the x-coordinate. 
SOLUTION Let the required point be P(x, y). Itis given that 

Rate of change of y coordinate = 8 (Rate of change of x-coordinate) 


dy _ g dx i) 


“ dt dt 


Now, 6y = x42 
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13.6 
= 6 HY = 3x2 ax [Differentiating both sides w.rt. £] 
dt dt 
ax | = 3x22 [Using (i)] 
= [8 it = Ghe it 
=> 3x7 = 48 > x2 = 16 > x=+t4 


Now, x= 4 => 6y=4+2=66 > y= 11 

31 
and, = x =-4 = 6y = (-4)° +2 = -6C2 5 y=-% 
So, the required points are (— 4, —- 31/3) and (4, 11). 


EXAMPLE 6 The volume of a cube is increasing at a rate of 7 cm? /sec. How fast is the surface 
area increasing when the length of an edge is 12 cm? 

SOLUTION Let x be the length of an edge of the cube, V be the volume and S be the 
surface area at any time t. Then, 


Vie x and S= 6x 


Also, ule 7cm*/sec [Given] 


dt 
gone 2dx _ ae 
=> Epis Moa: => 3x mee a (eee 


Now,  S = 6x 


dS dx 
ms Reiter 
=> AS: Was ren Ze -, eee 
dt 3x2 SN eae 
ay dS _ 28 
| See 
dS _ 2 2 ee 2 
= (fr ee = 49cm /sec = 3m /sec 


EXAMPLE 7 The volume of a cube is increasing at a constant rate. 
surface area varies inversely as the length of the edge of the cube.. 


SOLUTION Let x be the length of each edge of the cube, S be its surface area and V be 
its volume at any time t. 


Prove that the increase in 


Then, S = 6x* and V = x°. It is given that av =k (constant). 


Now, Ve— x 


dV 2 dx 2 dx dx k 
= SS 3 —— k = a SS . 
dite os, Jee EST aT ag () 
and, Sa 6x7 
dS dx dS k 
= Se ee 19 4 | 
Gps 3 aT a ae | [Using (i)] 


Usantcs tdohe 
dt' x dt ze 


Hence, the rate of increase in surface area Vari inv 
” aries inve 
: | rsely as the length of the edge of 
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EXAMPLE 8 An airforce plane is ascending vertically at the rate of 100 km/h. If the radius of the 
earth is rkm, how fast is the area of the earth, visible from the plane, increasing at 3 minutes after 


it started ascending? Given that the visible area A at height h is given by A= 21 ? A 
r+ 
ae i It is given that the plane is ascending vertically at the constant rate of 100 


dh 
= 100 km/h --(i) 
— Height of the plane after 3 minutes = 100x 5 =5 km. [Using h = vt] 
Rowe Ac one 
r+h 
dh d 
* dA ee PORN (Gt Wp hs +h) 
= Pi SL, 
dt dt\r+h (r+hy? 
dh _, dh 
ni fF ora EBLE "at|_ 2nP dh 
dt (r +h) (r+hy at 
: dA 2nr 200n r° dh 
=> rie 7 « 100° 5 E =~ =100 km/h 
f (rth) (r+h) dt 


We want to find a when t = 3 minutes. Also at t = 3, we have h =5 km. 


(‘) _ 200n 7 
dt },3 (r+5) 


EXAMPLE9 A man 2 metres high, walks at a uniform speed of 6 metres per minute away from 
a lamp post, 5 metres high. Find the rate at which the length of his shadow increases. 
SOLUTION Let AB be the lamp-post. Let at any time t, the man.CD be at a distance x 
metres from the lamp-post and y metres be the length of his shadow CE. Then, 


a = 6 metres/minute [Given] (a) 
Clearly, triangles ABE and CDE are similar. NX 

AB _ AE aN 

CD SCE NY] 

Beat 

a Bs D 
=> 7 y = 3y x 

dy _ dx 

< 2 dior aut 
= 3 Y= 2 6) [Using (i)] 

dy _ 
=> Fis + 


Thus, the shadow increases at the rate of 4 metres/ minute. 
EXAMPLE 10 A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled 
along the ground away from the wall, at the rate of 2 m/sec. How fast its height on the wall 
decreasing when the foot of the ladder is 4 m away from the wall? 


36 MATHEMATICS-XII 


SOLUTION Let AB be the position of the ladder at any time ¢ such that OA =x and 
OB = y. Then, 

OA? + OB? = AB? = x* +7? = 5* ...(i) 
It is given that the bottom of the ladder is pulled along the ground away from the wall 
at the rate of 2 m/sec. 


dx 
qi 2 m/sec. 
Now, ety? = 5? vi 
dx dy 
bode a 
=> 2x apt oY dt ‘ 
dy = 4x _» 
=> Zihejer oy 7 0 . F ae 
ian 83 mA y 
= Os ...(ii) 
Putting x = 4 in (i), we get y= V25 - 16 =3. 
Putting x = 4 and y =3 in (ii), we get Be | a 
dy _(_8 Fig. 13.3 
* 5 m/sec. ig 


Hence, the rate of decrease in the height of the ladder on the wall is 2 m/sec. 


EXAMPLE 11 The two equal sides of an isosceles triangle with fixed base b are decreasing at the 
rate of 3 cm/sec. How fast is the area decreasin g when the two equal sides are equal to the base? 
SOLUTION Letatany time t, the length of each equal side be x cmand area of the triangle 
be A. Then, 


A= 1 BCx% AD 
a A 

= A= 5x bx Veo 
2 A =4 4x" — 

dA _b / . 

GA _b ed 2 
i ite “4 2 V4x2 — p2 de 4x 3, 

dA b dx 
=> eS ee HEN 

dt 8V4x — 2 ae dt C 
ee eee de 

dt = \/4,2_ 52 dt Fig. 13.4 

dA 3bx 

d 

= dt Ax? — p2 E a = 3cm/sec (giver) 


= ue = 3b = V3 bem? 
dt } _» Vap2— 5 cm”/sec. 


mand y=5cm, find the rate of change of 
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SOLUTION Let P be the perimeter and A be the area of the rectangle at any time t. Then, 
P=2(x+y)andA = xy. 
It is given that 


d 
oy = —2 cm/sec and SY = 2 cm/sec. 
(i) We have, 
P=2(x+y) 
dP d 
=> rT a 2 ua = 2(-—2+2) = O0cm/sec ie. the perimeter remains constant. 
(ii) We have, 
A= xy 
dA _ {dx dy 
3 dt ~ Caaaitd 
dA 
= Farrar > +14 *2 [-.- x =12cmand y=5 cm (given)] 
dA _ 2 
=> joe 14 cm‘ /sec. 


EXAMPLE 13 Water is dripping out from a conical funnel of semi-vertical angle iat the uniform 


rate of 2 cm?/sec in its surface area through a tiny hole at the vertex in the bottom. When the 
slant height of the water is 4 cm, find the rate of decrease of the slant height of the water. 


SOLUTION Let VAB bea conical funnel of semi-vertical angle 7 At any time f the water 
in the cone also forms a cone. Let r be its radius, ! be the slant height and S be the surface 


area. Then, VA’ =I, O’ A’=rand ZA’ VO’= z 7 


In A VO’A’, we have 


eRVOr= VO" ner oO A OAS 
itis rn 7 a esate a A 
= Veo— loos] andn@Ae = Isin 7. 
The surface area S of the conical funnel is given by 
S = m(O’A’)(VA’) [Using S=nrl] 
2 
Pe ee ee oe 
= S=nlsin | bea sin 7 = 5 
dS _2nldl 
ay dt 2 dt 
_2nl dl 
a ~ Ve dt 
nN bee # 3 
at al 
dl V2 
=> ii) i ae cm/sec. 
<< 1=4 


one 
Thus, the rate of decrease of the slant height is anc /sec. 
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EXAMPLE 14 Sand is pouring from a pipe at the rate of 12 cm/sec. The falling sand forms a 
cone on the ground in such a way that the height of the cone ts always one-sixth of be radius of 
the base. How fast is the height of the sand-cone increasing when the height is 4 cm: 

SOLUTION Let r be the radius, h be the height and V be the volume of the sand-cone at 
any time t. Then, 


Va snr h 
V 
= V =n (6K)h = 120k or ETHIE 
dV... 2 dh 
“A ae = d6n ie Brey 
fife ares te 
ae deen E ee (Given)| gee 
dh 1 1 . 
a Se es = —— Fig. 13.6 
(Zi Asan (4° A481 


Thus, the height of the sand-cone is increasing at the rate of is cm/sec. 


EXAMPLE15 A man ts walking at the rate of 6.5 km/nr towards the foot of a tower 120 m high. 
At what rate is he approaching the top of the tower when he is 50 m away from the tower? 
SOLUTION Letat any time t, the man be at distances of x and y metres from the foot and 
top of the tower respectively. Then, 


y? = x°+(120) ---(3) 
uy dx 
=> 2y lt 2x dt 
e ipa dx 
Cia at 
; ad 
We are given that a =— 6.5 km/hr (negative sign due to decreasing x). Therefore, 
dy 6.5x * 1 
cps es y a(n) 
Putting x = 50 in (i), we get 
y = V507 + 1207 = 130 Z Az8 =n 
Putting x = 50, y = 130 in (ii), we get 
dy __ 65x50 
jpeg 
Thus,-the man is approaching the top of the tower at sated Fig. 13.7 & 
the rate of 2.5 km/hr. 


EXAMPLE 16 An inverted cone has a dep 
into it at the rate of 3/2 c.c. per minute. 
rising when the depth is 4 cm. 


th of 10 cm and a base of radius 5 cm. Water is poured 
Find the rate at which the level of water in the cone is 
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SOLUTION Let @ be the semi-vertical angle of the cone VAB 
whose height VO is 10 cm and radius OB = 5 cm. Then, 


Let V be the volume of the water in the cone i.e. the volume 10cm 
of the cone VA ’B’ after time t minutes and h be the height of 
water. Then, 


ve an (OB’)2 (VO’) 


V 
Fig. 13.8 
fred ieeier O63 2 HO'BON OSB" yas 
= v= See tan” E tana = VO’ = h = OF =htanal 
T 
=> V=qoh E tan a = 3 
aV _ % ,,2dh _ 1,2dh 
= Meo Fartaa” 
3 h? dh 
=> ce Ta dt E a= cm?/ minute (giver) 
ee eis 
dt eH? 
= (ar = ° ee ey rete 
dt} _4 nm (4)* 81 


EXAMPLE17_ Water is dripping out froma conical funnel at a uniform rate of 4 cm/sec through 
a tiny hole at the vertex in the bottom. When the slant height of the water is 3 cm, find the rate 
of decrease of the slant height of the water-cone. Given that the vertical angle of the funnel is 120°. 
SOLUTION Let at any time t, V be the volume of the water in the cone i.e., the volume 
of the water-cone VA ’B’, and let | be the slant height. Then, 


O’A’ = I sin 60° = NB and VO’ = |cos 60° = * 
2 3 
1. (INS \ E10) potris 
y= 24(h8 (2) = 
i dV _ 3nP dl (i) : 
dita eect * 
: dV _ 3 : E 
We are given that hipaa —4 cm’/sec (negative sign due to 
decreasing V). 
_ 3m p dl Seki Vie 
-4= 8 l dt | Pating epee 4in | 
Eoin ples 
dt 3 nl” 


When | = 3, we have 
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Thus, the slant height of the water-cone is decreasing at the rate of 7 cm/sec. 


EXAMPLE 18 Water is running into a conical vessel, 15 cm deep and 5 cm in radius, at the rate 
of 0.1 cm 3%sec. When the water is 6 cm deep, find at what rate is 
(i) the water level rising? 

(ii) the water-surface area increasing? 

(iii) the wetted surface of the vessel increasing? 
SOLUTION Let V be the volume of the water in the cone i.e. the volume of the water-cone 
VA ‘B’ at any time t. Let VO’ =h, O’A’ =r and VA’ =1. Let o be the semi-vertical angle of 
the cone. Then, 


tan Qa = ieee 
VOWS 93 
OA t. 
Also, tana = Vie 
1 r 
Spiel yan 3r=h 
(i) We have, 
2 
eel Sk ee e 
V= gmrh = 3*(5] h=>5 [. 3r=hl Fig. 13.10 
avr $3n 2rd 
is Vitae sa 7a di 
— 3% 12 dh dV 
=" OGb 7 h dt E a 0.1 cm?/sec (Giver) 
dh 7 
om dt 3m 
- Bi (a) ge? 7aeen 
dt ie 3n (36) 407 
Thus, the water level is rising at the rate of a cm/sec. 
Tt 
(ii) Let A be the water surface area at any time t. Then, 
A=nr 
2 
= A= i 
9 [-.- 3r=h] 
oe dA _ 2nh dh 
dt 9 t 
dh 1 
When lk = 6, di = 40n’ We have 
GAN WIexXG 1 | tf 
dt 9 “40m = 39 ™ /sec 


(iii) Let S be the wetted surface area of the vessel at any time t. Then, S=z 71 


DERIVATIVE AS A RATE MEASURER 13.13 
From Fig. 13.9 , we have 
Pe = VA 72. = VO7+ O’A” 


=> Pahe+r 
2 
2 h 
= 2 = he a [-. 3r=h] 
hy 1 = N10h 
3 
Siren! 
h\(V10 h 
Prot ntfs" 
= Sc 5 Y10 1H? 
a ao 2nV10 h dh 
dt — 9 dt 
‘ dh 1 
Since, h = 6,- dt 407 . Therefore, 
dS _2nVi0 er ae M10 Bi 
Tia 40x 30 ag 


Thus, the wetted surface area of the vessel is increasing at the rate of = cm?/sec. 


EXAMPLE 19 A man is moving away from a tower 41.6 m high at the rate of 2m/sec. Find the 
rate at which the angle of elevation of the top of tower is changing, when he is at a distance of 
30 m from the foot of the tower. Assume that the eye level of the man is 1.6 m from the ground. 


SOLUTION Let AB be the tower. Let at any time t, the man be at a distance of x metres 
from the tower AB and let @ be the angle of elevation at that time.Then, 


BC 
fanio. = PC 
= tan @ = a0 
x B 
= x = 40 cot a(t) 
dx de 
=> ae ~ 40 cosec” 8 dt 
We are given that a = 2 m/sec. 41.6m 
d0 
2 = -40 cosec* 6 dt 
is) 1 ody ula 7) wa) e 
3 See ones 6G) ts iS moves ate 
20 cosec* 9 
When x = 30, we have Fig. 13.11 
BO 8) : a. 
SSS Putting x = 30 in (i 
cot 0 ad [ s (i)] 
a 2 er bpnae =) 
cosec’ 8 = 1+cot’ 6 = L+76 = 16 
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pie e eye 
Substituting cosec? 0 = 16" (ii), we get 


d0 tee a 
oe EO radians /sec 
20x76 


Thus, the angle of elevation of the top of tower is changing at the rate of 4/125 
radians /sec. 
EXAMPLE 20 A water tank has the slope of an inverted right circular with its axis vertical and 


vertex lower most. Its semi-vertical angle is tan ! (0.5). Water is poured into it at a constant 
rate of 5 cubic metre per hour. Find the rate at which the level of the water is rising at the instant 
when the depth of water in the tank is 4 m. 


SOLUTION Let o be the semi-vertical angle of the water tank in the form of cone. Then, 


1 
c= US = 7 
= ifapes! Sf = R 
h 2 Sh 
Let V A’ B’ be the water cone of volume VY. Then, 
aM = 5m°/hr [Given] 
dt 
ps, 
We have to find |, when h = 4m. 
We have, 
Vez 5h 
2 
1 h ie GO 
a= = = — 
3 a f 12" 
dV _ mp2 dh 
ms died ah 
=. Wb oe eht 
=> = — 
5) 4*4 iG 
die SOs eh 1D. 35 
re dt ~ 4n ~ 4% 99 ™/H = ge m/h 


Thus, the rate of change of water level is a m/h. 


Wis .—ee-.. 0 0 SL ———_—$—————-—= EXEACISE 14.2 


1. The side of a square sheet is increasing at the rate of 4 cm per minute. At what rate 


is the area increasing when the side is 8 cm long? 


2. An edge of a variable cube is increasing at the rate of 3cm per second. How fast is 


the volume of the cube increasing when the edge is 10 cm long? 


The side of a square is increasing : 
reasing at the rate of 0.2 cm/sec, Find incre 
of the perimeter of the square | Syeien ye 


The radius of a circle is increasing at the rate of 0.7 cm/sec. What is the rate of 
increase of its circumference? 


The radius of a spherical soap bubble is increasing at the rate of 0 


es a 
: : -<<m/sec. Fin 
the rate of increase of its surface area ; a 


, When the radius is 7 cm. 
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6. Aballoon which always remains spherical, is being inflated by pumping in 900 cubic 


10. 


ih 


22; 


4 


i: 


14. 


15. 


16. 
17. 


18. 


tee 


20. 


PAL 


centimetres of gas per second. Find the rate at which the radius of the balloon is 
increasing when the radius is 15 cm. 


. The radius of an air bubble is increasing at the rate of 0.5 cm/sec. At what rate is 


the volume of the bubble increasing when the radius is 1 cm? 


- Aman 2 metres high walks at a uniform speed of 5 km/hr away from a lamp-post 


6 metres high. Find the rate at which the length of his shadow increases. 


. Astone is dropped into a quiet lake and waves move in circles ata speed of 4cm/sec. 


At the instant when the radius of the circular wave is 10 cm, how fast is the enclosed 
area increasing? 


A man 160 cm tall, walks away from a source of light situated at the top of a pole 
6 m high, at the rate of 1.1 m/sec. How fast is the length of his shadow increasing 
when he is 1 m away from the pole? 

A man 180 cm tall walks at a rate of 2 m/sec. away, from a source of light that is 
9 m above the ground. How fast is the length of his shadow increasing when he is 
3 m away from the base of light? 

A ladder 13 m long leans against a wall. The foot of the ladder is pulled along the 
ground away from the wall, at the rate of 1.5 m/sec. How fast is the angle 8 between 
the ladder and the ground is changing when the foot of the ladder is 12 m away 
from the wall. 


A particle moves along the curve y = x? + 2x. At what point(s) on the curve are the 
x and y coordinates of the particle changing at the same rate? 

If y= 7x —- x° and x increases at the rate of 4 units per second, how fast is the slope 
of the curve changing when x = 2? 

A particle moves along the curve y = x°, Find the points on the curve at which the 
y-coordinate changes three times more rapidly than the x-coordinate. 


Find an angle 6, which increases twice as fast as its sine. 


The top of a ladder 6 metres long is resting against a vertical wall on a level 
pavement, when the ladder begins to slide outwards. At the moment when the foot 
of the ladder is 4 metres from the wall, it is sliding away from the wall at the rate 
of 0.5 m/sec. How fast is the top-sliding downwards at this instance? 

How far is the foot from the wall when it and the top are moving at the same rate? 
A balloon in the form of a right circular cone surmounted by a hemisphere, having 
a diametre equal to the height of the cone, is being inflated. How fast is its volume 
changing with respect to its total height h, when h = 9 cm. 

Water is running into an inverted cone at the rate of m cubic metres per minute. The 
height of the cone is 10 metres, and the radius of its base is 5 m. How fast the water 
level is rising when the water stands 7.5 m above the base. 

A man 2 metres high walks at a uniform speed of 6 km/h away from a lamp-post 
6 metres high. Find the rate at which the length of his snadtow i: rcreases. 

The surface area of a spherical bubble is increasing at the rate of 2 em”/s. When the 


radius of the bubble is 6 cm, at what rate is the volume of the bubble increasing? 
(CBSE 2005} 


. The radius of a cylinder is increasing at the rate 2 cm/sec. and its altitude is 


decreasing at the rate of 3 cm/sec. Find the rate of change of volume when radius 
is 3. cm and altitude 5 cm. 
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23. 


24. 


25. 


26. 


30. 


31. 


30. 


The volume of metal in a hollow sphere is constant. If the inner radius is increasing 
at the rate of 1 cm/sec, find the rate of increase of the outer radius when the radii 
are 4cm and 8 cm respectively. 

Sand is being poured onto a conical pile at the constant rate of 50 cm?/minute such 
that the height of the cone is always one half of the radius of its base. How fast is 
the height of the pile increasing when the sand is 5 cm deep. 

A kite is 120 m high and 130 m of string is out. If the kite is moving away hori- 
zontally at the rate of 52 m/sec, find the rate at which the string is being paid out. 


A particle moves along the curve y= (2/ 3)x? +1. Find the points on the curve at 
which the y-coordinate is changing twice as fast as the x-coordinate. 


Find the point on the curve y’ = 8x for which the abscissa and ordinate change at 
the same rate. [CBSE 2002C] 


. The volume of a cube is increasing at the rate of 9 cm?/sec. How fast is the surface 


area increasing when the length of an edge is 10 cm? 


. The volume of a spherical balloon is increasing at the rate of 25 cm?/sec. Find the 


rate of change of its surface area at the instant when radius is5cm. [CBSE 2004] 


The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width 
y is increasing at the rate of 4cm/minute. When x = 8 cmand y = 6cm, find the rates 
of change of (i) the perimeter (ii) the area of the rectangle. [CBSE 2009] 
Acircular disc of radius 3 cm is being heated. Due to expansion, its radius increases 


at the rate of 0.05 cm/sec. Find the rate at which its area is increasing when radius 
is 3.2 cm. 


F ANSWERS 
64 cm*/ minute 2. 900 cm?/ sec 3. 0.8 cm/sec 
. 147 cm/sec 5. 11.27 cm?/sec 6. ud cm/sec 
Tt 
“216 cm?/sec 8. 2 km/h 9. 807 cm7/sec 
. 0.4 m/sec 11. 0.5 m/sec 12. 0.3 radian/sec 
=) wey 
see REL 14. 48 biiph og 4g eS ey 
Tt 1 
wie 17. aS m/sec, 3V2m 18. 12m cm?/sec 
. 0.64 metre/minute 20. 3km/hr 21. 6cm? /sec 
3 1 
ESOT = u i 
33 cm” /sec 23. 4 cm/sec 24, oT cm/minute 
| 20.m/seq 2. ie 
/sec 26. [. 4 ond L 5 275142; 4)! 
2 
26 cm/sec 29. 10 cm?/ sec 
(i) -2cm/minute (ii) 2 cm/minute 


31. 0.320 t cm?/sec 


ohn OE BS ae aa ee ee ee 
HINTS TO SELECTED PROBLEMS 
1. We have, 


dx 
A= a ato 
x and 4cm 


Nowst 2s Ooo eran dA 
tlie. ie ordi a la |e 


DERIVATIVE AS A RATE MEASURER 


13°17 


2. We have, V=x and & 3, 
dV dx dV dV 
Now, V = 3 Bane are aV vs 3 
ow, ie SS dk Bb FF FF Ka i 900 cm” /sec 
x=10 
3. Wehave, P = 4x and a 202 
dP d 
P = 4x a4 F =4x0.2 = 0.8 cm/sec 
dr 
4. Wehave,C = 2nr and ano? 
a UCT ae ee . 
(a Te i 1G = ey = 2n (0.7) = 1.4m cm/sec 
5. Wehave, S = 4n P and 202 
gat ee ede a et 
Now, S = 4nr > dp OT ae 
=> 45 _ gn r (0.2) =1.6n7 => Be. =16nx7=11.2n 
dt dt },=7 
Gillen We ee OOO ee. 
3 dt 
4.38 4, 2a i eae 
Va3mr= i arr = 900 = 4m (15) 7 => 7 == cm/sec 
oe dr _ 
7. Wehave, V=agnr and dp 7 9? 
Pea eave dra = 2 (0.5) = 
=3mr = pt anr a, = = 4n (1) (0.5) =2n 


12. Let the bottom of the ladder be at a distance x m. 


height y from the ground. Then, 


from the wall and the top be ata 


dx 


15| 


2 +y?= 13% and tan =~ 
d 
dx, dy 2, 40 xe at 
rs aed ea nr ay ee ee 
dy _3y 
dy 2, 40 Jer’ 
> 3x +2y7-=0 and sec’ 97 = 2 
do aan 
agli ae d ec? 9 & = “+ = 
t Z dt x 
22 2 
Beh heaige cholo a ES aL lle 
dt 2 x*y sec? 6 2 7 y (1+ tan’ 6) 
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LAS pane 
dt 2y of 
When x=12, +? =13" => y=5 
do_ 3 
dt 10 
13. We have, 
1 
y=x? + 2x a = (2x +2) a = 1=2x+2 > hea 
14, We have, 
m = Slope of the curve = 44 =7 — 3x? 
Now, 
m=7—3x 
dm ax 
gee. a 
dm dm dm dx ; 
cece oa en ae eee, —— =— o. —=4 
Saar 6x (4) => dt 24x => (@ is 48 . dt (giver) 
16. We have, 
Ni Be ae oe de ie 
dt = 277, (sin 8) = dt =2 cos 0 dt => cos8=, => 9=n/3 
21. We have, 
aes eo ae ee 
ecg eras, 
Now, 
==nP 
CVn hn? Of 
gee a 
CREE, es Rea eee: 
ip ee Rar [Using (i)] 
nd 3 
ie 
Hence, irate 6 when r = 6. 
22. 2 dh 
Ww h 7 Y= re — = 
eave mr h, d 2and 7 = 8) 
= aN dr _2dh\ dv 4 
aaa: tes pregeerdl ye = 4h -3r] 


When r =3,h=5, we have 


dV 
Gp = % (60-27) =33n 
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Zoe 


We have, 
y? =x" + (120) 


d dx 
Se oY oy OX ay 120m 


dy _ x dx 
dt ydt 


dy _ px BL 
—> Beary E dt - 52 A Figgas: a2 


Putting y = 130 in y” =x* + (120)? we get x =50 


dy 52x50 _ 
at Ciz0 2% 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1, 


Ze 


8. 


If a particle moves ina straight line such that the distance travelled in time f is given 
bys= f° — 6t? + 9t + 8. Find the initial velocity of the particle. 


The volume of a sphere is increasing at 3 cubic centimeter per second. Find the rate 
of increase of the radius, when the radius is 2 cms. 


The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. How far 
is the area increasing when the side is 10 cms? 


The side of a square is increasing at the rate of 0.1 cm/sec. Find the rate of increase 
of its perimeter. 


The radius of a circle is increasing at the rate of 0.5 cm/sec. Find the rate of increase 
of its circumference. 


! er : 1 : 
The side of an equilateral triangle is increasing at the rate of 30m /sec. Find the rate 


of increase of its perimeter. 

Find the surface area of a sphere when its volume is changing at the same rate as 
its radius. 

If the rate of change of volume of a sphere is equal to the rate of change of its radius, 
find the radius of the sphere. 


© ANSWERS 


1. 9units/unittime 2. ae cm/sec 3. 10V3 cm?/sec 4. 0.4 cm/sec 
: ] : 
5. m™cm/sec 6. 1cm/sec 7. 1 square unit 8. cm units 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


2. 


dr 


= ? 
dt 0.01 ? 


IfV= 5 mr?, at what rate in cubic units is V increasing when r= 10 and 


(a) 7 (b) 4x (c) 407 (d) 4n/3 
Side of an equilateral triangle expands at the rate of 2cm/sec. The rate of increase 
of its area when each side is 10 cm is 


(a) 10V2 cm?/sec (b) 10V3 em? /sec 
(c) 10 cm?/ sec (d) 5 cm?/ sec 
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3. 


10. 


(c) 


i bib 


12: 


13. 


The radius of a sphere is changing at the rate of 0.1 cm/sec. The rate of change of 
its surface area when the radius is 200 cm is 


2 
(a) 8x cm?/sec (b) 12x cm*/sec (c) 1607 cm?/sec (d) 200 cm*/sec 


. Acone whose height is always equal to its diameter is increasing in volume at the 


rate of 40 cm?/sec. At what rate is the radius increasing when its circular base area 


is 1m’? 
(a) 1 mm/sec (b) 0.001 cm/sec (c) 2mm/sec (d) 0.002 cm/sec 


. A cylindrical vessel of radius 0.5m is filled with oil at the rate of 


0.25 m m?/minute. The rate at which the surface of the oil is rising, is 
(a) 1 m/minute (b) 2m/minute (c) 5m/minute (d) 1.25 m/minute 


. The distance moved by the particle in time t is given by x = 1 — 12° + 6t +8. At the 


instant when its acceleration is zero, the velocity is 
(a) 42 (b) -42 (c) 48 (d) — 48 


. The altitude of a cone is 20 cm and its semi-vertical angle is 30°. If the semi-vertical 


angle is increasing at the rate of 2° per second, then the radius of the base is 
increasing at the rate of 


(a) 30cm/sec (b) ae cm/sec (c) 10cm/sec (d) 160 cm/sec 


. For what values of x is the rate of increase of  — 5x7 +5x + 8 is twice the rate of 


increase of x ? 


1 1 
aes) ar (0) 3-5 (d) 3,5 


- The coordinates of the point on the ellipse 16x” + oy" = 400 where the ordinate 


decreases at the same rate at which the abscissa increases, are 
(a) (3,16/3) (b) (-3,16/3) — (c) (3,- 16/3) (da) (3,-3) 
The radius of the base of a cone is increasing at the rate of 3cm/minute and the 


altitude is decreasing at the rate of 4cm/minute. The rate of change of lateral 
surface when the radius = 7 cm and altitude 24 cm is 


(a) 547 cm?/min (b) 7x cm?/ min 

27 cm? /min (d) none of these 

The radius of a sphere is increasing at the rate of 0.2 cm/sec. The rate at 
which the volume of the sphere increases when radius is 15 cm, is 

(a) 12m cm?/sec (b) 1802 cm?/sec 

(c) 2252 cm/sec (da) 3ncm?/sec 


The volume of a sphere is increasin 


3 
: g at 3 cm”/sec. The rat 
increases when radius is 2 cm, is Bh eae 


2 
3 
(a) 32x cm/sec (b) 16x cm/sec 
Be 1 
(c) 487 cm/sec (d) 4m cm/sec 


The distance Bees by a particle travelling in a straight line in ¢ seconds is given 
by s=45t+11t°-#°. The time taken by the Particle to come to rest is 
(a) 9 sec (b) 5/3 sec (c) 3/5 sec (d) 2 sec 
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14. 


15. 


16. 


17. 


18. 


ee 


20. 


Zi 


Dies 


Pag 


The volume of a sphere is increasing at the rate of 4n cm®/sec. The rate of increase 
of the radius when the volume is 288 1 cm”, is 


(a) 1/4 (b) 1/12 (c) 1/36 (d) 1/9 


If the rate of change of volume of a sphere is equal to the rate of change of its radius, 
then its radius is equal to 


Giitune 4h) Or imin. spe unit (d) Sp unit 


If the rate of change of area of a circle is equal to the rate of change of its diameter, 
then its radius is equal to 


Bo, Aho cg ROE ; 
(a) 7 unit (b) 7 unit (c) 9 units (d) 7 units 


Each side of an equilateral triangle is increasing at the rate of 8 cm/hr. The rate of 
increase of its area when side is 2 cm, is 


(a) 8V3 cm*/hr (b) 4V3 cm?/hr 
(c) 3 cm? /hr (d) none of these 


If s=t°-4f° +5 describes the motion of a particle, then its velocity when the 
acceleration vanishes, is 


(a) = unit/sec (b) - 2 unit/sec 
(c) : unit/sec (d) - 7” unit/sec 


The equation of motion of a particle is s = 2? + sin 2t, where s is in metres and t is 
in seconds. The velocity of the particle when its acceleration is 2 m/ sec’, is 


(a) 1+ V3 m/sec (b) 3 + X3 m/sec 
(c) & + V5 m/sec (d) E+ m/sec 


The radius of a circular plate is increasing at the rate of 0.01 cm/sec. The rate of 
increase of its area when the radius is 12 cm, is 

(a) 1447 cm/sec (b) 2.47 cm*/sec 

(c) 0.24 7 cm?/sec (d) 0.024 1 cm/sec 

The diameter of a circle is increasing at the rate of 1 cm/sec. When its radius is 1, 
the rate of increase of its area is 

(a) 7 cm?/sec (b) 2n cm/sec 

(c) n cm*/sec (d) 2n* cm?/ sec” 

A man 2 metres tall walks away from a lamp post 5 metres hight at the rate of 4.8 
km/hr. The rate of increase of the length of his shadow is 

(a) 1.6 km/hr (b) 6.3 km/hr 

(c) 5km/hr (d) 3.2km/hr 

A man of height 6 ft walks at a uniform speed of 9 ft/sec from a lamp fixed at 15 ft 
height. The length of his shadow is increasing at the rate of 

(a) 15 ft/sec (b) 9 ft/sec 

(c) 6 ft/sec (d) none of these 
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24. 


25. 


26. 


In a sphere the rate of change of volume is 

(a) 7 times the rate of change of radius 

(b) surface area times the rate of change of diameter 

(c) surface area times the rate of change of radius 

(d) none of these 

In a sphere the rate of change of surface area is 

(a) 87 times the rate of change of diameter 

(b) 2x times the rate of change of diameter 

(c) 27 times the rate of change of radius 

(d) 87 times the rate of change of radius 

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic 
metre per hour. Then the depth of the wheat is increasing at the rate of 

(a)) Pam hrs (b)) 0. m7 hr (c) 1.1 m/hr (d) 0.5 m/hr 

ANSWERS 


1. (b) 2. (b) 3. (c) 4. (d) 5. (a) 6. (b) 7. (b) 8. (d) 
9; (ajo = 10:c(a) S112 (b) 12 (b)> | 135 (a) VIG mesa ele: 


7s 
D¥sy 


1, 


2. 


(ajior ABS (dd) ei 19/6(b)o0720.<(0). <olDIex() it evdae(d) B+ 2H) =* WAFS 
(da) 26. (a) 


SUMMARY 
d 
Ify = F), then oe measures the rate of change of y with respect to x. 


rd \ 

dy } 

lal. perecties rat f nge of y with respect tox atx= 0- 
X =Xp 3 


. Ifthe displacement s of a particle moving in a straight line at time ft is given by 


s = f(t), then 


‘ 7 : : ds 
(i) v = Velocity at timet = a’? = Acceleration at time tf = — = —~ = — 


(iii) When a particle moving in a straight lines is instantaneously at rest, we have 
ag hur tS 's 0 
= Ue. 
dt dt2 


DIFFERENTIALS, ERRORS AND APPROXIMATIONS 


14.1 DIFFERENTIALS 


In the chapter on differentiation we defined derivative of y w.r.t. x i.e. ey as the limit of 


dx 
ot 
the ratio a as Ax > 0 and considered au as a symbol not as a quotient of two separate 


quantities dy and dx. In this chapter, we shall give a meaning to the symbols dx and dy 


in such a way that the original meaning of the symbol a coincides with the quotient 


when dy is divided by dx. 
Let y=f(x) be a function of x, and let Ax be a small change in x. Let Ay be the 
corresponding chan & in y. Then, 


ce = f(x) +€, where € > 0as Ax > 0 


Ay = f(x) Ax+eAx 
Ay = f’(x) Ax, approximately 


oS Ue Ve 


Ay = a Ax , approximately “af (x) = a 


NOTE : This formula is very useful in the calculation of small changes (or errors) in dependent 
variable corresponding to small changes (or errors) in the independent variable and is of great 
importance in the theory of errors in Engineering, Physics, Statistics and several other branches 
of the science. 


SOME IMPORTANT TERMS 
ABSOLUTEERROR The error Ax in x is called the absolute error in x. 


RELATIVE ERROR If Ax is anerror in x, then = is called the relative error in x 


PERCENTAGE ERROR If Ax is anerror inx, then x 100 is called percentage error in x. 


REMARK1 We have, Ay =f’(x)-Ax+e- Ax. 
Since € - Ax is very small, therefore principal value of Ay is f (x) Ax which is called differential of 
y and is denoted by dy 1.e. 


dy = f’(x) Ax or, dy= a - Ax 
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So, the differential of x is given by 


dx = Ax = 1+ Ax = AX 
dx 


d d 
dy = GLax = dy = Ged 


GEOMETRICAL MEANING OF DIFFERENTIALS 

In order to understand the geometrical meaning of differentials, let us take a point 
P(x,y) on the curve y=f(x), where f(x) is a differentiable real function. Let 
Q(x+Ax, y+Ay) be a neighbouring point on the curve, where A x denotes a small 
change in x and A y is the corresponding change in y. It is evident from the Fig. 14.1, that 


= is the slope of secant PQ. But, as A x — 0, a approaches the limiting value oa (slope 


of the tangent at P). Therefore, when Ax 0, Ay (= QS) is approximately equal to 
dy (= RS) as shown in Fig. 14.1. 


Yh 


Q(x+Ax,ytAy) 


Fig. 14.4 


Geometrically the values of dx and dy are as shown in Fig. 14.1. 


REMARK 2 Let y = f(x) bea function of x, and let Ax bea small ch i L 
pee aes of mall change in x. Let the corresponding 


y+ Ay = f(x + Ax) 
d 
But , Ay = 44. Ax = f(x) Ax, approximately 


dx 
fix+Ax) = y+Ay 
=. f(x+Ax) = y+ f'(x)- Ax, approximately 
d 
=> f(xt+Ax) = yt Pe - Ax, approximately 


Let x be the independent variable and 
relation y = f(x). We use the followin 
due to a small change Ax in x. 


y be the dependent variable connected by the 
g algorithm to find an approximate change Ay in y 


ALGORITHM 
STEPI Choose the initial value o | 
See of the independent variable as x and the changed value as 


STEPI Find Ax and assume that dx = Ax. 


pry 
STEP Find “from the given relation y =f (x). 
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) dy 
STEPIV Find the value of ae at (x,y). 


STEP V_ Find dy by using the relation dy = au dx. 
STEP VI Put Ay = dy to obtain an approximate change in y. 
ILLUSTRATIVE EXAMPLES 
pee 1 ify= x*-10 and if x changes from 2 to 1.99, what is the approximate change 
iny! 
Ry sate Let x =2,x + Ax =1.99. Then, Ax =1.99-2=-0.01. 


Let dx = Ax =-0.01 
We have, 

y= x*-—10 
= By ag? >| BE = 42) = 32 

dx eed 

x=2 
_ 4y 

dy = m dx 
=> dy = 32(—0.01) = - 0.32 
=> Ay = — 0.32 approxiamtely [-. Ay=dy] 


So, approximate change in y = — 0.32. 
When x = 2, we have 
y=2*-10=6 
So, changed value of y = y + Ay = 6 + (— 0.32) = 5.68. 
EXAMPLE2 A circular metal plate expands under heating so that its radius increases by 2%. 


Find the approximate increase in the area of the plate if the radius of the plate before heating is 
10 cm. 

SOLUTION Let at any time, x be the radius and y be the area of the plate. Then, 
y=1 x. 

Let Ax be the change in the radius and let Ay be the corresponding change in the area of 
the plate. Then, 


* x 100 = 2 (given) 


When x = 10, 
Ax Ax by es 
F x100=2=> 10 8 ee = See Tp 
= dx = % (i) [.. dx=Ax] 
Now, ya nto Gt = mx = (i) = 207 
x * x =10 
dy = Wax = dy = 20nx75 = 4m = Ay=4n [... dy=Ay] 


Hence, the approximate change in the area of the plate is 47. 
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EXAMPLE3 Find the percentage error in calculating the volume of a cubical box if an error of 
1% is made in measuring the length of edges of the cube. 


* Ls: 
SOLUTION Let x be the length of an edge of the cube and y be its volume. Then, y =x". 
Let Ax be the error in x and Ay be the corresponding error in y. Then, 


= x 100 = 1 (given) 


=> = S100 gal [-.- dx=Ax] ...(i) 
oe 
We have.to find [4 x 100. 
ee Oe 
Now, Yet mies 50% 
_ ay 
dy = dx 
2 
> dy = 3x*-dx AU EE po dt 22a [--y=x] 
y y Ufo 3s 
aye eeibaers 
y x 


So, there is 3% error in calculating the volume of the cube. 


EXAMPLE4 The time T of a complete oscillation of a simple pendulum of length | is given by 
the equation 


Je an NE, 


where g is constant. What is the percentage error in T when | is increased by 1%? 
SOLUTION Let Al be the change in/ and AT be the corresponding error in T. Then, 


100 = 1 (given) 

dl 
= 7 x 100 = 1 [.. dl = Al] ---(i) 
Now, 1 Ope i 
=> lop T l= log 2n + (1/2) log 1 — (1/2) log g 


eb ee ena ae 


BY Te phos 0 Pacers 
aT 
d —— 
T = Si 
peeks: 
= Fyne ae 
al 
a aT _1dl 
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aT _ Af al 
—> 7% 100 = 3{ 7% 100| 
aT len ¥ Wed. 
=> a 100 Se [Using (i) ] 
iil il 


So, there is (1/2)% error in calculating the time period T. 


EXAMPLES Find the approximate change in the volume V of a cube of side x meters caused by 
increasing the side by 2%. 


SOLUTION Let Ax be the change in x and AV be the corresponding change in V. 


It is given that a SOS w 


We have, 
V=x° 
BY ae 
=> Bia 
aval nx 
7 dx 
as AV = 3x" Ax 
x 2x Ax - _ 2e 
=> AV =3x x55 . : 100 =2 = Ax= 755 | 
— AV = 0.06x° 


Thus, the approximate change in volume is 0.06x° m?. 


EXAMPLE6 [If the radius of a sphere is measured as 9 cm with an error of 0.03 cm, then find the 
approximating error in calculating its volume. 


SOLUTION Letrbe the radius of the sphere and Ar be the error in measuring the radius. 
Then, 


r=9cm and Ar=0.03 cm 
Let V be the volume of the sphere. Then, 


V= : nr? 
=. 2A = Anr* 
dr 
—- (ar | =4nx97=3240 
AER 
Let AV be the error in V due to error Ar in r. Then, 
dV 
Va he Ar 
= AV = 324m x 0.03 = 9.72 1 cm?, 


er, 3 
Thus, the approximate error in calculating the volume is 9.72 mcm. 


EXAMPLE? Find the approximate value of f (3.02), where f (x) = 3x? + Sx +3. 
SOLUTION Lety=f(x),x=3 and x + Ax =3.02. Then, Ax = 0.02. 
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For x = 3, we have 
y=f(3)=3x3?+5x3+3=45 
Now, 
y =f (x) 


Be! dy _ dy ee ks 
> y=3x rox43 > Haor+5 = (Ht) - 6x3+5=23 


Let Ay be the change in y due to change Ax in x. Then, 
Ay = St Ax = Ay =23 x 0.02 = 0.46 


f (3.02) =y + Ay = 45 + 0.46 = 45.46. 
In order to find the approximate values by using differentials, we may use the following 
algorithm: 
ALGORITHM 


STEPI Define a functional relationship between the independent variable x and dependent 
variable y by observing the given expression. For example, if we have to find the 


approximate value of the square root or cube root of a number, then we define 
y= xh? op 31/3, If we have to find the approximate value of logarithmic of a given 
number, then we consider y = log x. 


STEPH Choose a value of x nearest to the value for which we how to find y in sucha way that either 
y is given for the chosen x or y can be easily computed for chosen x. For example, if we have 
to find an approximate value of (65) 13 we take x as 64, because cube root of 64 can be easily 
calculated. 


STEP II Denote the value of x at which we have to find y by x + Ax 
STEPIV Find Ax and assume that dx = Ax 


STEPV Find 2 from the relation obtained in step I 
STEP VI Find the value of ay by putting the value of x chosen in step II. 


STEP VII Find dy by using the relation dy = au dx 


STEP VII Assume that Ay = dy. 


STEPIX Find the value of y by putting the value of x chosen in step II in the relation obtained 
in step I. 


STEPX The approximate value of y is y + Ay. 
EXAMPLE 8 Use differentials to approximate V25.2. 
SOLUTION Consider the function y = f(x) = Vx. 
Let x = 25 and x + Ax = 25.2. Then, 
Ax =25.2 —25 = 0.2 
For x = 25, we have, y=V25 =5 [Putting x = 25 in y= Vx] 
Let dx = Ax = 0.2. 4 


ih d 1 i 
Now, = Vx = BM. elie a 
ei wet =i ne (| be = 


dy = MY ax 
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1 
= dy = 70 (0-2) = 0.02 > Ay = 0.02 [-. Ay = dy] 
Hence, V25.2 = y+Ay = 5 + 0.02 = 5.02. 


EXAMPLE 9 Use differentials to approximate the cube root of 127. 
SOLUTION Since we have to find the approximate value of the cube root of 127. So, we 
consider the function y = f(x) = x1/3 
Let x = 125 and x + Ax =127. Then, 
Ax = 127 mal 25 = 22, 
For x = 125, we have 


y =(125)/3 =5. [Putting x = 125 in y=x!/°] 
Let eke SNe =P. 
Now, y=xi? 
d 1 d 1 
or eo aa | ae SECT Cae icka 
3x" a4 2) 3 (5°) 75 
_ dy 
dy = dx 
Prk Bele: 
>. B= op CO) Fs ; 
D, 
=> Ay = 75 [.. Ay = dy] 
Hence, ane =yt Ay= es = (Sy(0 prey, 


US 


EXAMPLE10 Use differentials to find the approximate value of V0.037. 
SOLUTION Let y =f(x) = Vx, x = 0.040 and x + Ax = 0.037. Then, 
Ax = 0.037 — 0.040 = — 0.003. 


For x = 0.040, we have 

y = V0.040 =0.2 [Putting x = 0 .040 in y = Vx] 
Let dx = Ax = — 0.003 

d ik dy 1 1 

Now, =I = = sp SF hn Dh See 

2 ax 2Vx ae 20.040 0.4 

_ ay 

dy = he dx 

= d = | 0.003) = 22 Ay=-— [.. Ay = dy] 
ee ae 400 400 

Hence, 0.037 =y+ Ay=0.2- a = 0.2 — 0.0075 = 0.1925. 


EXAMPLE 11 Use differentials to find the approximate value of log, (4.01), having given that 
log, 4 = 1.3863. 


SOLUTION Let y =f(x) = log, x,x=4 and x + Ax=4.01. Then, Ax = 0.01. 


For x=4, we have 
y =f(4) =log,. 4= 1.3863 [Given] 
Let Gbe S eet 


Now, y = logex 
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dy _1 (i) yes 
=> =~. = = 
xy 7X ax} 4 4 
dy = MM dx = dy = 7 x001 = 0.0025 = Ay= 0.0025 [.. Ay =dy] 


Hence, _ log, (4.01) = y + Ay = 1.3863 + 0.0025 = 1.3888. 


EXAMPLE 12 Using differentials find the approximate value of tan 46’, if it is being given that 
1° = 0.01745 radians. 


SOLUTION Let y = f(x) = tan x, x = 45° = (1/4)° and x + Ax = 46°. Then, 
Ax = 1° = 0.01745 radians. 


For x=m/4, we have 
y=f(n/4) =tann/4=1 
Let dx = Ax = 0.01745 
Now, y = tan xs Sh ecpect-e = gy = sec’ n/4 = 2 
dx dx vals 


dy = au dx => dy = 2(0.01745) = 0.03490 = Ay =0.03490 [.. Ay =dy] 
Hence, tan 46°=y + Ay=1 + 0.03490 = 1.03490. 


EXAMPLE 13 If in a triangle ABC, the side c and the angle C remain constant, while the 
remaining elements are changed slightly, using differentials show that 
da db 
cosA cosB 


=0 


SCLUTION We are given that the side c and angle C remain constant. 


Gat k (constant) 
SN wah Soo ee Oe ol i 
Bf TeV Gang ee . Ly Geer S| 
= a=ksinAandb = ksinB 
da _ db _ 
= dA = kcosA and dp = KcosB 
Nowe igen es da = Kcos ie ss ee ga 
dA cos A 
and aR URS ed => dhl kcos Bean eee ee 
aB cos B 
da db 
Pe on ea = kdA+kdB = kd(A+B) = kd(n-O©) 
da db 
=> Betdese 2 = 0 [ -.%-C=constant .. d(m—C)=0] 
Hence, elites ae 0. 


cosA~ cosB 
EXAMPLE14 Ifa triangle ABC, inscribed in a fixed circle, be slightly varied in such away as to 
have its vertices always on the circle, then show that 

da db %p aCe 
cosA™ cosB cosC ~ 
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SOLUTION We know that 


= a = 2RsinA,b = 2RsinBandc = 2RsinC 
d y 
=> S = 2Rcos A, = 2Rcos B and = NR ORC [.. R = constant] 
da db dc 
But =— =— = Ho 
ut, da GA dA, db dB dB and dc dC dC 


da = 2RcosAdA,db = 2RcosBdBand dc = 2RcosC dC 
da db dc 


— Cae ETT Paes = 2R(dA+dB+dC) 

_da__db de.) 4 Z 
= eee AR ORE = 2Rd(A+B+C)=2Rd(n) [AY BHC=7] 
an da 4 db p dc = 2R(0) = 0 p 


cosA cosB cosC 


$$$. EXERCISE 14.1 
1. If y=sin x and x changes from 1/2 to 22/14, what is the approximate change in y ? 
2. The radius of a sphere shrinks from 10 to 9.8 cm. Find approximately the decrease 
in its volume. ; 

3._ A circular metal plate expends under heating so that its radius increases by k%. Find 
the approximate increase in the area of the plate, if the radius of the plate before 
heating is 10 cm. 4 


4. Find the percentage error in calculating the surface area of a cubical box if an error 
of 1% is made in measuring the lengths of edges of the cube. 

5. If there is an error of 0.1% in the measurement of the radius of a sphere, find 
approximately the percentage error in the calculation of the volume of the sphere. 

6. The pressure p and the volume v of a gas are connected by the relation pu 4 = const. 
Find the percentage error in p corresponding to a decrease of 1/2% in v. 

7. The height of a cone increases by k%, its semi-vertical angle remaining the same. 
What is the approximate percentage increase (i) in total surface area, and (ii) in the 
volume, assuming that k is small ? 

8. Show that the relative error in computing the volume of a sphere, due to an error 
in measuring the radius, is approximately equal to three times the relative error in 
the radius. 


9. Using differentials, find the approximate values of the following: 


(i) V25.02 (ii) (0.009)? (iii) (0.007)1/9 
(iv) V401 (v) (15)'/4 (vi) (255)!4 (vii) 


(2.002) 
(viii) log, 4.04, it being given that logio 4 = 0.6021 and logyo e = 0.4343. 
(ix) log, 10.02, it being given that log, 10 = 2.3026. 

(x) logyo 10.1, it being given that logi9 e = 0.4343. 

(xi) cos 61°, it being given that sin 60° = 0.86603 and 1° = 0.01745 radian. 


(xii) VET Gail) sin fl Gav). .cos [set] : 
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(xv) (80)!/4 (xvi) (2991/3 

(xvii) (66)'/3 (xviii) V26 [CBSE 2000] 

(xix) ¥37 [CBSE 2000] (xx) 0.48 [CBSE 2002C] 
1/4 

(xxi) (82)'/4 [CBSE 2005] Godt) a (xxiii) (33)'/5 


10. Find the approximate value of f (2.01), where f (x) = Ax? + 5x +2. 


11. Find the approximate value of f (5.001), where f (x) = x = 7x7 £15. 
12. Find the approximate value of log;9 1005, given that log;9 e = 0.4343. 


ANSWERS 

1. Nochange 2. 80mcm® 3. 2kn 4. 2% 5. 0.3% 6. 0.7% 

7. (i) 2k% (ii) 3k% 

9. (i) 5.002 — (ii) 0.208333 (iii) 0.1916667 — (iv) 20.025 

(v) 1.96875 (vi) 3.9961 (vii) 0.2495 (viii) 1.396368 

(ix) 2.3046 (x) 1.004343 (xi) 0.4849 (xii) 0.198 

(xiii) 1 (xiv) 0.575575 (xv) 2.9907 (xvi) 3.074 
(xvii) 4.0416 (xviii) 5.1 (xix) 6.083 (xx) 0.693 (xxi) 3.009 
(xxii) 0.677 (xxiii) 0.497 

10. 28.21 11. — 34.99 12. 3.0021 


HINTS TO SELECTED PROBLEMS 
1. Take x=1/2,x+ Ax = 22/14 
pd A (VA 9) De 


Now, y=sinx = Y= cosx > ey = cos 1/2 =0. 
dx dx bo 


dy =& ax =0 (22/14-n/2)=0. = Ay =dy=0 

2. Let x be the radius and y be the volume. Then, 
y= ; nx? 

Let x = 10, x + Ax =9.8. Then, dx = Ax =— 0.2. 


Not am ae Ania a ae = 400 n 
x=10 


dx dx 
day = ae = 
ahs dy =". dx => dy = 400 n (-0.2) =-80 7 axe Ay =dy=- 807 
4. Wehave, 


po'4 =k (constant) 


= log p+ 1.4 log v=log k 
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Now, dp= a dv 


= dp=-*2? dv => ap 44@ 
= ap. 100 = -14(4x100] 
p v 
d 
=> SX 100 = Slae i) = OY E # 100 =1/2, given| 


9. (i) Take y =Vx,x =25,x + Ax =25.02 and dx = Ax = 0.02 
(ii) Take y = x!/3, x = 0.008, x + Ax = 0.009 and dx = Ax = 0.001 
(iii) Take y = x!/3, x = 0.008, x + Ax =0.007 and dx = Ax =— 0.001 
(iv) Take y = Vx,x = 400, x + Ax = 401 and dx = Ax =1 
(v) Take y =x!/4, x =16, x + Ax=15 and dx=Ax=-1 
(vi) Take y=x!/4, x =256, x + Ax = 255 and dx = Axv=-1 
(vii) Take y= a x=2,x+ Ax =2.002 and dx = Ax = 0.002 


~ (viii) Take y =log,x,x=4,x+ Ax=4.04 and dx = Ax=0.04 
(ix) Take y =log, x,x=10,x+Ax=16.02 and dx =Ax=0.0% 
(x) Take y = logyg x,x =10,x+Ax=10.1 and dx=Ax=0.1 
(xi) Take y = cos x, x = 60° = (1/3), x + Ax = 61° and dx = Av = 1° = 0.01745 


(xii) Take y= =, ¥=25, x+Ax=25.1 and dx = Ax =0.1 


= eee ha wee = _ Dekel. 
(xiii) Take y=sinx, x = 7 x+Ax = 74 and dx=Ax= 77 7 

x oh gain Selina 
(xiv) Take y = cos x, X = 3 x+ Ax = 36 and dx =Ax= 36 73 
(xv) Take y =x!/4, x=81,x+Ax =80and dx =Ax=-1 


u ges ly Syed spel 
(xxii) Take y=x'’", x 31 and x + Ax 81 


(xxiii) Take y= x1/5 x =32 and x + Ax=33 
12. Take y =logig x , x = 1000, Ax=5. 


VERY SHORT ANSWER QUESTIONS (VSAQsS) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 

1. For the function y= x“, if x =10 and Ax =0.1. Find Ay. 

2. If y=log, x, then find Ay when x =3 and Av = 0.03. 

3. If the relative error in measuring the radius of a circular plane is o, find the relative 


error in measuring its area. 
4. If the percentage error in the radius of a sphere is a, find the percentage error in tts 


volume. 
5. A piece of ice is in the form of a cube melts so that the percentage error in the edge 
of cube is a, then find the percentage error in its volume. 
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ANSWERS 


yr ORO 3. 20 4. 3a 5. 3a 
MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark correct alternative in each of the following: 


Ik 


10. 


alah. 


1p. 


If there is an error of 2% in measuring the length of a simple pendulum, then 
percentage error in its period is 


(a) 1% (b) 2% (c) 3% (d) 4% 


. If there is an error of a% in measuring the edge of a cube, then percentage error in 


its surface is 


(a) 2a % (b) - % (c) 3a % (d) none of these 


. Ifanerror of k % is made in measuring the radius of a sphere, then percentage error 


in its volume is 
(a) k% (b) 3k% (c) 2k% (d) k/3% 


. The height of a cylinder is equal to the radius. If an error of & % is made in the height, 


then percentage error in its volume is 
(a) a% (b) 20% (c) 3a% (d) none of these 


- While measuring the side of an equilateral triangle an error of k % is made, the 


percentage error in its area is 


(a) k% (b) 2k% (c) * % (d) 3k% 


. If log, 4 = 1.3868, then log, 4.01 = 


(a) 1.3968 (b) 1.3898 (c) 1.3893 (d) none of these 


- Asphere of radius 100 mm shrinks to radius 98 mm, then the approximate decrease 


in its volume is 
(a) 12000 7 mm? (b) 800 7 mm® 
(c) 80000 x mm? (d) 1202 mm? 


. If the ratio of base radius and height of a cone is 1: 2 and percentage error in radius 


is A %, then the error in its volume is 
(a) A% (b) 2A% (c) 3A% (d) none of these 


- The pressure P and volume V of a gas are connected by the relation PV1/4 = 


constant. The percentage increase in the pressure corresponding to a deminition of 
1/2 % in the volume is 


(a) ; % (b) ‘ % (c) a % (d) none of these 
If y = x", then the ratio of relative errors in y and x is 

(a)o tk (b) 2:1 Cc) a lerigs (d) n:1 

The approximate value of (33)1/ Sis 

(a) 2.0125 (Oye 2e1 (c) 2.01 (d) none of these 


The circumference of a circle is measured as 28 cm with an error of 0.01 cm. The 
percentage error in the area is 


1 
(a) (b) 0.01 (c) ; (d).nane'of these 
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3. 


ANSWERS 


. (a) 2. (a) 3. (b) 4. (c) 5. (b) 6. (c) 7. (c) 8. (c) 
ic m0 cb eal i (a) 12 fa) 


SUMMARY 


. Let y = f(x) be a function of x, and let Ax be a small change in x and Ay be the 


corresponding change in y. Then, 


Ay = a Ax approximately. 


au Ax is called differential of y and is denoted by dy. 


. Following are some useful results on differentials: 


(i) If f (x) is a constant function, then its differential is zero. 

(ii) If y = cu, then dy =c du,c is a constant. 
(iii) Ify = utv,thendy = dutdv 
(iv) Ify = uv, thendy = udv+vdu 

u vdu—-—udv 

(v) If y = ay then dy = a Se a 
(vi) Ify = f(x), then dy = f’ (x) dx. 

(i) Lety = f (x) bea given function of x. If Ax is an error in x, then the correspond- 

ing error Ay in y is given by 


_ 4 
Ay = We Ax 
The error Ax in x and Ay in y are known as absolute errors. 


(ii) If Av is an error in x, then os called relative error in x. 


(iii) If Ax is an error in x, then ae x 100 is called the percentage error in x. 
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MEAN VALUE THEOREMS 


15.1 ROLLE’S THEOREM 


STATEMENT Let f be a real valued function defined on the closed interval [a, b] such that 

(i) it is continuous on the closed interval [a, b], 

(ii) it is differentiable on the open interval (a, b), 
and, (iii) f(a) =f(b). 
Then, there exists a real number c € (a, b) such that f (c) =0. 
GEOMETRICAL INTERPRETATION OF ROLLE’S THEOREM 
Let f(x) be a real valued function defined on [a, b] such that the curve y=f(x) is a 
continuous curve between points A(a, f(a)) and B(b, f(b)) and it is possible to draw a 
unique tangent at every point on the curve y = f(x) between points A and B. Also, the 
ordinates at the end points of the interval [a, b] are equal. Then, there exists at least one 
point (c, f(c)) lying between A and B on the curve y= f(x) where tangent is parallel to 
x-axis. 


yi 


(c, fic) Y 


A(a, fia)) Bib, f(b)) 


B(b, f(b)) 
:A(a, fla) ; i 


ol@o) 0) @,0) 


(c, fic)) (c, flc)) 
Fig. 15.1 Fig. 15.2 


ALGEBRAIC INTERPRETATION OF ROLLE’S THEOREM 

Let f(x) be a polynomial with a and DB as its roots. Since a polynomial function is 
everywhere continuous and differentiable and a and b are roots of f(x), therefore 
f(a) = f(b) = 0. So, f(x) satisfies conditions of Rolle’s theorem. Consequently, there exists 
c € (a, b) such that f ‘(c) = Oie.f (x) =Oatx=c.In other words x = c isa root of f (x). Thus, 
algebraically Rolle’s theorem can be interpreted as follows : 


Between any two roots of a polynomial f(x), there is always a root of its derivative 
f’@). 

REMARK On Rolle’s theorem generally two types of probléms are formulated. 

(i) To check the applicability of Rolle’s theorem to a given function on a given interval, 
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(ii) To verify Rolle’s theorem for a given function on a given interval. In both types of problems 
we first check whether f(x) satisfies conditions of Rolle’s theorem or not. The following results 
are very helpful in doing so. 
(i) A polynomial function is everywhere continuous and differentiable. 
(ii) The exponential function, sine and cosine functions are every where continuous and 
differentiable. 
(iii) Logarithmic function is continuous and differentiable in its domain. 
(iv) tan x is not continuous atx =+n/2,+3n/2,+5n/2... 
(v) | x | is not differentiable at x = 0. 
(vi) Iff’(x) tends to t as x > k, then f(x) is not differentiable at x =k. 


For example, if f(x) = (2x - 1)1/ - then f (x) = : is such that lim f’(x) =. 
2x-1 x => (1/2) 


So, f(x) is not differentiable at x = 1/2. 
(vii) The sum, difference, product and quotient of continuous (differentiable) functions is 
continuous (differentiable). 


ILLUSTRATIVE EXAMPLES 
TypeI TOCHECK THE APPLICABILITY OF ROLLE’S THEOREM 


EXAMPLE 1 Discuss the applicability of Rolle’s theorem for the following functions on the 
indicated intervals : 


(i) fx)={ x | om[-1,1] (ii) f(x) =3 + (x-2)* on [1, 3] 


(iii) f(x) = tan x on [0, 71] 
SOLUTION (i) We have, 


- _|-x, when-1<x<0 
DS he | -| x, when O<x<1 
Since a polynomial function is everywhere continuous and differentiable. Therefore, 
f(x) is continuous and differentiable for all x <0 and for all x > 0 except possibly at 
x=0. 


So, consider the point x = 0. 


We have, 
lim f(x) = lim -—x = 0 and lim f(x)'="lim x = 0 
2 x0 x0" x0 
lim f(x) = lim f(x) = f(0) 
x On Fee Su( ip 


Thus, f(x) is continuous at x = 0. 
Hence, f(x) is continuous on [- 1, 1]. 


Now, 
(LHD at x=0) = lim LO =f) 
x3 0- x-0 
s LHD atr20) = hee Oe 
( at x= 0) ho re [-.. f(x) = — x for x < 0 and f(0) = 0] 
= (CHD ate = Oj lint — = tiny eer 


ei) Ae x30 
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and, (RHD atx=0) = lim sud Li AD ie lim vane [-.- f(x) = x for x 2 0] 
x30" x—-0 x0 
> (RHD at x=0) = lim * = lim1=1 


x70% x0 
(LHD at x = 0) # RHD at x=0 


This shows that f(x) is not differentiable at x =0€ (—1, 1). Thus, the condition of 
derivability at each point of (- 1, 1) is not satisfied. 


Hence, Rolle’s theorem is not applicable to f(x) = | x | on[-1, 1]. 
(ii) We have, 
fix) = 34 (x-2)9/8, xe [1,3] 


= f(x) = (2/3) (x-2y 1° 
Clearly, lim f’(x) =. 
x72 


So, f(x) is not differentiable at x =2e (1, 3). 
Hence, Rolle’s theorem is not applicable to f(x) =3 + («— Dre 3 on the interval [1, 3]. 
(iii) We have, 

> f(x) =tan x, x € [0,7]. 


Since (1/2) € [0, 2] and f(x) is not continuous at x = 


Nia 


So, the condition of continuity at each point of [0, m] is not satisfied. 
Hence, Rolle’s theorem is not applicable to f (x) = tan x on the interval [0, 7]. 
EXAMPLE2 Discuss the applicability of Rolle’s theorem on the function 
x*4+1, when0<x<1 
f(x) = 
37. wien 1 <5 2 


SOLUTION Since a polynomial function is everywhere continuous and differentiable. 
Therefore, f (x) is continuous and differentiable at all points except possibly at x = 1. 


Now, we consider the differentiability of f(x) at x = Ve 


We have, 
(LHD at x=1) = lim & So 
x71 rs 
2 ss 
— (LHD at x=1) = lim te es ed ae [-.. f(x) = 27 +1 for 0 <x 1] 
x31 x-1 
apc cl Ra or ae 
=> (LHD at x=1) = lim = lim (x+1) = 2 
ee: Oa x71 
and, 
- atlas 
(RHD at x=1) = tim AM=AD 2 im C= C+ 
x1" tia} x71 = 
= (RHD at x=1) = lim —&5¥ = -1 
coy (eee 


i: (LHD at x = 1) # (RHD at x= ty. 
So, f(x) is not differentiable at x = 1. 
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Thus, the condition of differentiability at each point of the given interval is not satisfied. 
Hence, Rolle’s theorem is not applicable to the given function on the interval [0, 2]. 


Type II ON VERIFICATION OF ROLLE’S THEOREM FOR A GIVEN FUNCTION DEFINED ON A 
GIVEN INTERVAL. 


EXAMPLE3 Verify Rolle’s theorem for the function f(x) = x° — 5x +6 0n the interval [2, 3]. 
(CBSE 2002C] 


SOLUTION Since a polynomial function is everywhere differentiable and so continuous 
also. Therefore, 

(i) f(x) is continuous on [2, 3] 
and, (ii) f(x) is differentiable on (2, 3). 
Also, (2) = 27-5x 2+6=Oand f(3) =32-5x3+6=0 

f(2) = f(3) 

Thus all the conditions of Rolle’s theorem are satisfied. Now we have to show that there 
exists some c € (2, 3) such that f (c) = 0. 


For this we proceed as follows : 
We have, 
(eae x* 5x +6 => f"(x)=2x-5 
TQ) =2e-5 = 0 = a= 25 
Thus, ¢=2.5 (2,3) such that f’(c) =0. 
Hence, Rolle’s theorem is verified. 
EXAMPLE4 Verify Rolle’s theorem for the function f(x) = x(x —3)*,0<x<3. 
SOLUTION We have, 
f(x) =x — 6x? + 9x. 
We know that a polynomial function is everywhere differentiable and so continuous 


also. So, f(x) being a polynomial function is continuous on [0, 3] and differentiable on 
(0, 3). Also, 


f(0) = f(3) = 0. 
Thus, all the conditions of Rolle’s theorem are satisfied. Now we have to show that there 
exists c € (0,3) such that PAC = 0. 
We have, 
fx) = x3 - 6x2 + 9x 
=> f(x) = 3x*-12x4+9 
jG) = 0 = 3x4- 12% +9'= 0 = gs = Ole a = 1s 
Thus, c=1€ (0,3) such that f “(c) = 0. 
Hence, Rolle’s theorem is verified. 


EXAMPLE 5 Verify Rolle’s theorem for the function f(x) = x — 6x7 + 11x -6 on the 
interval [1, 3]. 


SOLUTION Since a polynomial function is everywhere continuous and differentiable, 
therefore f(x) is continuous on [1, 3] and differentiable on (153). 


Also, —_f(1) = 1° -6x 1? +11x 1-6 =Oand f(3) =33-6x324+11x3-6=<0 
fQ) = f(3) 
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Thus, all the three conditions of Rolle’s theorem are satisfied. Now we have to show that 
there exists c € (1, 3) such that f ’(c) = 0. 


We have, 
fix) = 2 - 6x7 +11x-6 
=> f(x) = 3x7 -12%411 
f(x) = 0 => 3x7-12x411 =O > x= Vee — 2s 


Clearly, both the values of x lie in the interval (1, 3). 
1 
Th =o (jes! 
us, C Ey € (2, 3) such that f “(c) =0 
Hence, Rolle’s theorem is verified. 


EXAMPLE6 Verify Rolle’s theorem for the function f(x) = (x - a)” (x —b)" on the interval 
[a, b], where m, n are positive integers. 


SOLUTION We have, f(x) = (x-—a)” (x-b)" wherem,neée N 


On expanding (x —a)” and (x — b)" by binomial theorem and then taking the product, 
we find that f(x) is a polynomial of degree (m + m). Since a polynomial function is 
everywhere differentiable and so continuous also. Therefore, 


(i) f(x) is continuous on [a, b], (ii) f(x) is derivable on (@, D). 
Also, f(a) = f(b) =0. 

Thus, all the three conditions of Rolle’s theorem are satisfied. 
Now, we have to show that there exists c € (a, b) such that f ’(c) = 0. 
We have, 


foy= "a= ay" ev) 


=> roy= m(x — a)” (x —b)" + (x-a)"n (x-b)"~! 
=> f(x) = (x-a)™—1 (x—b)"~! {m (x= b) +n (x-a)} 
= f(x) = (ae (x — b)"! {x(m +n) — (mb + na)} 
f(x) =0 

=> (x — a)" (x — b)""} {x(m +n) - (mb + na)} = 0 
= (x —a) = Oor(x—b) = Oorx(m+n)—(mb+na) = 0 
= wend been Orr se 

mt+n 


; mb +na 
Since x = ate divides (a, b) into the ratio m:n. Therefore, ————~ € (a, b). 
m+n m+n 


mb +na 
= a h that f’(c) = 0. 
mis? C a € (a, b) such that f “(c) 
Hence, Rolle’s theorem is verified. 


EXAMPLE7 Verify Rolle’s theorem for the function f(x) = V4 - x* on [ -2, 2]. 


SOLUTION Clearly, f(x) is defined for all x € [-2, 2] and has a unique value for each 
x € [— 2, 2].So,ateach point of [—2, 2], the limit of f(x) is equal to the value of the function. 
Therefore, f(x) is continuous on [ - 2, Pe 
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Also, f'(x%) = Tange exists for all x €(—2, 2). 


So, f(x) is differentiable on (— 2, 2). 

Also, f(- 2) =f(2) = 0. 

Thus, all the three conditions of Rolle’s theorem are satisfied. 

Now we have to show that there exists c € (— 2, 2) such that f ‘(c) = 0. 
We have, 


fo NIRS eS er 
= % 


f®%)=0=> S05 2 29 
V4 — x? 
Since c=0 € (— 2, 2) such that f’(c) =0. 
Hence, Rolle’s theorem is verified. 


x? +ab 


x(a + | rae 


EXAMPLE 8 Verify Rolle’s theorem for the function f(x) = | 


where 0 <a<b. 
SOLUTION . We have, 
x? +ab 


Fa) 108 | +b) 


Since logarithimic function is differentiable and so continuous on its domain. Therefore, 
f(x) is continuous on [a, b] and differential on (a, b). 


| og ¢2 +08) —logx—log (a+b) 


2 2 
Also, f(a) = log ak = log 1=0, and f(b) =log ae = log 1=0 


b (a+b) 
fa) = f(b) 
Thus, all the three conditions of Rolle’s theorem are satisfied. 


Now, we have to show that there exists c € (a, b) such that f ‘(c) = 0. 
We have, 


f(x) = log (x? + ab) — log x - log (a +b) 
2x) ae ab 


2, te hoa X x(x? +b) 
Fees 0g ee ep aie | Be 
x (x7 + ab) = ¥ 


Since a < Vab <b. Therefore, c = Vab € (a, b) is such that f ‘(c) = 0. 
Hence, Rolle’s theorem is verified. 
EXAMPLE9 Verify Rolle’s theorem for each of the following functions on indicated intervals : 
(i) f(x) =sin? x on0<x<n 
(ii) f(x) =sin x + cos x-10n [0, 2/2] 
(iii) _f(x)) =sin x — sin 2x on [0, 2] ; 
SOLUTION (i) Since sin x is everywhere continuous and differentiable and the product 
of two continuous (differentiable) functions is continuous (differentiable). Therefore, 
f(x) = sin? x = sin x. sin x is continuous on [0, 1] and differentiable on (0, Tt). 
Also, _f(0) = sin?0 = 0 and f(m) = sin? n = 0 
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flO) = fir) 
Thus, f(x) satisfies all the three conditions of Rolle’s theorem. 
Now, we have to show that there exists c € (0, m) such that f’(c) =0. 
We have, 

f(x) = sin? x => f‘(®) = 2sinx cosx = sin 2x 

£0 => Sin 22720 2x = WSS KS t7 2: 
Since c= 1/2 € (0,7) such that f’(c) = 0. 
Hence, Rolle’s theorem is verified. 


(ii) Since sin x and cos x are everywhere continuous and differentiable.Therefore, 
f(x) =sin x + cos x — 1 is continuous on [0, 1/2] and differentiable on (0, 1/2). 
Also, f(0) = sin 0+ cos 0-1 =Oand f(m/2) =sin n/2 + cos m/2-1=1-1=0 

fO) = f(n/2). 
Thus, f(x) satisfies conditions of Rolle’s theorem on [0, 7/2]. Therefore, there exists 
c € (0, 2/2) such that f ’(c) =0. 


Now, 
f(x) = sinx+cosx-1 = f’(x) = cosx-sinx 
f(x) =0 
— cosx—sinx = O=>sinx = cosx > tanx=1—>5 x=/4 


Thus, c=1/4 € (0, 2/2) such that f’(c) =0. 
Hence, Rolle’s theorem is verified. 
(iii) Since sine function is everywhere continuous and differentiable, therefore so are 
sin x and sin 2x. Consequently, f(x) = sin x — sin 2x is continuous on [0, 7] and differen- 
tiable on (0, 72). 
Also, f(0) = sin0-sinO = 0 and f(m) = sinn—sin2n = 0 

f0) = fm) 
Thus, f(x) satisfies all the three conditions of Rolle’s theorem on [0, m]. Consequently 
there exists c € (0, ) such that f’(c) =0. 


Now, f(x) = sinx-sin2x = f’(x) = cos x-—2 cos 2x 


7 yo 


— cos x —2cos 2x = 0 

= cos x - 2 (2 cos*x-1) = 0 

=> 4cos?x-—cosx—-2 = 0 

= bod? = 14938 = 0.8431 or - 0.5931 

=> x = cos (0.8431) or cos! (— 0.5931) 

=> x = cos! (0.8431) or 180° — cos ! (0.5931) [-.- cos! (-x)=n- cos! x] 
= X% = 32°32’ or x = 126 237 


Thus, c=32° 32’;126° 23’ (0, m) such that f ’(c) =0. 
Hence, Rolle’s theorem is verified. 


EXAMPLE 10 Verify Rolle’s theorem for each of the following functions on the indicated 
intervals: 


(i) fix) =x(x +3) e*/? on [- 3, 0]. (ii) f(x) = & (sin x — cos x) on [n/4, 52/4], 
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SOLUTION (i) Since a polynomial function and an exponential function are everywhere 
continuous and differentiable. Therefore, f(x), being product of these two, is continuous 
on [ - 3, 0] and differentiable on (—3, 0). 
Also, f(—3) = -3(-3+3)e*/? = 0 and f(0) = 0 

K- 3) = fO) 
Thus, f(x) satisfies all the three conditions af Rolle’s theorem on [ —3, 0]. 
Consequently, there exists c € (- 3, 0) such that f‘(c) = 0. 


Now, f(x) = x(x +3) e°*/? 


> f(x) = (2x +3)  */2 + (x2 + 3x) (- 1/2) oo */2 = @ */2 [ges 5} 
f(x) =0 
a crn {assars| fa 
2 
oo) -x7+x+6=0 
= x*—-x-6 =0 => (x-3)\(x+2 =O > 2x=-2,3 


Thus, c = — 2 € (—3, 0) such that f (c) =0. 
Hence, Rolle’s theorem is verified. 


(ii) Since an exponential function and sine and cosine functions are everywhere con- 
tinuous and differentiable. Therefore, f(x) is continuous on [1/4, 52/ 4] and differentiable 
on (1/4, 51/4). 


us Tt Te 1 1 
Also, =| = e/4 sin—-—cos—| = e%/4/ —-—] = 0 
ig on eS v2 V2 
SR) _ bn/4( 5% SM) _ sn/4f(_ T 
T]-« [sin 3 cos ft) =< sin 4 + cos | 


Thus, f(x) satisfies all the three conditions of Rolle’s theorem on [n/4, 51/4]. 
Consequently, there exists c € (m/4, 52/4) such that f’(c) = 0. 
Now, f(x) = e* (sin x — cos x) 


= f'(x) = e* (sin x - cos x) + e* (cos x+sin x) = 2e* sin x 
f(x) = 0 
=> 2e* sinx = 0 
=> sinx = 0 [-. ec #0] 
=> x=T 


Thus, c = 1 € (1/4, 52/4) such that f(c) =0. Hence, Rolle’s theorem is verified. 
Type III MISCELLANEOUS EXERCISES 


EXAMPLE 11 It is given that for the function f(x) = x° — 6x° + ax + bon [1, 3], Rolle’s theorem 
; Dye 
holds with c=2 + Vs" Find the values of a and b, if f(1) = f(3) =0. 
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SOLUTION We are given that f (1) = f(3) =0. 
1-6x1+a+b = 3°-6x3?4+3a+b = 0 
= a+b =5 and 3a+b = 27 
Solving these two equations for a and b, we get 

a= llandb=-6. 
We now verify whether for these values of a and b, f’(c) is zero or not. 
We have, 


fix) = 2 -622 +ax+b 
= fx) = x - 6x7 +11x-6 [ .-a=11,b=-6] 
=> f(x) = 3x7- 12411 
Now, f’(c) = 3c?-12c+11 


2 
nays Aa? i. 
=> f'(c) =3 aed a+ }en 
12 12 
=> “(c) = 12+—=4+1-24-—=+11=0 
f a 8 
Hente, a=llandb=-6. 
EXAMPLE 12 It is given that for the function f given by 
f(x) = 4+ bx? +ax, xe [1,3] 


Rolle’s theorem holds withc =2+ = . Find the values of a and b. 


SOLUTION It is given that the Rolle’s theorem holds for f (x) defined on [1, 3] with 


1 
pM A+R: 
: f(1) = f (3) and f’(c) = 0 
= 1+b+a = 27+9b4+3a and 3c7+2be+a = 0 
2 
1 1 1, 

ey 2a+8b+26 = 0 and 32+ +20[2+ 7] #0 = 0 
> a+4b+13 = 0 and at+4b+13+——- (b+ 6) = 0 

: 2 
— a+4b+13 = 0 and 0+ 5 (+6) = 0 
=> a+4b+13 = 0 and b = -6 
= a= 11 and b= —6 


EXAMPLE13 Find the point on the curve y=cosx-1,xé e P oe at which the tangent is 


parallel to the x-axis. 

SOLUTION Letf(x) = cosx-1 

Clearly, f(x) is continuous on [1/2 ,3 1/2] and differentiable on (n/2 ,3 1/2) . 
PO ey eed. ws FL 

Also, s(5] = 0085 1= = 413} 


Thus, all the conditions of Rolle’s theorem are satisfied. Consequently, there exists 
atleast one point c € (%/2,3 1/2) for which f’ (c) = 0. 
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But, f'() =0> -sinc=O0>5c=2 

f(t) = cosm-1=-2 
By the geometrical interpretation of Rolle’s theorem (%,—2) is the point on 
y =cos x — 1 where tangent is parallel to x-axis. 


EXERCISE 15.1 
1. Discuss the applicability of Rolle’s theorem for the following functions on the 
indicated intervals 


(i) fx) =3 + (x-2)°/ on [1, 3] 
(ii) f(x) = [x] for -1<x <1, where [x] denotes the greatest integer not exceeding x 


(iii) fs) = sin for-1<x<1 


(iv) f(x) = 2x? — 5x +3 on [1,3] 


(v) fx) =27/° on[- 1, J 
= < 
(i) fo= pena,” dere? 


Verify Rolle’s theorem for the function f(x) = x(x — 4) on the interval [0, 4]. 
- Verify Rolle’s theorem for the function f(x) = x(x — a on the interval [0, 2]. 
- Verify Rolle’s theorem for the function f(x) = x* + 5x + 6 on the interval [-3, —2]. 
. Verify Rolle’s theorem for each of the following functions on the indicated intervals: 
(i) fx) =x? -8x +12 on [2, 6] 
(i) fix) =x? - 4x +3 on [1,3] [CBSE 2007] 
(iii) f(x) = (x - 1) (x- 2)" on [1, 2] 
(iv) fx) =x(x-1)* on [0,1] 
(v) fix) = (x*-1) (x-2) on [-1,2] 
6. Verify Rolle’s theorem for each of the following functions on the indicated intervals: 
(i) f(x) =cos 2 (x - 1/4) on [0, 2/2] 
(ii) f(x) =sin 2x on [0, 2/2] 
(iii) f(x) =cos 2x on [- 1/4, 1/4] 
(iv) f(x) =e" sinx on [0,7] 
(v) f(x) =e* cos x on [-2/2, 2/2] 
(vi) f(x) =cos 2x on [0, 71] 
es sin x 
(vit) fly = 
(viii) f(x) =sin 3x on [0, 7] 


(ix) f(x) =e1~ ti bn EH 

(x) fix) = log (x* +2) - log 3 on [-1,1] 
(xi) f(x) =sin x +cos x on [0, 2/2] 
(xii) f(x) =2 sin x + sin 2x on [0, 7] 


ao fF WO N 


onO<x<uz 


(xiii) f(x) = _ — sin oe on [- 1, QO] 
(xiv) f(x) = = ~4sin* x on [0, 7/6] 


(xv) f(x) = 4°"% on 0, m™] 
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(xvi) f(x) =x? -5x+40n[1, 4] [CBSE 2007] 
(xvii) f(x) = sin’ x + cos* x on p 5 


(xviii) f(x) = sin x —sin 2x on (0, 7] 


7. Using Rolle’s theorem, find points on the curve y=16- x7, x e€[-—1,1], where 
tangent is parallel to x-axis. [CBSE 2000] 
8. At what points on the following curves, is the tangent parallel to x-axis? 
@) y = x on[-2,2] 
2 
(i) y = e ~* on[-1,1] 
(iii) y = 12(x +1) (x-2) on [-1, 2]. 
ANSWERS 
1. (i) Notapplicable (ii) Not applicable (iii Not applicable 
(iv) Notapplicable (v) Notapplicable (vi) Not applicable. 
7. (0, 16) 8. (i) (0,0) (ii) (O,e) (iii) G = 27 
= HINTS TO SELECTED PROBLEMS 
1. (i) Wehave, 


f'@= EST => f’(x) does not exist at x =2 
x _ 


(ii) Since f(x) is not continuous at x = 0 € [-1,1] . So, Rolle’s Theorem is not 
applicable. 

(iii) Since f(x) is not continuous at x = 0 € [—1,1]. So, Rolle’s Theorem is not 
applicable. 

(iv) Since f(1) #f(3). So, Rolle’s Theorent is not applicable 

(v) Since f’(x) =(2/3) x 3 does not exist at x = 0. So, Rolle’s theorem is not 
applicable. 


15.2 LAGRANGE’S MEAN VALUE THEOREM 
STATEMENT Let f(x) be a function defined on [a, b] such that 


(i) it is continuous on [a, b], 
(ii) it is differentiable on (a, b). 


Then, there exists a real number c € (a, b) such that 


ay ade) =e) 
f= b-a 


PROOF Consider a function 9(x) = f(x) + Ax, where A is a constant to be chosen in such 


a way that > (a) = (b). 
Now, (a) = 9(0) 


= 


=> 


f(a) + Aa = f(b) + Ab 
f(b) - fla) = - A(b-a) 


A=- ey ) Ai) 
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(i) Since f(x) is continuous on [a, b] and Ax, being a polynomial function, is 
everywhere continuous. Therefore, (x), being the sum of two continuous 
functions f(x) and Ax, is continuous on [a, bj. 

(ii) As f(x) is differentiable on (a, b) and Ax, being a polynomial function, is 
everywhere differentiable. So, o (x), being the sum of two differentiable func- 
tions f(x) and Ax, is differentiable on (a, b). 


Also, o (a) = o(b). 
Thus, all the three conditions of Rolle’s theorem are satisfied by (x) on [a, b]. So, there 
must exist some c € (a, b) such that 0’(c) = 0. 


Now, o (x) = f(x)+ Ax 


— (x) = f'(x)+A 

= o’(c) = f'(c)+ A 

ce O(C)— U0 

=> f(jt+A=0> ff") =-A 

=> j©)= f)- fe) [Using (i)] 


O.E.D. 


GEOMETRICAL INTERPRETATION 

Let f(x) be a function defined on [a, b], and let APB be the curve represented by y = f(x). 
Then, coordinates of A and B are (a, f(a)) and (b, f(b)) respectively. Suppose the chord AB 
makes an angle y with the axis of x. Then, from the triangle ARB, we have 


nye oes => tany = A=fe 


AR 


ER 
(CAO) 
\ 3 


Fig. 15.3 


By Lagrange’s Mean Value theorem, we have 


fo = f9-fo 


b-a 
tany = f’(c) 
=> Slope of the chord AB = Slope of the tangent at (c, f(c)) 


Thus, we arrive at the following geometrical interpretation of. Lagrange’s mean value 
theorem: 


Let f(x) be a function defined on [a,b] such that the curve y =f(x) is a continuous curve between 
points A(a, f(a)) and B(b, f(b)) and at every point on the curve, except at the end points, it is 
possible to draw a unique tangent. Then there exists a point on the curve such that the tangent 
there at is parallel to the chord joining the end points of the curve. 
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ILLUSTRATIVE EXAMPLES 
Type I VERIFICATION OF LAGRANGE’S MEAN VALUE THEOREM 


EXAMPLE1 Verify Lagrange’s mean value theorem for the function 

f(x) = (x — 3) (x — 6) (x — 9) on the interval [3, 5]. 
SOLUTION We have, 

A(x) = (x — 3) (x - 6) (x -—9) = x7 — 18x? + 99x — 162. 
Since a polynomial function is everywhere continuous and differentiable. 
Therefore, f(x) is continuous on [3,5] and differentiable on (3, 5). 
Thus, both the conditions of Lagrange’s mean value theorem are satisfied. 
So, there must exist at least one real number c € (3, 5) such that 


p(Q = f=) 


5=3 
Now, 
fx) = 2° - 18x? + 99x - 162 
~ f(x) = 3x? - 36x +99, f(5) = (5 — 3)(5 - 6)(5 - 9) =8 and f(3) = 
fS) —f3) 
1) = eos 
- 8-0 
=> 3x7 — 36x + 99 = ae 
= 3x? -36x+99 = 4 
¥ 3x2 36x +98 = 0 = x= 20#1296=1140 _ 3641249 2, 4, 


6 6 
Thus, c=4.8e (3,5) such that f’(c) = =f) =f) 


Hence, Lagrange’s mean value theorem is verified. 


EXAMPLE2 Verify Lagrange’s mean value theorem for the following functions on the indicated 
intervals. Also, find a point c in the indicated interval. 


(i) f(x) = x(x —2) on [1,3] (ii) f(x) = x(x —1)(x - 2) on [0, 1/2] 
SOLUTION (i) We have, 
fe) = x(x - 2) =x7 - 2x 
We know that a polynomial function is everywhere continuous and differentiable. So, 
f(x) being a polynomial, is continuous on [1, 3] and differentiable on (1, 3). 
Thus, f(x) satisfies both the conditions of Lagrange’s mean value theorem on [1, 3]. 
So, there must exist at least one real number c € (1, 3) such that 


tn, Hol Fh) 
Fs as 

Now, fx) =x? - 2x 

= f(x) = 2x - 2, f(3) =9 - 6 =3and fl) =1-2=- 
pre) == 

= 2-22 = 


es Ne ee ee ea, 
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—fi 
Thus, c=2€ (1,3) such that f “(c) sae ae 


Hence, Lagrange’s mean value theorem is verified for f(x) on [1, 3]. 
(ii) We have, 
fee) = x(x — 1)(x - 2) =x - 3x? + 2x. 


Since f(x) is a polynomial function and a polynomial function is everywhere continuous 
and differentiable. Therefore, f(x) is continuous on [0, 1/2] and differentiable on (0, 1/2). 


Thus, both the conditions of Lagrange’s mean value theorem are satisfied. 
So, there must exist at least one real number c € (0, 1/2) such that 


WR oR ay OO) 
f'(o) = 1/2-0 


Now, f(x) = 2° -3x*+2x 


=> f(x) = 3x? - 6x + 2, (0) =O and f(1/2)=5 - +1 = 5. 
f(x) = f(a/2) — f(0) 
< (1/2)-0 
: . 3/8)-—0 
=> 3x“ -6x+2 = (1/2)-0 
= a 6x 42 25 
=> 12x*-24x+5 = 0 
a 2 £24896 — alas 
" 24 oe é 
Since c= 1- ee € (0, 1/2) such that f’(c) = a a o) 


Hence, Lagrange’s mean value theorem ig verified. 
. 


EXAMPLE3 Using Lagrange’s mean value theorem, find a point on the curve y = Vx — 2 defined 
on the interval [2, 3], where the tangent is parallel to the chord joining the end points of the curve. 


SOLUTION Let f(x) = Vx — 2. Since for each x € [2,3], the function f(x) attains a unique 
definite value. So, f(x) is continuous on (2, 33 


Also, f(x) = Soe exists for all x € (2,3). So, f(x) is differentiable on (2, 3). 


Thus, both the conditions of Lagrange’s mean value theorem are satisfied. Consequent- 
ly, there must exist some c € (2,3) such that 


fo 
Now, T= vx -2 
=~ i) = Ea f(3) = 1and f(2) = 0 
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is 4@r-2) = 1 = x-2= dx = 9/4 


Thus, c= wt € (2,3) such that f(©) en 7 A), 


epi 
pn2: 


Thus, (c, f(c)) i.e. (9 7 4, 1/2) is a point on the curve y = Vx — 2 such that the tangent at it 
is parallel to the chord joining the end points of the curve. 


EXAMPLE4 Verify Lagrange’s mean value theorem for the following functions on the indicated 
intervals. 


Now, f(c)= -—2 


(i) f(x) =x -2sinx on [-72,7] (ii) f(x) =2 sin x +sin 2x on [0, 7] 


ae 

(iii) f(x) =log, x on [1, 2] Gy iyecs” wast 

ch amen | ae a 

SOLUTION (i) Since x and sin x are everywhere continuous and differentiable, therefore 

f(x) is continuous on [- 7, mJ] and differentiable on (— 1, 2). Thus, both the conditions of 

Lagrange’s mean value theorem are satisfied. So, there must exist at least one 
c € (— 7, ™) such that 


fo FQ. 


on [- 1, 2] 


: m — (—T) 
Now,  f(x)=x-2sinx 
— f'(~=1-2cosx, ff =n-2sinn=a and f(—-n)=-n-2sin(-n)=-1 


Ake aoe 


> [Mera nee eee) 
wT — (—T) 


= 1—2cosx=1 

=> cost = 055 7 7/2 

Thus, c=+(n/2) € (—1,7) such that f’(c) = eae 

Hence Lagrange’s mean value theorem is verified. 

(ii) Since sin x and sin 2x are everywhere continuous and differentiable, therefore f(x) 
is continuous on [0, 2] and differentiable on (0, 7). Thus, f(x) satisfies both the conditions 
of Lagrange’s mean value theorem. Consequently, there exists at least onec € (0, 7) such 


that f’(c) = 2 


Now, Ae = eee oe 


=> f(x) = 2cosx +2 cos 2x, f(0) =0 and f(x) = 2sinn+ sin 2n =0 
fm =f) 
f(x) = t— 0 
Pte + ccs ora 
tm —O 


2cosx+2cos 2x =0 
cos x + cos 2x =0 


{oy a 


cos 2x =— cos x 
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— cos 2x = cos (t— x) 
—\ 2v=R— x= OX HRS X= T/3S 
mt) — f(O 
Thus, c=7/3€ (0,7) such that f ‘(c) -fn=f0). 
Hence, Lagrange’s mean value theorem is verified. 
(iii) Since f(x) = log, x is differentiable and so continuous for all x >0. So, f(x) is con- 


tinuous on [1, 2] and differentiable on (1, 2). Thus, both the conditions of Lagrange’s 
mean value theorem are satisfied. Consequently, there must exist some c € (1, 2) such 
that 


fo = FAO 


PUSAN 


Now, fx) = log.x => f(x) = 4” f2)=log.2 and fi1)=log, 1=0 


: 2) - fd 

a) Ey 

1, loge 29 
a cae ai 
=> Hip Z 

x be 

1 ae | 

=> x= newpie logs e -- log,a= log, 


Now, 2<e<4. = logs2<log,e<logz4 = 1<log)e<2. 


Thus, c =logje € (1,2) such that f’(c) = f)-1O 

Hence, Lagrange’s mean value theorem is verified. 

(iv) Since 2+x° and 3x are polynomial functions. Therefore f(x) is continuous and 
differentiable for all values of x except possibly at x = 1. 

Continuity atx=1: We have, 


lim f(x)=lim 2+2°=24+15=3 


x1 x1 
and, lim... f(x) = lim) 3x =3.x1=3. 
te x1 


Also, (1) =2+19=3. 
lim f(x) = lim f(x) = f(1). 
x1 Gade 


So, f(x) is continuous at x = 1. 
Differentiability at x = 1: We have, 


- - os 
(avate=1)= tn DUS ye te ao 
Penh x-1 x71 x—1 x= 1 x-1 
a (LHD at gtadyitim @= Noses ly ae axel = 1241412 
Sai x-1 xT 
and,  (RHDatx=1) = lim 2A) _ 4, 3¥-3 _ 4, 3E=) LG 
erg ‘seen x1 *- x31 (-1) 
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(LHDiat x= 1), =.(RHD at x = 4) 
So, f(x) is differentiable at x = 1. 


Thus, f(x) is continuous and differentiable on [—1, 2]. So, both the conditions of 
Lagrange’s mean value theorem are satisfied. Consequently, there must exist some c € 
(-1, 2) such that 


_f2)=fE1) 
(yobs 1 
Now, 
* 2+x3, XiSvk 
ie -| ON Red 
fre xa: 3x77 x1 
¥ fray = |e en 
f(-1) = 2+(-1)? = 1 and f(2) = 3(2)=6 
3 Jig) 1) 
|i ie ear 
s fle 5 
= 1B oar rarpa Gian 
Since f (x) = 3 for x 2 1, the value of x must be less than 1. 
" f'() = 5/3 
= 3x* = 5/3 [-.'# <1-arid for x <1, f(x) =3x"] 
= PIS 5/9 Sa 573 
. Since c=+(V5/3) € (-1,2) such that f “(c) = Eve) 


FN oe Vt 
Hence, Lagrange’s mean value theorem is verified. 
Type II MISCELLANEOUS PROBLEMS 
EXAMPLE5 Using Lagrange’s mean value theorem, show that 


Sin vx tOn 0) 


SOLUTION Consider the function f (x) = x — sin x defined on the interval [0, x], where 
x>O0. 

Clearly, f (x) is everywhere continuous and differentiable. So, it is continuous as {0, x] 
and differentiable on (0, x). Consequently, there exists c € (0, x) such that 


f'@= (x) =f) [By Lagrange’s mean value theorem] 
x—sinx 
= ‘L. COSiCs == 
x 
=> oo ate [-- 1-cosc> 0] 
7 x-—sinx>0 [-.- x>0] 
=> x >sin x 
— sin x <x for all x. 


EXAMPLE6 Using mean value theorem, prove that 
tanx>x forall x € (0,n/2). 
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SOLUTION Let x be any point in the interval (0 , 7/2). Consider the function f given by 
f(x) = tanx-x,wherexe [0,x] <(0, 7/2) 

Clearly, f(x) is continuous on [0,x] and differentiable on (0,x). So, there exists 

c € (0, x) such that 


, a, ae 0 
=> sec?c-1 = (anz—2)=8 v 
aN LS Set Sy E sec? c>1 cos € (0, [03] 
x 
=> tanx-x>0O [-.. x > 0] 
= tanx>x forallxe (0,7/2). 


EXAMPLE 7 Let f and g be differentiable on [0,1] such that f (0) =2, g (0) =0,f (1) = 6 and 
g (1) = 2. Show that there exists c € (0,1) such that f’ (c)=2 g’ (c). 


SOLUTION Consider the function $ given by 
o@) = gM-gOfF@-f"Q)-fOlg@) forallxe [0,1] 
or, (x) = 2f(x)-48 (x) forall xe [0,1]. 
Since f (x) and g (x) are differentiable on [0, 1]. Therefore , 6(x) is differentiable on {0, 1]. 


As 9 (x) is differentiable on [0, 1]. So, it is also continuous on {0, 1]. Consequently, by 
Lagrange’s mean value theorem there exists c € (0, 1) such that 
Wee Bae 
2f’(c)-48’() = [2f(0)-48()]-[2f@)-42 ©] 
2f'(c)-4g"(c) = 4-4 
2f’(c) = 4g’ (c) 
f°) = 28’ 
EXAMPLE8 Using Lagrange’s mean value theorem, prove that 
b-a 
b 
SOLUTION Consider the function f given by 
f(x) = log.x,xe [a,b],0<a<b 


UU 


a 
oat where 0<a<b. 


len < 
a 


Clearly, it is continuous on [a, b] and differentiable on (a, b). So, by Lagrange’s mean 
value theorem there exist c € (a, b) such that 


, b .. 

fo = HO-f@) 

1 logb-loga , 1 
i. c aeiae [+ fo) =logx = f @=4] 
Now, c € (a, b) * 
= a<c<b 

ibe val al 
a eae a [- O0<a<b] 
a 1 _logb-loga _1 ' 

b b-a a 

b 


Se b -a 
— b < log ARS [-.s b-a>O]. 
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EXERCISE 15.2 


1. Verify Lagrange’s mean value theorem for the following functions on the indicated 
intervals. In each case find a point ‘c’ in the indicated interval as stated by the 
Lagrange’s mean value theorem 


(i) f(x) =x? -1 on [2,3] 
(ii) Ax) =x - 2x7 -x+4+30n [0,1] 
(iii) f(x) =x(x- 1) on[1, 2] 
(iv) f(x) =x" - 3x +2 0n [-1,2] 
(v) f(x)= 2x* — 3x +1 0n pts ei| 
(vi) Ax) =x*-2x+40n [1,5] 
(vii) f(x) =2x - x* on {0, 1] 
(viii) f(x) = (x - 1)(x - 2)(x - 3) on [0, 4] 
(ix) f(x) = V25 - x* on [- 3, 4] 
(x) f(x) =tan™ ly on [0, 1} 


(xi) fix) =x += on [1, 3] [CBSE 2000] 
(xii) f(x) = x(x + 4)? on [0, 4] 

(xiii) f(x) = Vx? - 4 on [2, 4] [CBSE 2002] 

(xiv) f(x) =x" +x-1on [0,4] (CBSE 2002] 


(xv) f(x) = sinx-sin2x-x on [0,7] 

2. Discuss the applicability of Lagrange’s mean value theorem for the function 
fx)= | x | omft=1,1] 

3. Show that the lagrange’s mean value theorem is not applicable to the function 
fc) =~ on [- 1,1] 

4. Verify the hypothesis and conclusion of Lagrange’s mean value theorem for the 


function f(x) = ae sy = 4) 


5. Find a point on the parabola y = (x — 4)", where the tangent is parallel to the chord 
joining (4, 0) and (5, 1). 

6. Findapointonthecurvey = x + x, where the tangent is parallel to the chord joining 
(0, 0) and (1, 2). 

7. Find a point on the parabola y = (x — 3)°, where the tangent is parallel to the chord 
joining (3, 0) and (4, il). 

8. Find the points on the curve y = x° — 3x, where the tangent to the curve is parallel 
to the chord joining (1, — 2) and (2, 2). 

9. Finda point on the curve y = x° + 1 where the tangent is parallel to the chord joining 
(1, 2) and (3, 28). : 

10. Using Lagrange’s mean value theorem, prove that 


(b — a) sec? a < tan b— tana <(b—a) sec* b 


where 0<a<b<>. 
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ANSWERS 
1. (i) c=5/2 (ii) c= 1/3 (iii) c=3/2 = (iv) c= 1/2 (v)c=2 


(v1) G= 3 (Vit) ec by (viii) Gad Soe (ix) catye 


(x) c= = beh) oun oa tp Setanta 
(xiii) c = V6 (xiv) c = 2. (xv) c= cos [2 ae | 

2. Not applicable 5. & _ 6. (1/2, 3/4) 7. (7/2, 1/4) 
3/2 

vba] + (Ey 


VERY SHORT ANSWER QUESTIONS (VSA): 
Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 

L. Tt f(x) = Ax” + Bx + C is such that f (a) =f (b), then write the value of c in Rolle’s 

theorem. 

2. State Rolle’s theorem. 

3. State Lagrange’s mean value theorem. 

4. nisa positive integer. If the value of c prescribed in Rolle’s theorem for the function 


f (x) = 2x (x — 3)" on the interval [0, 2V3] is ; ‘write the value of n. 
5. Find the value of c prescribed by Lagrange’s mean value theorem for the function 
f (x) = Vx? —4 defined on [2, 3]. 
OO ——————— ANSWERS 


1. £4" 4. 3 5. V5 


= MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 
1. If the polynomial equation 
06 rays ix eh ea pels te Se + a9x* +a} x+ag = 0 
n positive integer, has two different real roots « and B, then between aand B, the 
equation na,x"~'+(n=1)a,_ px e742. $a," 0 has 
(a) exactly one root (b) almost one root 
(c) at least one root (d) no roat 


2. If d4a+2b+c=0, then the equation 3ax” + 2bx +c =0 has at least one real root lying 
in the interval 


(a) (0,1) (b) (1, 2) (c) (0, 2) (d) none of these 
: 1 
3. For the function f (x) =x + a xe [1,3], the value ofc for the Lagrange’s mean value 
theorem is 


(a) 1 (b) V3 (c) 2 (d) none of these 
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4. If from Lagrange’s mean value theorem, we have 
ti (x4) oe Foto P then 
(a) a<x,<b (b) asx,<b (c) a<x1,<b (d) asx,sb 
5. Rolle’s theorem is applicable in case of (x) = a’* a>ain 
(a) any interval (b) the interval [0, 7] 
(c) the interval (0, 1/2) (d) none of these 
6. The value of c in Rolle’s theorem when 
f (x) = 2x? - 5x* - 4x +3, x [1/3, 3] is 
1 
(a) 2 (b) -5 () -2 (a) 3 
7. When the tangent to the curve y = x log x is parallel to the chord joining the points 
(1, 0) and (e, e), the value of x is 
Pd | 
vice ic a ra ee 
e 
. , ; x(x +1) é 
8. The value of c in Rolle’s theorem for the function f(x) = = defined on 
. e 
-[- 1, 0] is 
1+V5 1- V5 
(a) 0.5 (b) aie (c) eT) (d) —0.5 
9. The value of c in Lagrange’s mean value theorem for the function f (x) = x (x — 2) 
when x € [1, 2] is 
(a) 1 (b) 1/2 (c) 2/3 (d) 3/2 
10. The value of c in Rolle’s theorem for the function f (x) = x? — 3x in the interval 
[0, Y3] is 
(a) 1 (b) -1 (c) 3/2 (d) 1/3 
11. If f(x) =e" sin x in [0, m], thenc in Rolle’s theorem is 
(a) 2/6 (b) 1/4 (c) n/2 (d) 3n/4 
ANSWERS 
tee te) Zul 3. (b) 4, (c) 5. (b) 6. (a) Fata) 8. (c) 
- 9. (d) 10. (a) 11. (d) 
SUMMARY 
1. (i) (Rolle’sTheorem). Letf beareal value of function defined on the closed interval 


[a, b] such that 
(i) it is continuous on [a, b} 
(ii) it is differentiable on (a, b) 
and, (iii) f(a) = f() 
Then there exists a real number c € (a,b) such that f’ (c) = 0. 


(ii) (Geometrical Interpretation) Let f (x) be a real valued function defined on [a, b] 
such that the curve y = f (x) is a continuous curve between points A (a, f(a)) and 
B (b, f (b)) and the curve has a unique tangent at every point between A and B. 
Also, the ordinates at the end points of the interval [a, b] are equal. Then there 
exists at least one point (c, f (c)) between A and B on the curve where tangent is 
parallel to x-axis. 
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(iii) 
2. (i) 


(ii) 
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(Algebraic Interpretation) Between any two roots of a polynomial f (x), there is 
always a root of its derivative. 

(Largange’s Mean Value Theorem) Let f (x) be a function defined on [a, b] such that 
(i) it is continuous on [a, b] 

(ii) it is differentiable on (a, b). 

Then, there exists c € (a, b) such that 


firs f= 1) 


(Geometrical eee Let f (x) be a function defined on [a, b] such that the 
curve y =f (x) is a continuous curve between points A (a, f (a)) and B (b, f (b)) 
and at every point on the curve, except at the end-points, it is possible to draw 
a unique tangent. Then there exists a point on the curve such that tangent there 
is parallel to the chord joining the end points of the curve. 
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16.1 PRELIMINARIES 
SLOPE (GRADIENT) OF ALINE The trigonometrical tangent of the angle that a line makes with 
the positive direction of x-axis in anticlockwise sense is called the slope or gradient of the line. 

The slope of a line is generally denoted by m. 


Thus, m = tan®, where 0 is the angle which a 
line makes with the positive direction of x-axis in 
anticlockwise sense. 


Since a line parallel to x-axis makes an angle of 0° 
with x-axis. Therefore, its slope is tan 0° = 0. x 


A line perpendicular to x-axis or parallel to y-axis 
makes an angle of 90° with x-axis, so its slope is 
tan 1/2 =-., 


Also, the slope of a line equally inclined with 
axes is + 1 or,— 1 as it makes 45° or 135° angle with 
x-axis. 


Fig. 16.1 


Slope of a line in terms of coordinates of any two points on it: Let P (x1, y;) and Q (x, y2) be 
two points ona line. Then its slope m is given by 


_ ¥2—%1 _ Difference of ordinates 
" X% —-x, Difference of abscissae 


For example, the slope of a line passing through (2, — 1) and (3, 4) is 
4-(-1)_, 


oo, aoe 
Slope of a line when its equation is given: The slope of a line whose equation is 
ax + by+c=O is given by 
a Coeff. of x 
m=-- = SS SS 


bs Coeff. of y 
For example, the slope of the line 3x - 2y +5 = 0 is 


mers 
a ae 
Angle between two lines: The angle @ between two lines having slopes m, and my is 


ni = 


given by 
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my —- m9 
tanO = + =< 
1 +m, mp 
Condition of parallelism : If the lines are parallel, then 6 = 0°. 
hee We dae 
tan@ = tan0® = 0 > ———— = 0 & my = mj. 
1+m, mp» 


Thus, when two lines are parallel, their slopes are equal. 

Condition of perpendicularity : If two lines of slopes m, and my are perpendicular, then 
m,m,=-1. 

Thus, when two lines are perpendicular, the product of their slopes is — 1. If m is the 


ar 1 
slope of a line, then the slope of a line perpendicular to it is — au 


Equation of a straight line: The equation of a straight line passing through a point 
(x1, y}) and having slope m is 


Y-Yy = m(x— xX) 


16.2 SLOPES OF THE TANGENT AND THE NORMAL 
Slope of the tangent: Let y = f(x) be a continuous curve, and let P (x1, y;) be a point on it. 


Then, as discussed in section 16.1, ts is the slope of the tangent to the curve y = f(x) 
[ge 
at point P 
Pea 
Ler ee tan y = Slope of the tangent at P, where y 
P 


is the angle which the tangent at P (x,, y,) makes with 
the positive direction of x-axis. 


If the tangent at P is parallel to x-axis, then 


ee Nee atte C7 = 0 
dx J, 


If the tangent at P is perpendicular to x-axis, or parallel 
to y-axis then 


Fig. 16.2 
ee aaa = 0 
P 


Slope of the normal : The normal to a curve at P (x1, ¥) is a line perpendicular to the 
tangent at P and passing through P. 


Slope of the normal at P = — I =— 1 =— ax 
Slope of the tangent at P dy dy |, 
dx 
iP 
ILLUSTRATIVE EXAMPLES 


TypeI ONFINDING THE SLOPES OF THE TANGENT AND THE NORMAL AT A GIVEN POINT. 


EXAMPLE 1 Find the slopes of the tangent and the normal to the curve x2 + 3y + 7 =5 at 
(172): 


SOLUTION The equation of the curve is x* + oy + y? = 5. 
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Differentiating w.r.t. x, we get 


2x43 40 4 oy Y = 0 


dx dx 
a. 2X 
—- = 
dx 2y+3 
=> (ze) = = ne = _2 
* hea, 1) 2+3 5 | 
_ (4 -2 
Slope of the tangent at (1,1) = = — 
dx 5 
(1, 1) 
and, Slope of the normal at (1,1) = elie brtehde st 
a eee: 
dx (1, 1) 5 


EXAMPLE 2 Show that the tangents to the curve y=2 x° —3 at the points where x =2 and 


x =—2are parallel. [CBSE 1992C] - 
SOLUTION The equation of the curveis y = = 3 | | (i) 
Differentiating w.r.t. x, we get 

dy _ 

ae Ot 

Ss dy 2 
Now, m, = Slope of the tangent atx =2= dx | =6X(2)° =24 
and, m, = Slope of the tangent atx =-2= a0) = 6 (-2)* =24. 
=-2 


Clearly, m,=mp. 


Thus, the tangents to the given curve at the points where x = 2 and x = — 2 are parallel. 


EXAMPLE3 Prove that the tangents to the curve y = x? — 5x + 6 at the points (2, 0) and (3, 0) 


are at right angles. [CBSE 1985, 92] . 
SOLUTION The equation of the curveis y = x7 -5x+6 ..-(i) 
Differentiating w.r.t. x, we get 

AY _ 2- 

Ax 7 


Now, m, = Slope of the tangent at (2,0) = (i =a2x2—-5==1 


and, mz = Slope of the tangent at (3, 0) = it| =2x3—pel 


Clearly, m,mz =-1x1=—1. 
Thus, the tangents to the given curve at (2, 0) and (3, 0) are at right angles. 


EXAMPLE4 The slope of the curve 2y? = ax’ + bat (1,-1) is—1. Find a, b 
SOLUTION The equation of the curve is 


Paige ee ax* +b i) 
Differentiating w.r.t. x, we get 
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16.4 
ee 
4y ce 2ax 
eee aba: 
5 Paria *}a,-=1) 
It is given that the slope of the tangent at (1, — 1) is — 1. Therefore, 
= 5 =-1>a4=2. 


Since the point (1, — 1) lies on (i). Therefore, 
2-17 =2(1y+bS>a+b =2: 

Putting a= 2 ina+b=2, we obtain b =0. 

Hence, 4 = 2 and b=0. 

EXAMPLE5 Find the slope of the normal to the curve 


= 1-asin®,y = bcos* @at® =5 


SOLUTION We have, 
x = 1-asin6 and y = bcos*@ 


axtoage BERS 
= ie acos® and Toa 2 bcos 6 sin 8 
ay 
dy d@ _—2bsinOcos® _ 2b. 
ax i ax —acos@ a 
tS) 
= (4) = 2 sin ® = 2 
b=n/2 2 a 


T 1 a 
Hence, stope of the normal at 6 = | == PP ey 
dx 6=n/2 


EXAMPLE 6 Find the slope of the normal to the curve x =a cos°0, y=a sin? 6 at @= a : 


SOLUTION We have, 


x = acos’0,y = asin? @ 
d 

=> Zo = ~34c0s*Osino, 44 = 3asin? @cos6 
dy _ dy/d® 

PO ea a se 


d in2 
es y _ 3Sasin va Lae 
dx — 3a cos* 8 sin 8 


; 1 =o. 
Slope of the normal at ton th ela, ty eRe 
P rmal at any point on the curve dia W-atain 8 cot 0 
dx 


Hence, (Slope of the normal at @ = m™/4) = cot Zi = 1. 


TANGENTS AND NORMALS , 16.5 


Type II ON FINDING THE POINT(S) ON A GIVEN CURVE AT WHICH TANGENT(S) IS (ARE) 
PARALLEL OR PERPENDICULAR TO A GIVEN LINE. 


EXAMPLE7 Find the points on the curve y = x° — 2x* — x at which the tangent lines are parallel 
to the line y =3x — 2. 


SOLUTION Let P (xj, y;) be the required point. The given curve is 


y= x2 x (i 
= Be 32 Ay —1 
ax 
(X,Y) 


Since the tangent at (x, y;) is parallel to the line y = 3x — 2. 


Slope of the tangent at (x1, y,) = Slope of the line y = 3x — 2 


P a 
dx 
(x1, Y4) 
=> 8x7 -4x,-1 = 3. 
ey 0 a 


3 
Since (x1, y;) lies on curve (i). Therefore, y; = se = axit xy 


Now, x, =2 => y, = 2?-2(2)?-2=-2. 


Ma 2 Red ey 2 ee 

Sane re ere Bei, 27 

; : ed alae 
Thus, required points are (2, — 2) and = val 

7 

EXAMPLE8 Find the point on the curve y = 2x? — 6x — 4 at which the tangent is parallel to the 
x-axis. 
SOLUTION Let the required point be P (xj, y;). The given curve is 


y = 2x°—6x-4 (i) 


= ae | = 4x,-6 
dx dx 
(X,Y) 


Since the tangent at (x1, y;) is parallel to x-axis. Therefore, 


dy =) = 4x, —6 = 0 => xy = sh 
dx 2) 
(4,4) 


Since (x1, 1) lies on curve (i). Therefore, 


Ua 2x17 — 6x4 -4 


Now, x = 3/2 3 y, = 28/2?-68/2)-4 = -% 


So, the required point is (3/2, -17/2). 
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EXAMPLE9 Find the points on the curve y = x at which the slope of the tangent is equal to the 
y-coordinate of the point. 


SOLUTION Let the required point on the curve y = x be P (x1, Y})- 
We have, 


yoo Base =f = 3x," 
dx dx 
(%1, 4) 


_It is given that 
Slope of the tangent at P (x, , y;) = Ordinate of P (x, , y;) 
dy fe 

= (Z| aio 

(X,Y) 
we 3x7 = yy 
ig 3x," = x,° E (x1, Y;) lies ony=x «. y, = x3] 
=> x17 (x1 -3) = 0 =x, = 0,2, = 3. 


Since (x; , yj) lies on y =x°. Therefore, y, = 0 
Now, x, =0 = y, = 0 and, x, =3 > y; = 3? = 27. 
Hence, required points are (0, 0) and ce D7): 


EXAMPLE 10 Find points on the curve > — ee =1at which the tangents are parallel to the 


(i) x-axis (ti) y-axis. 


SOLUTION Let P (x, , y,) be a point on the curve Tea ae = 1. Then, 


eG) ...(i) 


The equation of the curve is 
cy ene 
9° 16 
Differentiating both sides with respect to x, we get 


2x By iy eng 
9 16 dx 


dy _ 16x 
ax = Oy 
1 
~ Se 
oO pea 


. (i) If the tangent at P (x, , y,) is parallel to x-axis, then 


(it) aye 
dx 
(X,Y) 
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16 xy 


=0> 16x,=0>x =0 
9; 1 4) 


Putting x, = 0 in (i), we get y,7 =— 16, which is impossible as yj is real. Hence, there is 
no point on the curve where tangent is parallel to x-axis. 
(ii) If the tangent at P (x, , y;) is parallel to y-axis, then 


‘| 2 

= = 0 > ——=05> yy = 
( ean 16 x} 

Putting y, = 0 in (i), we getx, = +3. 

Hence, required points are (3, 0) and (— 3 , 0). 


EXAMPLE 11 Find a point on the curve y = (x - 3)", where the tangent ts parallel to the line 
joining (4, 1) and (3, 0). 


SOLUTION Let the required point be P(xj, y;). The equation of the given curve is 


y = (x3) (i) 
dy _ = 
=> 5 2-3) 
> (Z| ee 2x =o) 
; dx eset 8 
(x, 3) 


Since the tangent at P is parallel to the line joining (4, 1) and (3, 0). Therefore, 
Slope of the tangent at P = Slope of the line joining (4, 1) and (3, 0) 


dy — UEd 
a? (Z| Bac ee 
(xy ¥;) 
=> 2 (x1-3) = 15 x, = 7/2 


Since the point P(x1, y;) lies on (i). Therefore, 


y, = (x,-3) 


Thus, the required point is (7/2, 1/4). 


EXAMPLE 12 Find the points on the curve 4x? + oy” = 1, where the tangents are perpendicular 
to the line 2y + x =0. 


SOLUTION Let the required point be P(x1, y;). The equation of the given curve is 


4x7 49y? = 1 (i) 

= 8x + 18y St = 0) [Differentiating w.r.t. x] 
x 
dy _ _ 4x 
q dx . 9y 
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Since tangent at (x1, 1) is perpendicular to the line 2y + x = 0. Therefore, 
Slope of the tangent at (x1, y,) x Slope of the line =— 1 


dy al gap al * : __ Coeff. of x 
= i sac Dies 1 . Slope of a line Coefh of 1, of y 
(Xy, ¥,) 
—4x, 1 1 
ss IY ioe? a 
— 2x 
= "= 5 L ..(ii) 
Since P(x}, y) lies on the curve (i). Therefore, 
5 = Ny ; ‘ e 
= 4x,°+9 9 ae [Using (ii)] 
i 9 
=> 4x, ee as = ‘ADe % x1 = * 210 
Now x => ue sai -— [Using (i)] 
Be eer nTime ape i bs 0 
S = 3 : ; 
and, X= Seg. =>y,= at are ho [Using (i)] 


Hence, the required points are |} —~j—=— gal and LO tye 
0 5 He sao 2 V10’ 3 V10 


EXAMPLE13_ Find the point on the curve y = x° — 11x + 5.at which the tangent has the equation 
y=x-11. 


SOLUTION Let the required point be P(x1, y;), since (x1, yj) lies on y = x —1ix+5. 


yy = Xp -11x,+5 ..-(i) 
Now, y = x -lix+5 
= WY _ 32-11 
dx 
dx 
(X4, 4) 


Since the line y = x — 11 is tangent at the point (xj, y,). Therefore, 
Slope of the tangent at (x, y,) = (Slope of the line y = x — 11). 


=> (zt) = (Slope of the line x -y-11 = 0) 
bi 
-1 Coeff. of x 
= 3x,7-11 = — ts a 
1 -1 - stops Coeff a 
| x Fl? ex, et 2 
Now, [a= 2 > 7, = 2-224 5.9 [Using (i)] 


x, =-2 > y = (-29-11(-2)+5 = 19 [Using (i)] 
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So, two points are (2, — 9) and (— 2, 19). Of these two points (— 2, 19) does not lie on 
y =x-— 11. Therefore, the required point is (2, — 9). 


EXAMPLE 14 Find the points on the curve 9y* = x° where normal to the curve makes equal 
intercepts with the axes. 


SOLUTION Let the required point be (x1, }). 


The equation of the curve is 9y? = °°, 
Since (x1, ¥;) lies on the curve. Therefore, 


Oy a xe mati) 
Now, oy" =x 
2 
dy x 
i dx 6y 
= Ba 
a (%y, ¥y) "1 


Since the normal to the curve at (x1, y,) make equal intercepts with the coordinate axes. 
Therefore, 


Slope of the normal = +1 
1 


= a pags =a gall 
FJ xy.) 
= Ze) = =*] 
dx 
(xy, ¥,) 
Xo 
= SS ae il 
6y; 
= vey = 36 Vas 
5g a eye 
=> x7 636 9 [Using (ii)] 
=> x4° (x4 —-A)= 0 
= 3 3p 0,4 


Putting x, = 0 in (i), we get 
9y =0 => y= 0 

Putting x; = 4 in (i), we get 
8 
9yp =P > y= +3 
But, the line making equal intercepts with the coordinate axes cannot pass through the 
origin. 
Hence, the required points are (4, 8/3) ana (4, — 8/3). 
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eT TES ee eT ee EXERCISE 16.1 


1. Find the slopes of the tangent and the normal to the following curves at the indicated 
points : 
(i) y= Vx? atx=4 
(ii) y= Vx atx=9 
(iii) y=x-xatx=2 
(iv) y=2x7+3 sin xatx=0 
(v) x=a(0-sin6),y=a(1 + cos 0) at@=-7/2 
(vi) x=a cos” 8,y=a sin’ 0 at 0=1/4 
(vii) x =a (0- sin 8), y =a (1—cos 9) at@=n7/2 
(viii) _y = (sin 2x + cot x + ay atx=/2 
(ix) x7 +3y+y? =5at (1,1) 
(x) xy =6 at (1, 6) 
Find the values of a and D if the slope of the tangent to the curve xy + ax + by =2 at 
(1, 1) is 2. 
If the tangent to the curve y =  +ax + bat (1,—6) is parallel to the linex -—y + 5=0, 
find a and b. [CBSE 2005] 
4. Finda point on the curve y = x —3x where the tangent is parallel to the chord joining 
(1,—2) and (2, 2). 
. Find the points on the curve y = x? —2x? —2x at which the tangent lines are parallel to 
the line y = 2x — 3. 
6. Find the points on the curve y = 2x at which the slope of the tangent is 3. 


i 


Se! 


ao 


ie 


Find the points on the curve xy + 4=Oat which the tangents are inclined at an angle 
of 45° with the x-axis. 


Find the point on. the curve y= x? where the slope of the tangent is equal to the 
x-coordinate of the point. 


fee) 
e 


Ne) 


. At what points on the circle x4 y —2x—4y+1=0, the tangent is parallel to x-axis. 
[CBSE 2002C] 


10. At what point of the curve y = x° does the tangent make an angle of 45° with the 
x-axis ? 

11. Find the points on the curve y = 3x? —-9x +8 at which the tangents are equally inclined 
with the axes. 


12. At what points on the curve y= 2x? —x+1 is the tangent parallel to the line 
y=3x+4? 


13. Find the point on the curve y = 3x2 + 4 at which the tangent is perpendicular to the 


line whose slope is ~ ¢- 
14, Find the points on the curve x” 4+ y = 13, the tangent at each one of which is parallel 
to the line 2x + 3y =7. 


15. Find the points on the curve 2a” y = x° — 3a x* where the tangent is parallel to x-axis. 


16. At what points on the curve y= x7 — 4x +5 is the tangent perpendicular to the line 
2y+x=7? 
2 


2 
17. Find the points on the curve athGE = 1 at which the tangents are parallel 


to the (i) x-axis (ii) y-axis. 
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18. Find the points on the curve xo + ¥ ~2x-3 = Oat which the tangents are parallel 
to the x-axis. 
| | 2 ¥ 
19. Find the points on the curve Tykyar 1 at which the tangents are (i) parallel to 
x-axis (ii) parallel to y-axis. 


20. Show that the tangents to the curve y= 7x° +11 at the points x =2 and x =- 2 are 


parallel. 
21. Find the points on the curve y= x° where the slope of the tangent is equal to the 
x-coordinate of the point. [CBSE 2008] 
a ANSWERS 
1. Slope of the tangent Slope of the normal 
(i) 3 -1/3 
(ii) 1/6 =6 
(iii) 11 -1/11 
(iv) 3 -1/3 
(v) 1 -1 
(vi) -1 1 
(vii) 1 = 
(viii) — 12 1/12 
(ix) -2/5 5/2 
(x) —6 1/6 
eae ee ee 7 2247 
wn aed 4 3. a=-2,b=-5 4. [. 3°73 3 
5. (2,—4) ; (-2/3, 4/27). 6. (2,4) 
7. (2,—2) and (—2, 2) 8. (0,0) 
9. (1,0), (1,4) 10. (1/2, 1/4) 11. (5/3, 4/3) and (4/3, 4/3) 
12. (1, 2) 13,1(1,7) 14. (2, 3); (—2,-3) 
15. (0, 0), (2a, — 2a) 16. (3, 2) 
17. (i) (0,5), (0,-5) (ii) (2, 0), (- 2, 0) 18. (1,42) 
19. (i) (0,4),,-4) ii) G, 9), (-3,0) 21. (0,0) E / | 


16.3 EQUATIONS OF THE TANGENT AND THE NORMAL 
We know that the equation of a line passing through a point (x1, y;) and having slope m 
is 
y-y1 = mx— x4) 
As discussed in article 16.2 that the slopes of the tangent and the normal to the curve 


y =f(x) at a point P(x1, y) are (i and — = respectively. Therefore, the equation of 
iP 
dx , 


the tangent at P(x, y;) to the curve y= f(x) is 


d : 
Y yt = (Zt) (x — x1) =) 
re 
Since the normal at P(x;, y;) passes through P and has slope — Fi . Therefore, the 
dx 


P 
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equation of the normal at P(xj, y;) to the curve y = f(x) is 


y-y, =- En (xx) Gi) 
es 


REMARK 1 If (Z| =o, then the tangent at (xj, y;) is parallel to y-axis and its equation 


is X =X}. 
REMARK 2 If i) = 0, then the normal at (x1, y;) is parallel to y-axis and its equation is 
P 


xX =X}. 


In order to find the equations of tangent and normal to a given curve at a given point, 
we may use the following algorithm. 


ALGORITHM 


STEPI Find a from the given equation y = f(x). 


STEP II Find the value of ay at the given point P(x, y3). 


STEPIN If it is a non-zero finite number, then obtain the equations of tangent and 
(X,Y) 


normal at (x1, y3) by using the formulae 


Z Z| ib lw & 
you =| (x—x,) and y-y, = - (i= ey) 
dx (Xp Y,) (#4) 
(x1, Y,) 


respectively. Otherwise go to step IV. 


STEPIV If (i) =0, then the equations of the tangent and normal at (x,y) are 
“Hx, ¥4) 
y — ¥; =O and x — x1 = 0 respectively. 
tf (i) =too, then the equations of the tangent and normal at (x4, y;) are 
(x1) 
x — Xx, =Oand y — y; = 0 respectively. 


ILLUSTRATIVE EXAMPLES 


Type I ON FINDING THE EQUATIONS OF THE TANGENT AND NORMAL TO A GIVEN CURVE 
AT A GIVEN POINT 


EXAMPLE1 Find the equation of the tangent to the curve y=- 5x" +6x +7 at the point 
(1/2, 35/4). 
SOLUTION The equation of the given curve is 

y =— 5x7 4+ 6x +7. 


= ee AO +6 
dx 
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* )1/2, 35/4) 


The required equation of the tangent at (1/2, 35/4) is 


35 _ (dy 1 
y= x-> 
= a), 35/4) ] 


=> | ey 


EXAMPLE2 Find the equations of the tangent and normal to the parabola y = 4a x at the point 
2 
(at, 2at). 


SOLUTION The equation of the given curve is 
y* = 4ax Ba) 
Differentiating (i) w.r.t. x, we get 


Han = 2 -#-+ 
% Kat, 2at) 


So, the equation of the tangent at (at, 2at) is 


y—2at = (ét| 
* \at, 2at) 


= + (e-at?) = ty = x+at? 


(eS at?) 


U 
< 
| 

sf 
| 


The equation of the normal at (at®, 2at) is 


y—2at = a APE cea 
15 2at) 


dx 
= y ~2at =— > (x at?) 
t 
= y —2at = -t(x—at?) = yttx = 2at+aP 


EXAMPLE3 Find the equation of the normal to the curve y = 2x* +3 sin x at x =0. 


SOLUTION The equation of the given curve is 
y= 2x7 +3 sin x =) 
Putting x = 0 in (i), we gety = 0. 
So, the point of contact is (0,0). 
Now, y = 2x* + 3sin x 


= WY _ 4x43 cosx 
dx 


=> (Z| = 4x0+3cos0° = 3 
* 0, 0) 
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So, the equation of the normal at (0, 0) is 
1 : —i 
¥—0 =F a0) Using: y=ar= TAN AU 
e,, ¥) 

— x+3y = 0 
EXAMPLE 4 Find the equations of the tangent and the normal to 16x” + oy" = 144 at (x1, ¥3) 
where x, =2 and y, > 0. 
SOLUTION The equation of the given curve is 

16x? + 9y? = 144 (i) 
Since (x1, y;) lies on (i). Therefore, 


16x,7 + 9y,2 = 144 = 16(2) + 9,2 = 144 > y,° = = >y,= 45 [-.- y, > 0] 


So, coordinates of the given point are c ea : 


Now, 16x*+9y* = 144 


=> 32x + 18y = 0 [Differentiating w.r.t. x] 
aye — 16% 
oa dx ~  9y 
Ef dy Pe Nee 
eae 5 4V5 3NV5 
ee Kear 


The equation of the tangent at P a is 


8 Ea 
=> y- 48 = - sR eH 2) 
=> 8x+3V5y—-36 = 0 
The equation of the normal at c 5 is 

ene) (x-2) 
= y- 48 = (=2) 

3V5 

=> y- 48 - 338 2) > 9V5 x-24y+14V5 = 0. 


2 
EXAMPLES Find the equations of tangent and normal to the ellipse % +5 = Lat (x1,y). 
a ob 


TANGENTS AND NORMALS 


SOLUTION We have, 
4 2 
= al 
"a 
Since P (x, , y;) lies on the curve (i). Therefore, 


2 2 
x 1 


= 1 
e wt 


Differentiating (i) with respect to x, we get 


(Z| bf bx, 
= as = ae 
(x1, ¥,) "1 


The equation of the tangent at P (x1, y;) is 


d 
Sam tie (i) (x =23) 
(*,,Y) 
: bx, 
= YS ie = Sa) (x — x3) 
ay 
yyy es xx — x4" 
‘* b? % a’ 
2 2 
XX YY © Ae V1 
SS eS ee 
= Poe 2 
xX, YY 
—, ee eS I 
e 


The equation of the normal at P (xj , y;) is 


— gt i) 
ae he fe 1 
(x, ,¥) 


dx 
2 
a yi 
= Y-¥1 = (*-%1) 
x 
L Py-y) _ ae (x-n) 
Yi x4 
=> Uae Pie SEPA at 
Yi x4 
D 
a on Seal ag ae. 
*1 Y1 


16.15 


(i) 


...(ii) 


[Using (ii)] 


EXAMPLE 6 Find the equation of the tangent line to the curve x =1—cos 0, y= 6 —sin 6 at 


6@=7/4. 


[CBSE 2004] 
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SOLUTION When @6= z we have 


jee end yee se ee = 
5 1-cos 7 = =a on Y= a 


1 
So, coordinates of the point of contact are f cel 


2 


la 
pr 
Sa 


Now, x = 1-cos@and y = 6-sin9 


(EE ge oe By a 
=> rt sin 6 and re 1—cos 8 
a dy _ dy/d® _ 1-cos® 


dx  dx/d@  sin® 
At ® = 1/4, we have 


1- 
aya 1—cosm/4 és V2 na 
dx sinn/4 1 ca 


‘ ie 
So, the equation of the tangent line at 8 = 48 


o-8)- olla) 
eS ak 1)x-y = 202-1)- 2/4. 
EXAMPLE 7 Find the equations of the tangent and the normal at the point ‘t’ on the curve 
x=asin® t, y=bcos® t. 
SOLUTION We have, 
x=asin’t and y=bcos’t 
dx 


axes Gy ty 
—) Fe 3a sin? tf cos and at 3b cos* t sin t 


ay 4 - dy/dt _—3bcos* tsint _-—b cost 
ax 7 dx/dt — 3a sin? t cost “ a sin t 


=> 
So, the equation of the tangent at the point ‘t’ is 
aie ee ee eae sevteern eacesne inl Mo 
y—-—bcos’t = i sint © asin” t) [Using y n-(@| ow «| 
2 Lae st 


= bx cost+ay sint = absintcost 


The equation of the normal at the point ‘t’ is 


cp ie 2. Se aa 3 ae" =i 
y — bcos dts ey aan t) ee (EDS 
asint 
(XY) 
= ax sint — by cost = a*sin*t—b? cos*t 


pe % 
EXAMPLE 8 Show that the line aay : = 1 touches the curve y = be */@ at the point where it 


crosses the y-axis. : [CBSE 2005, 2007] 
SOLUTION The equation of the given curve is 


yy= be */% ...(i) 
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It crosses y-axis at the point, where x = 0. ° 
Putting x = 0 in (i), we get y = be® = b. 

So, the point of contact is (0, b). 
Differentiating (i) w.r.t. x, we get 


AY _ po-x/a a wok sat i ay i a dy pera ee 
dx dx|\ a dx a dx a 
(0, b) 
The equation of the tangent at (0, b) is 
b 
yveekss Axe 0) [Using:y ni =[ 72] «-x)| 
. (X4, yy) 
=> ay-—ab = -bx 
a am Uy 3 
= bat ay ab > 
Hence, = + a = 1 touches the curve y = b e*/“ at the point where it crosses the axis of y. 
EXAMPLE9 Find the equations of the tangent and the normal to the curve y= 2 ery 


at the point, where it cuts x-axis. 
SOLUTION The equation of the given curve is 
Wit 2) (x-G)— eo 7 = 0 (1) 
This cuts the x-axis at the point, where y = 0. 
Putting y = 0in (i), we get-x+7=0 =>x=7. 
So, the point of contact is (7, 0). 
Differentiating (i) w.r.t. x, we get 


@ (x —2) (x-3) $y (2x-5)-1 = 0 (ii) 
Putting x = 7 and y = 0 in (ii), we get 

i) 7-9 0-3)-1=0— (7) pos 

(z (7,0) dx (7,0) 20 


So, the equation of the tangent at (7, 0) is 
1 2 
YO ming ee Dat a 20Y 7=0 


The equation of the normal at (7, 0) is 

y-0 = —20(x-7) => 20x+y-140 = 0 
EXAMPLE 10 Find the equation of the tangent to the curve y= (x° — 1) (x -— 2) at the points 
where the curve cuts the x-axis. 
SOLUTION The equation of the curve is 

y = (x -1)(x-2) (i) 
It cuts x-axis at y = 0. So, putting y = 0 in (i), we get 

(x3 - 1) (x -2) = 0 
=> (x -— 1) (x-2) (x7 +x+1) =0 
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= x-1=0,x-2=0 [-.- x7 +x4+140] 
=> 3 = Al Ps 
Thus, the points of intersection of curve (i) with x-axis are (1, 0) and (2, 0). 


Now, y= (3 - 1) (x -2) 


= Mt = 37 @-2)+ (-1) 


@ = -3 and @ = 7. 
* 4,0) * (2,0) 


The equations of the tangents at (1, 0) and (2, 0) are respectively 
y-0 = -3(x-1) and y-0 = 7 (x-—2) 
=> y+3x-3 = 0 and 7x-y-14 = 0. 
_ EXAMPLE 11 Find the equation of the normal to the curve y=(1+ xyv+ sin! (sin? x) at 
x=0. 
SOLUTION We have, 
y = (1+x)¥+sin } (sin x) ...(i) 
Putting x = 0, we get 
y = (1+0)¥+sin’ | (sin* 0) 
= y=1. 


Thus, we have to write the equation of the normal to (i) at P (0, 1). 
Differentiating (i) w.r.t. x, we get 


dy _ ylog(i+x) 4 ee ae 

cE e ia {y log (1+ x)} + are ET (sin* x) 

dy _ y | dy y 2 sin x cos x 
= Fine): Eat, el ae 1+ sin? x 


Putting x = 0 and y = 1, we obtain 


l(a) 
- Bo 


Hence, the equation of the normal at P (0, 1) is 


y-1=-1(@-0) or, x+y =1 


Type II ON FINDING THE TANGENT AND NORMAL TO A GIVEN CURVE WHICH IS PARALLEL 
OR PERPENDICULAR TO A GIVEN LINE 


EXAMPLE12. Find the equation of the tangent line to the curve y = V5x — 3 — 2 which is parallel 
to the line 4x — 2y +3 =0. 


SOLUTION Let the point of contact of the tangent line parallel to the given line be 
P(xy, Y1)- 


The equation of the curve is 
y=V5x-3 -2. 


Differentiating both sides w.r.t. x, we get 


TANGENTS AND NORMALS 16.19 


Bh dope Dac", Sf AY fet (Nt ie 
rena 8 eee yy. 2 Nor =O 


Since the tangent at (x1, y;) is parallel to the line 4x — 2y + 3 = 0. Therefore, 


& = (Slope of the line 4x —- 2y +3 = 0) 
(x1, ¥) 


dx 
5 ~4 
=> pee 
= 4,56 o.— 5) 16 Giese 25.5 x, = 


80 
Since (x1, ¥) lies on y = V5x —3 — 2. Therefore, 


80° 4 
Hence, the required equation of the tangent is 


oa Hel 


=> 80x — 40y — 103 = 0 


So, the coordinates of the point of contact are a - i| 


EXAMPLE 13 Find the equation of tangent line to y= 2x* +7 which is parallel to the line 
4x-—y+3=0. 
SOLUTION Let the point of contact of the required tangent line be (x;, y}). 
The equation of the given curve is 
y = 2x7 +7. 


Differentiating both sides w.r.t. x, we get 


cal =4x > ay = 4x1 
dx dx 
(x1, 4) 


Since the line 4x — y + 3 = 0 is parallel to the tangent at (xj, }). 


Slope of the tangent at (x1, y,) = (Slope of the line 4x — y + 3 = 0) 


dy _-4 iS __ Coeff. of x 
a zt — =1 |. HOPES We Cet of y 
(x), ¥) 
=> oe Cee Pars Ns 1 


Now, (X1, ¥;) lies on y = Qx* +7. 
yy = 2x2 +7 Sy, =24+7=9 [. a= 1] 


So, the coordinates of the point of contact are (1, 9). 
Hence, the required equation of the tangent line is 
y—-9 = 4(x-1) => 4x-y+5 =0 
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EXAMPLE 14 Find the equation(s) of normal(s) to the curve 3x? — y" = 8 which is (are) parallel 
to the line x + 3y =4. 
SOLUTION Let the required normal be drawn at the point (x1, 3). The equation of the 
given curve is 

3x27 -y* =8 ...(i) 
Differentiating both sides w.r.t. x, we get 


Br 
6x-2yt -0 = as = | = — 
x x y * Ney) Yj 


Since the normal at (x1, y;) is parallel to the line x + 3y =4. Therefore, 


Slope of the normal at (x1, ¥3) = (Slope of the line x + 3y = 4) 


josit es eel 
Ser wid ae 

dx ey 4) 

le eee = os 
= 35 ee => y= % at) 


Since (x1, Y;) lies on (i). Therefore, 
ane iy 8 ...(iii) 


Solving (ii) and (iii), we get 


3X4 —x2=8 ax =4>m = +2 
Now, 4 =HE2o>yy=2 [Using (ii)] 
and, Xa = re [Using (ii)] 


Thus, the coordinates of the point are (2, 2) and (— 2, — 2). The equation of the normal at 
(2, 2) is 
1 


1 
VER — aha *) Abe =-1/3 
# (xy, ¥y) 


=> x+3y-8 = 0 
The equation of the normal at (— 2,-—2) is 

y-(-2) = — (1/3) (x-(-2)) > x+3y+8 = 0 
EXAMPLE 15 Find the equation(s) of tangent(s) to the curve y= x° + 2x +6 which is perpen- 
dicular to the line x + 14y+4=0. 
SOLUTION Let the coordinates of the point of contact be (x1,41). As it lies on 
y= x +2x +6 : 

Olea ay Pet, tO ...(i) 
The equation of the curve is y = + 2x +6 


Differentiating both sides w.r.t. x, we get 


it = 32+2—9(Ht = 3x,7+2 
dx dx 
(ty, ¥p 
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Since the tangent at (xj, y;) is perpendicular to the line x + 14y + 4 = 0. Therefore, 
Slope of the tangent at (x1, y;) x Slope of the line =-1 


= Gx? +2)(-yg]=-1 = Syte2 = 14 x, = 42 
Now, %=2> y, = ap G18 [Using (i)] 
xy = - 2. y, = (-2)7°?+2-2)4+6 = 46 [Using (i)] 


So, the coordinates of the points of contact are (2, 18) and (-2, -6). 
The equation of the tangent at (2, 18) is 
y-18 = 14(x-2) 


= 14x-y-10 = 0 [Using vv =[ xp] 
Ties ¥) 


The equation of the tangent at (— 2, - 6) is 
Yeh 0) eecl4 (x (2) 
=> 14x-y+22 =0 
EXAMPLE 16 Find all the tangents to the curve y = cos (x + y), — 2 S$ x < 2n that are parallel 
to the line x + 2y =0. 
SOLUTION Let the point of contact of one of the tangents be (x1, y;). Then, (x1, y}) lies 
on y = cos (x + y) 
¥1 = cos (x; + Yj) (i) 
Since the tangents are parallel to the line x + 2y = 0. Therefore, 
Slope of the tangent at (x,, y,) = (Slope of the line x + 2y =0 


fs dy Soe 
dx 2 
(x1, 4) 
The equation of the curve is 
y = cos(x+y) 


Differentiating w.r.t. x, we get 
ous = -singe+y) [1 “B] 


dx dx A 
= 2 = —sin (x, + y) 1+ ea) 
dx dx 
(<1, ¥1) (X1, ¥) 
il : 1 
=> 5 = 78in &% +41) ite) 
= sin (x; +4) = 1 ...(i1) 


Squaring (i) and (ii) and then adding, we get 
cos? (x1 + yy) + sin? (x, +y;) = Vie jae 


=> 1 = y,7+1 
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= y, = 0 
Putting y, = 0in (i) and (ii), we get 
cos x; = 0 and sin x, = 1 
n —3n 
ae 
Hence, the points of contact are (1/2, 0) and (— 3n/2, 0) 


=> xy = [-.- —2n<x,<2n) 


The slope of the tangent is (- 1/2). Therefore, equations of tangents are 


pA _ UT faye 
y-0 = -3(x-9] and y-0 = aes 
= 2x +4y-m = 0 and 2x+4y+3n = 0 


Type Ul MISCELLANEOUS TYPE PROBLEMS 


EXAMPLE 17 For the curve y= Ax? — 2x? find all points at which the tangent passes through 
the origin. 


SOLUTION Let (x1, y3) be the required point on y = 4x° — 2x°. Then, 
yy = 4xy2- 2xy (i) 
The equation of the given curve is y= 43 — 2x°. Differentiating w.r.t. x, we get 


¥ _ 49,2 10x4 = (& = 12x,7-10x," 
dx dx 
(x ¥) 


So, the equation of the tangent'at (x4, Y1) is 
dx 


a 
y= y= (Gt) (x-x;) > y-hi = (12x,*- 10x,4) (x - x4) 
(4,4) 


This passes through the origin. Therefore, 
O-y, = (12x,7-10x,4)-%) = 1 = 12x,° - 10x,° ...(ii) 
Subtracting (ii) from (i), we get 


0 = —8x,2+8x,° = 8x2 (x2-1) = 0 = x, = 0 or, 4 = $1 
When x, =0> 4, = 0 [Using (ii)] 
When x, =1> 41 = 12-10 = 2 [Using (ii)] 
When x, =-1 => yp = —-12+10 =-2 [Using (ii)] 


Hence, the required points are (0, 0), (1, 2) and (-1,-2). 
EXAMPLE 18 Find the equations of all lines of slope — 1 that are tangents to the curve 


eae Das 


SOLUTION _ Let (x1, Yi) be the point of contact of a line of slope — 1 which touches the 


“curve Ase 
Y x-1 


Now, 


he Si 
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=> @ =—] 
dx 
(X,Y) 
=> -—+ =-1 
(Bacal 8 
= (x,-1)? = 1 
=> bert Meade 2 
=> x, = 0,x, = 2. 


Since (x; , y;) lies on the curve y = = . Therefore, 


Vile : 
1 
Now, ee hies yy es 
uf 
and, oy =e ig 


Thus, the coordinates of the points of contact are (0, -— 1) and (2, 1). 
The equations of the tangent at (0, — 1) and (2 , 1) are respectively. 


y+1= —1(x—0) and (y—1) = -1(x-2) 
=~ xty+1=0 and x+y-3=0 


EXAMPLE19 Show that the normal at any point @ to the curve 
x = a(cos6+@sin9),y = a (sin 8 - 8 cos 8) 


is at a constant distance from the origin. 
SOLUTION We have, 


x = a(cos8+Osin6)and y = a (sin 8 — 6 cos 8) 


dx 


The a (—sin 6 + 8 cos @ + sin 8) 


and, MY _ 4 (cos - cos 0+ O sin 8) 


dO 
gx dy _ 
— Cone na A SILS 
dy 
dy _ dO 
dx Side 
is) 
-. dy _ 20sin® _ ,n6 


dx a8cos8 


The equation of the normal at any point 0 is 


=> y —a(sin® -@ cos 0) = - i {x —a (cos 0 +0 sin 6)} 
dx 
—a(si per eces Cae 
=> y—a(sin mar G ST: 


|x -a (cos 9+ sin Q)| 


16.23 


(i) 
[Using (i)] 


[Using (i)] 
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=> xcos0+ysin®0 =a ani) 
Now, Length of the perpendicular from the origin (0 , 0) to (i) 
0 cos8+0sin9—a 


5) <a = ff = CONStant 
Vcos* 6 + sin* 0 


Hence, the normal at any point 6 to the given curve is at a constant distance from the 
origin. 


EXAMPLE 20 The curve y= ax? + bx* + cx +5 touches the x-axis at P (—2,0) and cuts the 
y-axis at the point Q where its gradient is 3. Find the equation of the curve completely. 


SOLUTION We have, 
y = ax? + bx? +x +5 


= CUTE ORS ley 
dx 


Since the curve y = ax? + bx” + cx + 5 touches the x-axis at P (— 2, 0). This means that the 
curve passes through P (— 2, 0) and x-axis is the tangent at P (-—2,0). 


0 = —8a+4b-2c+5 


=> 8a—4b+2c = 23:(i) 
and, | = () 
~ Ip 
= 3a (— 2) +2bx(-2)+e =0 
=> 12a -4b+c=0 ..-(ii) 


The curve y = ax? + bx* + cx +5 meets y-axis at Q. 
Putting x = 0 in y= ax? + bx? + cx +5, we get y=5 
Thus, the coordinates of Q are (0,5). 

It is given that the gradient of the curve at Q is 3. 


dx )., 
= 3ax0+2bx0+c = 3 
— Ca=e5 


Putting c = 3 in (i) and (ii), we get 
8a-—4b = -1 and 12a-4b = -3 


Solving these two equations, we get a = — 2 and b=-— 5 
Substituting the values of a, b and c in the equation of the curve, we obtain 


St enw) 
Yaa 4% Okt 


as the equation of the curve. 

EXAMPLE 21 Prove that all normals to the curve 
x=acost+atsin t,y =asint—at cost 

are at a distance a from the origin. 

SOLUTION We have, 
x=acost+atsint and y=asint-—atcost 
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dx Bee oS 
= dp 7 at cost and dp 7 at sint 
dy 
ayes at earsint = 
ce dx dx atcost AI 
dt 


The equation of the normal at any point t is given by 


y—(asint—at cost) = — {x — (a cos t + at sin f)} 


tan t 
; t : 
= y — (asin t —at cost) = - <= {x —(a cos t + at sin f)} 
sin ft 
— y sin t — (a sin* t — at sin t cos f) = —xcost+acos*t+atsint cos t 
=> xcost+ysint =a al) 


Length of the perpendicular from the origin to (i) 
|Ocost+Osint-a| 
= 5} =@ 
t 


cos* t+sin 
Hence, all normals to the given curve are at a distance a from the orgin. 


EXAMPLE 22 Determine the quadratic curve y =f (x) if it touches the line y =x at the point 
x =1and passes through the point (— 1, 0). 


SOLUTION Let the required quadratic curve be 


y = ax*+bx+e »(i) 
It passes through (— 1, 0). Therefore, 
0 =a-b+c ..-(ii) 


Since the line y = x touches (i) at x = 1. Therefore, 


(Slope of the tangent at x = 1) = (Slope of the line y = x) 


= (Z| =1 
dx 
x=1 
= 2a+b=1 ... (iii) [.. y=ax*+bxte.. ay = anv +b 
Putting x = liny = x,weget y=1 
Thus, the curve (i) passes through (1, 1). 
=> 1L,= abbr (iV) 
Solving (ii), (iii) and (iv), we get 
1 1 1 
a=7,b=jandc =] 
Substituting these values in (i), we get 
y= e + = + 7 as the required quadratic curve. 


Type IV ON FINDING THE TANGENT OR NORMAL PASSING THROUGH A GIVEN POINT 


EXAMPLE 23 Find the equations of the tangents drawn to the curve y? — 2 = 4y + 8=0 from 
the point (1, 2). 


SOLUTION Suppose the tangent drawn from (1, 2) to the curve y — 2x° —4y+8=0 
touches the curve at (i, k). 
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We have, 
y? — 2x? - 4y +8 = 8) Ey 


Differentiating w.r.t. x, we get 


The equation of the tangent at (h, k) is 
3h? 
k-2 
It passes through (1, 2). Therefore, 


y-k= (x —h) ..-(ii) 


3h 
2 kines gi Sh) 


=> —(k-29 = 3h (1-h) 
= 3h? — 3h? - + 4k -4=0 ..-(iii) 
Also, (h, k) lies on (i). Therefore, 

kK? - 2h? -4k+8 = 0 (iV) 


Adding (iii) and (iv), we get 

ho - 3h? +4 = 0 
=> (h- 2)? (h+1) = 0 
=> ye ee he PAs 
Putting h = 2 in (ili), we get 

24-12-k?+4k-4 = 0 
= k* -4k-8=0 
= k=2+2v3 

=— 1 gives imaginary values of k. 

Thus, the points are (2, 2 + 2V3). 
Putting the values of h and k in (ii), we obtain the following equations of the tangent 

y — (2 +2V3) = 2N3 (x -2) and y-(2-V3) =- 23 (x -2). 
EXAMPLE 24 Find the equation of the normal to the curve x =4 y which passes through the 
point (1, 2). 
SOLUTION Suppose the normal at P (x; , y;) on the parabola x? = 4y passes through the 
point (1 , 2). 
We have, 
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The equation of the normal at P (x; , yi) is 


te ee 
Ys ie dy (x — x4) 
ax J, 


2 
a pe Se rane Seek ...(i) 
It passes through (1, 2). 
2 
2-y = -F 0-%) 
= x4 yy = ree) 


Also, P (x, y;) lies on x? = dy 


x47 ad 4y, ...(iil) 


Eliminating y, between (ii) and (iii), we have 


Putting x1 = 2 in (ii), we get y; =1. 

Putting the values of x, and y; in (i), we get 
y-1=-1(x-2) > xty-3=0 

This is the required equation of the normal. 


EXAMPLE 25 Find the coordinates of the points on the curve y= x7 + 3x44, the tangents at 
which pass through the origin. 


SOLUTION Let P (x, , y) bea point on the given curve such that the tangent at P passes 
through the origin. ; 


Since P (x1, y;) lies on y = x7 43x44. 
yy = Ts F- 3X, oF 4 ea) 


Now, y=x+3x+4 


— i AY _ on 43 
dx 
ids 
=> el = 2x4 +3. 


The equation of the tangent at P (xj , y}) is 
yyy = (2x +3) -%4) 

It passes through the origin i.e. (0, 0) 
O-y, = (2x, +3) (0-4) 


iad Wy = 2x4? + 3x, ...(ii) 
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Subtracting (ii) from (i), we get 

= ip es = (= ea) = + 23 
From (ii), we obtain that 

MS yj = Ota 14 

x =-2=> 4, = 4-644 =2 
Hence, the required points are (2, 14) and (- 2, 2.). 


sn EXERCISE 16.2 


eee 
on bag 
1. Find the equation of the tangent to the curve Vx + Vy =a, at the point é. | 


2. Find the equation of the normal to y= 2x° — x7 +3 at (1, 4). 
3. Find the equations of the tangent and the normal to the following curves at the 
indicated points : 


(i) y= x" — bx? +: 13x? - 10x +5 at (0,5) 
(ii) y =x* - 6x? + 13x? -— 10x + 5 at (1, 3) 
(iii) y =x? at (0, 0) 
(iv) y=2x*-3x—-1at(1,-2) 

Ae 
4-x 
(vi) y=x7+4x4+1latx=3 [CBSE 2004] 


2 
(vii) 


(v) y= at (2, — 2) 


2 
5 + 45 = Lat (acos 0, b sin 8) 
east 


2 2 
(viii) oD ym Lat asec @, b tan 8) 
a 


ee ve eit as cane sk 1 pews Stes, 
(ix) y° =4a x at (a/m*, 2a/m) (x) CQ +ty)=xy *t( cea 4] 


2 2 
(xi) xy = at (ct, c/t) (xii) “at pai (x1, ¥1) 
2 2 
(xiii) ao pia (Xo, Yo) (xiv) 7/3 4y7/3 =2 at (1,1) 
a 
2 


(xv) x° = 4yat (2,1) 
4, Find the equation of the tangent to the curve x = 0+ sin 8, y=1+cos 9 atO0=7/4. 


5. Find the equations of the tangent and the normal to the following curves at the 
indicated points : 


(i) x=0+sin0,y=1+cos@ at @=n/2 
2 3 
(i) x22 y= 24% at t=1/2 
Lt Tate 
(iii) x =at*, y = 2at at t=1 
(iv) x=asect,y=btant at t 
(v) x=a(6+sin 6), y =a (1 — cos 8) at 0 


6. Find the equation of the normal to the curve x + 2y" — 4x — 6y + 8=0 at the point 
whose abscissa is 2. 


7. Find the equation of the normal to the curve ay" =x at the point (am?, am). 


8. The equation of the tangent at (2, 3) on the curve y? =ax +bis y =4x — 5. Find the 
values of a and b. 
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9. Find the equation of the tangent line to the curve y = x” + 4x — 16 which is parallel 
to the line 3x -y+1=0. 


10. Find an equation of normal line to the curve y = x° + 2x + 6 which is parallel to the 
line x + 14y+4=0. 


11. Determine the equation(s) of tangent(s) line to the curve y = 4x° — 3x + 5 which are 
perpendicular to the line 9y +x +3=0. 

12. Find the equation of a normal to the curve y= x log, x which is parallel to the line 
2x — 2y +3 =0. 

13. Find the equation of the tangent line to the curve y = x* —2x +7 which is 
(i) parallel to the line2x-y+9 = 0 (ii) perpendicular to the line 5y — 15x = 13 

14. Find the equations of all lines having slope 2 and that are tangent to the curve 


a 1 
ae 


15. Find the equations of all lines of slope zero and that are tangent to the curve 


3X #3. 


1 
: rt 2x+3 
16. Find the equation of the tangent to the curve y = V3x — 2 which is parallel to the line 
4x—2y+5=0. [CBSE 2005, 2009] 
17. Find the equation of the tangent to the curve x + 3y — 3 = 0, which is parallel to the 
line y =4x —5. [CBSE 2005] 
n n 
18. Prove tat( + ¥) = 2 touches the straight line= + ‘ =2foralln € N,atthe point 
(a, b). [CBSE 2007 C] 
19. Find the equation of the tangent to the curve x = sin 3t, y= cos 2t at t= a 
[CBSE 2008] 
ANSWERS 
1. x+y=a"/2 2. x+4y=17 
3. Tangent Normal 
(i) y+10x-5=0 x-10y+50=0 
Gi) 2x—y-+1=0 x+2y-7=0 
(iii) y=0 x=0 
(iv) x-y-3=0 x+y+1=0 
(v) 2x+y-2=0 x-2y—-—6=0 
(vi) 10x-y-8=0 x + 10y — 223 =0 
(vii) cos +7 sinO=1 ax sec @ — by cosec 9 =a" - 0? 
(viii) “secO-* tan @=1 ax cos 0 + by cot 0 =a? +b* 
(ix) m x-my+a=0 m= x+m> y- 2am’ -a=0 
(x) x cos? @+y sin’ O=c x sin? 0 - y cos’ 8 + 2c cot 20 =0 
(xi) x+y t? =2ct xP-ty=ct*-c 
xx 2 2 
(xii) “S24 M4 a UY goer 
a b 25 ee 
2 7s 
b 
(itty 29-9 = 3 Sih p Seog? + B 
a b Xo = Yo 


(xiv) x+y-2=0 y-x=0 
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(xv) x-y-1=0 x+y-3=0 
2 2 
Bah Be a(, ue  l\ex Vy _ pig 
4. (y-1- gra Bl : 5] a a 
. Tangent Normal 
(i) 2x+2y—n-—-4=0 2x-2y=T 
(ii) 13x-16 y-2a=0 16 + 13y -9a=0 
(iii) x-y+a=0 x+y =3a 3 
(iv) bxsect—aytant=ab ax cost + by cott=(a + b*) 
(v) y = (x —a ®) tan (6/2) (y — 2a) tan (0/2) +x-a8=0 
6. x=2, 7. 2x+3m y—am" (2+ 3m’) =0 
8. 2=2,0=-7 9. 12x -4y -65=0 


10. x+14y+86=0,x+14y-254=0 11. 9x -y-3=0,9x-y+13=0 
12. x-y=3e2 13. (i) 2x-yt+3 = 0 (ii) 12x+36y- 227 = 0 
14. There is no tangent to the curve that has slope 2. 


15. y=4 16. 48x-24y = 23 17. Avy +13=0 19, 22x - 3y-2=0 


HINTS TO SELECTED PROBLEM 
n nm 
18. Wehave, iy he t ==) 
a b 
Differentiating both sides w.r.to x, we get 


n-1 n-1 
“(| Be ¥ LE 
a b : 


dy _-b(x\ a a dy _-b 
dx ala y dx a 
y) Ka, 
The equation of the tangent at (a,b) is 


y-b=—" (x~a) = ay—ab=—bx+ab 


=> bx+ay=2ab > See 


Hence, ‘ + : = 2 touches the given curve at (@, b) forallne N 


16.4 ANGLE OF INTERSECTION OF TWO CURVES 


DEFINITION The angle of intersection of two curves is defined to be the angle between the 
tangents to the two curves at their point of intersection. 


Let C,; and C, be two curves having equations y = f(x) and y= (x) respectively. Let 
PT, and PT, be tangents to the curves C; and C, respectively at their common point of 
intersection. Then, the angle @ between PT; and PT} is the angle of intersection of C; and 


C>. Let y; and Wy be the angles made by PT, and PT2 with the positive direction of x-axis 
in anticlockwise sense. Then, 
my, = tan Wy 


= m, = (Slope of the tangent to y =f(x) at P)= (it) 
1 


and, mM = tan Wo 


TANGENTS AND NORMALS : 16.31 
mp = (Slope of the tangent to y = g(x) at P ) = (i 
C, 
From Fig. 16.3, it is evident that “ f 
o=W1- V2 


= tang = tan (Wj - W2) 
tan W, — tan Wo 


“sg Na, 1+ tan y, tan Yo 
by Z dx C, dx C, 
ang = dy a O 
ae dx dx 
ee ey Fig. 16.3 


The other angle between the tangents is 180° — $. Generally the smaller of these two 
angles is taken to be the angle of intersection. 


ORTHOGONAL CURVES | If the angle of intersection of two curves isa right angle, the two curves 
are said to intersect orthogonally and the curves are called orthogonal curves. 
If the curves are orthogonal, then 9 = = 
( 
mm = -1—( 7) at =-1 
JC, 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Find the angle of intersection of the following curves : 
(i) xy = 6 and x*y = 12 (ii) y? = 4x and x? = 4y 
SOLUTION (i) The equations of the two curves are 
and, x7 y= 12 (ii) 


From (i), we obtain y = =. Putting this value of y in (ii), we obtain 


alee Be? 


Putting x = 2 in (i) or (ii), we get y =3. 
Thus, the two curves intersect at P (2, 3) 


Differentiating (i) w.r.t. x, we get 


( 
PU ete ieee oS tor yf a ee 
es he dx x d (2,3) 2 


Differentiating (ii) w.r.t x, we get 


2 Winget = 22 =m, = uy =-3 
dx dx x X Ji 3) 


Let 0 be the angle of intersection of (i) and (ii), then 


hpi Hip Hig ee NO a) tO ae 
a eel 1+ (3/273) 11 
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= 6 = tan! fa 
(ii) The equations of the two curves are 

yo =x ...(i) 
and, x = 4y ...(ii) 


ie Coe 
From (i), we obtain x = 4" Putting x = 4m (ii), we get 


4 


From (i), when y = 0, we get x = 0 and when y = 4, we get x = 4. 


2 
(a =4y => y* -— 64y =0 = y(y? - 64)=0 > y=0,y=4 


Thus the two curves intersect at (0, 0) and (4, 4). 
Differentiating (i) w.r.t. x, we get 


dye © say? <4 
2y gee 4=> ciety ..-(1ii) 
Differentiating (ii) w.r.t. x, we get 
eg Cl oe El eee 
Dse Hi Fe => 5 er ...(iv) 


Angle of Intersection at (0, 0): From (iii), we have 
d 
(0, 0) 
Therefore, the tangent to (i) curve at (0, 0) is parallel to y-axis. 


From (iv), we have 


My = au (i) 
*) 0,0) 


Therefore, the tangent to (ii) curve at (0, 0) is parallel to x-axis. 


Hence, the angle between the tangents to two curves at (0, 0) is a right angle. Conse- 
quently, the two curves intersect at right angle at (0, 0). 


Angle of Intersection at (4, 4) : 


From (iii), we have 


_ (dy 
a ay 4) 


From (iv), we have 


mo (Bl got 
dx (4,4) 2 


Let 6 be the angle of intersection of the two curves. Then, 


2 
4° 2 


mz,—-m — (1/2) 
tan9 = aie 2= (1/2 com 
1+m, my 14+2%(0/72) 4 


EXAMPLE 2 Find the angle between the parabolas y =4ax and x? = Aby at their point of 
intersection other than the origin. 
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SOLUTION We have, 


y =4ax and x= 4by 
2 


2 2 a 
4b = 4ax Xx eae oer 
x* — 64ab? x =0 


x (x? — 64ab*) =0 


x=0,x= 64ab? 
1/3 p2/3 


Yuydu J 


x=0,x=4a 
2 
Putting x = 0 and x = 4a"/3 8/3 in y=, we get 


y=0 and y = 4027/9 sue 
Thus, the two curves intersect at P (4al/ 3 lS Agel pl/ 3) other than the origin (0, 0). 


Now, 
y? = 4ax and x? = 4by 


dy _ =4, 
= 2y aan and 2x =4b aE 
Bo ay a 
dz« hy dx 2b 
Ee SUN A) sath ng, Desist lye ope = eB e tee > Ae 
| dx}, aq2/3 pi/3 2 (b TCE Rema s ade 
Let @ be the angle between the tangents to the parabolas y* = 4ax and x* = 4by at P. Then, 
m,-m 
tan (3) = paedicd 
1+m, mp, 
1(a\/5 a\/s 3 (a\i/3 
2 5) é ff) (| 
oN ee NEY SPARE TN RW RWI 
a Ars ee Me x2|4 1+/4 
2 |b b b 
6 3q1/3 pi/3 
= fan G= |= 575. 5742 
9 (ate eh b2/3) 
b 3 (ab)'/° 
= 6=tan? {3 @) 
( (a2/3 + a 
EXAMPLE 3 Show that the condition that the curves 
ge ye al (1) and dxr+yy=1 ...(ii) 
4 f Sded  e pad i 
Should intersect orthogonally is that pes a Oe. 
SOLUTION Let (x, y;) be the point of intersection of the given curves. Then, 
axy> + by;? = 1 ...(iii) 


a’ x47 +b yy =1 ...(iv) 
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Differentiating (i) w.r.t. x, we get 
d ax 


d Ax, 
zor +2by fl = 0 = Mh = 2 om = (HH) 7 


Differentiating (ii) w.r.t. x, we obtain 


Ree uy dy 2 ax _ (dy typ 
Be ee lg ae ae t (xy) 


The two curves will intersect orthogonally, if 


m,m, =-1 
a oA a’ Xy ales 
by” I 
=> fe ee — bb’ y;? 


Subtracting (iv) from (iii), we obtain 
(a = a’) ee =- (b = b’) Yi 
Dividing (viii) by (vii), we get 


(Meal OES Sood see it 
aa Ssté‘(<‘iéi‘ Aa bie Wi te 


EXAMPLE 4 Show that the curves x =y 2 and xy =k cut at right angles, if 8k =1. 


ear) 


... (Vi) 


... (vii) 


...(Viii) 


[CBSE 2004, 2005] 


SOLUTION The given curves are 
say 

and, xy =k 

From (i), we obtain x = ie Putting this value of x in (ii), we obtain 
y= =k=> y= Vib 


1/3 in a we get x= e/3 


Putting y = 
So, the two curves intersect at the point P (K/ Se ate 3) 


Differentiating (i) w.r.t. x, we s. i 


a ay ey Lee he CAP on 2! 
Ma he dy a = ie & ~ -Kl/3 
Differentiating (ii)) w.r.t. x, we get 
iieidy Sa a golf dur) ihoagen a ald 
BN Eee ile erica NS ae iat” 


For the curves (i) and (ii) to cut at right angles at P, we must have 


1 1 


=> RIBS ge nt eS 1 Oe = ae he 


21/3 


(i) 
...(ii) 
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EXAMPLE 5 Show that the curves xy = a* and x? + y = 2a” touch each other. 


[CBSE 2002] 

SOLUTION The given curves are 
xy = a elf) 
x+y? = 20? ..(ii) 


Substituting the value of y obtained from (i) in equation (ii), we get 
2 a* 2 
Xe ct sy = 27 
x 


= xt —29*x7 +44 = 0 = (x?-@)? =0 > x= +a 
From (i), we have 
y =a forx=a 
and, y = -—a for x = —a. 
Thus, the two curves intersect at P(a,a) and Q(—a, —a). 


dy dy Y 
— 2 —— = =a o-oo 
Now, ry =a axaty Carer a 

Lt I dy _ dy __x 
and, v+y =a eT OY ge aoe 7 
At P(a, a), we have 


dx C, a 
dx c, a 


Clearly, i = (i) at P 
Cy C, 


So, the two curves touch each other at P. 
Similarly, it can be seen that the two curve touch each other at Q. 


EXAMPLE 6 Show that the angle between the tangent at any point P and the line joining P to 
the origin O is the same at all points on the curve 


log (x? + y’) = ktan! g 
SOLUTION We have, 
log x*+y7) = ktan™ : G 


Differentiating w.r.t. x, we get 
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dy 
= 2x + ky = (kx -2y) 
hig ea 
dx kx—2y 


Let the coordinates of P be (x1, y;). Then, 


dy) _ 2x1 + ky; 
dx }, kx, —2yj 


If the tangent at P makes an angle @ with x-axis, then 


kxy — 2y, 
Suppose OP makes an angle with x-axis. Then, Fig. 16.4 


tan o = Slope of OP = me 
*4 


Let a be the angle between OP and PT. Then, 


6 = ato 
=> a= 6-9 
=> tana = tan (0-9) 
as in dae tan 6 — tan > 
1+tan 6 tang 
ath 
kx, -—2 56 
= cep i ne alae aed 
1 2x, +ky Wy 
+——_—— x — 
kxy-2y, x1 
2x17 + kx, y,—k 4 Dy 
= inet a De ey ee ee 
kx, —2x7y1 +2244, + hy? k 
— o= tan”! G = constant. 


EXERCISE 16.3 
1. Find the angle of intersection of the following curves 
(i) y’ =xandx*=y 
(ii) y=x? and x7 +y* = 20 
(iii) 2y? =x and y? = 32x 
(iv) +y-4x-1=0andx? + -2y-9=0 


2 Pe 
(v) typo lands’ + y°=ab 
a 


(vi) x74 4y* = 8 and x — 2y =) 
(vii) x? = 27y and y = 8x 
(viii) x7 + y’ = 2x and y =X 
2. Show that the following set of curves intersect orthogonally. 
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(i) y =x and 6y =7-x* 
(ii) x° -— 3xy* =-2 and 3x7 y-y° =2 
(iii) x7 + 4y° =8 and x*- 2y*=4. 


. Show that the following curves intersect orthogonally at the indicated points : 


(i) x? = 4y and 4y + x* =8 at (2,1) 
(ii) x? =y and x° + 6y =7 at (1, 1) 
(iii) y* = 8x and 2x" +7 = 10at (1,2 V2) 


. Find ge conden for the following set of curves to intersect orthogonally : 


(i) 5-4- = land xy= ce 


i 


pb 
2 2 
Cane ee eee 
(ii) =i and = = il 
pati pb 2 


2 
. Show that the curves re + 4 =1and*~— + oll eh = 1 intersect at right 


a+r, Wty a+r. W +r, 
angles. 


. Show that the curves 4x = y’ and 4xy =k cut at right angles, if k* =512. 


7. Show that the curves 2x = y and 2xy =k cut at right angles, if kK =8. 


ANSWERS 
du =>. estes aus =. l af 9G 
1. (i) > and tan is (ii) tan 7 (iii) 5 and tan ) (iv) 4 
-1fa—b : 24 2 ies £. rel 
(v) tan (S| (vi) tan 3 (vii) tan | (viii) tan > 
4. (i) Pad (ii) a2 - b? = A? + B* 


VERY SHORT ANSWER QUESTIONS (VSAQs) ° 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


ile 


ie 
3. 


Find the point on the curve y= x” — 2x +3, where the tangent is parallel to x-axis. 
Find the slope of the tangent to the curve x = i? + 3t-8, y= 2¢ -2t-5att=2. 
If the tangent line at a point (x, y) on the curve y = f (x) is parallel to x-axis, then write 


the value of ay 
dx 


. Write the value of ay ,if the normai to the curve y = f (x) at (x, y) is parallel to y-axis. 


dx 


. If the tangent to a curve at a point (x, y) is equally inclined to the coordinate axes, 


then write the value of ay 


If the tangent line at a point (x, y) on the curve y = f (x) is parallel to y-axis, find the 


value of dx 
dy 
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16. 


. Write the slope of the normal to the curve y = . at the point [3 F 3 
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. Find the slope of the normal at the point ‘f’ on the curve x = sys t. 


Write the coordinates of the point on the curve y = x where the tangent line makes 


i 1 
an angle 4 with x-axis. 


: ry. 
. Write the angle made by the tangent to the curve x = e' cost, y= e sintatt= 4 with 


the x-axis. 


. Tt 
. Write the equation of the normal to the curve y= x + sin x cos x atx=7,. 


. Find the coordinates of the point on the curve y = 3 — 4x where tangent is parallel 


to the line 2x + y—2=0. 


. Write the equation of the tangent to the curve y = x? —~x +2 at the point where it 


crosses the y-axis. 


. Write the angle between the curves y’ = 4x and x* = 2y — 3 at the point (1, 2). 


. Write the angle between the curves y =e * and y =e’ at their point of intersection. 


3 


Write the coordinates of the point at which the tangent to the curve y = ox? —x+1 
is parallel to the line y = 3x + 9. 


17. Write the equation of the normal to the curve y = cos x at (0, 1). 
ANSWERS 
(a ae 3. 0 4. 0 at eG Tok 
7 42 
il ug 4 ( 1 = 
8. i-3) 9 7 10. 2x=7 11. ba) 12. x+y=s2=0 13. 0 
14. 90° 15,9 16; (1,2) 17,°x=0 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


is 


The equation to the normal to the curve y = sin x at (0, 0) is 
(a) x=0 (b) y=0 (c) x+y=0 (d) x-y=0 
2. The equation of the normal to the curve y=x+sin x cos x atx=1/2 is 
(a) X=2 (b) x= (c) x+n=0 (dl) 22 = 7. 
3. The equation of the normal to the curve y = x (2 — x) at the point (2, 0) is 
(a) x-2y=2 (b) x-2y+2=0 
(c) 2x+y=4 (d) 2x+y-4=0 
4, The point on the curve y’ = x where tangent makes 45° angle with x-axis is 
(a) (1/2, 1/4) (b) (1/4, 1/2) 
(c) (4,2) (d) (1,1) 


If the tangent to the curve x =a ‘< y = 2 at is perpendicular to x-axis, then its point 
of contact is 


(a) @,a) (b) (0,4) (c) (0,0) (d) @,0) 
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6. The point on the curve y = x” — 3x + 2 where tangent is perpendicular to y = x is 


(a) (0,2) (b) (1,0) (c) (-1,6) (d) (2,-2) 
7. The point on the curve y = x where tangent makes 45° angle with x-axis is 
(a) (1/2, 1/4) (by (1/74) 1/2) 
(c) (4,2) (d) (1,1) 
8. The point at the curve y = 12x — x” where the slope of the tangent is zero will be 
(a) (0,0) (b) (2, 16) (c) (3,9) (d) none of these 
9. The angle between the curves y¥ =x and x*= y at (1, 1) is 
(ap tenn 5 (b) tan A (c) 90° (a) 45° 
10. The equation of the normal to the curve 3x = y = 8 which is parallel to x + 3y = 8 is 
(a) x+3y = 8 (b) x+3y+8 =0 
(c) x+3y+8 =0 (d) x+3y =0 
11. The equation of tangent at those points where the curve y = x? — 3x +2 meets x-axis 
are 
(a) x-y+2=0=x-y-1 (b) x+y—1=0=x%-y-2 
.(c) x-y-1=0=x-y (d) x-y=0=x+y 


12. The slope of the tangent to the curve x= 4+3t-8, y=2P-2t-5 at point 
(2; 47 18 


(a) 22/7 (b) 6/7 (c) -6 (d) none of these 
13. At what point the slope of the tangent to the curve x? +y" -2x-3=0is zero 
(a) (3,0),(- 1,0) (b) (3,0), (1, 2) 


(c) (—1,0),(1, 2) (d) (1,2), (1, -2) 
14. The angle of intersection of the curves xy = a’ and x’ - y’ = 22” is 


(a) 0° (b) 45° (c) 90° (d) none of these 
15. If the curve ay + x*=7 and x= y cut orthogonally at (1, 1), then a is equal to 
(a) 1 (b) -6 (c) 6 (d) 0 
16. If the line y = x touches the curve y = x’ +bx+cata point (1, 1) then 
(a) b=1,c=2 (b) b=-1,c=1 
(c) b=2,c=1 (d) b=-2,c=1 
17. The slope of the tangent to the curve x = ar +1, y= P-Latx=1is 
(a) 1/2 (b) 0 (c) -2 (d) 
18. The curves y = ae* and y =be * cut orthogonally, if 
(a) a=b (b) a=—b (c) ab=1 (d) ab=2 


19. The equation of the normal to the curve x=a cos? 6, y=a sin’ @ at the point 
6=n/4is 


(a) x=0 (b) y=0 (c) x=y (d) x+y=a 
20. If the curves y = 2 e* and y=ae * intersect orthogonally, then a= 


(a) 1/2 (b) -1/2 (c) 2 (d) 2c? 
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21, 


22; 


23. 


24. 


AdS} 


26. 


PM 


28. 


205 


30. 


17. 
25. 


The point on the curve y = 6x — xX at which the tangent to the curve is inclined at 
m/4 to the line x + y =O is 


(a) (-3,- 27) (b) (3,9) 

(c) (7/2,35/4) (d) (0, 0) 

The angle of intersection of the parabolas y =4 ax and x” = 4ay at the origin is 
(a) 1/6 (b) 2/3 (c) m/2 (d) 1/4 


, Tt. 
The angle of intersection of the curves y = 2 sin’ x and y=cos2xatx= 6's 


(a) 1/4 (b) 2/2 (c) n/3 (d) none of these 
Any tangent to the curve y = 2x’ +3x+5 

(a) is parallel to x-axis 

(b) is parallel to y-axis 

(c) makes an acute angle with x-axis 

(d) makes an obtuse angle with x-axis 


The point on the curve 9y” =x°, where the normal to miie curve makes equal 
intercepts with the axes is 


(a) [+ ‘ 2 (b) (- 4, J (c) (4 ,7 g (d) none of these 
F J 


The slope of the tangent to the curve x= + 3t-8, y= 2¢* — 2t-5 at the point 
(Q7= 3)is 


@ 2 we © 2 (a) - 


NUD 


The line y = mx + 1 is a tangent to the curve y¥ = 4x, if the value of m is 
(a) 1 (b) 2 (c) 3 (a) 5 


The normal at the point (1, 1) on the curve 2y+x =3 is 
(a) x+y=0 (b) x-y=0 (c) xt+y+1=0 (d) x-y=1 


The normal to the curve x” = 4y passing through (1, 2) is 
(a) x+y=3 (b) x-y=3 (c) x+y=1 (d) x-y=1 


The points on the curve oy? = x°, where the normal to the curve make equal 
intercepts with the axes are 


8 8 
ANSWERS 


(c) 2 (a) 3. (a) 4. (b) 5. () 6. (a) 7. (b) 8. (d) 
(b) 10. (c) 11.) 12) 13d) 4. 1.@. 16. &) 
(b) 18 () 1% (c) 20. (a) 21.0) 2) 23.0 £42460 
(a), (c) 26. (b) 27. (a) 28. (b) ~—-.29. (a) ~—«330. (a) 
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SUMMARY 
1. If y=f(x), then 


= Slope of the tangent to y =f (x) at point P. 
P 


(dy) = Slope of the normal to y =f (x) at point P. 
(i) 


If the tangent is parallel to x-axis, then dy 0. 


ax 
If the tangent is parallel to y-axis, then 7 =)(0) 
2. If P (x, y,) isa point on the curve y = f(x), then 


| 


(ze) (x — x,) is the equation of tangent at P. 
P 


y-¥,=- aoe (x — x,) is the equation of the normal at P. 
= 


3. The angle between the tangents to two given curves at their point of intersection is 
defined as the angle of intersection of two curves. 
If C, and C, are two curves having equations y =f (x) and y = g (x) respectively 
such that they intersect at point P. 
The angle 0 of intersection of these two curves is given by 


(zt (| 
dx |. | dx |. 
1 2 


1+|% ay 
X Jo, dx |. 


tan 8 = 


2 


If the angle of intersection of two curves is a right angle, then the curves are said to 
intersect orthogonally. 
The condition for orthogonality of two curves C, and C) is 


Leh hes it sao 
te dx C, 


4. Two curves ax? + by’ = anda +V’ ¥ = 1 will intersect orthogonally, if 
1 gt 


a 


ae ph: 
pg Sy 


J a ie ; ‘en % a Saat ais wt : us 
j ema nt me Pe mt xy 
_ fh 
a a ie paren. aot 


eee ; 


; E - J veek ; snarlt C= saricitoabitgn tags 
Rice Toe ‘Aismaitbgner to kane oto yx — “a 


ay. a i Seta ty ‘cuaiien tah iieme 


z i @ = - 
all * 6 ; 


2d as eee me $A Bev? nsy Sinan reTsIS 1 
“ naib saa ars Relais cetceprowe ae 
eloviteeges oe = phew (Kh) u noduupa gener. sevud pwhou 2D ra 
Lining a. s2erstnt wort torts it 

qd nevig ai earrgo tiee ” itp A ctarmioe 


Sicir 
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mo 


4 er \ 
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ow 
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INCREASING AND DECREASING FUNCTIONS 


17.1 INTRODUCTION 


In this chapter, we shail study monotonicity of functions. A function f (x) is said to be a 
monotonically increasing function on [a, b] if the values of f (x) increase or decrease with 
the increase or decrease in x. If the values of f (x) decrease with the increase in the values 
of f (x) then f (x) is said to be a monotonically decreasing function. The monotonicity of 
functions in [a, b] is strongly connected to the sign of its derivative in [a, b]. The relation 
between the two will be discused in section 17.4. In determining the intervals of 
monotonicity of a function in its domain, we shall be solving the inequations f’ (x) > 0 
and f’ (x) <0. So, we shall first discuss the procedure of solving inequations in the 
following section. 


17.2 SOLUTION OF RATIONAL ALGEBRAIC INEQUATIONS 


The following results are very useful in solving rational algebraic inequations: 
(i) ab>0 = (a>0 and b>0O) or (a<0 and b<(Q) 


(ii) ab<O0 => (a>Oandb<0O) or (a<Oandb>0) 
(iii) ab>O and a>0 => b>0 
(iv) ab<0 and a<0 => b>0 


P (x) IP (62), AG) 
Q(x) = 0 (x) (x) <)) Q(x) >O0and 


=a < 0 are known as rational algebraic inequations. These inequations can be solved 

by using the following algorithm. 

ALGORITHM 

STEPI Factorize P (x) and Q (x) into linear factors. 

STEPII_ Make coefficient of x positive in all factors. 

STEP II Equate all the factors to zero and find the corresponding values of x. These values are 
generally known as critical points. 

STEPIV Plot the critical points on the number line. Note that n critical points will divide the 
number line in (n + 1) regions. 

STEPV In the right most region, the expression will be positive and in other regions it will be 
alternatively positive and negative. So, mark positive sign in the right most region and 
than mark alternatively positive and negative signs in the remaining regions. 

STEP VI Obtain the solution set of the given inequation by selecting the appropriate regions in 
step V. 


If P (x) and Q (x) are polynomials, then the inequations 


The following illustrations will illustrate the above algorithm. 
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ILLUSTRATION1 Solve :4x° — 24 x° + 44x -24>0. 
SOLUTION We have, 


Ax? — 24x? + 44x -24>0 
403 - 6x2 +11x-6)>0 


Y 


x3 — 6x7 + 11x -6>0 [..4>0andab>0,a>0 = b>0) 
(x — 1) (x7 -5x+6)>0 

(x — 1) (x — 2) (x-3) >0 

1<x<2 or x>3 

x € (1,2) U (3, 2) 

Hence, the solution set of the given inequality is (1, 2) VU (3, ©). 


Juudd 


- _ - ~ 
=) 1 2 3 oo 
Fig. 17.1 
1 4 
ILLUSTRATION 2 Solve : - 7 > 9, x#-1,-2. 
x+1 (2+) 

SOLUTION We have, 

vadapenihdy no} abet Ait) ieeoh. atl anit 

Xt Loa(2erix)? (2+ x)* (x +1) (2+x)* (x +1) 

st la te ea 


xt+1 (24x) 


x2 


=> ———_—#_— >0 
(2+x)* (x +1) 
2 
x 1 
oa (ase| (eea)?? 
: 2 
=> pica and x0 (5) > Oandifa>0, then ab>0 = b>0) 
=> x+1>0 and x#0 [us foOanda>0,-2b>0 
a x>-1 and x#0 
= xe (-1,0) UU (0, ~) 


Hence, the solution set of the given inequality is (— 1, ©). 


1- x 
ILLUSTRATION 3 Solve: a ae 0 
5x-6-x 

SOLUTION We have, 

ile 

5x -6-x7 

oe 
— (x7 — 5x + 6) 


<0 
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sects! Ok 
ap aby Hee 

gene LG ces ol : 
S (x— 2) (x3) <0 =) 


Equating all the factors to zero, we obtain x = 1, - 1, 2,3 as the critical points. 


Now, we plot these points on the number line as show in Fig. 17.2. These points divide 
the number line into 5 regions. In the right most region the expression in (i) bears ‘+’ 
sign and in the other regions the expression bears alternate positive and negative signs 
as shown in Fig. 17.2. 


+ - + - + 

<— AA 0 

ao -1 1 2 3 ce 
Fig. 17.2 


Since the expression in (i) is negative, so solution set of the given inequation is the union 
of regions containing negative signs. Hence, from Fig. 17.2, we get 

xe (-1 1273) 

pled sy = xe (-1,1)U(@, 3) 
OX = Bi x 
8x? + 16x — 51 
ars ae 


2 
2x* +5x—12 


ILLUSTRATION 4 Solve: 
SOLUTION We have, 


8x2 + 16x —51 
= 


2x? + 5x -12 
2 _— 

D: bx lox 51 _ 3.9 

2x*+5x-12 

8x2 + 16x —51 — 6x2 — 15x + 36 
S >0 

2x7 +5x-12 

2x7 4+x-15 
Sp Be Lema ey 

2x? + 5x -12 

2x2 + 6x —5x—-15 
pas Zot bs. 0x — 15 

2x* + 8x —3x-12 

(x +3) (2x -5) ; 
= (eed Qa (i) 


Equating all factors to zero, we obtain x = — 4, — 3, 3/2, 5/2. 

Now, we plot these points on the number line as shown in Fig. 17.3. These points divide 
the number line into five regions. In the right most region the expression in (i) bears 
positive sign and in all other regions it bears alternate positive and negative signs as 
shown in Fig. 17.3. 
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Since the expression in (i) is positive, so the solution set of the given inequation is the 
union of regions containing ‘+’ signs. Hence, from Fig 17.3, we get 


x € (-0,— 4) U (—3, 3/2) U (5/2, ») 


2 7 
ie. 8x + 1ex— 91 5 3 = xe (-~,- 4) U(-3, 3/2) U (5/2, ©). 

2x* + 5x —-12 

x -2x4+5 1 
ILLUSTRATION 5 Solve: ara gees > 5 
3x° —2x -5 

SOLUTION We have, 

EES ed 

3x7 = I~ 5° 4 
pe E Rllar ” Some es 0 

3x27-2x-5 2 

2 — 
ne 2 (x* — 2x +5) — (3x7 — 2x Lee 
2 (3x* — 2x -5) 

= x7 = 9x +15 
.—3 FEte qe. oe aa 

23x" = 2% = 5) 

Z 

= —(x +2x-15) 54 

2 (3x7 = 2x —5) 

2. 

Soe eee ct, j b>0 = -P<o) 

2 (3x — 2x = 5) q q 
oe BELEN, [49] 

3x* — 2x -—5 2 

(x +5) (x — 3) 
S (e41) Gx=8) <0 aid) 


On equating all factors to zero, we get x=—5,-—1,5/3,3. Plotting these points on 
number line and marking alternatively ‘+’ and ‘—’ signs, we obtain as shown in Fig. 17.4. 


Since the expression in (i) is negative, so the solution set of the given inequation is the 
union of regions marked with ‘—’ signs. Hence, from Fig. 17.4, we get 


+ - + - + 
SoG 35 =f 5 3 eS 
3 
Fig. 17.4 

x € (-5,-1)U (5/3, 3) 

2 
: Xe = 20 -F One 
ie. eS es x € (S5,— 1) 10 (5/5, 5), 

347-97 =—5 2 det 
RORPRAHON waco ce ee ok ae 

x” -3x+4 

SOLUTION We have, 

ele SL ey 

x*-3x4+4 
i iat aes Bog ey, 


x7 -3x+4 
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(= 2x4 24) —4 (x? 3x +4) 


aid 2 
x°-—3x+4 
is cBr +10 +8 
x*—3x+4 
3x7 - 10x - 8 4 
= 2 > '() ee eee pal aS 
x7 -3x+4 [20 P20] 
ay (3x +2) (x= 4). 4 
(x? — 3x +4) 
a (3x +2) (x-4) 20 Disc. of x* — 3x + 4 is — ve and coeff. of x7 is + ve 
7 -3x+4>0, forall x 
2 
= xS-3 or x24 [See Fig. 17.5] 
- ~ + 
———— —$<— > 
as "2 i = 
Fig. 17.5 
S x € (—o,—2/3] VU [4, ~) 
a ah 2 28 
Thus, aie iy ns 2a ae (=o = D/O), 14 ico), 
x*—3x+4 ( Aue P2) 
2 
ILLUSTRATION 7 Solve: S47 <2 
x°-7x+12 3 
SOLUTION We have, 
v= 4747 <2 
7x 412° 3 
2 
x —-4x+7 2 
S&S SS 2 EN 
x*7-7x+12 3 
Ie Dp De 
a 3 (x ep ee Te +12) 4, 
x -—7x+12 
x +2x-3 
<—> SS HSS 
x = Fx Get? 
(x+3)(x-1) - 
eS Posies Gane (i) 


On equating all factors in (i) to zero, we get x = — 3, 1, 3, 4as critical points. Plotting these 
points on the number line and marking alternatively ‘+’ and ‘—’ signs from the right most 
side, we obtain that the inequation in (i) has the signs as shown in Fig. 17.6. 


+ 7 + = + 


<=—— OO :-.==___ 1 OO 
-2 3 1 Be, A 2 
Fig. 17.6 


Since the expression in (i) is negative, so the solution set of the given in, equation is the 
union of the regions marked with ‘—’ signs. Hence, from Fig 17.6, we get 
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xe [-3,1] UG, 4) 
a 
i.e. xg ae PR eS 2s, fe ara 
e-7x+12 3 
It should be noted that 3 and 4 are not included, because denominator becomes zero at 
x=3andx=4 


17.3 SOME DEFINITIONS 


STRICTLY INCREASING FUNCTION A function f(x) is said to be a strictly increasing function 
on (a,b), if 


X1<X_ => f(xy) <flxy) for all x1, x2 € (a, b) 
Thus, f(x) is strictly increasing on (a, b) if the values of f(x) increase with the increase 
in the values of x. 


Graphically, f(x) is increasing on (a, b) if the graph y = f(x) moves up as x moves to the 
right. The graph in Fig. 17.7 is the graph of a strictly increasing function on (a, b). 


foxy) fx) 


Fig. 17.7 


ILLUSTRATION1 Show that the function f(x) = 2x + 3 is strictly increasing function on R. 
SOLUTION Let x1,X%.¢€ R and let x; <%Xp. 


Then, 


X1< XQ 

=> 2x1 < 2x2 

= 2X, +3 2X4 +3 

= fly) <flx2) a 


Thus, x1 < X2 => f(x1) <f(x2) for all x1, x. € R. 


So, f(x) is strictly increasing function on R. 


This result is also evident from the graph of 
the function shown in Fig. 17.8. Fig. 17.8 


ILLUSTRATION 2 Show that the function f(x) = x? is strictly increasing function on [0, -). 
SOLUTION Let x1, X2 € [0, °°) such that x, < x2. Then, 


ea a eee ..(i) | [Multiplying both sides by x] 
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and, X4<X2 => X41 Xp < Xp" ...(ii) {Multiplying both sides by x] 


Y 


Ox 


Fig. 17.9 
From (i) and (ii), we get 


x) <xX) 3 x <x? = f(X1) <flx2) 
Thus, Xy<X_ => f(X1) <f(xX2) for all x, x2 € [0, ~). 
Hence, f(x) is strictly increasing function on [0, ) which is evident from the graph also. 


ILLUSTRATION3 Show that the function f(x) =a", a>1 is strictly increasing on R. 
SOLUTION Let x1, x7 € R such that x, < x. Then, 


X41 <X2 
= M1< qr [egal xs xp =) al Sa 2] 
= f(x1) < fla) 


Thus, X41 <X_ => f(x1) <f(xz) for all x1, x2 € R. 


Hence, f(x) is strictly increasing function on R. This fact is also exhibited in the graph of 
this function as shown in Fig. 17.10. 


Fig. 17.10 


REMARK In the above example if we replacea by e (= 2.71), then we find that f(x) =e is 
also increasing on R. 


STRICTLY DECREASING FUNCTION A function f(x) is said to be a strictly decreasing function 
on (a, b), if 
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X1<X_ => f(xy) >flx2) for all x1, x2 € b) 


Thus, f(x) is strictly decreasing on (a, b) if the values of f(x) decrease with the increase in 
the values of x. 


Graphically it means that f(x) is a decreasing function on (a, b) if its graph moves down 
as x moves to the right. The graph in Fig: 17.11 is the graph of a strictly decreasing 
function. 


f(x) 


F(x2) 


Fig. 17.11 


ILLUSTRATION 4 Show that the function f(x) =— 3x + 12 is strictly decreasing function on R. 
SOLUTION Let x1, %2€ Rand s.t. x; <x. Then, 


X1<Xq 

= = 3x4 >= 3% 

=> — 3x, +12>—3x2+12 
ee A(X) > fx) 


Thus, X14 < Xp => f(x1) > f(x2) for all x1, x2 € R. 


So, f(x) is strictly decreasing function on R. 
This fact can also be observed from the graph of the function as shown in Fig. 17.12 


Fig. 17.12 
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t can also be observed from the graph of the function as shown in Fig. 17.12 


ILLUSTRAION 5 Show that the function f(x) =a", 0 <a <1 is strictly decreasing on R. 
SOLUTION Let x1, x2 € R such that x; < x. Then, 


X4< X90 
=> al > q2 [-:0<a<1 2.x, <x2 Sal >a?] 
oe f(x1) > flx2) 


Thus, X1 <X_ => f(x) > f(x2) for all x1, x2, € R. 


Hence, f(x) is strictly decreasing function on R. This is also evident from the graph of 


Fig. 17.13 
f(x) as shown in Fig. 17.13. 


REMARK Since 0 <e! = 
function on R. 


; < 1, therefore f(x) =(€ ')* =~ is also a strictly decreasing 


ILLUSTRATION 6 Show that the function f(x) = x” is a strictly decreasing function 
on (— ©, OJ. 
SOLUTION Let x}, x2 € (— ©, 0], and let x; < x2. Then, 


X1<x2 => x37 > X4 XQ ..(i) 
and, Xy<X2 => X1X2> x9? ...(ii) 
From (i) and (ii), we get 


Fig. 17.14 
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Xp <Xy => xy > xq? => fxr) > ler) 
Thus, Xy<X_ => f(xy) > f(g) for all x1, x2 € (-™, Oj. 


Hence, f(x) is strictly decreasing on (— ~, 0]. See also Fig. 17.14 


So far we have discussed about a strictly increasing or strictly decreasing function. But, 
it is possible that a function may neither be strictly increasing nor strictly decreasing on 
a given interval. For example, f(x) in Fig. 17.15 is neither strictly increasing nor strictly 
decreasing on (a, b). However, it is increasing on the sub-intervals (a, a), (a>, 43) and 


Fig. 17.15 
(a4, b) and decreasing on the intervals (a,, aa) and (a3, a4). 


ILLUSTRATION 7 Show that the function f(x) = x is neither strictly increasing nor strictly 
decreasing on R. 


SOLUTION In illustrations 3 and 6 we have seen that f(x) = x’ is strictly increasing on 
[0, c) and strictly decreasing on (— ©, 0]. Hence, itis neither strictly increasing nor strictly 
decreasing on R i.e. (— 9, °). 

Uptill now we were talking about strictly increasing and strictly decreasing functions. 
But, there can be functions which are increasing (decreasing) but not strictly increasing 
(decreasing). For example, consider the function whose graph is shown in Fig. 17.16. 
Clearly, f(x) is increasing on (a, b) but it is strictly increasing only in the intervals (a, a) 


Fig. 17.16 


and (a,b). In this chapter, we shall be studying only strictly increasing and strictly 
decreasing function. 


INCREASING AND DECREASING FUNCTIONS Apfel 
NOTE From now onwards, by an increasing or a decreasing function we shall mean a strictly 
increasing or a strictly decreasing function. 


MONOTONIC FUNCTION A function f(x) is said to be monotonic on an interval (a, b) if it is 
either increasing or decreasing on (a, b). 


DEFINITION A function f(x) is said to be increasing (decreasing) at a point Xo if there is an 
interval (Xy—h,xg+h) containing xg such that f(x) is increasing (decreasing) on 
(Xo ~-h, Xo + h). 


DEFINITION A function f(x) is said to be increasing on [a, b] if it is increasing (decreasing) on 
(a, b) and it is also increasing (decreasing) at x =a and x = b. 


EXERCISE 17.1 


1. Prove that the function f(x) = log, x is increasing on (0, °%). 


2. Prove that the function f(x) = log, x is increasing on (0, ) ifa > 1 and decreasing on 
(0, °°), if0<a<1. 


3. Prove that f(x) =ax + b, where a, b are constants and a > 0 is an increasing function 
on R. 


4. Prove that f(x) =ax +b, where a, b are constants and a <0 is a decreasing function 
on R. 


5. Show that f(x) = : is a decreasing function on (0, 9). 


6. Show that f(x) = : decreases in the interval! [0, 0°) and increases in the interval 
1 


ate x 
oe 7 Oj. 


1 eT es : : : 
5 is neither increasing nor decreasing on R. 
io 


8. Without using the derivative, show that the function f(x) = | x | is 
(a) strictly increasing in (0, ~) (b) strictly decreasing in (—~-, 0). 


7. Show that f(x) = 


9. Without using the derivative show that the functionf (x) = 7x — 3is strictly increas- 
ing function on R. 


HINTS TO SELECTED PROBLEMS 


1. For any x1, x2 € (0, °°), we have 
X14 <X7 => log, x; < log, x2 = f(x1) <f(x2). 
So, f (x) is increasing on (0, -). 
2. CASEI Whena>1: 
For any x1, X2 € (0, °°), we have 
X41 > Xp => log, x1 > log, xo => f(xy) > fxg). 
So, f(x) is increasing on (0, °). 
CASEI] Whena <1: 
For any x1, X2 € (0, ~), we have 


X1 >Xy = log, x1 < log, x2 = f(xy) <f(x2). 
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So, f(x) is decreasing on (0, °) 


17.4 NECESSARY AND SUFFICIENT CONDITIONS FOR MONOTONICITY 
In this section, we intend to see how we can use derivative of a function to determine 
where it is increasing and where it is decreasing. 
THEOREM 1 (Necessary Condition) Let f (x) be continuous on [a, b] and differentiable on (a, b, 
(i) If f (x) is strictly increasing on (a, b), then f’ (x) >0 for all x € (a, b). 
(ii) If f (x) is strictly decreasing on (a, b), then f’ (x) <O forall x € (a, b). 
PROOF Let x be an arbitrary point in (a, b). Since f(x) is differentiable on (a, b). So, it is 
differentiable at x. 


, a £(x+h)— fe) : 
f’( = lim th) i= 0 existe. 
h-0 


(i) If f (x) is strictly increasing on (a,b), then 


f(x+h)>f (x) for allh >0 
fe+h) -f (x) 

=> z4%) >0forallh>0 
h-0 h 

— fe) 0: 


Since x is an arbitrary point of (a, b). Therefore, f’ (x) > 0 for all x € (a,b). 


(ii) If f (x) is strictly decreasing on (a, b), then 


f(x+h)<f(x) for allh>0 
faxt+h)-f@ 
ee zth) zs <0 forallh>0 
Bee lim L&+H=-f 65 
h-0 h 
= f’ (x) <0 


Since x is an arbitrary point of (a, b). Therefore, f’ (x) <0 for all x € (a, b). 


REMARK If f (x) is an increasing function on (a, b), then as shown in Fig. 17.17, the tangent at 
every point on the curve y =f (x) makes an acute angle @ with the positive direction of x-axis. 


Fig. 17.17 
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d 
tanO@>0 => + >0 or, f’(x)>0 for all x € (a, b) 
If f (x) is a decreasing function on (a, b), then as shown in Fig. 17.18, the tangent at every 
point on the curve y =f (x) makes an obtuse angle 6 with x-axis. 


d 
tan6<0=—~ <0 or, f (x) <0 forall x € (a, b). 


Fig. 17.18 


THEOREM 2 (Sufficient Condition) Let f be a differentiable real function defined on an open 
interval (a, b). 

(i) If f(x) >0 for all x €(a, b), then f(x) is increasing on (a, b). 

(ii) If f’(x) <0 for all x € (a, b), then f(x) is decreasing on (a, b). 
PROOF Let x1, x2 € (a, b) such that x, < x. Consider the sub-interval [x,, x9]. Since f(x) 
is differentiable on (a, b) and [x}, x2] C (a, b). Therefore, f(x) is continuous on [x,, x9] and 
differentiable on (x,,%2). By the Lagrange’s mean value theorem, there exists 
C € (x1, X2) such that 


£@, =~ PDD (i) 


42-4 
(i) Since f (x) > 0 for all x € (a, b), so in particular, f’ (c) > 0 
Now, _ f’(c)>0 
f(X2) — fl%1) 4 


Bre (8) [Using (i)] 


=> 


- f(%2) — fl) > 0 [-.. X2 — x1 > O when x, < x9] 
=? S(2) > fl%1) = fer) < fl%2) 
Since x1, X» are arbitrary points in (a, b). Therefore, 
X4<X_q => f(xy) <f(x2) for all x1, x2 € (a, b) 
Hence, f(x) is increasing on (a, b). 
(ii) Since f “(x) < 0 for all x € (a, b), so in particular, f ’(c) < 0. 


Now, f’(c) <0 
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fepdaully) 12% [Using (i)] 
X27 — X41 
= Ff (%2) —fl%1) < 0 [-.- X_— xy > 0 when x1 <x] 


= f (2) < fly) = fxr) > flr2) 
Since x1, X2 are arbitrary points in (a, b). Therefore, 
X1< xX. = flx,)>f(x2) forall x1,x%2€ @, b). 
Hence, f(x) is decreasing on (a, b ). 
COROLLARY Let f(x) be a function defined on (a, b). 
(i) If f(x) > 0 for all x € (a, b) except for a finite number of points, where f ‘(x) = 0, then 
f(x) is increasing on (a, b). 
(ii) If f(x) <0 for all x € (a, b) except for a finite number of points, where f (x) =0, then 
f(x) is decreasing on (a, b). 
In order to find the interval in which a given function is increasing or decreasing, we 
may use the following algorithm. 
ALGORITHM 
STEPI Obtain the function and put it equal to f (x). 
STEP Find f’(x). 
STEP IN Put f (x) >0 and solve this inequation. 


For the values of x obtained in step II f(x) is increasing and for the remaining points in 
its domain it is decreasing. 


ILLUSTRATIVE EXAMPLES 


TypeI ON FINDING THE INTERVALS IN WHICH A FUNCTION IS INCREASING OR 
DECREASING 


EXAMPLE1 Find the intervals in which f(x) = — x*-2x+15 is increasing or decreasing. 
SOLUTION We have, 


fix) =- 2x? - 2x +15. 


a At) em ek oer LY 
For f(x) to be increasing , we must have 
f'(x)>0 
=> ~2x+1)>0 
=> x+1<0 [-..-2<Oandab>0,a<0 = b<Q] 
— x<-1>x€e (-~,-1) 


Thus, f(x) is increasing on the interval (— °°, — 1). 
For f(x) to be decreasing, we must have 


Tx) <0) 
== —-2(x+1)<0 
= x+1>0 [-.--2<Oandab<0,a<0 = b>0 
= x>-1l>xé (-1,2%) 


So, f(x) is decreasing on (— 1, ©). 
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EXAMPLE 2 Find the intervals in which the function f(x) is (i) increasing, (ii) decreasing : 
fx) = 2x9 - 9x7 +: 12x 415 
fx) = 2x3 — 9x? + 12x +15. 


J 


f'G) = 6x7 -18x4+12 = 6 (x? -3x+2) 

{i) For f(x) to be increasing, we must have 

f(x)>0 

6 (x*-3x+2)>0 

Moxa 20 [-.-6>0 ». 6(x? -— 3x +2) >0 = x*-3x+2>0] 
(x—1)(x-2)>0 

Xl Or x > 2 [See Fig. 17.19] 
xe (--~,1)U(2,°). 

So, f(x) is increasing on (— ©, 1) U (2, ©). 


deg tty 


~ = - 
lg Teg Sa AT os 
Fig. 17.19 
(ii) For f(x) to be decreasing , we must have 
f(x) <0 
= 6 (x* - 3x +2) <0 
=> x*-3x+2 <0 [6 >0 .. 6(x* —3x +2) <0 x7-3x4+2<0] 
=> (x-1)(-2)<0 
= ay, <a DV te (1,2) [See Fig. 17.20] 
So, f(x) is decreasing on (1, 2). 
> ~ + 
a sa 1 2) oo 
Fig. 17.20 


EXAMPLE3 Find the intervals in which the function f(x) is (i) increasing ; (ii) decreasing : 
fx) = 2° + 9x? + 12x +20 

SOLUTION We have, 
f(x) = 2x7 + 9x? + 12x + 20. 
f(x) = 6x7 +18x+12 = 6(x7+3x +2) 

(i) For f(x) to be increasing, we must have 


f'(x)>0 
=> 6 (x7 +3x+2)>0 
=> (x7 + 3x +2)>0 [- 6>Oand 6 (x7 + 3x +2)>0 «x7 +3x+2>0] 
= (x+1)(x+2)>0 [See Fig. 17.21] 
ae: x<-2orx>-1 
=> tees 2s) (1, <0) 
+ - + 
eae eee oT nt on coe yg 394 


Fig. 17.21 
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So, f(x) is increasing on (— %, — 2) U (~ 1, =) 
(ii) For f(x) to be decreasing, we must have 


f(x) <0 
> 6(x7 + 3x +2) <0 
on x7 +3x+2<0 [-.-6 >Oand 6 (x2 + 3x +2) <0». x*+3x+2<0] 
=> (x +1) (x+2)<0 [See Fig. 17.22] 
= —-2<x<-l 


So, f(x) is decreasing on (- 2, — 1). 


nT eres ae See ae TE a 
Fig. 17.22 
EXAMPLE4 Find the intervals in which f(x) = (x + 1)° (x- 3)° is increasing or decreasing. 
[CBSE 2001C] 

SOLUTION We have, 

flor) = (x + 1)° (@«- 39°. 
= fo = 3¢c+1P 4 wet 1)-(x-3Y +(24+1)-3 (x-3" 4 (x -3) 
=> fC) = 3 (x41)? (x — 3) + 3(x +19 (x - 3) 
=> f(x) = 3 (x41) (x- 3)? «+14+x-3) 
=> f'(®) = 6 (x41) (x - 3) (x-1) 
For f(x) to be increasing , we must have 

f(x) >0 
= 6 (x + 1)* (x- 3)" (x-1)>0 
os x-1>0 and x¥-1,3 [-.- 6 (x + 1)? (x -3)*>0 for all x #— 1, 3] 
= x21 andix# —173. => «4 (1,3) UG, ©) 
So, f(x) is increasing on (1, °). 
For f(x) to be decreasing , we must have 

f(x) <0 
=> 6 (x + 1)? (x -3)7 (x -1) <0 
=> x-1<Oandx#-1,3 [-. 6 (x +1)? (x —3)* > 0 for all x #-1, 3] 
= x<landx4-1,3 => xe (-~,1) 


So, f(x) is decreasing on (— e, — 1) U (— 1, 1). 


EXAMPLES Find the intervals in which f(x) = (x - 1) (x - Ne is increasing or decreasing. 
SOLUTION We have, 


fx) = (x - 193 (x - 2)°. 
=> f(x) = sea 1S «-D} (x= 2)? + @e- 18 2x (e-2) 4 @-2) 
= f(x) = 3(x — 1)? (x - 2) + 2 (x — 1)? (x - 2) 
=> f(x) = (x- 1)" (x- 2) (8x -— 6+ 2x — 2) = (x -1)* (x—2) (5x - 8) 
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or f(x) to be increasing, we must have 


f'(x~)>0 
> (x — 1)? (x —2) (5x -8) >0 
> (x — 2) (5x-8)>0 and x#1 [-. (x - 1)? >0 for all x # 1] 
= 5 (x — 8/5) (x -2)>0 and x¥1 

(x -— 8/5) (x-2)>0 and x#1 [-.: 5 > 0] 
=> i or x>2 and x#1 
=> xe (-7,1)U ae orx>2 [See Fig. 17.23] 
30, f(x) is increasing on (— %, 8/5) U (2, ©). 

+ = + 
— 8 2 2, 
5 Fig. 17.23 

For f(x) to be decreasing , we must have 

f(x) <0 
=>  —— (x-1)? (x-2)(6x-8)<0 
= (x —2) (5x -8)<0 and x#1 [-(x- 1)? >0 for all x #1] 
= 5(x — 2) (x -8/5)<0 and x#1 
= (x —8/5) (x -2)<0 and x#1 [-..5>0] 
=> xe E ball ative! geeeil 3 ee G 2 [See Fig. 17.24] 
So, f(x) is decreasing on (8/5, 2). 

~ - ~ 
—co 8 2: co 
Fig. 17.24 

SOLUTION We have, 3 


: cee fa 
EXAMPLE6 Find the intervals in which the function f(x) = x4 “g is increasing or decreasing. 


fev 
= f(x) = 40-2? = x7 (4x-1) 
For f(x) to be increasing, we must have 
f(x) >0 
=> x* (4x-1)>0 
=> 4x-1>0 and x#0 [x7 >0] 
= 4x>1 andx#0 ax>5 and x#0 => xe (1/4, ~) 


So, f(x) is increasing on (1 /4,°). 
For f(x) to be decreasing , we must have 


PETES a 
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= x? (4x -1)>0 
= 4x -1<0 and x #0 [-.- x? >0 for all x # 0] 
= An=<imandexie0) =>) cl /Avand r40 > xe(--g}U[0g| 


So, f(x) is decreasing on (—, 0) U (o. 4 : 


EXAMPLE7 Find the intervals in which the function f(x) = log (1 + x) — a is increasing or 


decreasing. 


SOLUTION We have, 


ft) = log (1+ 3) - 5, 


Clearly, f (x) is defined for all x satisfying x+1>0 ie. x>-1. 
So, domain (f) = (-1,°) 


Now, 
fx) = eee 
Aha Tx) 227 0en 
4 
= = Pe FG) 
fa: ce (2 +x)* 
2a 2 2 
at f(x) = (2 + x) ; 4(1 + x) z x - x 1 
(2+ x)* (1+x) (24x (14x) © 2x) bard 
For f(x) to be increasing, we must have 
f(x) >0 
2 
G 1 
re Es [Sap 
2 
= e420 and x#0 > fe >0 forally20) 
= x+1>0 and x+#0 
=> x>— and) x70 
= x Es(—a0) ©) (Oco) 


So, f(x) is increasing on (— 1, 0) U (0, ). 


EXAMPLE8 Find the intervals in which f(x) = 


ise ; 
1S INCreasing or decreasing. 


SOLUTION We have, [CBSE 2004] 
(y4x 41 
(Oe 
2 
= fi) = 4x44 SiG) 24a teat ook 
x x? x? 


For f(x) to be increasing, we must have 
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f'(x)>0 
= aca lee,, 
x2 
= 4x*-1>0 
= (2x —1) (2x +1)>0 [See Fig. 17.25] 
+ - + 
aes; aul i oa 

2 2 
Fig. 17.25 

— (x —1/2) (x +1/2)>0 

=> x<— 1/2orx>t/2 

=> x€ (—e, —1/2) U (1/2, ~) 


So, f(x) is increasing on (— %, — 1/2) U (1/2, ©). 
For f(x) to be decreasing, we must have 


f(x) <0 
= Laisiias, 
Pes 
= 4x*-1<0 Maecea)) 
= (2x —1)(2x+1)>0 
1 a : 
75 <x <5 [See Fig. 17.26] 
+ - + 
x ie i aie 
2 2 
Fig. 17.26 


= xe(-4, 4 
pS 


But, domain (f) = R — {0}. 
So, f(x) is decreasing on f 5 , 7 U [0 J 2| : 


EXAMPLE9 Determine the intervals in which the function f(x) = x4 — 8x? + 22x” — 24x + 21 is 
decreasing or increasing. 
SOLUTION We have, 


fx) = x4 — 8x7 + 22x? - 24x +21. 


=> file) = 4x2 - 24:2 + 44x -24 = 4 (x - 6x7 + 112 - 6) 
=> f(x) = 4 (x-1) (x -5x+ 6) 
For f(x) to be increasing, we must have 
f(x) >0 
=> 4(x — 1) (x7 -5x + 6) >0 
= (x -1) (x7 —5x +6) >0 [-. 4>0] 
= (x —1) (x -—2) (x -—3)>0 
= I CHE APTOS GOS CS [See Fig. 17.27] 
= x€ (1,2) UG, 2%) 
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~ + _ + 
sO 
avy 1 2 3 re 

Fig. 17.27 


So, f(x) is increasing on (1, 2) U (3, ©). 
For f(x) to be decreasing, we must have 


fix)=0 


= 4 (x -1) (x7 -5x +6) <0 
= (x — 1) (x* -5x+6) <0 [-..4>0] 
= (x«—1) («—2) @-—3) <0 
=> Diane OlmY al [See Fig. 17.28] 
=> xe (2,3)U(- 2,1) 
- + - - 
=_.... nn eee eee 
— 0 1 2 3 os 
Fig. 17.28 


So, f(x) is decreasing on (2, 3) U (— %, 1). 


EXAMPLE 10 Find the intervals for which f(x) = x* — 2x? is increasing or decreasing. 
SOLUTION We have, 


f(x) = x4 2? 
=> f(x) = 4:23 — 4x = 4x (x? -1) 
For f(x) to be increasing, we must have 
f= 
4x (x7-1)>0 
x (x7-1)>0 [-.. 4>0] 
x(x=1)(x+1)>0 


tee <0) Orato t [See Fig. 17.29] 
ToS (=i, ON ONGl ca) 


$uUudys 


=2d—_ ex oO 
— ee Bi 0 1 eo 
Fig. 17.29 


So, f(x) is increasing on (- 1,0) U (1, eo), 


For f(x) to be decreasing, we.must have 


f(x) <0 
=> 4x (x* -1)<0 
= x (x*-1) <0 [-- 4>0] 
=> x (x= 1) (x+1)<0 
= x <= 1 or 0 =a <1 [See Fig. 17.30] 
= + - + 
Sy EGE GGT teal ree 


Fig. 17.30 
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— xe (-~»,-1)VU (0,1) 
So, f(x) is decreasing on (— -°, — 1) U (0, 1). 


x-2 
x+1 


EXAMPLE 11 Determine the values of x for which f(x)= , x#—1 is increasing or 


decreasing. 
SOLUTION We have, 


Caius 9 Be ice ett 4 8 3 


yee Ea Sol, 
(x +1)? (x +1)? 


=> f(x) = 


Clearly, Ader 2 >0 forallxe R-|-1}. 
= 


+1)" 


So, f(x) is increasing on R — {— 1}. 


: ; ; : 5 aA sae ; ; 
EXAMPLE 12 Find the intervals in which f(x) = = + Ie O is increasing or decreasing. 


N 


SOLUTION We have, 
a ae 
f(x) sa 3) uy x 


tel Wa ae eee 
= eS elt E 

For f(x) to be increasing, we must have 
fF e720 

-4 

pase 

x7-4>0 

(x —2) (x+2) > 0 
eae 2 OF XZ 


x € (—-,— 2) U (2, 0) 


>0 


i 


i |e 


Fig. 17.31 
So, f(x) is increasing on (— %, — 2) U (2, 2). 
For f(x) to be decreasing, we must have 
f'(x)<0 
x-4 


2 


<0 
Phi 6 


x7~4<0 
(x —2) (x +2) <0 
xe€ (-2,2) 


Vudy 


Fig. 17.32 
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But, domain (f) = R-{0}. 
So, f(x) is decreasing on (— 2, 0) U (0, 2). 


EXAMPLE 13 Find the intervals in which the function f given by 


f(x) = wees scala | 


x3 4 
(i) increasing (ii) decreasing [CBSE 2009] 
SOLUTION Clearly, domain (f) = R-— {0}. 
Now, f(x) = + 2 
x 
, 3 
= i Oe 3x7 - 
x 
, 3 ; 6 
a f= 6s) 
K 
2 f'@) =2-nat+2ey 
x 


= re: = 3[ At) (2 1) 


(i) For f (x) to be increasing, we must have 
Te 0 
4 
a Pareles A 
x4 
4 
= (21)>0 Setar mee (ey 
x4 
= (x-1)(*+1)>0 
=> x € (—0,-—1) U(1, 0) [See Fig. 17.33] 
- - + 
—— OOO OO 
— 00 =i 1 co 
Fig. 17.33 
So, f (x) is increasing on (— % , — 1) U (1, ~) 
(ii) For f (x) to be decreasing, we must have 
“fy <0 
xit0741 
= 3 | (x? —1)<0 
x4 
2 4 2 
= x-1<0 .. spt +1 
. | rr a | 
= (x-1)(«+1)<0 
= we (re 0N0 (G1) [-.. x #0] 
Son SR a a 0 
Beha -1 0 1 °° 
Fig. 17.34 


Hence, f (x) is decreasing an (— 1,0) U(0, 1), 
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x 


EXAMPLE14 For which values of x, the function fx)=> 
teil 


is increasing and for which values 
oS 

of x, it is decreasing. 

SOLUTION We have, 

a 
(x) = 
f 741 
’ G7 +1)-1-x (2x40) 1-2 
=> (x) = = 
f Comal Go 12 

For f(x) to be increasing, we must have 

f'(x)>0 

a >0 

(x7 +1) 

1-x7>0 [-- (741)? > 0] 

67 —1)>0 

x7-1<0 

(x—1) (+1) <0 

Si<zet [See Fig. 17.35] 

en iit} 


UVUUYIUSY 


Fig. 17.35 
So, f(x) is increasing on (-1, 1). 
For f(x) to be decreasing, we must have 
f'(x)<0 
Lee 
(2 +1)" 
1-x2<0 [.. (x7 +1)? > 0] 
=(¢—1).<0 
x7-1>0 
(x-1)(x+1)>0 
x<-lorx>1 [See Fig. 17.36] 


<0 


Yuduy 


Fig. 17.36 
So, f(x) is decreasing on (— %, — 1) U (1, ~). 


EXAMPLE 15 Separate [0,m/2] into subintervals in which f(x) =sin 3x is increasing or 
decreasing. 
SOLUTION We have, 
f(x) = sin 3x 
= f(x) =3 cos 3x 
Now, OBES GHP) M0) Bee Shh Pd. 
Since cosine function is positive in first quadrant and negative in the second and third 
_ quadrants. Therefore, we consider the following cases. 
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CASEI When 0 <3x<1/2 
In this case, we have 
O<37<7/2 = cos3x> 0/3 cos3x>0 = f(x) >0 
Thus, f(x) >0 for 0< 3x <m/2ie.0<x< 1/6. 
So, f(x) is increasing on (0, 1/6). 
CASEI] When 1/2 <3x <3n/2 
In this case, we have 
n/2<3x <3n/2= cos 3x <0 = 3cos3x<0 = f(x) <0 
Thus, f(x)<0O forn/2<3x<3n/2Zie.n/6<x<n/2. 
So, f(x) is decreasing on (1/6, 1/2). 
Hence, f(x) is increasing on (0, 1/6) and decreasing on (1/6, 1/2). 


EXAMPLE 16 Find the intervals in which the function f given by f(x)=sinx+cosx, 
0 <x <2 Mis increasing or decreasing. [CBSE 2009] 


SOLUTION We have, 
f(x) = sinx+cos x 


e f’ (x) = cosx-sinx 
=> F/0) = 8[cosxsin f-sinxcos f] 
So Rare sin( F-2] 
For f (x) to be increasing, we must have 

f’ (x) >0 
=> V2 sin E - *)> 0 


=> -Ysin(x-F}>0 
= sin{x-Z] <0 
a mex-T<2n 
= oR cx<9n/4 
5 
=> ae or, 2n<x<2m 
=— eles 5 ) us 
4 T Or, <i 


nN) (9% 
= re(0,3)4(9 21) 


Hence, f(x) is increasing on (0 ; j U fe ya "| 
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For f (x) to be decreasing, we must have 
+ GyY=0 
= V2 sin Ee - 7 <0 


= ~Wain{x-F]<0 
= sin{x-3]> 0 
=> O<x-7<n 
a ee 

4 4 
— xe oe 

Fe welt 

: Tm OT 

Hence, f (x) is decreasing on ei , = 


EXAMPLE17 Find the intervals in which the function f given by 


4sinx—-2x-—xcosx 
2+cos x 


PTC 


f (x) = 
is (i) increasing (ii) decreasing 
SOLUTION We have, 


4sinx-2x-xcosx 


f(x) = 


2+ cos x 
as f'@ = (2+cos x) (4cosx-2-cosx+xsinx)+(4sin x -2x-x cos x) sin x 
(2+ cos x)? 

= f'@ = cos x (4 — G08. x) 

(2+ cos x)? 
(i) For f (x) to be increasing, we must have 

1 O>O 
ot esx ee) 29 
(2 + cos x) 
— cos x > 0 © eae =n 
(24 cosix) 


Tt St 
os ve(o,3]4(3 21 
31 


Hence, f (x) is increasing on [0 ; | U ( ars "| 


(ii) For f (x) to be decreasing, we must have 


f' @W<0 
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cos x (4—cos x) So 


mi 2 
(2 + cos x) 
= cos x <0 
= xe|= out 
eee, 
m 3m 
Hence, f (x) is decreasing on 7/9 } 


EXAMPLE 18 Determine the values of x for which f (x) = x", x > 0 is increasing or decreasing. 
SOLUTION Clearly, f(x) = x* is defined for x > 0. So, domain f = (0, ©). 
Nowe =f (p= 


= f(x) = ex log x 
; d 
= f(x) = &18*— (x log, x) 
=> $@) = x. (1 tlogsx) 
For f (x) to be increasing, we must have 
FAX) =0 
— x*(1+log,x) > 0 
= 1+ log, x>0 [...x* > 0 for x > 0] 
= log.x>-1 
ki -- log, x>N=x>aN fora>1 
= x>e 
Here, e>1.So0, log, x>-1l=>x>e! 
= x € (1/e, ) 


Thus, f (x) is increasing on G , =} 


For f (x) to be decreasing, we must have 

iP eae 

x* (1+ log, x) < 0 

1+log.x<0 [-..x* > 0 forx>0] 
loge cl 


x<e! 


x é€ (0, 1/e) 
Thus, f (x) is decreasing on (0, 1/e). 


Hence, f (x) is increasing on (1/e, 0%) and decreasing on (0, 1/e). 


$uoyudyd 


EXAMPLE 19 Find the intervals in which f (x) = icon is increasing or decreasing. 


SOLUTION Note that the domain of f (x) is the set of all positive real numbers other than 
unity ie. (0,1) U(1, 0), 
we 


Now, “f@)= Teck: 
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= fi) = S841 
(log x) 

For f (x) to be increasing, we must have 

fea ese 
5 ogx=t >0 

(log x) 

= logx-1>0 
= logx>1 
=> x>el 
— x € (e,°%). 


So, f (x) is increasing on (e, ~). 
For f (x) to be decreasing, we must have 
74x) =<.9 
log x =} #0 
(log x) 


J 


log a=) 0. 


logx<1 


x<el 


x € (0,e)-{1} 


Yy YY 


So, f (x) is decreasing on (0, e) — {1}. 


Tee 7 


[-.- dog x)* >0 for x>0,x¥#1] 


--loggx>N => x>a’ fora>1 


Here,e>1 .. log.x>1 => x>e! 


[-.. log x)? > 0 forx>0,x#1] 


[-.. f (x) is defined for x >0,x #1] 


EXAMPLE 20 Find the intervals in which f (x) = 2 log (x — 2) — x? +4x +1 is increasing or 


decreasing. 


SOLUTION Clearly, f (x) is defined for all x > 2 


Now, f(x) = 2log (x-2)-x7 +4x41 
aes tie 
ae eats 2x+4 


2—2x(x-2)+4(x-2) _ -2x°+8x-6 


= f'() = 


i 
_ 2 —— _ _— _ 
is, f'@) = 2 (x6 +4x—-3) _ =2(e-) 3) 
i 
For f (x) to be increasing, we must have 
i Ax)i OU 
a -2(%-1)@-3) Lg 
Rez 
Es (x-1)@-3) - g 
ews 
=> x-3<0 
a ee Oe e270) 


So, f (x) is increasing on (2, 3). 


“XE Domain (f ) > x-1>0,x-2>0] 


[xe 2h 
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For f (x) to be decreasing, we must have 


f(x) < 0 
= =2(x-1)(x=3) 
x—-2 
ott (x= 1) (x¥-3) J 9 
x-2 
= x-3>0 [-.- Forx>2,x-—2>0 and x-1>0] 
a soo 6} 
=> x € (3, 0) 


So, f (x) is decreasing on (3, ©). 
EXAMPLE21 If a,b,c are real numbers, then find the intervals in which 


x+qz ab ac 
f@) =| ab x+? be 
ac be x+c2 


is increasing or decreasing. 
SOLUTION We have, 


x+q2 ab ac 
f(x) =| ab x+b* be 
ac be x47 
tee C 0 x+a* ab ac x+q* ab_ ae 
=> FG) = ab x4 bo?) bes +) 9 381 0 f+] gb xe BR Be 
ac be ox +c ac be x+¢ 0 0 1 
= f'(@) = (84) (407) - Be? $ (x 402) (x40) - 02 24 (x 4a)? (x +b) = a2? 
= f'@) = 3x7 + 2x (a2 + b* +07). 
For f (x) to be increasing, we must have 
f'@>0 
= 3x? + 2x (a2 +b? +c2)>0 
a) x (3x+2 {a +b? +c%} > 0 
= x<-£@?+P+2) or x>0 
=> re [-9 FE +P +A )U 0,0, 
+ = + 
———_—_—eeeeee———— re 


- =(ay + by + Cy) 


Fig. 17.37 
So, f (x) is increasing on [- oo, — : (a? +04 | U (0, <9) 


For f (x) to be decreasing, we must have 
f(x) <0 
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= 3x? + 2x (a2 + b*+0*)< 0 
= x(3x+2@+P+0?)) <0 
2 
=> -3@ +P +0)< x<0 [See Fig. 17.38] 
=> re[-F@+P +20) 


So, f (x) is decreasing on [- 5 (a* Hort c*), q 


- = + 


—2 (a? + DP + 02) 0 is 


Fig. 17.38 


Hence, f(x) is increasing on [- oo, — 5 (a* ++ | U(0,e-) and decreasing on 


[- - (a2 +b? +0), 0} 


f 


EXAMPLE 22 Separate the interval [0, 1/2] into sub-intervals in which f (x) = sin’ x + cos’ x 


is increasing or decreasing. {CBSE 2000 C] 
SOLUTION We have, 

f(x) = sin’ x + cos’ x 

fM= 4 sin® x cos x — 4 cos’ x sin x 

f(x) = -4sin x COS x (cos* x - sin’ x) 

f(x) = -—2 (2sin x cos x) (cos 2x) 

f(x) = —2 sin 2x cos 2x 

f(x) = -sin 4x 

We have ,0<x<1/2 => 0<4x<2n. 


VeUL J 


Since sine function is positive in the first and second quadrants and negative in the third 
and fourth quadrants. So, we consider the following : 


CASEI When0<4x<mt1 
In this case, we have 


sin 4x >0 
= —sin 4x < 0 
=> i Miso 


f(x) < 0 for0<4x<mie.0<x<mn/4. 


So, f (x) is decreasing on [0, 1/4]. 
CASEI] When, m< 4x <2n 
In this case, we have 
sin 4x < 0 
= —sin4x > 0 
=> f(x) > 0 
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f’ (x) >0 form <4x< 2mie.m/4<x< 0/2. 
So _f (x) is increasing on [1/4, 1/2]. 


Type II ON PROVING THE MONOTONICITY OF A FUNCTION ON GIVEN INTERAL (S) 


EXAMPLE 23 Prove that the function f(x) = x? — 3x* + 3x — 100 is increasing on R. 
SOLUTION We have, 


fx) = x° -3x7 + 3x -100 
> f(x) = 3x*- 6x43 = 3(x-1)° 
Now, xe R=>(x-1%20S f(x) 20. 
Thus, ele) 2 0-forallave R; 


Hence, f(x) is increasing on R. 


EXAMPLE 24 Let I be an interval disjointed from (— 1, 1). Prove that the function f(x) =x +t 
is increasing on I. 
SOLUTION We have, 


1 
fax+e 
2 
1h Seraal 
=> “(x)=1-—= 
f(x) tial 
Now, xel 
= x¢(-1,1) 
— x<-1orx21 
> x2>1 
=> x*-12>0 
x -1 
= 2 >0 [3 x She Ol] 
= f(x) 20 


Thus, f (x) 2 0 for all x € I. Hence, f(x) increasing on I. 

EXAMPLE 25 Show that f(x) = tan | (sin x + cos x) is an increasing function on the interval 
(0, 1/4). 

SOLUTION We have, 


fa) = tan! (sin x + cos x) 


a, f(x) = x sin x +cos x)= ~sin: 
1 + (sin x + cos x)? dx | ! [+(@ihpaagen =| 
at fe) = isin 
1 + (sin x + cos x) 
Now, Oma /4 
il 
= cos x > 0, : and 1-tanx>0 [-.tanx<1for0<x<7/4] 


1+ (sin x + cos x) 


_cos x (1 - tan x)_ 
ee cos x tan x a 


1 + (sin x + cos x)? 


se f(x) >0 
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Thus, f(x) >0 for all x € (0, 1/4). 
Hence, f(x) is increasing on (0, 7/4). 


4 sin 0 : : ‘ : Tt 
EXAMPLE26 P Shia ae = 
rove that f (8) SE ereT 6 is an increasing function of 9 in [0 , “4 
SOLUTION We have, 
4 sin 0 
fe 
F@) 2+ cos 0 
ap 
ze f'(®) = (2+ cos 8) (4 cos ) + Sin BN 
(2 + cos 8) 
sth f’(®) = 8cosO+4 | 
(2+ cos 6)” 
= f’(®) = 4 cos 6 — cos” 6 
(2+ cos 9)? 
= Ff’ (@) = SSB E= 005 9). 9 for all Oe oye 
(2+ cos 8) 2 


Hence, f (x) is increasing on 0 P | 


EXAMPLE 27 Prove that the function f(x) = x* —x +1 is neither increasing nor decreasing on 
1,1) 


SOLUTION We have, 

fxy=xr-x+1 
— Paya 2e= f= 2 = 1/2). 
Now, —~L<x<1/2=9 (x-1/2) <0 = 2(x - 1/2) <O=f (x). <0 
and, 1/2<x<1=>x-1/2>0> 2(x-1/2) >O= f(x) >0. 
Thus, f (x) does not have the same sign throughout the interval (-1, 1). 
Hence, f(x) is neither increasing or decreasing on (-1, 1). 


EXAMPLE28 Find the least value of a such that the function x? +. ax + 1 is increasing on [1, 2]. 
{HPSB 2002] 
SOLUTION We have, 
f(xy=2e+a 
Since f(x) is an increasing function on [1, 2]. Therefore, 
i @20.for,1.<752 


New, » af “(@)=2 forall xe G;,2) 


= f(x) >0 for all x € [1, 2) 
— f(x) is an increasing function on (ln2] 
= f (1) is the least value of f (x) on [21 


But, f(x) > 0 for all x € [1, 2]. Therefore, 
f(Q)>0 = 2+a>0 > a>-2 


Thus, the least value of a is —2. 
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EXAMPLE 29 Show that f(x) = cos (2x + 1/4) is an increasing function on (3%/8, 77/8). 
SOLUTION We have, 

f(x) =cos (2x + 1/4) 

f(x) =-2 sin (2x + 1/4) 


x€ (32/8, 77/8) 

3n/8<x<7n/8 

3m/4<2x< 70/4 

1/44+3n/4<2x+7/4<7n/44+/4 

m<2x+n1/4<2n 

sin (2x + 1/4) <0 [-.- sine function is neg. in third and fourth quadrant] 
—2sin (2x +7/4)>0 

f'(x)>0 


Hence, f(x) is increasing on (31/8, 77/8). 


VuUUUDUU zy 
E 


EXAMPLE 30 Show that the function f(x) = + 7 is decreasing for x € R(x #0). [PSB 1990] 
SOLUTION We have, 


f)=2+7 
i394 one 
=> f') 2 


Now, re Rx #0 = G20 > -5<0 => f (x).<0 
oe 


Hence, f(x) is decreasing for x € R, x #0. 


EXAMPLE 31 Show that the function x +1/x,x >1 is increasing. 
SOLUTION Let f(x) =x + : Then, 


; poorer 
ee a 


Now, x>1>5x*>1> 


xt 
oe 


20 = f(x) 20. 


Hence, f(x) is increasing for x > 1. 


EXAMPLE 32 State when a function is said to be increasing function on [a, b]. Test whether the 
function f(x) = x — 8 is increasing on [1, 2]. 
SOLUTION For definition see page 17.6 
We have, 
x) = x°-8 => f ‘(x)= 3x? 

Clearly f’(x) > 0 for all x € [1, 2]. So, f(x) is increasing on [1, 2]. 
EXAMPLE 33 On which of the following intervals is the function fax + sin x= 
increasing ? 

(i) (0, 7/2) (ii) (1/2, 7) 


INCREASING AND DECREASING FUNCTIONS 1733 


SOLUTION We have, 
f(x)= x10 4 sinx-1 


=", f'@= 100x? + cos x. 
(i) x € (0,7/2) 
Tt 
=> onan 
O<x<7 
99 
= x°*>0 and cosx>0 
= 100x?? + cos x > 0 
— f'(x)>0. 
Thus, f(x) is increasing on (0, 7/2). 
(ii) xe (n/2,7) 
= Tf DLO % 
99 22. 22) 
1 < 22 22 
= LC [vn/2cxcns ere 
= 100x°? > 100 ...(i) 
Also, xe (n/2,m) => —1<cosx<0 => 0>cosx>-1 vos) 
From (i) and (ii), we obtain that 
a xe (n/2,7) 
= 100x?? + cos x> 100-1 = 99>0 
=> 100x7? + cosx>0 => f’(x)>0 
Thus, f(x) is increasing on (1/2, 7). 
(iii) xe (0,1) = x”%>0= 100x” >0 
Also, x e€ (0,1) 
= x lies between 0 and 1 radian 
— x lies between 0° and 57° [-: 1°= 57°] 
=> x lies in first quadrant = cos x >0 


x€ (0,1) = 100x”+cosx>0 = f’(x)>0 
Thus, f(x) is increasing on (0, 1). 
(iv) We have seen in (iii) that f(x) > 0 forO<x <1. 
But, f (x) can be positive as well as negative when-1<x<0. 
So, f (x) can be positive as well as negative for x € (- 1, 1). 
Hence, f(x) is neither increasing nor decreasing on (-—1, 1). 


EXAMPLE 34 Which of the following functions are decreasing on (0, 1/2) ? 


(i) cos x (ii) cos 2x (iii) tan x (iv) cos 3x 
SOLUTION We have, 
(i) f(x)=cosx => f"(x)=-sin x. 


Now, xe (0, 2/2) > snx>0 = =—sinx<0 => f(x) <0 


So, f(x) is decreasing on (0, 7/2). 
(ii) Let f(x)=cos 2x. Then, f’(x)=—2 sin 2x. 
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Now, x € (0, 2/2) 

= O<x<n/2 => 0<2x <2 => sin2d>0 
=> —2sin2x<0 = f’(x)<0 

So, f(x) is decreasing on (0, 1/2). 

(iii) Let f(x)=tanx. Then, f(x) = sec? x. 

Now, x € (0, 1/2) => sec? x >0 = f(x) >0 
So, f(x) is increasing on (0, 1/2). 

(iv) Let f(x) =cos 3x. Then, f (x) =— 3 sin 3x 
Now, xe (0, 1/2) 


=> O<x<n/2 

=> 0<3x <3n/2 

= sin 3x can be positive as well as negative 

=> f(x) =—3 sin 3x can be positive as well as negative 


So, f(x) is neither increasing nor decreasing on (0, 1/2). 
SOME USEFUL RESULTS 


(i) ax* + bx +c >0 for all x = a>Oand b* -4ac <0 


(ii) ax? +bx+c<Oforallx = a<0 and b?-4ac<0 

(iii) If the least value of f(x) defined on [a, b] is positive, then f(x)>0 for all 
x € [a,b]. 

(iv) If the greatest value of f (x) defined on [a, b] is negative, then f (x) <0 for all 
x € [a, b]. 


EXAMPLE 35 Find the values ‘a’ for which the function f (x) =(a +2) x? —3ax*+9ax-1 
decreases for all real values of x. 
SOLUTION We have, 


f (0) = (at 2) x? - 3ax* + 9ax-1 
= f’ (x) =3 (a+2)x* —6ax+9a. 
Since f (x) is decreasing for all real values of x. Therefore, 


f’(«*) <0 forall xe R 


= 3 (a+ 2) x? -6ax+9a<0 forallxe R 

=> (a +2) x*~2ax+3a<0 forallxe R. 

= a+2<0O and 4a —4x (a +2) x3a<0 idee Sage Slate 
=> a<0O and Disc <0 

= a<-2 and a*-3a*-6a<0 

=~ a<-—2 and —2a*-6a<0 

= a<-—2 and —2a(a+3)<0 

Now, 


— 2a (a+3)<0 
=> a(a+3)>0 
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=> a<-3 or a>0 [See Fig. 17.39] 
+ - + 
Pr a 0 ca 
Fig. 17.39 
= ae (-2%,-3)U (0, ~) 
a<-2 and -—2a(a+3)<0 
= a<-—2 and aé (-~,-—3) U(0,%) 
= ae (-o,-3). 


Hence, f (x) decreases for all x € R, ifa € (— 9, — 3). 
EXAMPLE 36 Find the values of k for which f (x) = kx? — 9kx* + 9x +3 is increasing on R. 
SOLUTION It is given that f (x) is increasing on R. Therefore, 

f(x) > 0 forall xe R 


3k? —18kx+9>0 forall xe R 


kx? - 6kx +3 > 0 forallxe R 

k>0 and 36K —12k<0 aie oun 4 
=>a>0 and Disc <0 

k>0O and 412k (3k-1) <0 

k>0 and k (3k-1)<0 

3k-1 <0 [.k > 0] 


Yeu Y Ys 


= kicS -3/he (0,1/9). 
Hence, f (x) is increasing on R, ifk € (0,1 ayy 
a EXERCISE 17.2 


4. Find the intervals in which the following functions are increasing or decreasing. 


(i) fix) = 10- 6x — 2x [HSB 2002, 2002C] 
(ii) fx) =x +2x-5 
(iii) f(x) =6 -9x-x° (HPSB 2000, 2002, 2002C] 


(iv) fix) =2x9 -— 12x? + 18x + 15 
(v) flx) =5 + 36x + 3x* — 20° 
(vi) f(x) =8 + 36x +3x?- 27° 
(vii) f(x) = 5x? — 15x” - 120x +3 
(viii) flx) =x° — 6x* — 36x +2 
(ix) fix) = 2x? - 15x* + 36x +1 [CBSE 2005] 
(x) f(x) = 2x? + 9x* + 12x-1 
(xi) f(x) =2x° - 9x7 + 12x -5 
(xii) f(x) = 6 + 12x + 3x7 - 2° 
(xiii) f(x) = 2x? — 24x + 107 


(xiv) f(x) =- 2x7 -9x* - 12x +1 [HSB 2000] 
(xv) fx) = (x - 1) («= 2)" 
(xvi) f(x) = x9 - 12x + 36x +17 [CBSE 2001] 


(xvii) f(x) = 2x? - 24x +7 
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2 Bh nee ae 36 
(xviii) f(x) = > 3x" + 5 x+11 
(xix) te = 
4 
ices : kee 
bo) foy= 7 +a% aX 6x +7 


(xxi) f(x) = x4 — 407 + 47 4:15 
(xxii) f(x) = 5x3/2 _ 3y5/ oe x>0 
(xxiii) f(x) = x8 + 6x7 
(xxiv) f (x) = 2° - 6x? + 9x +15 [CBSE 2000, 2004] 


2 
(xxv) f(x) = {x (x-2)} 


. Determine the values of x for which the function f(x) = x*-6x+9 is increasing or 


2 _ 6x +9 where 


decreasing. Also, find the coordinates of the point on the curve y = x 
the normal is parallel to the line y = x + 5. 
Find the intervals in which f(x) =sin x—cos x, where 0 <x <2n is increasing or 


decreasing. [CBSE 2000] 


. Show that f(x) =e” is increasing on R. 


. Show that f(x) = e/* xz0isa decreasing function for all x ¥ 0. 
- Show that f(x) = log, x,0 <a<1 is a decreasing function for all x > 0. 


Show that f(x) = sin xis increasing on (0, 2/2) and decreasing on (1/2, m) and neither 
increasing nor decreasing in (0, 2). 
Show that f(x) = log sin x is increasing on (0, ~/2) and decreasing on (1/2, 1). 


- Show that f(x) =x — sin x is increasing for all x € R. 


- Show that f(x) = x? ~15x* +75x - 50 is an increasing function for all x € R. 


Show that f(x) = cos* x isa decreasing function on (0, 1/2). 


- Show that f(x) = sin x is an increasing function on (- 1/2, 1/2). 
. Show that f(x) =cosx isa decreasing function on (0, 7), increasing in (— 7,0) and 


neither increasing nor decreasing in (- 7 , 7). 


. Show that f(x) = tan x is an increasing function on (— 1/2, 1/2). 


. Show that f(x) = tan” (sinx +cosx) is a decreasing function on the interval 


(m/4, 1/2). 


- Show that the function f(x) = sin (2x + 1/4) is decreasing on (32/8, 51/8). 
. Show that the function f(x) = tan x — 4x is decreasing function on (— 2/3, 2/3). 


. Show that f(x) = (x-1) e*+1isan increasing function for all x > 0. 
. Show that the function x°-x+1_ is neither i increasing nor decreasing on (0, 1). 
. Show that f(x) = x + 4x7 +11 is an increasing function for all x € R. 


. Prove that the function ix) = x? — 6x7 + 12x - 18 is increasing on R. [CBSE 2002C] 


State when a ungeOn f(x) is said to be i increasing on an interval [a, b]. Test whether 
the function f(x) = x*-~6x+3is increasing on the interval [4, 6]. 


Show that f(x) = x* —x sin x is an increasing function en (0, 1/ im): 


Find the value(s) of a for which o= x? —ax is an increasing function on R. 
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25. 


26. 
PE 


28. 
PA? 


30. 


31. 


. Prove that the function f (x) = 3x° + 40x? + 240x is increasing on R. 
. Let f defined on [0, 1] be twice differentiable such that | f”(x)| <1 for all 


Find the values of b for which the function f(x) =sinx- bx +c is a decreasing 
function on R. 


Show that f(x) = x + cos x -— a@ is an increasing function on R for all values of a. 
Show that f(x) = sin x — cos x is an increasing function on (— 1/4, 1/4). 

Show that f(x) = tan! x-xisa decreasing function on R. 

Determine whether f(x) =- x/2 + sin x is increasing or decreasing on (— 1/3, 1/3). 


Find the intervals in which f (x) = log (1 + x) - 1 2 = is increasing or decreasing. 
[CBSE 2000 C} 
Find the intervals in which f (x) =(x + 2)e * is increasing or decreasing. 
[CBSE 2000 C] 


. Show that the function f given by f (x) = 10° is increasing for all x . 
- Prove that the function f given by f (x) = x — [x] is increasing in (0,1). 


[PSB 2000] 


x € [0, 1]. If f(0) = f(1), then show that | f’(x)| <1 for all xe [0,1]. 


. Prove that the function f given by f(x)=logcosx is strictly increasing on 


(— 1/2, 0) and strictly decreasing on (0, 1/2). 


ANSWERS 
Increasing Decreasing 
(i) (—, - 3/2) (3/2, o) 
Gs} (G1, 2°) (eter) 
(iii) (— 9, - 9/2) (—9/2, ©) 
(iv) (-%, 1) UG,%) (1,3) 


(v) (—2,3) 
(vi) (— 2, 3) 
(vii) (— ee, — 2) U (4, 2) 
(viii) (—, — 2) U (6, -) 
(ix) (—, 2) U (3, &) 
(x) (92,-2)U(-1, 2%) 
(xi) (— 9, 1) U (2, &) 
(xii) (— 1, 2) 
(xiii) (— 9, — 2) U (2, ~) 
(xiv) (—2,-1) 
(xv) (— %, 4/3) VU (2, %) 
(xvi) (—~, 2) U(6, &) 
(xvii) (— °°, — 2) U (2, ©) 


(xviii) (— 2, 1) U(3, ~) 


(xix) (1, °) 
(xx) (- 3,-1) U (2, 9) 
(xxi) (0,1) U (2, ©) 
(xxii) (- 9, 1) 
(xxiii) (0, e) 


f= 927i g) L)(3, 29) 
(= 2) (5, =) 
(— 2, 4) 

G 2, 6) 

(2, 3) 

(= 2 le 1) 

(1, 2) 

(ee, — 1) Ue) 
(— 2, 2) 

(= 08, ZK (= 17.09) 
(4/3, 2) 

(2, 6) 

(— 2, 2) 

(— 9, — 2) U (1, 3) 
(— 9,1) 

(+99, - 3) U (<1, 2) 
(—, 0) U (1, 2) 

(1, ©) 

(— 2, 0) 
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2, 


3 
22 


24. 


30 
31 


10. 


(xxiv) (— °°, -3) U (1, °%) (-3, 1) 

(xxv) (0,1)U(2,%) (— 0,0) U (1, 2) 
Increasing on (3, °°) and decreasing on (— 0, 3); (5/2, 1/4). 
. Increasing on (0, 31/4) U (71/4, 21) ; decreasing on (31/4, 77/4). 
. Increasing. 


asoO Phe Nie ade 29. Increasing. 
. Increasing on (0 , -) ; decreasing on (— 1, 0) 
. Increasing on (-e, — 1) ; decreasing on (— 1, ») 


HINTS TO SELECTED PROBLEMS 
1. (xxii) We have, 
fx) =5 2/2 - 39/2 
> fae —x) 
Now, f’ (x) >0 
= 2 Vx (1-x)>0 
=> 1-x>0 [-. Vx > 0] 
=>x<il 
(xxiii) We have, 
f(xy=x84+ 6x2 = f(x) = 4x (2x° +3) 
f(x) >0 = 4x (2x6 + 3) >0 > x>0 [+ 2x6+3>0] 
We have, 
fix) =e = f(x) =e& > 0 for all x € R = f(x) is increasing on R. 


Since e!/* > 0 for all x #0 and —1/x* <0 for allx #0. 
of) =— (1/x?) e!/* <0 for all x #0 


. We have, 


fr) =logax =f) = Figg 


Since 0 <a< 1, therefore log a <0. 


Nowers 01> 505 <i =i F(x you 
x x loga 


So, f(x) is decreasing for all x > 0 


. We have, 


f(x) =sin x => f(x) = cos x. 
So, f (x) is increasing on (0, 7/2) and decreasing on (1/2, 7). 


. Wehave, 


f(x) = log sin x = f(x) = cot x. 
Now, 0<x<17/2=> cotx>0=>f'(x)>0. 
and, t/2<x<n=cotx<0=>f’(x) <0. 


. We have, f(x) =x — sinx => f ‘(x) =1-—cos x. Since cos x < 1‘for all x € R, Therefore, 


1-—cosx20 forallxe R>f’(x) 20 forallxe R 
We have, 


f(x) = 8 -15x* + 75x - 50 
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= f(x) = 3x? - 30x + 75 =3(x-5)* 20 forallxe R. 

So, f (x) is increasing function for all x € R. 
11. We have, 

f(x) = cos*x => f(x) = -sin 2x. 

INOWAU aa / 2a 0 aarp > Simi2x 0 

=> —sin 2x <0 => f(x) <0. So, f(x) is decreasing on (0, 1/2) 
12. We have, 

f(x) =sin x => f’(x) =cos x. 

Now, - 1/2 <x <m/2=>cosx>0=> f(x) >0. Sof (x) is increasing on (— 1/2, 1/2). 
13. We have, 

f(x) =cos x = f’(x) =- sin x. 

Now,0<x<nx=>sinx>0=>-sinx<0 >f’(x)<0. 

So, f(x) is decreasing on (0, 7). 
14. We have, 

fix).= tan x = f’(x) = sec’ x. 

Now,-1/2< x<7/2 => secx>0 = sec? x >0 => f(x) >0. 

So, f(x) is increasing on (— 7/2, 1/2). 
16. We have, 

f(x) = sin (2x + 2/4) = f(x) =2 cos (2x + 1/4). 

ew wha 


. Now, x € care 
3n 


=> 32/8 <x<5n/8 = 3n/4<2x <5n/4>0<2x4+7/4<— 


2 
= 2 cos (2x + 1/4) <0 => f’(x) <0. 
So, f (x) is decreasing on (37/8, 77/8). 
17. We have, 
f(x) = tan x - 4x 
1-4 cos” x 


cos” 26 


, 4 1 2 2 1 il 
= 9) fh 69) ——cos x |=4sec" x|-——cos x || ~ + cosx 
Gated alter ln cata 


T T 1 1 
Now,-3 <x<, =cosx>-> ==2-cosx<0=>f"(x) <0. 


= f(x) = sec? x-4 = 


3 3 2 2 

So, f (x) is decreasing on (— 1/3, 1/3). 
18. We have, 

fx) =(x-1) +1 f(x) =x & > 0 for all x > 0. 
20. We have, 

f= 9x° + 28x°> 0 for allxe R 
21. We have, 

f(x) =3 (x - 2)? 20 for all xe R. 
22. We have, 

fix) =x? - 6x +3 f(x) = 2 (x —3). 

Now, 

x € [4,6] 


= x>3=52(x-3)>0S/'@)>0 
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= f(x) is increasing on [4, 6]. 


24. f(x) is increasing on R 


25. 


Pa 


= f"(x)20forallxe R 

=> 3x-a>Oforallx € R 

= a< 3x for allxe R. 

But, the least value of 3x7 is 0. Therefore a <0. 
Since f(x) is decreasing onR 

PALS Oe eae 

=>cosx-b<0O forallxe R 

=cosxsb forallxe R=>b21 

We have, f (x) = cosx+sinx = V2 sin (x + 11/4). 
Now, 


-0/4<x< 7/4 => 0<x+2/4<n/2>sin(x+7/4)>0=>f'(x)>0. 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


. What are the values of ‘a’ for which f (x) =a” is increasing on R? 

. What are the values of ‘a’ for which f (x) =a" is decreasing on R? 

. Write the set of values of ‘a’ for which f (x) = log, x is increasing in its domain. 

. Write the set of values of ‘a’ for which f (x) = log, x is decreasing in its domain. 

. Find ‘a’ for which f (x) =a (x + sin x) +4 is increasing on R. 

. Find the values of ‘a’ for which the function f(x) =sin x-ax+4 is increasing 


function on R. 


. Find the set of values of ’b’ for which f (x) = b (x + cos x) + 4 is decreasing on R. 


Find the set of values of ’a’ for which f (x) = x + cos x + ax + bis increasing on R. 
Write the set of values of k for which f (x) = kx — sin x is increasing on R. 


- If g (x) is a decreasing function on R and f (x) = tan! {g (x)}. State whether f (x) is 


increasing or decreasing on R. 


. Write the set of values of a for which the function f (x) =ax +b is decreasing for all 


xeER. 


. Write the interval in which f (x) = sin x + cos x, x € [0, 1/2] is increasing. 
. State whether f (x) = tan x — x is increasing or decreasing its domain. 


. Write the set of values of a for which f (x) = cos x + a’x+bis strictly increasing on R. 


— ——— ANSWERS 


ue 
oe 
9. 
aS: 


Qa 2. Ogre 3... Qiesl 4 O<a<l 
aé (0, ) 6. a € (—°,-1) 7. be (-~,0) 8. ae (0,0) 
k € (1, 2) 19. Decreasing 11. ae (-<, 0) 12. [0,7/4] 
Increasing 14. aé (-~,-1] U[1, ~) 
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MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


10. 


11. 


12. 


13. 


The interval of increase of the function f (x) = x — e* + tan (2/7) is 


(a) (0,°) (b) (-2,0) (c) (1, ce) (d) (-,1) 
- The function f(x) = cot™ 1 y+ x increases in the interval 
(a) (1,¢) (b) (1, %) (c)? (==,'e°) (d) (0, 2) 
- The function f (x) = x* decreases on the interval 
(a) (0,e) (b) (0, 1) (c) (0,1/e) (d) none of these 
. The function f (x) =2 log (x — 2) - x° + 4x + 1 increases on the interval 
(a) (1,2) (b) (2,3) (c) (1,3) (d) (2, 4) 
. If the function f (x)= 2x* —kx +5 is increasing on [1, 2], then k lies in the interval 
(a) (2,4) (b) ,) (eee) (d) (8, -) 
- Letf(x)= x° + ax? + bx +5 sin’x be an increasing function on the set R. Then, a and 
b satisfy 
(a) a*-3b-15>0 (b) a?-3b+15>0 
(c) a*-3b+15<0 (d) a>Oandb>0 
. The function f (x) 2 log. (* NP TE is of the following types : 
(a) even and increasing (b) odd and increasing 
(c) even and decreasing (d) odd and decreasing 
. If the function f (x) =2 tan x +(2a+1) log, | sec x | +(a—2)x is increasing on R, 
then 
(a)'we (1/2, 2) (b) ae (-1/2,1/2) 
(c) a = 1/2 (d) aER 


. Letf (x) =tan- 7 (s x) , where g (x) is monotonically increasing for 0 < x < ut Then, 


2 
f(x) is 
(a) increasing on (0, 1/2) 
(b) decreasing on (0, 1/2) 
(c) increasing on (0,7/4) and decreasing on (1/4, 1/2) 
(d) none of these 
Let f (x) = x° - 6x? + 15x +3. Then, 


(a) f(x) > Oforallxe R (bjefte), So- (n+) forallxeR « 
(c) f(x) is invertible (d) none of these 

The function f (x) = x’ e * is monotonic increasing when 

(a) x€ R-[0, 2] (b) 0<x<2 

(c) 2<x<0& (d) x <0 

Function f (x) = cos x - 2.x is monotonic decreasing when 
(AA as 2 t(D) Aes (jaz (d) A>2 


In the interval (1, 2), function f(x) = 2 |x-1]+3 |x-2| is 
(a) monotonically increasing _(b) monotonically decreasing 
(c) not monotonic (d) constant 
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14. 


15. 


(a) 
(c) 


16. 


(a) 


17. 


18. 


19. 


20. 


21. 


Dad, 


23. 


24. 


25. 


26. 


Zia 
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Function f (x) = x° — 27 x + 5 is monotonically increasing when 

(a) x<-3 bl thee 

(c) x<-3 (d) J x123 

Function f (x) =2 0° -9 97 +12 x4+29is monotonically decreasing when 
x< 2b) x>2 

e>p(d)el< <2 


If the function f (x) = kx -9 2x7 +9x+3is monotonically increasing in every inter- 
val, then 
k<3(b) k<3(c) k>3(d) k23 


ee tan | x- log {x +Vx+1 is monotonically increasing when 


(a) x>0 (b) x <0 (Qaverk (d) xe R-{0} 
Function f (x) = | x | — | x-1 | is monotonically increasing when 
(a) x<0 ((e)) ses 11 (cyneot (d) O<x<1 
Every invertible function is 
(a) monotonic function (b) constant function 
(c) identity function (d) not necessarily monotonic function 
In the interval (1, 2), function f (x) =2 |x-1| +3 |x-2| is 
(a) increasing (b) decreasing 
(c) constant (d) none of these 
If the function f (x) = cos |x| — 2ax + bincreases along the entire number scale, then 
(Qi Sg (b) a= (c) a<-> (d) a>-$ 

: x : 
The fnction f (x) = "Ra ial is 


(a) strictly increasing 

(b) strictly decreasing 

(c) neither increasing nor decreasing 
(d) none of these 


A sinx+2cosx 


The function f (x) = Siateiesate is increasing, if 

(a) A<1 (b) A>1 (C)RAK2 (d) A>2 
Function f (x) = a* is increasing on R, if 

(a) a>O (b) a<O (ce) Oa = (d) a>l 
Function f (x) = log, x is increasing on R, if 

(a) O<a<1 (by) a> (c) a<l (d) a>0 
Let o (x) =f (x) +f (2a — x) and f “(x) > 0 for all x € [0, a]. Then, @ (x) 
(a) increases on [0, a] (b) decreases on [0, a] 

(c) increases on [ —a, 0] (d) decreases on [a, 2a] 


If the function f (x) = x —kx +5 is increasing on [2, 4], then 
(a) ke (2,0) (b) KG. (Gee, 2) 
(c) ke (4,0) (d) ke (~~, 4). 
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28. 


29; 


30. 


The function f (x) =—x/2+ sin x defined on [- 2/3, 1/3] is 
(a) increasing (b) decreasing 


(c) constant (d) none of these 


If the function f (x) = x? — 9k x* + 27x +30 is increasing on R, then 


(a) -1<k<1 (b) k<-lork>1 
(c) 0<k<1 (d) -1<k<0 
The function f (x) = x? + 3x” + 64 is increasing on 

(a) R (b) (-=, 0) 

(c) (0, %) (d) Ro 


ANSWERS 


1. (b) 2. (c) 3. (c) 4. (b) 5. (a) 6. (c) 7. (b) 8. (c) 
OA(aTRAGANONIOMII. (b) 12. (@) «13. (6) «14. (d) 15. (cd) ~—s ‘16. (J 


17. 
20. 


(c) 18. (d) 19. (a) 20. (b) 21. (c) 22. (b) 23. (d) 24. (d) 
(b) 26. (b) Pat (0) 28. (a) 29. (a) 30. (a) 


SUMMARY 


. A function f(x) is said to be a strictly increasing function on (a, b) if 


Xy<X_ => f(xy) <f(x2) for all xy, x2 € (@, b) 

If = x4 <X2 => f(x1) >f(X2) for all x1, x2 € (a,b), 

then f (x) is said to be stricity decreasing on (a, b). 

A function f (x) is said to be monotonic on (4, b) if it is either strictly increasing or 

strictly decreasing on (a, b). 

A function f (x) is said to be increasing (decreasing) at a point x9 it there is an interval 

(x9 -h,x9+h) containing x9 such that f(x) is increasing (decreasing) on 

(Xo —h, Xp +h). 

A function f (x) is said to be increasing on [a, b] if it is increasing (decreasing) on 

(a, b) and it is increasing (decreasing) atx = aandx = b. 

The necessary and sufficient condition for a differentiable function defined on 

(a, b) to be stricitly increasing on (a, b) is that f’ (x) > 0 for all x € (a, b). 

The necessary and sufficient condition for a differentiable function defined on 

(a, b) to be strictly decreasing on (a ,b) is that f’ (x) <0 for all x € (a, b). 

Let f(x) be a function defined on (a, b). 

(a) If f’(x)>0 for all xe (a,b) except for a finite number of points, where 
f (x) =0, then f(x) is increasing on (a, b). 

(b) If f(x) <0 for all x € (a, b) except for a finite number of points, where f “(x) = 0, 
then f(x) is decreasing on (a, b). 

(i) If f (x) is strictly increasing function on an interval [a, b], then f~ ! exists and it 
is also a strictly increasing function. 

(ii) If f (x) is strictly increasing function on an interval [a, b] such that it is con- 

tinuous, then f~ 1 is continuous on [f (a), f (b)]. 

(iii) Iff (x) is continuous on [a, b] such thatf’ (c) 2 0 (f’ (c) > 0) foreachc € (a, b), then 

f (x) is monotonically (strictly) increasing function on [a,b]. 
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(iv) Iff (x) is continuous on [a, b] such that f’ (c) < 0 (f’ (c) <0) foreachc € (a, b),then 
f (x) is monotonically (strictly) decreasing function on {a, b}. 

(v) If f(x) and g(x) are monotonically (or strictly) increasing (or decreasing) 
functions on [a, b], then gof (x) is a monotonically (or strictly) increasing func- 
tion on [a, b]. 

(vi) If one of the two functions f (x) and g (x) is strictly (or monotonically) increasing 
and other a strictly (monotonically) decreasing, then gof(x) is strictly 
(monotonically) decreasing on [a, b]. 


MAXIMA AND MINIMA 


18.1 INTRODUCTION 

In the previous chapters, we have learnt about various applications of differentiation. In 
this chapter, we will apply differentiation to find the maximum and minimum values of 
differentiable functions in their domains. We will also define the points of local maxima 
and local minima which will also be obtained by using differentiation. In the end of the 
chapter, we will discuss the applications of maxima and minima in solving some applied 
problems. 


18.2 MAXIMUM AND MINIMUM VALUES OF A FUNCTION IN ITS DOMAIN 
MAXIMUM Let f (x) be a real function defined on an interval I. Then, f (x) is said to have the 
maximum value in I, if there exists a point a in I such that 

f(x) <f@ forallxe I. 
In such a case, the number f (a) is called the maximum value of f (x) in the interval J and 
the point a is called a point of maximum value of f in the interval I. 


Maximum value of f(x) at x =a 


Fig. 18.1 
Consider the function f given by 

f(x) = -(x-1)* +10 
Clearly, domain (f ) = R = (— , ©) 
We observe that 
~(x-1)?<0 forallxe R 
—(x-1)?+10< 10 forallxe R 
f@)=10 forallxe KR 


u 


y 
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=> f(x)<f(1) forallxe R [-. f()=-a -1)?+10=10] 


It follows from this expression that f (1) = 10 is the maximum value of function f and the 
point of maximum value of f is x = 1. This fact is also evident from the graph of function 
fas shown in Fig. 18.2. 


O (1,0) 
f(x) =-(x-1)? + 10 


De 
Fig. 18.2 


MINIMUM Let f (x) be a real function defined on an interval I. Then f (x) is said to have the 
minimum value in interval I, if there exists a point a € I such that 

f@2f@ forallxe! 
In such a case, the number f (a) is called the minimum value of f (x) in the interval J and 
the point a is called a point of minimum value of fin the interval I. 


Minimum value of f(x) at x =a 


Fig. 18.3 


Consider the function f given by 
f@) =x +5 

Clearly, domain (f ) = R = (— 09 , 0), 

We know that 


x7>0 forallxe R 


== x74+52>5 forallxe R 
=> f@)=5 forallxe R 
= f(x)2f(0) forallxe R 


It follows from this expression and the above definition that the minimum value of 
function f (x) = x* + 5 defined on R is 5 and the point of minimum value of f is x = 0. 
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This observation is also evident from the graph of f (x) = x* + 5 as shown in Fig. 18.4. 


Fig. 18.4 


In the above discussion, we have seen that the function f (x) = — (x- 1) +10,x € Rhas 
the maximum value but it does not attain the minimum value, because — (x — Le +10 
can be made as small as we please, which is also evident from the graph (Fig. 18.2). The 
function f (x) = x7 45 attains the minimum value 5 at x =0, but it does not attain the 
maximum value at any point in its domain. In fact, f (x) can be made as large as we 
please. From the graph of f (x) (Fig. 18.4), we find that the values of f (x) are increasing 
rapidly. That is why it does not attain the maximum value. 
Let us now consider the function f (x) = sin x defined on the interval [0 , 2 7]. 
Clearly, 

—1<sinx <1 forallxe [0,27] 
Also, f(m/2) = 1 and f(3 2/2) =-1 

f(3 1/2) <f (x) <f(n/2) forall xe [0,27] 
Thus, f (x) attains both the maximum value 1 and the minimum value — 1 in the interval 
[0,2 nm]. Points x=n/2 and x=3 7/2 are respectively the points maximum and mini- 


mum values of f in the interval [0,2 7]. This is also evident from the graph of f(x) as 
shown in Fig. 18.5. 


Fig. 18.5 


Now consider the function f given by f (x) = Peet 272) Clearly, it is an increasing 
function in the given interval (- 2, 2). So, it should have the minimum value at a point 
closest to - 2 on its right and the maximum value at a point closest to 2 on the left. In 


fact, it is not possible to locate such points as shown in Fig. 18.6. Therefore, f (x) = x? has 
neither the maximum value nor the minimum value in the interval (— 2, 2). 
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Fig. 18.6 


It follows from the above discussion that a function f defined on an interval I. 
(i) may attain the maximum value at a point in I but not the minimum value at any point 
in I. ; . 
(ii) may attain the minimum at a point in I but not the maximum value at any point in I 
(tii) may attain both the maximum and minimum values at some points in I. 
(tv) may not attain both the maximum and minimum values at any point in I. 


Let us now discuss more examples on the maximum and minimum values of functions 
in their domains. 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Find the maximum and the minimum values, if any, of the following functions 
(i) fx) =3x7+6x4+8,xER (ii) f(xy=- | x-1]+5forallxe R 
(iii) f() =sin3x+4,xe (-m/2,m/2) (iv) fx)=2x° +1 forallxe R 
(v) f(x) =sin (sin x) for allxe R (vi) f(x) = | x+3 | forallxe R. 
SOLUTION (i) Wehave, 
f(x) = 3x7 + 6x +8 
=> f(x) =3 (7 +2x 41) +5 = 3 (x41)? 45. 
Now, 3(x+1)* >0 forall xe R 


> 3(x+1)?+52>5 forall xe R 


A(x) =3(x + 1)? +5 


Fig. 18.7 
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© 


= f(x) 2f()) forall x e R, 
Thus, 5 is the minimum value of f(x) which it attains at x =— 1. 


Since f(x) can be made as large as we please. Therefore, the maximum value does not 
exist which can be observed from Fig. 18.7. 


(ii) We have, 


f(x)=-|x-1|+5 forall xe R 
Now, 
L&cak 2:0 forall «© 
=p =i -72 deesi0 oforallinxneR 
= ea ce arate a Furs i 
=> fie) = 9 torall “xe R. 
So, 5 is the maximum value of f(x). 
Now, 


fx%)=5=>- | x-1[4+5=5=> | x-1 | =0>x=1. 


Fig. 18.8 


Thus, f(x) attains the maximum value 5 at x = 1. 


Since f(x) can be made as small as we please Therefore the minimum value of f(x) does 
not exist (see Fig. 18.8). 


Gii) We have, 
fx) = sin3x+4 forall™x € K 


Now, =-i as Silor s 1 forall x © Kk 

= —14+4 < sin3x+4<1+4 forall xe R 
—> 3 < sin3x+4 <5 forall xe R 

=> oS fx) = 5* torallx ER. 


Thus, the maximum value of f(x) is 5 and the minimum value is 3. 


f(x) = sin 3x +4 


Now, f(x) = 5 


= Siow a — oi SIN Ox =e La Bx = Fx = 


aes ' T 
So, f(x) attains its maximum value 5 at x = 6 
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Also, f(x) =3 => sin3x+4=3 => sin3x=-1 


=> 3x=—-2 = x=-7 
ined 0 ae 


So, f(x) attains the minimum value 3 at x = — a 
(iv) We have, 
fe) = 2 #1, x0 © R. 


Here, we observe that the values of f(x) increase when the values of x are increased and 
f(x) can be made as large as we please by giving large values to x. So f(x) does not have 
the maximum value. Similarly, f(x) can be made as small as we please by giving smaller 
values to x. So f(x) does not have the minimum value also. (See fig. 18.10). 


f(x) = 341 


Fig. 18.10 
(v) We have, 
f(x)=sinx,x € R. 
Now, Sil Ss Sige = il femeill gee IR 
= sin(—1) < sin(sinx) S sin1 forall xe R 
[:.. sin x is an increasing function on [- 1, 1]] 
= =—sin 1 = f(x) = sin1 forallxe) R 


This shows that the maximum value of f(x) is sin 1 and the minimum value is — sin 1. 
(vi) We have, 


fix) = |x+3| forallx € R 
Now, [x+3 | 20 forall xe R 


f(x) = |x+3| 


Fig. 18.11 
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=> f(x) 2 0 forall xe R. 

So, the minimum value of f(x) is 0, which it attains at x = — 3. 

Clearly, f(x) = | x +3 | does not have the maximum value. (See fig. 18.11). 

EXERCISE 18.1 


Find the maximum and the minimum values, if any, without using derivatives of the following 
functions : 


1. f(x) =4x*-4x+40nR. 2. fix) =—(x- 1)? +2on R. 

3. f(x)=|x+2|onR 4. f(x)=sin2x+5onR 

5. f(x)=| sin4dx+3|onR 6. f(x) =2x° +5 onR. 

7. f(x)=- | x+1|+30nR. 

8.. f(x) = 16x7 — 16x + 28 on R 

9. f(x)=sin2x+5onR 10. f(x) = -lonR 
ANSWERS 

1. Min. = 3, Max. dose not exist. 2. Max. = 2, Min. does not exist. 

3. Min.=0, Max. does not exist. 4. Max. = 6, Min. = 4. 

5. Max. = 4, Min. = 2. 6. Max and Min. both do not exist. 

7. Max. = 3, Min. does not exist. 8. Min. = 24, Max. does not exist 

9. Max. = 6, Min. = 4 10. Max. and Min. both do not exist. 


18.3 LOCAL MAXIMA AND LOCAL MINIMA 
In the previous section, we have discussed about the greatest (maximum) and the least 
(minimum) values of a function in its domain. But, there may be points in the domain of 
a function where the function does not attain the greatest (or the least) value but the 
values at these points are greater than or less than the values of the function at the 
neighbouring points. Such points are known as the points of local minimum or local 
maximum and we will be mainly discussing about the local maximum and local 
minimum values of a function. 
LOCAL MAXIMUM A function f(x) is said to attain a local maximum at x = a if there exists a 
neighbourhood (a — 6, a + 5) of a such that 

f(x) <f(a) forall x € (a—8,a+8), x#a 
or, fix) —fla) < Oforallx € (a-8,a+8), x#a. 
In such a case, f(a) is called the local maximum value of f(x) at x =a. 
LOCAL MINIMUM A function f(x) is said to attain a local minimum at x = a if there exists a 
neighbourhood (a — 8, a + 8) of a such that 

f(x) > fla) forall xe (a—5,a+58),x#a 
or, f(x) -fla)>0 forall xe (a—-6,a+8),x#a. 
The value of the function at x =a i.e., f(a) is called the local minimum value of f(x) at 
x=a. 
The points at whicha function attains either the local maximum values or local minimum 
values are known as the extreme points or turning points and both local maximum and 
local minimum values are called the extreme values of f(x). Thus, a function attains an 
extreme value at x = a if f(a) is either a local maximum value or a local minimum value. 
Consequently, at an extreme point ‘a’, f(x) — f(a) keeps the same sign for all values of x 
in a deleted nbd of a. 
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In Fig. 18.12 we observe that the x-coordinates of the points A, C, E are points of local 
maximum and the values at these points i.e., their y-coordinates are the local maximum 
values of f(x). The x-coordinates of points B and D are points of local minimum and their 
y-coordinates are the loca] minimum values of f(x). 

NOTE By a local maximum (or local minimum) value of a function at a point x = a we mean 
the greatest (or the least) value in the neighbourhood of point x = a. and not the maximum (or the 
minimum) in the domain of the function. In fact a function may have any number of points of 
local maximum (or local minimum) and even a local minimum value may be greater than a local 
maximum value. In Fig. 18.12 the minimum value at D is greater than the maximum value at 
A. Thus, a local maximum value may not be the greatest value and a local minimum value may 
not be the least value of the function in its domain. 


Ya 


Fig. 18.12 


It follows from the above definition that if a is a point of local maximum of a function 
f, then in the neighbourhood of a the graph of fshould be as shown in Fig. 18.13. Clearly, 
f (x) is increasing in the left neighbourhood (a — 6 , a) of point a and decreasing in the 
right neighbourhood of x =a. 


Fig. 18.13 


f'(x)>0 forxe (a-5,a) 
and, 

f’ (x) <0 forxe (a,a+8) 
This suggests that f’ (a) must be zero. 
Similarly, if a is a point of local minimum of a function f, then in the neighbourhood of 
a the graph of f should be as shown in Fig. 18.14. Here, we observe that f (x) is decreasing 
in the left neighbourhood (a—8,a) of a and increasing in the right neighbourhood 
(a,a +5) of a. 

f’() <0 forxe (a—-S,a) 
and, 

f’()>0 forxe (a,a+8). 
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f(x) >0 


: fla) 
EE Oe See Se eee 
O a-5 a ft Oux 
Fig. 18.14 


This also suggests that f’ (a) must be zero. 

In view of the above discussion we state the following theorem (without proof) which 
is known as the necessary condition for points of local maximum or minimum. 
THEOREM A necessary condition for fla) to be an extreme value of a function f(x) is that 
f(a = 9, in case it exists. 

REMARK 1 This result states that if the derivative exists, it must be zero at the extreme points. 
A function may however attain an extreme value at a point without being derivable thereat. For 
example, the function f(x) = | x | attciis the minimum value at the origin even though it is not 
derivable at x =0. 


Be] 
S 
<7 


Fig. 18.15 Fig. 18.16 


REMARK2 This condition is only a necessary condition for the point x =a to be an extreme 
point. It is not sufficient i.e., f (a) = 0 does not necessarily imply that x =a is an extreme point. 
There are functions for which the derivatives vanish at a point but do not have an extreme value 
thereat. For example, for the function f(x) = x? £0) = 0 but at x = 0 the function does not attain 
an extreme value. 

REMARK 3_ Geometrically the above condition means that the tangent to the curve y = f(x) ata 
point where the ordinate is maximum or minimum is parallel to the x-axis. 

REMARK 4 As discussed in Remark 2 that all x, for which f (x) = 0, do not give us the extreme 


values. The values of x for which f (x) = 0 are called stationary points or turning points and 
the corresponding values of f(x) are called stationary or turning values of f(x). 


REMARK5 The values of x for which f’ (x) =0 or, f’ (x) does not exist are known as critical 
points. 
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18.4 FIRST DERIVATIVE TEST FOR LOCAL MAXIMA AND MINIMA 


In the previous section, we have seen that an extreme point (point of local maximum or 
minimum) the derivative of the function either does not exist or in case it exists, it must 
be zero. We have also seen that if ais a point of local maximum value of a function f, then 
there exists a neighbourhood (a — 6 , a + 8) of a such that 


f' ()>0 forallxe @Q—5,a) [See Fig. 18.13] 
and, f’ (x) <0 forall xe (a,a+8). 
In case, a is a point of local minimum value of function f, then there exists a neighbour- 
hood (a —6 ,a+ 5) of a such that 

f’ (x) <0 forallxe (a-5,a) 
and, f’(x)>0 forallxe @,a+5) [See Fig. 18.14] 
In the light of these observations, we state the following theorem (without proof) for 
finding the points of local maxima or local minima. 


THEOREM 1 (First derivative test) let f be a differentiable function defined on an interval I and 
leta € I. Then, 
(a) x=aisa point of local maximum value of f, if 
(i) f’(a) =0 and, 
(ii) f’ (x) changes sign from positive to negative as x increases through a, i.e. f’ (x) >O at 
every point sufficiently close to and to the left of a, and f’ (x) <0 at every point 
sufficiently close to and to the right of a. 


(b) x =aisa point of local minimum value of f, if 
(i) f’(@) =0 
and, 
(ii) f’ (x) changes sign from negative to positive as x increases through a, i.e. f’ (x) <0 at 
every point sufficiently close to and to the left of a, and f’ (x) >0 at every point 
sufficiently close to and to the right of a. 


(c) Iff’ (a) =Oand f’ (x) does not change sign as increases through a, that is, f’ (x) has the same 
sign in the complete neighbourhood of a, then a is neither a point of local maximum value nor a 
point of local minimum value. In fact, such a point is called a point of inflexion. 


The above theorem suggests the following algorithm to find the points to local maxima 
or local minima of differentiable functions. 

ALGORITHM 

STEPI Put y=f(x) 


STEPIl Find ay 
—— dx 


d , 
STEP I Put = Oand solve this equation for x. Let cy, C2, C3, ..., Cy be the roots of this equation. 
Cy, C2, C3, +++, Cy are stationary values of x and these are the possible points where the 


function can attain a local maximum or a local minimum. So we test the function at 
each one of these points. 


STEPIV Consider x =c}. 


d ae ‘e : 
If oe changes its sign from positive to negative as x increases through c,, then the function 


attains a local maximum at x = c,. 
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If fs changes its sign from negative to positive as x increases through c, then the 
function attains a local minimum at x = cy. 

d ode fe ie 
If does not change sign as x increases through cy, then x = C, is neither a point of 


local maximum nor a point of local minimum. In this case x = c, is. a point of inflexion. 
Similarly, we may deal with other values of x. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Find all the points of local maxima and minima of the function 


fx) =P - 6x7 49 x-8. 
SOLUTION Let y= flx) = -6x° +9 x-8. Then, 

Mu = f(x) = 3x7- 12x +9 = 3(x*- 4x43). 
For a local maximum or local minimum, we have 
a = 0 = 3(x*-4x4+3) = 0 => x = 1, 3. 


We have to examine whether these points are points of local maximum or local minimum 
or neither of them. 


We have, se = 3(x-1)(x-3) 


The changes in signs of ay for different values of x are shown in Fig. 18.17. 


ax 
+ oF + 
_ OO 
ee 1 3 ee 
Fig. 18.17 


Clearly, au changes sign from positive to negative as increases through 1. 


x =1isa point of local maximum. 


Also, ay changes sign from negative to positive as x increases through 3. 


So x =3 is a point of local minimum. 


EXAMPLE2 Find all the points of local maxima and local minima as well as the corresponding 
local maximum and local minimum values for the function 


fix) = (x- 1) («+17 
SOLUTION Let y = f(x) = (x- 1)? (x +1)*. Then, 


= = 3(x-1)* (x +1)? +2 (x +1) (x-1)° 


(x—1)* (+ 1) {3 (x+1)+2(x-1)} 


| 
i 
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d 
ss = (x- 1)? (x+1) (5x41). 
For a local maximum or local minimum, we have 
1 
au = 0 = (x-1)* (x +1) 6x +1) = 0 = x =1 or, x =—-1 or x= ss 
Now, we have to examine whether these points are points of local maximum or local 
minimum or neither of them. 


4 By, 
Since (x -1)° is always positive, therefore the sign of “4 is same as that the 


(x +1) (5x +1). 


The changes in signs of gy for different values of x are shown in Fig. 18.18. 


dx 
+ - 7 + 
—____o-—__o—___o— oe 
— 00 -1 _1 1 20 
5 
Fig. 18.18 

Clearly, au does not change its sign as x passes through 1. So x= 1 is neither a point of 
local maximum nor a point of local minimum. In fact, x = 1 is a point of inflexion. 
Clearly, i changes sign from positive to negative as x passes through — 1. 


ax 


So, x = — 1 isa point of local maximum. 

The local maximum value of f(x) at x =-- lis f(-1)=(- OP (=1 HIP 

It is evident from Fig. 18.18 that ay changes sign from negative to positive as-v passes 
through - 1/5. 


So, x =—1/5 is a point of local minimum. 


The local minimum value of f(x) at x =— 5 is 


3 \2 
dL Vrugl( vlant ot _ 3456 
‘lec 5 1} 51] ~ ~ 3125 
EXAMPLE 3 Find all the points of local maxima and local minima of the function 


f(x) =x° —6x7412x-8 
SOLUTION Let y = f(x) =x? — 6x* + 12x — 8. Then, 


au = 3x2—12x+12 = 3(x-2) 


For a local maximum or a local minimum, we have 


dy _ cS ees 2 
Fy 70 3(x-2P = 0 a x= 2. 


To see whether x = 2 is a point of local maximum, let us take points in the left and right 
neighbourhoods of x = 2. 
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We observe that 


ay > 0 for all x in the left nbd of x =2 


dy 


and, rs 


> 0 for all x in the right nbd of x = 2. 


d ; : 
Thus, a does not change sign as increases through x = 2. Hence, x = 2 is neither a point 


of local maximum nor a point of local minimum. In fact, it is a point of inflexion. 
EXAMPLE 4 Find the local maxima or local minima, if any, of the function 


: T 
f(x) = sinx+cos x, O<x<5 


using the first derivative test. 
SOLUTION We have, 


: d : 
y=f(x)=sinx+cosx => &Y = cos x-sinx 


dx 
For a local maximum ora local minimum, we have 
emer Vee rat Sein Otani A ree iO eee 
dx 4 2. 


Now, we will see whether x = 4 sapoint of local maximum or a point of local minimum 


or none of these. 


In the left nbd of x = rn , we have 


Tt ! ; dy 
X<q = cos x>sinx =>-cosx-—sinx>0 => Ape 


In the right nbd of x =] , we have 


us dy 
aa => cosx<sinx => cosx-sinx<0 => 7 Paine 


megane ays ; . T 
Thus, au changes its sign from positive to negative as x increases through ce 


So, f(x) attains a local maximum at x = fi 


EXAMPLE 5 Find the local maximum or local minimum, if any, of the function 
Tt 
f(x) = sint x + cos* x, O<x<5 


using the first derivative test. 


SOLUTION We have, 


y = f(x) = sm*x+cos*x 


&y 
dx 


= 4sin° x cos x -4 cos’ x sin x 


0<4x<2n 


18.14 

d : 
= se = ~4c08 x sin x (cos? x — sin? x) 

Bie 

dy ' 
= Fe = 72 sin 2x cos 2x = — sin 4x 
For a local maximum or a local minimum, we have 

dy _ 

dx 
= —sin4x = 0 
<= sin 4x = 

Tt 
=> aT |: 0<x<} es 
= eS iB 
eet 

In the left nbd of x =4 , we have 

wise => 4x<nm = sin4x>0 => -sin4x<0 => uM <0 
In the right nbd of x = a , we have 

a => 4x>7 => sin4x<0 => -4sin4x>0 => av 50 

dy : : 2h: : Tt 

Thus, a changes sign from negative to positive as x increases through 1 
SonG= 3 is a point of local minimum. 


4 


4 4 
The local maximum value of f (x) at x = 1/4 is ie - sin : ) + [ cos : = _ 
EXAMPLE6 Find the points at which the function f given by f (x) = (x - 2)* (x +1)° has 
(i) local maxima 


SOLUTION Wehave, 
f@) = —2)* @ +1) 


(ii) local minima (iii) points of inflexion. 


=> f' @) = 4(x- 2)? (x +1)? +3 (x-2)4 (+19 
~ f' (@) = (e— 2)? (x +1)? (7x —2) 
=> f’ (x) = (x- 2)? («+ 1) (x - 2) (7x -2) 
Now, 

Eo =i xis 2,-1,5 
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Since (x - 2)? (x +1)? is always positive. So, sign of f’ (x) dépends upon the sign of 


(x — 2) (7x — 2). The changes in signs of f’ (x) as x increases through 5 and 2 are shown 


in Fig. 18.19. 
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Fig. 18.19 


Clearly, f’ (x) changes its sign from positive to negative as increases through 2/7 . 


Paes : ' 
So, x= 7isa point of local maximum. 


We observe that f’(x) changes its sign from negative to positive as x increases 
through 2. 

So, x = 2 is a point of local minimum. 

There is no change in the sign of f’ (x) as increases through — 1. 

So, x =—1 isa point of inflexion. 


EXERCISE 18.2 


Find the points of local maxima or local minima, if any, of the following functions, using the first 
derivative test. Also find the local maximum or local minimum values, as the case may be : 


1. f(x) = (x-5)* 2. fix) = x°-3x 

3. f(x) =x9 (x- 1)" 4. f(x) =(x-1) (x+2) 

5. f(x) =(x- 1) (x +1)? 6. fix) =x? - 6x + 9x 415 

7. f(x)=sin2x, 0O<x<m1 8. f(x) =sin x — cos x,0<x<2n 
9. fx) =cosx,0<x<n 10. fix) =sin 2x -x,-F 8x55 


; a Tl 
= —x% —-—<x<= 
Ii. (x)= 2 sin xX, 7 =*S5 
< 


12. f(x) = siny+cosx,0<x 13. f(x) = x @x=1) 


ANSWERS 


- 1, x =5, point of local minimum, local min. value = 0. 
2. x =-1, point of local maximum, local max. value = 2 
x = 1, point of local minimum, local min. value = — 2. 
3. x =1is point of local maximum, local max. value = 0 
108 


C— 2 is the point of local minimum, local min. value = — 3125" 


5 
4, x =0, point of local min., local min value = - 4 
x =- 2, point of local max., local max. value = 0. 
5. x =—1,is a point of local max., local max. value = 0 
bas za is a point of local min., local min value = — Zee 
5 4 3125) 
6. x =1, point of local max., local max. value = 19 


x = 3, point of local min., local min. value = 15. 


7. X= a point of local max. local max. value = 1 
ot ; ‘ 
Goes vi point of local min, local min value = — 1, 


BR bees #, point of local max., local max. value = V2. 


ue ne point of local min., local min. value =— V2. 
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9. None in the interval (0, 7) 


V3 1 
Oe = point of local max., local max. value = pris 
V3. 
x= = point of local min., local min value = — rami a 
jh, ge > points of local. maximum, local max. vlaues = V3 - z 
x= ait points of local minimum, local min values = — V3 + - 


12. Max. atx =1/4, Local Max. value = V2. 


al eye ret 
13. Min. atx= 4’ Local Min. value = 512° 
14. Min. at x = 2, Local Min. value = 2. 
18.5 HIGHER ORDER DERIVATIVE TEST 


As we have seen in the previous section that finding the local maximum or local 
minimum by first derivative test is very time consuming and of course tedious for 
beginners because it is slightly difficult to determine the change in the sign of f “(x) as x 
increases through the points given by f (x) = 0. We have another test known as the Higher 
order derivative test which enables us to find the points of local maxima or local minima 
more easily and more quickly. 


THEOREM (Higher Order Derivative Test) Let f be a differentiable function on an interval I and 
let c be an interior point of I such that 


i) f(O=f"O=f"O =... =f" (© = Oand, (ii) f" (0) exists and is non-zero. 
Then, 
ifn is even and f” (c)<0 = x=c isa point of local maximum 
ifn is even and f” (c)>0 = x =c isa point of local minimum 
ifnisodd = x=c is neither a point of local maximum nor a point of local minimum. 


This theorem suggests the following algorithm to find the points of local maximum and 
local minimum. 


ALGORITHM 
STEPI Find f’(x) 
STEPH Put f’(x) =Oand solve this equation for x. Let c1, Cp, ..., C, be the roots of this equation. 


Cy, C2, ++, Cy are stationary values of x and these are the possible points where the 


function can attain a local maximum or a local minimum. So we test the function at 
each one of these points. 


STEP HI Find f’’(x). Consider x = cy. 
If f (cz) < 0, then x = c; is a point of local maximum. 
If f (cz) > 0, then x = c, is a point of local minimum. 
if f (cy) = 0, we must find f(x) and substitute in it cy for x. 
If f (cy) #0, then x = cy is neither a point of local maximum nor a potni of local 
minimum and is called the point of inflection. 
If f (cy) =0, we must find f . (x) arid substitute in it cz for x. 
Hee (cy) <0, then x = c is a point of local maximum and if flV (c}) > 0, then x = ¢, 
is a point of local minimum. 
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igflv (cy) = 0, we must find f Y (x), and so on. Similarly the values of C>, C3, ..., may be 
tested. 
POINT OF INFLECTION An arc of a curve y=f(x) is called concave upward if, at each of its 
points, the arc lies above the tangent at the point (see Fig. 18.20). 
If y = f(x) is a concave upward curve, then as x increases, f’(x) either is of the same sign 
and increasing (see Fig. 18.20) or changes sign from negative to positive (see Fig. 18.21). 
In either case f ’(x) is increasing and so f’’(x) > 0. 


eee 


Fig. 18.20 Fig. 18.21 


Thus, for a concave upward curve f(x) > 0. 

An arc of a curve y = f(x) is called concave downward if, at each of its points, the arc lies 
below the tangent at the point. 

If an arc of a curve y =f(x) is concave downward, then as x increases, f ’(x) either is of the 
same sign and decreasing (see Fig. 18.22) or changes sign from positive to negative (see 
Fig. 18.23). In either case f ’(x) is decreasing and so f’’(x) < 0. 

Thus, for a concave downward curve f(x) < 0. 


ay Y 


x! 


of X O 
Fig. 18.22 Fig. 18.23 


POINT OF INFLEXION A point of inflection is a point at which a curve is changing concave 
upward to concave downward, or vice-versa. Y 


A curve y=f(x) has one of its points x =c as an inflection 
point 
if f’’(c) =0 or is not defined and 


if f’’(x) changes sign as x increases through x = c. 


The later condition may be replaced by f’’(c)#0 when 


f’’(c) exists. 
Thus, x =c is a point of inflection if f’"(c)=QOandf’’"(c)#0.  O 


Fig. 18.24 
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PROPERTIES OF MAXIMA AND MINIMA 
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(I) If f(x) is continuous function in its domain, then at least one maxima and one minima 


must lie between two equal values of x. 


(Il) Maxima and Minima occur alternately, that is, between two maxima there is one 


minimum and vice-versa. 


(III) If f(x) > as x — a or band f(x) =0 only for one value of x (say c) between a and b, 


then f(c) is necessarily the minimum and the least value. 


If f(x) —> — ce.as x > aor b, then fic) is necessarily the maximum and the greatest value. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find all the points of local maxima and minima and the corresponding maximum 


and minimum values fe the function 
f(x) = De SoG tec © 32 +105 
SOLUTION We tes 


f(x) = -2x 4-30-22 +105 


= f(x) = — 3x3 — 24x? - 45x = -—3x (x7 +8x 415) 

For local maximum or local minimum, we must have 
f'@)=0 

=> — 3x (x7 +8x+15)=0 

= =3X% (X13) 445) =0'Sx=0'=3'—5 


Thus, x = 0, x =— 3 and x =— 5 are the possible points of local maxima or minima. 


Now we test the function at each of these points. 
We have, f(x) = —9x*-48x-45 
At x=0: Wehave, 

f’(0)=-45<0 
So, x = 0 is a point of local maximum. 
The local maximum value of f(x) at x = 0 is f(0) =105 
At x=-3: Wehave, 

f'(-3) =-9 (—3)* - 48 (-3) - 45 = 18 >0 
So, x =~ 3 is a point of local minimum. 
The local minimum value of f(x) at x = - 3 is 


=~3)s52 ~ 3) Sey aL SA a Ocp3t 
faery sy =8(-3) 7 (3) +105 =F 


Atx=-5 : Wehave, 
f'(-5) =-9 (— 5)? — 48 (- 5) - 45 =- 30 <0 


So, x =—5 is a point of local maximum. 


The local maximum value of f(x) atx =-5is 


f- 5)=- 3 (- 5)*—8 (-5)°- 2 5)? +105 = a= 
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EXAMPLE2 Find all the points of local maxima and minima and the corresponding maximum 
and minimum values of the function 


fx) = 2 — 21 x7 + 36x - 20 
SOLUTION We have, 
flx) = 2x7 - 21 x7 + 36x - 20 
=> f(x) = 6x? — 42x + 36 
For local maximum or local minimum, we must have 
fe) = 0 = 62° - 42x +36 = 0 = (x-1)(@-6) =0 > x = 1,6. 
Thus, x = 1 and x = 6 are the possible points of local maxima or minima. 
Now we test the function at each of these points. 
We have, f(x) = 12x-42 
Atx=1: Wehave, 
f”Q) = 12-42=-30<0 
So, x = 1is a point of local maximum. 
The local maximum value is f(1) = 2—21+36-20 = -3 
Atx=6:-Wehave, 
f’(6) =12 (6) - 42 =30>0 
So x = 6 is a point of local minimum. 
The local minimum value is (6) = 2 (6)>-21 (6)? +36 x 6-20 = — 128. 


EXAMPLE3 Find the points of local maxima and local minima, if any, of each of the following 
functions. Find also the local maximum and local minimum values, as the case may be: 


(i) fix) = sin 2x - x, where - 5 SxS 


(ii) f(x) =sin x +5 cos 2x, where 0 <x < 


N\A 


(iii) f(x) = sin* x + cos* x, 0<x < ; 


SOLUTION We have, 


(i) f(x) =sin 2x-x 
= f'@) =2:cos2x.— 1 
For local maximum or minimum, we must have 
f(x) = 0 
=e 2cos2x-1=0 
= cos 2x = 5 
aoe Lye pn eee of eS 
=. eee Or a ee TS T 
eet or ea x 
a tye cess “tar x6 
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Thus, x =— 4 and x= z are possible points of local maxima or minima. 

Now, we test the function at each of these points. 

We have, f(x) = -—4 sin 2x. 

At X=-1/6: Wehave, 


f{-§) = -49in(-3] = 4x52 -2G>0 


Te ; Fees 
So, x = -— is a point of local minimum. 


6 
ey tm cee e (3 Nk ea Sue 
The local minimum value is [-3]= sn[ B te Sema 
At x=1/6: Wehave, 
2 oe ne ee 2 
rf Es 4sin3= eae 2 V3 <0 
So, x= y is a point of local maximum. 
. : TT _t wt VB 
The local maximum value is s( 6 } solic Bay ates oat 
(ii) We have, 
f(x) = sinx +3 cos 2x, where 0 <x < 
=> f’(x) = cos x- sin 2x. 
For local maximum or minimum, we must have 
f(x) = 0 
—) COS sin) 0) 
= cos x-2sinxcosx = 0 
=> cos x (1-2 sinx) = 0 
=> cos x = 0 or, 1-2sinx = 0 
: iL 
= cos x=0 or, aS 5 
meu eels 3 
=> t=5 OF k= E baneee: 
IGOR, oF 2 and x = are possible points of local maxima or local minima. 
Now we test the function at each of these points. 
We have, f(x) = - sin x — 2 cos 2x 


At x=1/6: Wehave, 


ry kd Sel i tpg ee Fa) 
A sin © 2cos 3 = 5 2x,= 7 <9 
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he : 
So, x= 63s the point of local maximum. 


The local maximum value is A$) = sin +5 cos = 37321 = 


At x=m/2: Wehave, 


LS ae a lng ae Ta Ps = 
iles\e sins 2costm=-1+2=1>0 


Tt. : bia 
So, x = 5 is the point of local minimum. 


2 
The local minimum value is f x =sin Qt cosn= 1 ap ag: 
2 22 2 is 

(iii) We have, 

f(x)= sin? x + cos* x, where 0<x< s 

jin = 4 sin? x cos x — 4 cos’ x sin x 
= f@= ~4 cos x sin x (cos x — sin? x) 
= f(x) = —2 sin 2x cos 2x = - sin 4x. 
For local maximum or local minimum, we have 

f(x) = 0 
=> —sin4x = 0 
7 AXA fs O<x<5 » 0<dr<2e | 
= att / 4 


Now, f(x) = —4cos 4x 
a rf Z| = -deosn = CH CD = 450 


6) 8 ri is a point of local minimum and the local minimum value is 


f Z| = sint = + cost# = nae + } oa paves 
Ailes 4 7 Wim | WEN 3, WO) levy am Ske 2 
EXAMPLE4 Find the points of local maxima or local minima, if any, of the following functions. 
Find also the local maximum or local minimum values, as the case may be: 
(i) f(x) =sin x + cos x, where 0<x< = 
(ii) f(x) =sin x -cos x, where 0<x<2n 
(iii) f(x) =sin 2x,where 0<x<17 
(iv) f(x) =2cosx+x, where 0<x<7. 
(v) fe) =2sinx-x,—"*<x<" 
2 2 
SOLUTION (i) We have, 


: Tt 
f(x) =sin x + cos x, where 0<x <7, 


f(x) = cos x-sin x. 
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For local maximum or minimum, we have 


f(x) = 0 
— cos x—sinx = 0 
= cos % = sin x 


== eiguoe = Nh Sy he 


Tt 
E 0 <x a< 5 | 


” Ee en = 1 =e eee. —= — 
Now, f(x) = —sinx-cos x =1{4 | sin | cos V2 <0. 


la 


La : ; ve 
Thus, x=7 isa point of local maximum or minimum. 


So, x= - is a point of local maximum. 
The local maximum value is 
nm 2 Re A ee 
AZ ]= sing cosg = et ai = = V2. 
(ii) We have, 
f(x) =sin x — cos x, where 0 <x <2n 


= f’(x) = cosx+sinx 
For local maximum or minimum, we have 
i, ea 
= cosx+sinx = 0 
=> sinx = —cosx 
— tanx =-1 x= 57 or, x= 4 [.. O<x<2n] 
Thus, x = a and x = a are possible points of local maximum or minimum. 
Now we test the function at each of these points. 
We have, f’(x) = —sinx+cos x 


At x=3n/4: Wehave 


So, x= oe is the point of local maximum. 


The local maximum value is 


if a bain cos te aaa 
4 4 me 


si 
sis 
S 


At x=7n/4: Wehave, 


tf chs best Ge eos = ee ee 
4 4 Ae NN Gye 
So, the function attains a local minimum at x = 


The local minimum value is 


Zit (2. nen he en 
s[ B= cos = a Parone ke 


MAXIMA AND MINIMA 18.23 


(iii) We have, 
f(x) = sin 2x, where 0<x<n7. 


= J (x) = 2. cos 2x. 
For local maximum or local minimum, we have 
f(~=0 
= PCOS Xa—=0) 
= cos2x—"0) 
= 2x = 5) = PROMO Keka OY (Ne Bhs Radi 
= ees ot 
¥ ab al 


Tt T : : a 
Thus, x = 4 and x= oe are possible points of local maximum or local minimum. 


Now we test the function at these points. 
Wehave, f(x) = —4sin 2x 
At x=m/4: We have, 


Tt 


ed eer 
ai 4 sin, 4<0. 


2% : 
So, x= 4isa point of local maximum. 


The local maximum value of f(x) is f ii ie sin = =1. 
At x=37/4: Wehave, 


AST) __ 4. SH _ 
gee }- 4sin=, =4>0. 


T . : Rens 
So, x = ——, is a point of local minimum. 


= 
ee : oT _ St 

The local minimum value of f(x) is f red era iN 
(iv) We have, , 

f(x) =2 cosx+x,where0<x<T. 
= if (tae ie oI EL, 
For local maximum or minimum, we have 

f(x) =0 
=> -2sinx+1=0 = sinx=5 912228 loo Oreseceand 


Tt 51 : : , oe 
Thus, x = 6 and x= “@ are possible points of local maximum or minimum. 


Now we test the function at these points. 
We have, f(x) = —2.cos x 


Atx=m/6: Wehave, 


” T eae Mie 
nf Gi 2 cos ¢ V3 <0. 


So, Kae is a point of local maximum. The local maximum value of f(x) is 
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ae Chapa eae U3 
£(8}- 2cos Ete SE Sikes 


Atx=5n/6: Wehave, 


»( ST \__ On _ 
f @ }- 2 cos 6 = V3 >0. 


Son = we is a point of local minimum. 


The local minimum value of f(x) is 


51 Bie ort 5 
J[E]=20 Bathe =— V3 + 6" 


(v) We have, 

f(x) = 2sinx —x where—1/2<sx<s1/2 
=> f(x) = 2cosx-1 
For local maximum or minimum, we have 

f(x) =0 
= PCOS Me hle—0)=—COS alll 2 —— Xt 0 [.--m/2<sx<n/2] 
Thus, x = + 71/3 are points of local maximum or minimum. 
Now, f(x) =-2sinx. 
Atx=-m1/3: We have, 

f(x) =-2sin (- 2/3) =2 sin 2/3 = 2V3/2=V3 >0 
So, x =— 1/3 is a point of local minimum. 
The local minimum value is 

f(-"/3) = 2sin(— 12/3) —(- 2/3) = -V3 +2/3. 
Atx=m/3: Wehave, 

f(x) =-2 sin 2/3 =- V3 <0. 
So, x = 1/3 is a point of local maximum. 
The local maximum value is 

fim /3) =2 sin 2/3 — 2/3 =V3 - 1/3. 


EXAMPLE 5 Show that none of the following functions has a local maximum or a local 


minimum: 
f 3 2 ae x mee 
(i) x +2°4x41 (ii) e (iii) log x. (iv) cosx,0<x<mt 


SOLUTION (i) Let f(x) = P+xrtxe. Then, 


f’ (x) =3x7 +2 +1. 
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For a maximum or minimum, we have 
f' (x) = 0 = 3x7 + 2x +1=0. 
But, this equation gives imaginary values of x. 
So, f’ (x) #0 for any real value of x. 
Hence, f (x) does not have a maximum or minimum. 
(ii) Let f (x) =e*. Then, 
Pose. 
Since f’ (x) #0 for any value of x. 


So, f (x) = e* does not have a maximum or a minimum. 
(iii) Let f(x) = log x. Then, 
poe 
Clearly, f’ (x) #0 for any value of x. 
So, f (x) = log x does not have a maximum or a minimum. 
(iv) Let f(x) =cos x. Then, 
f(x)=-sinx. 
Clearly, f(x) #0 for any x € (0,7). 
So, f(x) = cos x does not have a maximum or minimum on (0, 7). 


ax —b 
(x —1) (x-4) 
show that y is maximum at P. 


EXAMPLE6 Ify= has a turning point P (2, — 1), find the vlaues of a and b and 


SOLUTION We have, 


ax —b ax—b a 


Gill 4) x2 ed 


dy _ (x°-5x+4)a-(ax-b) (2x-5) 


= oP o2 =z 5x +42 (ii) 

dy (4-10+4)a-(2a-b) (4-5) ib 
* dx |, 2 > oA 

is (4-10+4) 
Since P is a turning point of the curve (i). Therefore, 
baa =03-2205b=0 iii) 
* Ip 
ax —b 


Since P(2, — 1) lies on y = G@oiioar Therefore, 
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2a—b 2a —b , 
=== z og = —_ - 2 cont 
CY Pa ke 1 ap ee b (iv) 


From (iii) and (iv), we get a = 1, = 0. 


co! 


Substituting the values of a and D in (ii), we get 


dy _ Q2-5x+4)-x(Qx-5)_ x +4 
dx (x? -5x + 4) (2 — 5x + 4) 
Es By (x2 5x44)? (2x) -(- x7 +4) 207 ~ 5x + 4) Qx-5) 
dx? (2 -5x+4)4 
2 2 2 ns 
As dy _ —2x(x*-5x+4)+2 (x -4) (2-5) 
dx” (x2 — 5x +4)? 
2 —_ — 
Now, (Z| - oana £4] - CACH __1<0 
Z (271) dana as (2) 


So, y is maximum at P whena=1 and b=0. 


/ x 
EXAMPLE7 Show that the maximum value of Fe is e1/°, 


x 

SOLUTION Lety=( 5 ee 
= log y=—x log x 

ards ss 
=> ve (1 + log x) 

a 
= = = —y (1+ log x) 

dy dy y 
= dx* Ax cos) e UTC) x 

d? . ages age 
=> Cpe (oplog ay aaa (14 ley ae 


For maximum and minimum, we must have 


d 
cal 
= —y(1+log x) =0 
=> 1+log x=0 
=> logx=-1 
= xaelat [ --log, A=B>A=e 
e - 108e — Gal 
Also, 
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2 
ey etre (e7!)- 1/e qd — log e)? a (etyrivert 
ber—sl ite 


2 
= d“y = -el/e¢j —1)?-el/erl sp ety) 
dx” x=1/e 


So, x=1/e is a point of local maximum. The local maximum value of y is given by 


EXAMPLE8 Show that sin? ® cos! ® attains a maximum, when 0 = tan! Va : 


SOLUTION Let y = sin? @cos?0. Then, 

ilies p sin’! @ cos @ cos? @ + sin? @ q cos?! @ (— sin ®) 
= oy = psin’!6cos!*19-qsin’*'@cos?~ 16 

=> ay = sin’! @ cos?! 6 (p cos” 6 —q sin’ 6) 

sin 8 cos 8 


¥ pW ae ered 
sin costo Bonen ooasi 8) 


oe Ae sin? @ cos‘ 8 (p cot 8 — q tan 8) 


dé 

For maximum or minimum, we must have 
dy 
Te 


= sin? 0 cos’ 6 (p cot@-gqtan®) = 0 


= sin’ ® = Oorcos?@ = Oorpcot8-qtand = 0 
= sin’ @ = 0 or, cos?@ = 0 or, tan® = 


= 69 = Oor,6 = n/2or,6 = tan! Vp/q = a(say) 


Now, = sin? 0 cos? 6 (p cot 8—q tan ®) = y (p cot 6-4 tan 8) 


2 
oe = & (p cot 0 —q tan 6) + y (~ p cosec” 0 ~q sec? 6) 


; 2 ga | 
=> dy = dy E 4 _g E + sin? 0 cos! 6 [— p cosec? 0 — q sec” 6] 
de }, dO Jo_g p q 
=o 
p 
= a = 0-sin’ 0 cos! 0 (p cosec? 6 + q sec” 8) <0 
0=a 


: 14 |p 
Hence, y is maximum when 6=@ = tan : ae 
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EXAMPLE9 Find the maximum profit that a company can make, if the profit function is given 


by P(x) = 41 + 24x - 18x". 
SOLUTION We have, 
P(x) = 41 + 24x — 18x? 


2 
— AP) 94-36x and £ PO) _ _ 36 
dx dx 


For maximum or minimum, we must have 
Sou = 24—36x7 = 0 => = 2/3 
Also, 


dx? 


2 
ae = ge 0! 
baie! 


So, profit is maximum when x = 2/3. 


Maximum profit = (Value of P(x) at x = 2/3) = 41 + 24 x (2/3) — 18 (2/3)° = 49 


EXAMPLE 10 If f(x) =alog | x | + bx” + x has extreme values at x =— 1 and at x =2, then 


findaand b. 
SOLUTION Clearly, domain (f) = R — {0} 
We have, 


f(x) = alog | x | +bx?+x 


= f(x) = 4 2bx+1 


Since f (x) has extreme values at x = — 1 and x = 2. Therefore, 


f’ (-1) = 0 and f’(2) = 0 


= -a-2b+1=0 and 5+4b+1=0 
=> a+2b =1 and a+8b = -2 
Solving these equations, we get 
1 
a=2 and b= ar 


EXERCISE 18.3 


1. Find the points of local maxima or local minima and corresponding local maximum and 
local minimum values of each of the following functions. Also, find the points of inflection, 


ifany: 
(i) fix) =x — 62x7 +120x +9 
(ii) fle) = 2° - 6x? + 9x +15 
(iii) f(x) = (x - 1) (x +2)? 
(iv) fx) =2/x-2/x7, x>0 
(v) f(xj=xe 
(vi) f(x) =x/2+2/x,x>0 
(vii) f(x) =(xt 1) (x +2)'9, x2-2 
(viii) f(x) =x V32-x°,-5<x<5 


MAXIMA AND MINIMA 


I 


ade 


(ix) flix) = -2axr +07 x,a>0,xE R 


2 
(x) fayax+%, a>0, x0 


(xi) f(x) =x V2-2? -V2 <x<V2 


(xii) f(x) =x+V1—x,x<1 


(i) fx) =(«-1) (x - 2 
(ii) f(x)=xV1-x,x<1 


(iii) flx) = (x - 1° (x +1) 


. Find the local extremum values of the following functions : 
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The function y = a log x + bx? +x has extreme values at x = 1 and x = 2. Finda 


and b. 


. Find the maximum and minimum values of the function f(x) = 


(i) Local Max. at x = 1, 
Local Min. at x = 5, -6; 


(ii) Local Max. atx =1, 
Local Min. at x = 3, 
(iii) Local Max. at x =—2, 
Local Min at x = 0, 
(iv) Local Max. at x = 2, 
(v) Local Min. atx =-1, 
(vi) Local Min. at x = 2, 


(vii) Local Min. atx =- 7/4, 


(viii) Local Max. at x = 4; 
Local Min. at x = — 4; 


(ix) Local Max. at x =a/3, 


Local Min. at x =a, 

(x) Local Max. at x =-a, 
Local Min. at x =4, 

(xi) Local Max. at x = 1, 

Local Min. at x =-1, 

(xii) Local Max. at x = 3/4, 

(i) Local Max. value = 4/27 

atx =4/3 


log x L 
. Show that ae has a maximum value at x =e. 


Xe 


. Find the maximum and minimum values of y = tan x — 2x. 


Local Max. value = 68 

Local Min. values are — 1647 
and — 316. 

Local Max. value = 19 

Local Min. value = 15 

Local Max. value = 0 

Local Min value = — 4 

Local Max. value = 1/2 
Local Min. value = — 1/e 
Local Min. value = 2 


Local Min. value = — a 
4 /3 
Local Max. value = 16 
Local Min. value = — 16 

3) 


Dif 
Local Min. value = 0 
Local Max value -2a 
Local Min. value = 2a 
Local Max. value = 1 
Local Min. value = — 1 
Local Max. value = 5/4 


Local Min. value = 0 at x = 2 


Local Max. value = 


FF SR ek 
(ii) Local Max. value = 33 atx=2/3 
(iii) Local Max. value 3456/3125 Local Min. value = 0 atx =-1 


atx=-1/5; 
a=-2/3, b=-1/6 


4 
TRL 


ANSWERS 
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5. Local Max. value=-6atx=-—4; Local Min. value = 2 atx =0. 


6. Local Max. value = - 1 — 37/2 Local Min. value = 1-1/2 
atx =3n/4; atx = 1/4: 


18.6 MAXIMUM AND MINIMUM VALUES IN A CLOSED INTERVAL 

Let y = f(x) bea function defined on [a, b]. By a local maximum (or local minimum) value 
ofa function ata pointc € [a, b] we mean the greatest (or the least) value in the immediate 
neighbourhood of x = c. It does not mean the greatest or the maximum (or the least or the 
minimum) of f(x) in the interval [a, b]. A function may havea number of local maxima or 
local minima ina given interval and evena local minimum may be greater than a relative 
maximum. 

Thus, a local maximum value may not be the greatest 
(the maximum) value and a local minimum value y 
may not be the least (the minimum) value of the 
function in any given interval as shown in Fig. 18.25. 


However, if a function f(x) is differentiable and con- 
sequently continuous on a closed interval [a, b], then 


it attains the absolute maximum (absolute mini- fla) B 
mum) at stationary points (points where f’ (x) = 0) or : 

at the end points of the interval [a, b]. Thus, to find i f(b) 
the absolute maximum (absolute minimum) value of ; ; 

the function, we choose the largest and the smallest O x 


amongst the numbers f(a), f(cy), (C2), Aen), f(b) 
where X = C1, C2, ..., C, are the stationary points. 


Fig. 18.25 


The following is the working rule for finding the maximum (absolute maximum) and the 
minimum (absolute minimum) of a function f defined on a closed interval [a, b]. 


ALGORITHM 

STEPI Find f’ (x) 

STEP Put f’ (x) =O and find values of x. Let cy, C2, ..., Cy be the values of x. 

STEPIN Take the maximum and minimum values out of the values fia), 
Ff (€1), f (C2), »-f (Cn), f ©). 


The maximum and minimum values obtained in step III are respectively the largest or 
absolute maximum and the smallest or absolute minimum values of the function. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the maximum and minimum values of f(x) = 2x3 — 24x + 107 in the interval 
Lipo 


SOLUTION We have, 
fx) =228 -24x+107 
= f' @)=6x°-24 
Now, f’(x) = 0 = 6x*-24=0>5x=+4+2 
But, x=-2 ¢€ [1,3] 
So x = 2 is the only stationary point. 
Now, (1) = 2-24+107=85, 
f(2) = 2 (2) - 24 (2) +107 = 75 
and, (3) = 2(3)°-24x34+107=89 
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Hence, the maximum value of f(x) is 89 which it attains at x = 3 and the minimum value 
is 75 which is attained at x = 2. 
EXAMPLE2 Find the maximum and minimum values of f(x) = sin x in the interval [r, 21]. 
SOLUTION We have, 

f(x) = sin x 
= f‘(x)=cosx 
For stationary points, we must have 

3m 


f' (x) =0 = cosx=0 > x=*> [xe [7,2 n}] 


Now, f(t) =sinn= 0,f| - i. sin am =-—1 and f(27) =sin 2n = 0. 
v 


Hence, the maximum value of f(x) is 0 which it attains at x = mand 27, and the minimum 


value is — 1 which it attains at x = = 


EXAMPLE3 Find the maximum and minimum values of 
: 1 : mt 
fix) = sin. x + pera ine f 
A [| “2 
SOLUTION We have, 


f(x) = sinx a cos 2x 


=: f’ (x) = cosx—sin 2x 
For stationary points, we have 
f'(x~) =0 
=, cosx—2sinxcosx = 0 
; 1 
— COSs.G = USOT, sinx = 5 
TN T Tt 
ete a5 ete eS 
= x 5 and x 6 a sa 
’ 1 1 
Now, f(0) = sin 0 + cos 0 =n) 
T eee ke ee Tye de Le: a ere 5 eee SON 
(§) = sing +5 0083 = 5 + pogand| 5 Jesing +3 coo BITS 
Of these values, the maximum value is = and the minimum value is > 


Pr ? 3 1 we . 
Thus, the maximum and minimum values of f(x) are 4 and > respectively which it attains 


atx = z and x =0,x= = respectively. 


EXAMPLE4 Find the maximum and minimum values of f(x) = Ben aaa 
SOLUTION Let f(x) = ee Then, f(x) = 50x*? - 20 x!”, 
For stationary points, we have 

f(x») = 0 


=> 50x*? — 20x'9 = 0 


20 fa fe interval {0, 1] 
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ats x!9 (50x39 - 20) = 0 
2 1/30 
=> x = 0 or, 50x°9 = 20 > x =O or, x = a 
2/3 
(2 see pias aN 2 2/3 re yurt 8 2 / 
Now, Ee JO) 51155 amen “| 5 “15 5) hime Bes 


and, f(4)=1-1=0. 
1/3 
Of these values, the maximum value is 0 and the minimum value is — 5| 5 


Thus, the maximum value of f(x) in [0,1] is 0 and the minimum value of f(x) in 


2/3 
ea ae 
[0,1] is 38) : 
EXAMPLE 5 Find the maximum and minimum values of f(x) =x + sin 2x in the interval 
[0, 27]. 


SOLUTION We have, 
f(x) = x+sin 2x 


= f(x) = 1+2 cos 2x 
For stationary points, we have 
JG) = 0 
=> 1+2cos2x = 0 
1 
cos2x = a 
20 4n 
=> 2x = or, 2x = > 120 sxs 2 -0< 2x sau 
= x= tor ee 
SORES dial ee 


Now, f(0) = 0+sin0=0, 
£5 | ent eon oy lea _ 2m, 4m _ on NB 

and, f(2n) = 2n+ sin 4m =2n+0=2n. 

Of these values, the maximum value is 2m and the minimum value is 0. 

Thus, the maximum value of f(x) is 2m and the minimum value is 0. 


EXAMPLE6 Show that f(x) = sin x (1 + cos x) is maximum at x = Z in the interval [0, 1]. 
SOLUTION We have, 


f(x) = sin x (1 + cos x). 


= f’ (x) = cosx(1+cosx) - sin? x 
= f’ (x) = cosx+cos*x — (1-cos* x) 
=> f' (x) = 2cos*x+cosx-1 = (2. cos x- 1) (cos x +1). 
For stationary values, we have 

f(x) =0 


= (2 cosx—1)(cosx+1) = 0 
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1 
= cos x = 5 OF, COs XoSa— 1 


=> x= 


Now,  f(0) =0,f ©) = sin =| 14 cos = |= 33. and f(1) = 0. 
3 3 3 4 
Of these values, the maximum value is aS. 


Hence, f(x) attains the maximum value 0 atx=n7/3. 


EXAMPLE7 Find the absolute maximum value and the absolute minimum value of the following 
functions in the given intervals 


(i) fix) =(1/2- x)? +8 in[-2,2.5] (ii) f(x) = sin x + cos x in [0, n). 
SOLUTION (i) We have, 


2 
fx= 3 —x - x3 where x € [— 2, 2.5]. 


se f(x) = -2(1/2- x) 4327 = -142043x 
For maximum or minimum we must have 
f(x) =0 
= 3x +9 -1 = 0 
= (Ox—1)tx-+-1)— 0 > x= 173,-1 
v4 
a es oC ae roe 
Now, fod =(372] +(-—2)° = 4 on 4! 
<p [ee pe tl tee age ak 
fl3)=|a73 See 3627 = AS 


2 
Sa ie! mene me 
fon = [541] + 1) =7) 


2 
7 
and, = f(2.5)= 5 = 2.5 +(2.5) = mee 
f yee C : 
Of these values, the maximum value of f(x) is ae and the minimum value is 
—7/4. 
4 157 a ~ dod 

Thus, the absolute maximum = re and, the absolute minimum = — 1" 
(ii) We have, 

f(x) = sin x+cos x, where x € [0,7] 
=> f(x) = cos x-sinx 
For maximum or minimum, we must have 

f(x) =0 
=> cUs x= sit x=0,> cOsx = sinx => tanx = 11> %¥ = 7/4 


Now,  /f(0) = sin0+cos0O = 1, 
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fim/4) = sinn/4+cosm/4 = V2 and, f(n) = sinn+cosnm = —1. 
Of these values, the maximum and minimum values of f(x) are V2 and -1 
respectively. 
So, absolute maximum = V2 and, absolute minimum = ~ 1. 


Pa 3 2 
EXAMPLES Find both the maximum and the minimum value of 3x* ~ 8x° + 12x* — 48x +1on 
the interval [1, 4]. 


SOLUTION Let f(x) = 3x4 ~ 8x° + 12x? — 48x + 1. Then, 
file) = 1203 — 24x? + 24x — 48 and f(x) = 36x*- 48x + 24 
Now, f(x) =0 


= 12x3 — 2427 + 24x - 48 = 0 

= xo ~ 2x7 427-4 = 0 

=> x°(x -—2)+2(x-2) = 0 

=> (x -2)(x7 +2) = 0 

=> x=2 [27 +240] 


At x=2, wehave 
f(x) = 36(2)? — 48(2) + 24 = 72 >0. 
So, x =2is a point of local minimum. 
Now, f(2)=-59, fl)=-40 and f(4) =257. 
So, the minimum and maximum values of f(x) on [1, 4] are —- 59 and 257 respectively. 


EXAMPLE9 It is given that at x = 1, the function x4 — 62x* + ax +9 attains its maximum value 
on the interval [0, 2]. Find the value of a. 


SOLUTION Let f(x) = x4 — 62x* + ax +9. Then, 
f'M= 4x? - 124x +a. 
It is given that f(x) attains its maximum at x = 1. 
f'Q) = 0>4-1244+a =0 >a = 120 
EXERCISE 18.4 


1. Find the absolute maximum value and the absolute minimum value of the following 
functions in the given intervals. 


2 
(i) f(x) = 4x - 


a 
2 
(ii) f(x) =(x-1)* +3in[-3,1] 
(iii) f(x) = 3x4 — 8x7 + 12x" — 48x + 25 in [0, 3] 
(iv) f(x) =(x-2) Vx -1 in [1,9] 


2. Find the maximum value of 2x° — 24x + 107 in the interval [1,3]. Find the maximum 
value of the same function in [- 3, — 1]. 


in { —2, 4.5] 


3. Find the absolute maximum and minimum values of the function f given by 
fQ).= cos*x+sinx, xe [0, 7} 


ANSWERS 
1. (i) Absolute Max. = 8 at x = 4, Absolute Min. =-10atx=-2 
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(ii) Absolute Max. = 19 atx =-—3, Absolute Min. =3 atx =1. 
(iii) Absolute Max.=25atx=0, Absolute Min. =-39 at x =2. 


(iv) Absolute Max.=14atx=9 Absolute Min. =— a5 atx =5/4. 
4 
2. Max. value = 89 at x =3; Max value = 139 at x =—2. 
3. Absolute Max. =5/4 Absolute Min. = 1. 


18.7 APPLIED PROBLEMS IN MAXIMA AND MINIMA 


In this section, we will discuss some applied problems on maxima and minima for which 
following results will be very useful. 


1. 


10. 


For a square of side x, we have 


Area = x, Perimeter = 4x. 


. Fora rectangle of sides x and y , we have 


Area = xy, Perimeter = 2 (x + y). 


. Fora trapezium, we have 


Area = ; (sum of parallel sides) x (distance between them). 


. Fora circle of radius, we have 


~ Area =1 1°, Circumference = 27 r. 
. Fora sphere of radius r, we have 


Volume = ; Tt Pr, Surface Area = 41 r. 


. Fora right circular cylinder of base radius r and height h, we have 


Volume =n?r h, Surface = 2n rh + 2n a Curved surface = 27 rh. 


. Fora right circular cone of height h, slant height | and radius of the base r, we have 


Volume = (1/3) % rh, Curved surface = 1 rl, Total surface =n r+. 


. For a cuboid of edges of lengths x, yand z, we have 


Volume = xyz, Surface = 2 (xy + yz + Zx). 


. Fora cube of edge length x, we have 


Volume = x, Surface Area = 6 x7. 


Area of an equilateral triangle = 8 (side). 


REMARK It should be noted that if k is a positive constant, then a function of the form k f(x), 


k + f(x), {f (x)\*, (f(x) a log f(x) will be maximum or minimum according as f(x) is maximum 
or minimum provided that f(x) > 0. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find two numbers whose sum is 24 and whose product is as large as possible. 
SOLUTION Let the numbers be x and y. Then, 


x+y = 24 (given) aad (a) 
Let P be the product. Then, 

P = xy=x(24-~x) [Using (i)] 

P = 24x-x* 
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2 
aP i 24-2x and £* =-2 
dx dx 
For maximum or minimum, we must have 
dP 
dy w= u 
Hy put = be (0) 9 pe 3 lz 
2 
Also, dP = -2<0 
dx = 
be F2 


So, x = 12 is a point of maximum. 
From (i), when x = 12, we obtain y = 12. 
Hence, the required numbers are both equal to 12. 
EXAMPLE2 Find two positive numbers x and y such that x + y = 60 and xy? is maximum. 
SOLUTION Let P = xy? 
It is given that 
x+y=60 = x=60-y 
P=(60-y)y? = 60y?- y" 


= = = 180y? - 4y° and S = 360y — 12y* 
For maximum or minimum values of P, we must have 
lee 
dy 
= 180y? — 4y> = 0 
=> 4y? (45-y) = 0 
=> y=0,y = 45 => y=45 [-.. y= 0 is not possible] 


d* P 
Now, ae | = 360 x 45 —- 12(45)? = 12 x 45 (30 —- 45) =- 8100 <0 
y =45 


dy” 

So, P is maximum when y = 45. 
When y = 45, x+ y=60 > x=15. 
Hence, the numbers are x = 15 and y = 45. 
EXAMPLE 3 Find two positive numbers x and y such that their sum is 35 and the product 
x Up is maximum. 
SOLUTION Let P = x* y>. It is given that 

x+y=35=>%x = 35-y hie 
Putting x=35-yinP, we get 

P= 35-yyy? 


dP 
=> iS — 2(35 - y) y° +5(35 — y)? 4 
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dP 
= dy 7 CS-W¥ {-2y +55 -y)) 
= ay 4 (35 — y) (175 — 7y) = 7y" (35 — y) (25 - y) 
For maximum or minimum values of P, we must have 
dP 
te 0. 
dP 4 
ay =0 => 7y (5-y)(25-y) =0 => y = 0,25,35 
But, y=0 and y =35 are not possible. So, y = 25. 
2 
Now, is = 28y? (35 - y) (25 — y) —7y* (25- y) —7y* (35-y) 
d°P 4 4 
= he = —7 (25)* (35-20) = —7 (25)* (10) <0 
Yo jy=25 


Thus, P has maximum when y = 25. 
From (i), when y = 25, we have x = 35 - 25 = 10. 
Hence, x = 10, and y = 25. 


EXAMPLE4 Amongst all pairs of positive numbers with product 256, find those whose sum is 
the least. 


SOLUTION Let the required numbers be x and y. Then, 


xy = 256 (given) are) 
Let S = x+y. Then, 
S= x4 20 [Using (i)] 
2 
en Seb ne teh A 2 S/n 512 


dx x ae ale 


For maximum or minimum values of S, we must have 
hare 
dx 


256 
we 
Now, ea = 16? = : >0 
x=16 
Thus, S is minimum when x = 16. 
Putting x = 16 in (i) we get y = 16. 
Hence, the required numbers are both equal to 16. 


EXAMPLE 5. Find two positive numbers whose sum is 14 and the sum of whose squares is 
minimum. 


SOLUTION Let the numbers be x and y. Then, 
x+y =14 so) 


= 1 =0> °° = 256 => x = 16 
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Let S = x7+y* Then, 
S = x7+(14-x)* [Using (i)] 
= = 2x* - 28x + 196 
2 
=> pay 98 and vend 
dx dx? 


For maximum or minimum, values of S, we must have 


BSE 05. Ax EBC ees 07 
dx 
aS 
Now, Se eae CSS) 
dx? 


Thus, S is minimum when x = 7. 

Putting x = 7 in (i), we obtain y = 7. 

Hence, the required numbers are both equal to 7. 

EXAMPLE6 Show that all the rectangles with a given perimeter, the square has the largest area. 


SOLUTION Let x and y be the lengths of two sides of the rectangle of fixed parameter P, 
and let A be its area. Then, we have 


P=2(x+y) ae Gi) 
and, A= xy ...(ii) 
Now, P =2(rty) = y=5-x 

peas Ne aa Net ae) 

Anna x[5 Pe lecn: 7 

BASE ware 
=2, ie 5 2x and © =-2 


For maximum or minimum, we have 
dA P 
Fou = 77 2x =0 = P=4x = 2xn+2y=4x = 2x=2y = x=y 


aA 
Clearly, ae aaa 2 =), 
dx bey 


Hence, A is maximum when x = y i.e. the rectangle is a Square. 
EXAMPLE7 Show that of all the rectangels of given area, the square has the smallest perimeter. 


[PSB 2001] 


SOLUTION Let x and y be the lengths of two sides of a rectangle of given area A, and let 


P be the perimeter. Then, we have 
A = xy g 
ae (it 
P=2(x+y) a 
XG 


| 


Now, A=xy>y= 


P=2(%+y) =2| x+ 


x [> 


| a 
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2 
#7 2[1-3) 4 § Le aes 
% 


dx fi dx” x? 
From maximum or minimum, we have 
dP 
ae 
ap * A ea he vies bs # 
dala = i afe — ASE ey = eh x7 = xy => x=y 


dP 
Clearly, = ae a > 0 for all positive values of x. 
d 


Hence, P is minimum when x = y i.e the rectangle is a square. 
EXAMPLE 8 Show that of all the rectangles inscribed in a given circle, the square has the 
maximum area. {CBSE 1991, 1993C, 2002, 2008, PSB 1999] 


SOLUTION Let ABCD be a rectangle inscribed in a given circle with centre at O and 
radius a. Let AB = 2x and BC = 2y. Then, 


OA? = AM? +OM? [... AOAM is a right angled triangle] 
=. at = x7 + y? 
ad y = Va? —x? (i) 
Let A be the area of the rectangle. Then, 
A=4xy =4x Na? — x? [Using (i)] 
MAD epg ae ele 
= ee | fin” Nee Sc 
For maximum or minimum, we have 
dA 
dx aa 
a> — 2x 
= 4 {== ;, = 0 
— q?-2x7 =0 > x= 5 


2 
Moin oe dat at 


ie eT Fig. 18.26 
2 
* ra = 4 [4x (a? =) 12 + @? 2x7) (- 1/2) @ - 7) 9? - 20)] 
3 aA a + Ax x(a? = 2x7) 
dx q- = x2 ieee y/2 


2 
‘e) Asia 
a. x =a/V2 


Thus, A is maximum when x = 


sie 8 


Putting x = aoa in (i), we get y= 
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Therefore, x = y = a/N2. 
Hence, area is maximum when x = y = 2x = 2y i.e. the rectangle is a square. 


EXAMPLE 9 Show that the rectangle of maximum perimeter which can be inscribed in a circle 
of radius a is a square of side V2a. [CBSE 2002] 


SOLUTION Let ABCD be a rectangle in a given circle of radius a with centre at O. Let 
AB = 2x and AD = 2y be the sides of the rectangle. Then, 


AM? + OM? = OA? [... A OAM is a right angled triangle] 
=> ty =a 
= y = Ve - er 


Let P be the perimeter of the rectangle ABCD. Then, 


P = 4x+4y 
=> P = 4x+4Va?-x [Using (i)] 
dP 4x 


ae dx aj SAT eee 


For maximum or minimum, values of P, we have 


dP 
dx ra 
4x 
— en () 
ee 
4x 


=> 4 
AN gee 
= V@-P =x a @-P ara a Pax = 


earl gee eee ee 
ae aya Keel | oe 


Now, = Foes gee Ee 
ie C REE ry (a2 — x2)3/2 


aP ee At ee ttl oi 

Ase = 3/26 ee 
x=a/N2 [ =| 
m5: 


Thus, P is maximum when x = Eom 
V2 


Putting x = er in (i), we obtain y = a Therefore, x= y= aV2 => 2x= 2y. 
Hence, P is maximum when the rectangle is square of side 2x = a = 2 a. 


EXAMPLE 10 If the sum of the lengths of the hypotenues and a side of a right angled triangle is 

given, show that the area of the triangle is maximum when the angle between them is n/3. 
[CBSE 2009] 

SOLUTION Let ABC be a right angled triangle with base BC=x and hypotenues 


AC =y such that x + y = k, where k is a constant. Let 0 be the angle between the base and 
hypotenues. Let A be the area of the triangle. Then, 


A =+BCxAC = sey 2 


2 
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2 
Bnet 
= or a) 
= A? = x k has 
= 7 k-x- 27) [- x+y =H 
2 3 
ripe Ke x? — 2kx : 
— A‘ = Shar tua A ao 69) 
Differentiating w.r.t. x, we get Z 
dA _ 2k°x-6kx £ 
2A Wy Ot 4 ...(ii) 
GAT? kx — 3kx? y 
a dx 4A 
For maximum or minimum, we must have 
Aw Rx - 3k? k 
ae ieee 4A SNe aes fo +) 
Now, differentiating (ii) w.r.t. x, we get Fig. 18.28 
2 ; 2 
dA - 
2 | oa 2A _ 2k = 12kx Bai) 
x dx? 4 
~~ aA koe 
Putting ica OQ and x= 3 in (iii), we get 
PA Kk 
ae 
dxe 4A 
Thus, A is maximum when x = 3 
k k k 
Now, tsg yaks = 3 [.-x+y=k] 
= ski th a 
al, Sali iacahes Reng T Sear Taare 


EXAMPLE 11 Show that the surface area of a closed cuboid with square base and given volume 
is minimum, when it is a cube. 


SOLUTION Let V be the fixed volume of a closed cuboid with length x, breadth x and 
height y. Let S be the surface area of the cuboid. Then, 


V=x’y (i) 
and, S = 2 (x7 + xy+xy) = 2x7 + 4xy ...(ii) 
Now, S = 2x7 + 4xy 
=> § = 2 +4x5 [very y= 5 | 

x x 
=> S = + ay 
3 
dS 4V es 
ier a ... (iii) 


For maximum or minimum, we must have 
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dS _ 


ee 
4V 
Ax =n () 
x2 
=> Verary=r [Vax y] 
=x =U. 


Differentiating (iii) w.r.t. x, we get 


2 2 
ooxe + BV og BY = 
Xe 46 


2 
ta = 12>0. 
dx y=x 


Hence, $ is minimum when length = x, breadth = x and height = x i.e., when it is a cube. 


EXAMPLE12. Prove that the area of right-angled triangle of given hypotenues is maximum when 
the triangle is isosceles. [PSB 2002] 


SOLUTION Leth be the hypotenues of the right-angled triangle, and let x be its altitude. 
Then, 


Base of the triangle = Vit -x*. t.{i) Cc 
Let A be the area of the triangle. Then, 
Ae 
h 
AR ean ey hi Oe iy oud oe 8 x 
aa h*-x tx5(h ae) dx —x*) 
GAgmaie| Sees re Bee 9x" 
For maximum or minimum, we have A B 
Fig. 18.29 
dA _ Die 2 2 _ 9,2 h 
fae aN age ie enn beste nk Taye 
Now, 
aA 


HA _1 esac Oe 1 a 


PAS Sel idx gene) 
=> > =505> St 
axe a woe (h? — 73/2 


| 


dA 
sat ma (5 
| dx | fs 


many [Using (i)] 


Hence, A is maximum when the triangle is isosceles. 
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EXAMPLE 13 Show that the triangle of maximum area that can be inscribed in a given cricle is 
an equilateral triangle. 


SOLUTION Let ABC be a triangle inscribed ina given circle with centre O and radius r. 


The area of the triangle will be maximum if its vertex A opposite to the base BC is at a 
maximum distance from the base BC. This is possible only when A lies on the diameter 
perpendicular to BC. Thus, AD 1 BC. So, triangle ABC must be an isosceles triangle. 


Let OD = x. 
In right triangle ODB, we have 
OB? = OD* + BD? 
= r> = x7 + BD? 
zs BD = Vr -2 
= BC = 2BD = 2VP-2. 
Also, AD=AO+OD = r+x. 
Let A denote the area of A ABC. Then, 


A = 3 (BCx AD) 


= A = $x2VP =x x(r+4) 


a A (r+x) VP =x? WEE PSS 
Naat 


GA _ Si A ee 
ee aA = Wo? 4 


dA _ P= rx — 2x7 


es ihe Mealiae: Fig. 18.30 
For maximum or minimum values of A, we must have 
#0 
= oa 1) 
Vr“—x 
= (r—2x)(r+x) =0 
=> r-2x =0 [. r+x#0] 
a xat 
2 


dA r=rx—2x* 


ee des AE 


z a Aer ary tr rx 2 Ye 
ie yroe .. (2-23? 


2 £ 
BS ec ated eb 
d x=rf2 
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Thus, A is maximum when x = 5. 
BD = Vr -x 4 ap = 43 
In A ODB, we have 
N3r 
BD ee : 
tan@ = G5 = tan@ = : = V3 => 0 = 60 
2 


ZABAGs= 0) = 602 
But, AB = AC. Therefore, ZB = ZC 
Thus, we have ZA = ZB = ZC=60° 


Hence, A is maximum when A ABC is equilateral. 


EXAMPLE14 A wire of length 36 m is to be cut into two pieces. One of the pieces is to be made 
into a square and the other into a circle. What should be the lengths of the two pieces, so that the 
combined area of the square and the circle is minimum ? 


SOLUTION Let x metres be the length of a side of the square and y metres be the radius 
of the circle. Then, we have 


4x+2ny = 36 
=> 2x+my = 18 (i) 
Let A be the combined area of the square and the circle. Then, 
A= 4 +T y? ..(ii) 
2 
18 -— 2x 2 : 
— ih S= sta Oo] [Using (i)] 
=> A = x? +2 (18- 2x7 
dA _ 2 Ae = 2 
=> ae = 2x+7 (18 2x) (—2) = 2x—7 (18 — 2x) 
aA 4 8 
role << ——(-— oe == 
an de 2 ss (-—2) = 2+ - 
For maximum or minimum A, we must have 
dA _ = By _ _36 
FR NS 75 7 18 2 is Otek) ang 
2 
Clery | © = 24250 
d x=36/n+4 c 
Thus, A is minimum when x = “2 A 
P SOM: ; 18 
Putt = elo’ 
utting x=" 7 in (i), we obtain y nee 
So, lengths of the two pieces of wire are 
Bis Hayes Sei 18 _ (36m 


A oped Nh Oey gaya 
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EXAMPLE15 A square piece of tin of side 24 cm is to be made into a box without top by cutting 
a square from each corner and folding up the flaps to form a box. What should be the side of 
the square to be cut off so that the volume of the box is maximum ? Also, find this maximum 
volume. 

SOLUTION Letxcmbe the length ofa side of the square which is cut-off from each corner 
of the plate. Then, sides of the box as shown in Fig. 18.31 are 24 — 2x, 24 — 2x and x. 


Let V be the volume of the box. Then, 
V = (24-2x)* x = 41° - 96x72 + 576x 


2 
=> BV Poy 1997 +576 and &~ 2 24x — 192 
dx dx? 
For maximum or minimum values of V, must have 
av _ : 
ax { 
=> 12x? ~192x +576 = 0 
—— x°-16x +48 = 0 
= (x -12)(~-4) =0 eA 
But, x = 12 is not possible. Therefore, x = 4. 
: 2 | 
Now, av = 24x4-—192<0. % 
dx? t 
x=4 X= 4-2 
Thus, V is maximum when x = 4. Fig. 18.31 


Hence, the volume of the box is maximum when the side of the square is 4 cm. 
The maximum volume is, V = (24 — 8)" x 4= 1024 cm’, 


EXAMPLE 16 A figure consists of a semi-circle with a rectangle on its diameter. Given the 
perimeter of the figure, find its dimensions in order that the area may be maximum. 
[CBSE 2002] 


SOLUTION Let ABCD be a rectangle and let the semi-circle be described on side AB as 
diameter. Let AB = 2x and AD = 2y. Let P be the perimeter and A be the area of the figure. 
Then, 


P = 2x+4y+nx (i) 
and, A = (2x) ay) +B (ii) 
mx? 
=> A= axy +5 
2 
5 A= x(P-2x—mx) +7 [Using (i)] 
2 A B 
— A = Prins? nx? 4 OS 
2y 
= A= Pr -2x2- BE 
D Dx C 
2 
=> BS Pi ae Se pres ane ae Fig. 18.32 


ax dx? 
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For maximum or minimum A, we must have 


aA 
Clearly, whe = 4-—n<0 for all values of x. 
he 


4 : P 
Thus, A is maximum when x = seer 


: ee eimed «! 
Putting x=" in (i) we gety=— 74a) Tern 


So, dimensions of the figure are 2x = = and 2y= 


+4 T+4- 


EXAMPLE 17 Find the volume of the largest cylinder that can be inscribed in a sphere of 
radius r cm. [CBSE 2009] 


SOLUTION Leth be the height and R be the radius of the base of the inscribed cylinder. 
Let V be the volume of the cylinder. Then, 


V=nR*h ...(i) 
From AOCA, we have 


2 
E) +R? = R2= 7212/4 


h? 
= 2 
v= air |r 


i V=nrh- 2 he 
dv _ 3nIP av 3m Fig. 18.33 
=> Fs ie 4 Bie cttinin tS) g. 16. 
For maximum or minimum values of V, we must have 
dv 3 mh 2 _ 4r* 2 
dh =i() aa a =(0) ho= 3 h= 13. fi 
2 
Now, ay = —V3nr <0. 
dh mor 
NS 


Thus, V is maximum when h = = 


2. 
Putting h= 42 in R=? — we obtain R = Ve f. 


The maximum volume of the cylinder is given by 
2 2r\_ 4nr° 
Vent RoW 2 | |= Se 
mR r| 3° I[ 3 33 


EXAMPLE 18 Show that a cylinder of a given volume which is open at the top, has minimum 
total surface area, provided its height is equal to the radius of its base. 
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SOLUTION Letrbe the radius and h be the height of a cylinder of given volume V. Then, 
Venrh a h= wali) 
T 


Let S be the total surface area. Then, 


S=2nmh+nr [:.. cylinder is open at the top] 
V 
— S = 2nr— +r [Using (i)] 
nr 
— SS a +1 
r 
dS 2V A 
= ie sa Ahatr ... (ii) 


For maximum or minimum, we must have 


dS 
dr v 
= BEN leon = OSs VE ns 
= nrh=anr > her [-. V=nrh] 
Differentiating (ii) w.r.t. r, we get 
@s 4V 
—— = => + 27 
dr Pr 
pe 
= as = eo + 2n > 0. 
dr? r=h h 


Hence, S is minimum when h =r i.e., when the height of the cylinder is equal to the 
radius of the base. 


EXAMPLE19 Show that the height of the closed cylinder of given surface and maximum volume, 
is equal to the diameter of its base. [PSB 2002] 


SOLUTION Let r be the radius of the base and h be the height of a closed cylinder of 
given surface area S. Then, 


S = 2nr* + 2nrh 


Sane (i) 


4 tg 21 r 
Let V be the volume of the cylinder. Then, 


V=nrh 


ah whee er [Using (i)] 


21 r 


poesacay-( =F) 
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18.48 
Myparibee (ii) 
oe: 3n r 
For maximum or minimum, we have 
dV 
ar = : 
= S- 3nr? = 0 = 8 = Gur = Wer + Inth = Gur = h = Br. 
Differentiating (ii) w.r.t. r, we obtain 
2 
eas = —6nr < 0. 
dr’ 


Hence, V is maximum when h = 2 r i.e., when the height of the cylinder is equal to the 
diameter of the base. 


EXAMPLE20 Show that the height of a cylinder, which is open at the top, having a given surface 
area greatest volume, is equal to the radius of its base. [CBSE 2004] 
SOLUTION Let rbe the radius and h be the height of a cylinder of given surface S. Then, 


S =nr + 2nrh 


S-nr : 
= hoe ee sufi) 


Let V be the volume of the cylinder. Then, 


V=anrh 
S-nr : : 
= Ve He) [Using (i)] 
Sr-ar 

= We > 

OV eset 
= imac hal ... (ii) 
For maximum or minimum, we have 

dV 

dr : 

S—3nr- 
= 5 = (0 
=> S =3nr => art+2nrh = 3nrSre=h. 
Differentiating (ii) w.r.t. r, we get 

2 
we = = Shinic = (0) 
dr’ 


Hence, V is maximum when r= h i.e., when the height of the cylinder is equal to the 
radius of its base. 


EXAMPLE 21 Show that the height of the cylinder of maximum volume that can be inscribed in 


ees ., 2A 
a sphere of radius a is 13" [CBSE 2001] 
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SOLUTION Letrbe the radius of the base andhbe the height of the cylinder ABCD which 
is inscribed in a sphere of radius a. It is obvious that for maximum volume the axis of 
the cylinder must be along the diameter of the sphere. Let O be the centre of the sphere 
such that OL = x. Then, 


OA? = OL? + AL? 

= AL = Va-x 

Let V be the volume of the cylinder. Then, 
V = 2(AL)*x LM 


cs V = n(AL)*x2(OL) 
= V = n(a*-x)x2x 
=> V = 2n(a*2x-2) 
av 2 eV = 
= ee 27 (a 3x7) and ee W253 Fig. 18.34 
For maximum or minimum values of V, we must have 
dV 
dx “ 
=> 2n(@-3x*) = 0 x= 


eV a 
Clearly, bed = -127~x ACY <0. 
3 
dic x =a/V3 


Hence, V is maximum when x = ae and hence LM = 2x = =. 


EXAMPLE 22_ Show that the semi-vertical angle of a cone of maximum volume and given slant 
height is tan’ V2. 


SOLUTION Let a be the semi-vertical angle of a cone of given slant height /. Then, 
VO=lcosa,OA = Isina 
Let V be the volume of the cone. Then, 


Ws at (OA)? (VO) 


= = 5 (I sin 0)? (I cos a) 
=> V= 5 1E sin? 0. cos 0 
= MY = EP [sina +2 sin acoso] 
a = a sina[-sin?a+2cos*a] _ ...(i) Fig. 18.35 
For maximum or minimum V, we must have 
<0 


3 
= F sin ot [- sin? 0+ 2 cos? a] = 0 
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= 2 cos? a = sin? a [-. sina #0] 


= tan?a = 2 = tana = V2 


Now tana = V2 = cosa = parm = 
; i ~ N14 tan? a 3 


Differentiating (i) w.r.t. &, we get 


PV a4 le atakeee, 2 
ae 3 cos’ «(2-7 tan* a) 
3 
av eek ale ae _ -4nP 
=> (S| = 3 Tl (5) (2 7x2) = 33 10h 
tana = V2 


Thus, V is maximum, when tan & = V2 or, a= tan’! V2 i.e. when the semi-vertical angle 
of the cone is tan”? V2. 


EXAMPLE23 Show that the semi-vertical angle of a right circular cone of given surface area and 


: eae et 
maximum volume is sin at 


3 
SOLUTION Letr be radius, | be the slant height and h be the height of the cone of given 


surface area S. Then, 
S = nr 4+nrl 


_ S=nr 
Tr 


— l 


(i) 


Let V be the volume of the cone. Then, 


= 50h 
= Waitt = tet e-?) inn aaa FESS 
; i Fig. 18.36 
ef Aes alll J-7| [Using (i)] 
n? r4 (S=nter ee 
=> ees = 
an V2 = £8 (SP?-2n 14) 


2 ; : a 
Let Z = V’. Then, V is maximum or minimum according as Z is maximum or minimum. 
iq 
Z= 9 5 (Sr* - an’) 


dion on 


Gr = 9 5 (28-8 Pr) ...(ii) 
For maximum or minimum, we must have 
aZ 


Gp 7 0 3 2Sr-8nr = 0= S = An? ... (iii) 
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Differentiating (ii) w.r.t. r, we get 


ees 

<== +£(25-24nr 

dr* 9 | 

ay Sots Ss ; 2 § Bas 
=> PEt ~ 5| 25 241 = | Putting ye from ci | 
es dae Oa lis? ts 

dr 9 


So, Z is maximum when S = 41’. 
Hence, V is maximum when S = 4n r. 
Now, S =4nr 


= nrl+nr = 4nr* > | = 3¢. 
din gral tao ste 
Of ie = Bey bas 


: : er (eal 
Hence, V is maximum when«a = sin} 3 


EXAMPLE24 Show that the volume of the largest cone that can be inscribed in a sphere of radius 
R is 8/27 of the volume of the sphere. (CBSE 2008] 


SOLUTION Let VAB bea cone of greatest volume inscribed in the sphere. It is obvious 
that for maximum volume the axis of the cone must be along a diameter of the sphere. 
Let OC =x. Then, 


AC = VR?- x7 V 
and, VC = VO+0OC = R+x = height of the cone. 
Let V be the volume of the cone. Then, 


ue ar (AC) (VC) 


ia V = 5m (R2-x7)(R+2) 
BV ip giliee (eae: Aas 
an - = 3n[R Pa 2x (R+x) | 
: Fig. 18.37 
AVge lL ke. PSS: Lg ee se 
=> Ws = 37(R 2 Rx —3x*) and poe 3 ™( 2 R —- 6x) 
For maximum or minimum, we must have 
dV 
dx ray 
=> R?—2Rx —3x7 = 0 
== (R — 3x) (R+x) = 0 
= R-3n = 02-5 [.. R+x#0] 


d2V 


bee 4 (-2R ~ 6x), we get 
x 


: Res 
Putting x=", in 
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iz 
a BAe 
d. x=R/3 


Thus, V is maximum when x = ss 


Putting x = in V= 3 (R?- 22) (R + x), we obtain that 


> 
Maximum volume of the cone = E Tt [re - 5 ik + 3) 


S 9 3 
3 
= Maximum volume of the cone = oak 
: 614.33 
= Maximum volume of the cone = 5713 eR hs = (V olume of the sphere) . 


EXAMPLE25 Prove that the radius of the right circular cylinder . greatest curved surface which 
can be inscribed in a given cone is half of that of the cone. 


SOLUTION Let VAB be the cone of base radius r = 0A and height h = VO. Let a cylinder 
of base radius OC = x be inscribed in the cone. 


Clearly, A VOB ~ AB’ DB 


vee OB 
B’D ~~” DB 
= Sal a rl 
een i 
= Bop, = Se 


Let S be the curved surface area of the cylinder. Then, 


SS =2 7 (OC) (B.D) 
—> S$ =2 1x ag-4) 2 = SEF rx — 2) 
2 
= asst PVs a PS tm 
dx dx? c 


: oe dS 
For maximum or minimum values of S, we must have Fhe 0 


: Re suf. 
He ses = (r-2x) (OES ois 5 
2 —_— 
Clearly, a = anh <9 for all x. 
Xx 


Hence, S is maximum when x = 5 i.e. radius of the cylinder is half of the radius of the 


cone. 
EXAMPLE 26 Show that the volume of the greatest cylinder which can be inscribed in a cone of 


height hand semi-vertical angle & is = mh° tan* a. Also, show that height of the cylinder 


is 3° [CBSE 2001C, 2007, 2008] 


MAXIMA AND MINIMA 18.53 
SOLUTION Let VAB be a given cone of height h, semi-vertical angle « and let x be the 
radius of the base of the cylinder A’B’ DC which is inscribed in the cone VAB. Then, 
OO’ = Height of the cylinder 
= OO’ = VO-VO’ = h—x cot a...(i) 
Let V be the volume of the cylinder. Then, 
V = nx? (h—x cot a) ...(ii) 


=> & = In xh-3nx? cota 
x 

For maximum or minimum V, we must have 

BS Ff Shon cian tora eo 

dx 
=> x = iano [... x #0] 

2 

Now, UE ay re 

dx? 
When = 2h tan a,/we have 

3 i Fig. 18.39 

PV 

ait 2 — 4 — 2) 

dx? 

: . 2h 
Hence, V is maximum when x = ze tan &. 
The maximum volume of the cylinder is given by 

2 
V=n cal! tan a n= 2h [From (ii)] 
3 3 
2 ee 

=e a 7 th” tan a. 
From (i), we have OO’ = h-—x cota = n-= = - 


EXAMPLE27 An open box with a square base is to be made out of a given quantity of card board 
3 
of area ¢ square units. Show that the maximum volume of the box is ae cubic units. 
6V3 


[CBSE 2001C, 2005] 


SOLUTION Let the length, breadth and height of the box x, x and y units respectively. 
Then, 


+ 4xy = C7 6) 
Let V be the volume of the box. Then, 
V=xy (ii) 
aes 
=; = | . res [Using (i)] 
2. 2 
> V= aed 
a Bites kere Vs | 3k 
gk m= (hw D4 dvt 4. 2 
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For maximum or minimum, we must have 


dV ear ais 
dx Liber ee a 
ae — 3¢ 
ie re ae, 
’ 2 2V3 
dx = c/V3 


: . c 
Thus, V is maximum when x = Va 


Putting x = c/V3 in (i), we obtain y = c/2N3 
The maximum volume of the box is given by 


2 c 3 


VY =ay = aia = ZR cubic units 
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EXAMPLE28 The combined resistance R of two resistors R, and Ry (Ry, Rz > 0) is given by 


Rae Ryo ks 


[HPSB 2001C] 


If Ry + Ry=C (a constant), show that the maximum resistance R is obtained by choosing 


Ry = Rp. 
SOLUTION We have, 


‘ee | 1 
Ri Rae Re and Ry +R2=C 
era cee 
R R, Ro R;Rp  =Ry(C-R)) 
Ri C2RyY R? 
a Sear Ly Ot io ao 
dR 2R1 d’R 2 
=> =e ANG a 
2 
dR, ce dR, GC 
For maximum or minimum, we must have 
dR 2Ry ie 
Hapa => 1- C pi gaan oir 
2 
Now, zs = 0 for all values of R; 
dR? Cc 


Thus, R is maximum when R, = C/2. 
Putting Ry - in Rj + R2=C, we get 
Cane 


RCS 
eda =) 


Hence, R is maximum when R, = R> = C/2. 


[ -.- Ry =C— Ry] 


EXAMPLE29_ A beam of length! is supported at one end. If W is the uniform load per unit length, 


the bending moment M at a distance x from the end is given by 


1 1 
M = =Ix-= Wx? 
5 Ix 5 Wx 


Find the point on the beam at which the bending moment has the maximum value. (HPSB 2000C] 
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SOLUTION We have, 


geen Ne 
Para 2 
aM =t eM | 
<> > Wx and 3 =—-W 
For maximum or minimum, we have 
dM _ £ x ip 
We = (0) sal) Wx = 05 x = 57 
2 
Now, a = —W <0 for all values of x 
x 


Thus, M is maximum when x =1/2W. 

Hence, the required point is at a distance of !/2W from the supporting end. 
EXAMPLE 30 Find the point on the curve y? = 4x which is nearest to the point (2, 1). 
SOLUTION Let P(x, y) be a point on y = 4x and A(2, 1) be the given point. Then, 


2 
AP? = (x-2)°+(y-1" = [ea +(y-1)° [Lo Pade xa y?/4) 


Let Z=AP*. Then, Z is maximum or minimum according as AP is maximum or 
minimum. 


2 
Now, Z= [e-2 +(y¥—1)7 


4 
OZ tah, urns} Dy eb ap lated 0979 be PZ _ 3° 
= Baden 2 eazy Wier 2 and ae 
For maximum or minimum, we have 
3 
W702 G20 ev 8 aya? 
2 2 
Now, aa me = 39> 0: 
dy a 
\ y=2 


Thus, Z is minimum when y = 2. 
Putting y =2 in y* = 4x, we obtain x = 1. 
Hence, the point (1, 2) on y? = 4x is nearest to the point (2, 1). 


EXAMPLE 31 A jet of an enemy is flying along the curve y = x? +2. A soldier is placed at the 
point (3, 2). What is the nearest distance between the soldier and the jet ? 


SOLUTION Let P(x, y) be the position of jet and the soldier is placed at A (3,2). Then, the 
distance between the soldier and jet is given by 


AP = V(x-3)2+ (y-2)* = V(x-3)° +34 [yar +2] 
Let Z = AP*. Then, 


Z=(x-3)7 +24 
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Clearly AP is maximum or minimum according as Z is maximum or minimum. 
Now,  Z = (x-3)*+x4 
dZ PZ 
2 


G2 _ 2(x-3)4+43 and “ = 12x7+2 
dx dx 


For maximum or minimum, we have 


2 (x-3)+4x°=0 
2x7 +x-3=0 


(x — 1) (2x* + 2x +3) =0 


Yu yy 


x=1 [... 2x7 + 2x + 3 =0 gives imaginary values of x] 


2 
Clearly, isa = 12+2 = 1450. 
ax” j_4 


Thus, Z is minimum when x = 1. Putting x = lin y= x? +2, we obtain y=3: 
Hence, AP is minimum when jet is at the point (1, 3) on the curve. 
The nearest distance is given by AP = V(1 - 3)° +17 =\5. 


EXAMPLE 32 An open tank with a square base and vertical sides is to be constructed from a 
metal sheet so as to hold a given quantity of water. Show that the cost of the material will be least 
when depth of the tank is half of its width. [CBSE 2007, HSB 2001] 


SOLUTION Let the length, width and height of the open tank be x,x and y units 
respectively. Then, its volume is x y and the total surface area is x? + Axy. 


It is given that the tank can hold a given quantity of water. This means that its volume 
is constant. Let it be V. 


Vig AY (i) 


The cost of the material will be least if the total surface area is least. Let S denote the total 
surface area. Then, 


S =x + 4xy ...(ii) 
We have to minimize S subject to the condition that the volume is constant. 
Now, 


S$ = x? +4xy 
2 4V : F 
=> S=x dpa [Using (i)] 
dS _ 4V d’S 8V 
=> ae = Pe) and ere: = etrey 


For maximum or minimum values of S, we must have 
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= 2x3 = 4V 
> 2x3 = 4x2 y [Ve xy] 
= x = 2y 
as 8V 
Clearly, =. = 2+ —.. > Oforallx, 
y dx* x3 


Hence, S is minimum when x = 2y i.e. the depth (height) of the tank is half of its width. 


EXAMPLE 33 Find the area of the greatest isosceles triangle that can be inscribed in a given 
ellipse having its vertex coincident with one end of the major axis. 


Zee. 
SOLUTION Let the equation of the ellipse be “= + 2 =1. 
a 


Let ABC be an isosceles triangle having one vertex at A (a, 0). Let the coordinates of B 
be (a cos 6, b sin 8). Then the coordinates of C are (a cos 6 , —b sin 8) 


Let A be the area of A ABC. Then, 


A = 5 (2b sin 8) (a —acos 8) 
= A =ab (sin 9 — sin 6 cos 8) 
=e a = ab (cos 8 - cos* 6 + sin* @) 
dA 
= ea ab (cos 8 — cos 20) 
For maximum and minimum values of A, we must have 
= 0 
do 
= ab (cos 8 — cos 20) = 0 
= cos 8 = cos20 
= 6 = 27 —20 
2m 
= GE 3 
2 
Now, £4 = ab(-sin6+2sin 20) 
dé y' 
For 0 = ay we have Fig. 18.40 
dA A aun AE 
6 = ab [-sin 3 +2sin 3 


LA v3 3 
= ae @[-P-2F|e° 


Hence, A is maximum when 0 = 21/3 


: . ett? ML 2m 
Maximum area = ab | sin — - sin = cos 
3 3 3 
: OU VOMeeE 
cae Maximum area = ab ae + > x 2 


= Maximum area = a3 ab. 
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; 2 
EXAMPLE 34 Find the shortest distance between the line y- x = 1 and the curvex=y - 


SOLUTION Let P (t, t) be any point on the curve x = y. The distance S of P from the 
given line is 


Pats 
se 
PSt+1 
= lial Bl 
2 
ne g=hott [.. 2-£4+1>0 forall te R] 
= s = 40 where f (f)=#?-t+1 


Clearly, S will be maximum or minimum according as f (t) is maximum or minimum. 


Now, f(t) = #-t+1 


= f’'® = 2t-1 and f(t) = 2 
For maximum or minimum, we must have 
f(t) = 0 
eral ther ee 
on = 9 


Hori 5! we have 


(30) > 0 
1 


Hence, f (t) is minimum when t = 3 


So, S is minimum when t =5 


The minimum value of S is given by 


EXAMPLE35_ A point on the hypotenuse of a right triangle is at distance a and b from the sides 


3/2 
of the triangle. Show that the minimum length of the hypotenuse is (a/? + p*/) 


[CBSE 2008] 


SOLUTION Let AOB be aright triangle with hypotenuse AB such that a point P on AB 
is at distances a and b from OA and OB respectively. i.e. PL =a and PM =b 
Let ZOAB = 8. Then, 
“AP = acosec @and BP = bsec 0 

Let / be the length of the hypotenuse AB. Then, 

J = AP +BP 
= I = acosec8+bsec 8 
=> Hy = ~@.cosec 8 cot 0 +b sec 8 tan 0 
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d?] 
and, ae? = acosec’ 0 +a cosec 0 cot? 6+ b sec? 8 +b sec 0 tan? 6 
For maximum or minimum, we must have 

dl 

de 
= —acosec 6 cot8+bsec 8 tanO = 0 
= 2 cos ee b sin 6 =0 

sin? ee cos? 0 
— tan°@ = 3 
- 1/3 
= tan 0 = 5) 
me qi/3 
=> sin 0 = = 
Va?’ 3 ~ be! : 
p/3 
and cs 8 FOS = 
Va 273 - be! 3 
> 1/3 
Clearly, as et fort a 5) 
1/3 

Thus, / is minimum when tan 8 = 5) Fig. 18.44 


The minimum value of! is given by 


1 = acosec@+bsec@ = aV1+cot? 0 +b V1+ tan? 0 
3/2 
=> 1=aVi+{t) +b v1+(5) = 1= (P8477) ; 
a b 


EXAMPLE 36 Find the shortest distance of the point (0, c) from the parabola y =x", where 
O<c<5, 

SOLUTION Let P (x, y) be any point on the parabola and Q (0, c) be the given point. 
Then, 


=x*+(y-c)* 
= PQ? = 27 + 7-0)? 
= PQ? = x4 - x? (2e—1) +c 


Clearly, PQ will be minimum when PQ? is minimum. Let Z = PQ. Then, 
Z=xt—x* (20-1) +e 


2 
“* = 43° ~2x (2c -1) and oe 2 (2¢=4) 
2 


For maximum or minimum value of Z, we must have 


=> 4x? — 2x (2c -1) =0 
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= 2x (2x* - (2c - 1)} =0 
= Ye UKs oer 
2 
ae 
_vV2er1 eae 
— x=0,x=+0a, where ©= ris | 00.0) isi 
Now, ; P (x, y) 
oe = 1202 - 402 = 807 >0 
die c= OL = ie 
Xx O x 
So, Z is minimum atx=+aQ. 
Hence, PQ is minimum at x = + a. 
The minimum value of PQ is given by y' 
PQ? = 02 + (a? -c)* Fig. 18.42 
2 
parece lie (gO a eee ek eed 
4 Seder oat Camere 
as pg=eo1 


V4c-1 
2 


EXAMPLE 37 Let AP and BQ be two vertical poles at points A and B respectively. If 
AP = 16 m, BQ = 22 mand AB = 20 m, then find the distance of a point R on AB from the point 


A such that RP? + RQ? is minimum. 
SOLUTION Let R bea point on AB such that AR = x m. Then, RB = (20 - x) m 
In A’s RAP and RBQ, we have 


PR2 =x? +162 ...(i) 
RQ? =227 + (20-x)* ..-(ii) 
PR2 + RQ? = x2 + 16? + 227 + (20 —x)* = 2x7—40x + 1140 

Let Z = PR* + RQ*. Then, 
Z = 2x* - 40x +1140. 


Hence, the minimum distance is 


For maximum or minimum, we must have 


= = (0) Ss Zee SN S0) Ss ve Sa) 
dx 


aZ, 

Clearly, —>=4 >0 forallx 
dx A—=—x —.R (20-—x)m B 
Z is minimum when x= 10. ‘Fig. 18.43 

These, the distance of R from AB is maximum when x = 10 m. 


EXAMPLE 38 [If the length of three sides of a trapezium other than base are equal to 10 cm, then 
find the area of trapezium when it is maximum. 
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SOLUTION Let ABCD be the given trapezium such that AD = DC = BC=10 cm. Draw 
DP and CQ perpendiculars from D and C respectively on AB. 
Clearly, AAPD =A BQC. 
Let AP =x cm. Then, BQ=x cm. 
By applying Pythagoras Theorem in A APD and A BQC, we have 
DP =QC=V100- x7 
Let A be the area of trapezium ABCD. Then, 


Ass (10 + 10 + 2x) x ¥100 - 7 
=3 A=(10+x) V100-2 
GA releases ee Oe) 100 — 10x — 2x? 
=> £“ =V100-x* - = SS 
dx 100 — x* V100 — x* 
For maximum or minimum values of A, we must have 
dA 


ae! 


100 = 10x = 237, 
V100 — x2 / 
100+ 10x =2x7=0 


x7 +5x-50=0 
(x + 10) (x -5)=0 
Ly [-. x>0 «. x+1040] 


U 


0 


ZuyY JU 


W, 


mae 100-2 (- 10 - 4x) + 0% sr 3) z 
dc 100 - x? 

d> A _ 2x*-300x - 1000 

a 00-3? 


2 
an pe 330 29 
=5 


Thus, the area of the trapezium is maximum when x =5. 


1D) 10cm G 


The maximum area is given by A em. P. Q xcm B 


A =5 (10 +5) V100—25 = 75V3 cm’. Fig. 18.44 


EXERCISE 18.5 


1. Determine two positive numbers whose sum is 15 and the sum of whose squares is 
minimum. 

2. Divide 64 into two parts such that the sum of the cubes of two parts is minimum. 

3. How should we choose two numbers, each greater than or equal to — 2, whose sum 
is 1/2 so that the sum of the first and the cube of the second is minimum ? 

4. Divide 15 into two parts such that the square of one multiplied with the cube of the 
other is minimum. 
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5. 


10. 


11. 


ie 


13. 


14. 


15. 
16. 


We 


18. 
aly: 


20. 


A wire of length 25 m is to be cut into two pieces. One of the pieces is to be made 
into a square and the other into a circle. What should be the lengths of the two pieces 
so that the combined area of the square and the circle is minimum. 


. A square piece of tin of side 18 cm is to be made into a box without top by cutting 


a square from each corner and folding up the flaps to form a box. What should be 
the side of the square to be cut off so that the volume of the box is maximum? Also, 
find this maximum volume. 


. Of all the closed cylindrical cans (right circular), which enclose a given volume of 


100 cm”, which has the minimum surface area ? 


. A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by 


cutting off squares from each corners and folding up the flaps. What should be the 
side of the square to be cut off so that the volume of the box is maximum possible? 


. A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made 


into a square and the other into a circle. What should be the lengths of the two pieces 
so that the combined area of the circle and the square is minimum? [CBSE 2007] 


A beam is supported at the two ends and is uniformly loaded. The bending moment 
Mat a distance x from one end is given by 


WL. W rae € WES ae 
(i) M=geaie 3 i (i) evi eG 72 
Find the point at which M is maximum in each case. 


Show that the height of the cylinder of maximum volume that can be inscribed in 


a sphere of radius R is nce 


Show that among all positive numbers x and y with x + y =r, the sum x + y is 
largest when x = y =r/V2. 


A wire of length 20 m is to be cut into two pieces. One of the pieces will be bent into 

shape of a square and the other into shape of an equilateral triangle. Where the wire 

should be cut so that the sum of the areas of the square and triangle is minimum? 
[CBSE 2005] 


A large window has the shape of a rectangle surmounted by an equilateral triangle. 
If the perimeter of the window is 12 metres find the dimensions of the rectangle that 
will produce the largest area of the window. 


Determine the points on the curve x? = 4y which are nearest to the point (0, 5). 
(i) Find the point on the curve y = 4x which is nearest to the point (2, — 8). 
(ii) Find the point on the curve x? = 8y which is nearest to the point (2, 4). 


[CBSE 2007] 
A rectangle is inscribed in a semi-circle of radius r with one of its sides on diameter 
of semi-circle. Find the dimensions of the rectangle so that its area is maximum. Find 
also the area. 


Find the maximum slope of the curve y = - KB Dx D7. 
Find the point on the parabolas x= 2y which is closest to the point (0, 5). 


2 
The total cost of producing x radio sets per day is Rs s + 39x + 25] and the price 


per set at which they may be sold is Rs. [so os | . Find the daily output to maximize 
the total profit. 
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vb 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Jag. 


30. 


Si: 


32. 


Sieh 


34. 


Soe 


36. 


37. 


38. 


Find the coordinates of a point on the parabola y = x* + 7x + 2 which is closest to 
the straight line y = 3x - 3. 


A straight line is drawn through a given point P (1, 4 ). Determine the least value 
of the sum of the intercepts on the coordinate axes. 


Given the sum of the perimeters of a square and a circle, show that the sum of their 
areas is least when one side of the square is equal to diameter of the circle. 
[CBSE 2005] 


The space s described in time t by a particle moving in a straight line is given by 
S = P—408 +30 #7 + 80 — 250. Find the minimum value of acceleration. 
A particle is moving in a straight line such that its distance s at any time t is given 


t : : Ap Bes é 
by S = pe 21° + 4#°-7. Find when its velocity is maximum and acceleration 
minimum. 
A window in the form of a rectangle is surmounted by a semi-circular opening. The 
total perimeter of the window is 10 m. Find the dimensions of the rectangular part 


of the window to admit maximum light through the whole opening. 
[CBSE 2000, 2002] 


Prove that a conical tent of given capacity will require the least amount of canvas 


_when the height is \2 times the radius of the base. [CBSE 2007] 


A given quantity of metal is to be cast into a half cylinder with a rectangular base 
and semicircular ends. Show that in order that the total surface area may be 
minimum, the ratio of the length of the cylinder to the diameter of its semi-circular 
ends is 1: (1+ 2). 

The sum of the surface areas of a sphere and a cube is given. Show that when the 
sum of their volumes is least, the diameter of the sphere is equal to the edge of the 
cube. 

Show that the cone of the greatest volume which can be inscribed in a given sphere 
has an altitude equal to 2/3 of the diameter of the sphere. 

The total area of a page is 150 cm’. The combined width of the margin at the top 
and bottom is 3 cm and the side 2 cm. What must be the dimensions of the page in 
order that the area of the printed matter may be maximum ? 

An open tank is to be constructed with a square base and vertical sides so as to 
contain a given quantity of water. Show that the expenses of lining with lead will 
be least, if depth is made half of width. 


Iff (x) = x +ax* + bx + chasamaximumatx =— 1and minimumat x = 3. Determine 
a,bandc. 

A box of constant volume c is to be twice as long as it is wide. the material on the 
top and four sides cost three times as much per square metre as that in the bottom. 
What are the most economic dimensions ? 

The strength of a beam varies as the product of its breadth and square of its depth. 
Find the dimensions of the strongest beam which can be cut from a circular log of 
radius a. 

Find the dimensions of the rectangle of perimeter 36 cm which will sweep out a 
volume as large as possible when revolved about one of its sides. 


A closed cylinder has volume 2156 cm?. What will be the radius of its base so that 
its total surface area is minimum. [CBSE 2000C] 


Find the largest possible area of a right angled triangle whose hypotenuse is 
5 cm long. [CBSE 2000] 
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39. 


40. 


41. 


42. 


43. 


44, 


Two sides of a triangle have lengths ‘a’ and ‘b’ and the angle between them is 8. 
What value of @ will maximize the area of the triangle? Find the maximum area of 


the triangle also. [CBSE 2002 C] 
Show that the maximum volume of the cylinder which can be inscribed in a sphere 
of radius 5V3 cm is 500 mcm’. . [CBSE 2004] 
Show that the height of the cone of maximum volume that can be inscribed in a 
sphere of radius 12 cm is 16 cm. [CBSE 2005] 
Prove that the surface area of a solid cuboid, of square base and given volume, is 
minimum when it is a cube. [CBSE 2005] 
Manufacturer can sell x items at a price of rupees [5 = iB each. The cost price is 
Rs t - 500| Find the number of items he should sell to earn maximum profit. 


[CBSE 2009] 
A tank with rectangular base and rectangular sides, open at the top is to be 


constructed so that its depth is 2m and volume is 8 m?. If building of tank costs Rs 
70 per square metre for the base and Rs 45 per square matre for sides, what is the 


cost of least expensive tank? [CBSE 2009} 
ANSWERS 
Ale sy, - sy pda Oar oP 3. Sued ths 
; ‘ 2 V3)’ 
4. 6, 9 5. Ss and — 6. 3cm, 432 cm” 
Tm+4 umT+4 
50)" 
7. The cylinder with radius oe 8. 5cm 
281 A12 ae Sarees bag 
9. n4+4™ na4m™ 10. (i) x= 5 (ii) x = e- 
20 10 20V3. 60 
12., height=—-= SS NN : : 
Sehts oi th widii= Tg 1S: Oy aya’ 94413 
12. 24-6V3 ' 
16 eee 15. (£2V3, 3) 16. (i) (4,-4) Gi) (4,2) 
r 2 
ary V2r,Area=r 18. 5at(1,—23) 19. (t2V2,4) 20. 10 units 
21. (— 2, -—8) 229 24. a=— 260 att=2 
25. Velocity is max. at t = 2 — acceleration is min at t=2 
_—20_ Ape SS 
26. Length = ea! Breadth = ty 
31. Length = 15cm, width = 10cm 33. a=-3,b=-9,cER 
AAS) iy fe 1/3 
9c OG : 32c 
4. ie h = Om a | [iene 2 =| — 
3 engt 2 | , Breadth | , Height 8] } 
2a 
eae 2, 
35. Breadth = ame Depth = 2a \2 36. 12cm,6cm 
25 
37.7.cm Be. emai bese) 7 Area = 5a 43. 240 44. Rs 288° 
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HINTS TO SELECTED PROBLEMS 


18. Slope m of the curve is given by m = : =— 3x +6x+2. 


x 
EF : dm 
or max. or min value of 7m, use Hae 0 


20. Profit P is given by 


P = Revenue — Cost = Rs [x _ 3] x- ia + 35x + 25 


22. The equation of a line passing through P (1, 4) is y—4 = m(x-1), wherem <0. Its 
a and —(m-—A4). 


: m 
intercepts on the axes are 


Let S be the sum of the intercepts. Then, 


Selig) el Dey oor yp ec alle: 
m m 


Now, put ge = 0 and use the fact that m <0 
23. Let the extremities of the triangle APQ be A (a, 0), P(acos8,bsin ®) and 
- Q (acos 8, - b sin @). Then, its area A is given by 


iN = 5 (2b sin 8) (a—a.cos 8) = a8(sin 0-3 sin 20| 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 
1. Write necessary condition for a point x =c to be an extreme point of the function 
f (x). 
2. Write sufficient conditions for a point x =c-to be a point of local maximum. 
3. If f (x) attains a local minimum at x = c, then write the values of f’ (c) and f” (c). 


4, Write the minimum value of f (x) =x + - re 0: 

5. Write the maximum value of f (x) =x + = pee 

6. Write the point where f (x) = x log, x attains minimum value. 

7. Find the least value of f (x) =ax + 2 ,wherea>0O,b>Oandx>0. 


8. Write the minimum value of f (x) =x". 


9. Write the maximum value of f (x) = xl /*, 
10. Write the maximum value of f (x) = 8 , if it exists. 
ANSWERS 
1. f’(c)=02. f’(c)=0 and f”(c)<0 3. f’(c)=0 and f” (c)>0 


u 1 
a 5 2 6. c ae 7.2Vab 8.e€/@ 9, e/ 10. 2 
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MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


10. 


11. 


1/x 


The maximum value of x°’~, x > 0 is 


(a) e!/@ (b) (?) (eye) (d) none of these 


lias +o 2 c for all positive x where a, b, > 0, then 


N 


2 
(a) ab < % (b) ab = 7 (c) ab = 7 (d) none of these 
. The minimum value of —~— is 
log, x 
(a) e (b) 1/e (eyed (d) none of these 


. For the function f (x) = x + - 


(a) x = 1isa point of maximum 

(b) x = —1isa point of minimum 

(c) maximum value >minimum value 

(d) maximum value <minimum value 

Let f (x) = x + 3x7 -9x+2. Then, f (x) has 

(a) a maximum atx =1 

(b) a minimum at x=1 

(c) neither a maximum nor a minimum at x =-3 
(d) none of these 


The minimum value of f (x) = x* —x* -2x+ 6is 
(a) 6 (b) 4 (c) 8 (d) none of these 
The number which exceeds its square by the greatest possible quantity is 
= 1 3 : 
(a) 5 (b) | © 7 (d) none of these 
Let f (x) =(x- a)" +(x - b)? +(x - c)*. Then, f (x) has a minimum at x = 
(a) arbre (b) Yabe Pea es fd) ponent thee 
lap x h, 
ee 


. The sum of two non-zero numbers is 8. the minimum value of the sum of their 


reciprocals is 


1 
(a) 4 (b) : ES : Gyinoneuetiace 
5 
The function f (x)= yo (x - ry? assumes minimum value at x = 
r=1 
5 
(a) 5 (b) 3 (c) 3 (d) 2 


Atx=22, f(x) =2 sin 3x +3 cos 3x is 


(a) 0 (b) maximum (c) minimum (d) none of these 
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iley: 


13. 


14, 


15. 


16. 


7. 


18. 


Ley 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


If x lies in the interval [0, 1], then the least value of x* +x +1 is 


(a) 3 (b) (c) 1 (d) none of these 
The least value of the function f (x) = x? — 18x” + 96x in the interval [0, 9] is 
(a) 126 (b) 135 (c) 160 (d) 0 

The maximum value of f (x) = z zon [—1, 1] is 

4-x+x 
i cu i x 

(ayes anaitiageyici cok (a) = 

The point on the curve y = 4x which is nearest to, the point (2, 1) is 

(a) (1,2V2) (b) (1,2) Cru) (d) (- 2,1) 

If x + y = 8, then the maximum value of xy is 

(a) 8 (b) 16 (c) 20 (d) 24 

The least and greatest values of f (x) = x — 6x7 + 9x in [0, 6], are 

(a) 3,4 (b) 0,6 (EOFS (d) 3,6 
f(x)=sin + V3 cos x is maximum when x = 
“vay 2 n nt 

(a) 5 ) 7 © % (d) 0 


If a cone of maximum volume is inscribed in a given sphere, then the ratio of the 
height of the cone to the diameter of the sphere is 


3 1 1 2 
(a) 5 ) 5 (©) 4 (d) 3 
The minimum value of | x7 + on is 
(a) 75 (b) 50 (c) 25 (d) 55 
If f(x)=x+ : , x >0, then its greatest value is 
(a) -2 (b) 0 (c) 3 (d) none of these 
If f(x) = + , then its maximum value is 

Ax* +2x+1 

4 ps 3 
(a) 5 ) 3 () 1 (d) 5 
Let x, y be two variables and x > 0, xy = 1, then minimum value of x + y is 

1 1 

(a) 1 (b) 2 (0) 25 Meaene 
If f(x)=x+ 2 ,x>0, then its greatest value is 
(a).=2 (b) 0 (c) 3 (d) none of these 
The function f (x) = 2x° — 15x” + 36x + 4 is maximum at x = 
(a) 3 (b) 0 (c) 4 (d) 2 


x 


The maximum value of f (x) = zon [-1, 1] is 
x 


@)-7 be) -5 Clr. (a) 
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27. Letf (x)= 2x3 — 3x7 — 12x +5 on [— 2, 4]. The relative maximum occurs at x = 


ka) —2 (a (c) 2 (d) 4 
28. The minimum value of x log, x is equal to 

(a) e (b) 1/e (c) -1/e (d) 2/e (e) -e 
29. The minimum value of the function f (x) = 2x> — 21x* + 36x — 20 is 

(a) —128 (b) —126 (ce), —120 (d) none of these 


2%. 
30. f@x)=1+2sinx+3.cos"x,0<x5 is 


(a) Minimum at x=1/2 (b) Maximum at x=sin !(1/V3) 

(c) Minimum at x = 1/6 (d) Maximum at sin’ ! (1/6) 

ANSWERS 
q-*(b) 2. (b) 3. (a) 4. (d) 5: (b) 6. (b) 7. (a) 8. (a) 
9. (b) 10. (c) 11. (d) 12-9} 13. (d) 14. (c) 15. (b) 16. (b) 
17.) 18). (0.719! dd). 207 @)= Hae)  22Gy1e) 23. (ye Vea Ge 
25. (d) 26. (c) 27D) 25 C) 29. (a) 30. (a) 


SUMMARY 


1. (i) Let f(x) be a function with domain D Cc R. Then, f(x) is said to attain the 
maximum value at a point a € D, if 


f(x) S$ f(a) for all x € D. 


In such a case, a is called the point of maximum and f(a) is known as the 
maximum value or the greatest value or the absolute maximum value of f(x). 


(ii) Letf(x) bea function with domain D CR. Then f(x) is said to attain the minimum 
value ata pointae D, if f(x) 2 f(a) forallxe€ D. 


In such a case, the point a is called the point of minimum and f(a) is known as 
the minimum value or the least value or the absolute minimum value of f(x). 


(iii) A function f(x) is said to attain a local maximum at x=a if there exists a 
neighbourhood (a — 6, a + 5) of a such that 


f(x) <fla@) for all x € (a—5,a+8), x#a 
or, f(x)—fla) < 0 forallx € (@—8,a+8), x#a. 
In such a case f(a) is called the local maximum value of f(x) at x =a. 
(iv) A function f(x) is said to attain a local minimum at x=a if there exists a 
neighbourhood (a — 5, a+ 5) of a such that 
f(x) > fla) forall xe (@—6,a+5),x#a 
or, f(x)—f(a)>Oforall x € (a-—6,a+8),x #a. 
The value of the function at x =a i.e., f(a) is called the local minimum value of 
f(x) at x=a. : 
The points at which a function attains either the local maximum values or local 


minimum values are known as the extreme points or turning points and both 
local maximum and local minimum values are called the extreme values of 


f(x). 
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Thus, a function attains an extreme value at x = aif f(a) is either a local maximum 
value or a local minimum value. Consequently at an extreme point ‘a’, 
f(x) — f(a) keeps the same sign for all values of x ina deleted nbd of a. 
2. A necessary condition for f(a) to be an extreme value of a function f(x) is that 
f ‘(@ =0, in case it exists. 
Above result states that if the derivative exists, it must be zero at the extreme points. 
A function may however attain an extreme value at a point without being derivable 
there at. For example, the function f(x) = | x | attains the minimum value at the 
origin even though it is not derivable at x = 0. 
This condition is only a necessary condition for the point x =a to be an extreme 
point. It is not sufficient i.e., f(a) =0 does not necessarily imply that x =a is an 
extreme point. There are functions for which the derivatives vanish at a point but 
do not have an extreme value thereat. For example, for the function f(x) = x, 
f (0) =0 but at x = 0 the function does not attain an extreme value. 
Geometrically the above condition means that the tangent to the curve y = f(x) ata 
point where the ordinate is maximum or minimum is parallel to the x-axis. 
As discussed in Remark 2 that all x, for which f (x) = 0, do not give us the extreme 
values. The values of x for which f’(x) = 0 are called stationary values or critical 
values of x and the corresponding values of f(x) are called stationary or turning 
_ values of f(x). 
3. (First derivative test for local maxima and minima) Let f(x) be a function differentiable 
at x =a. Then, 
(a) x=aisa point of local maximum of f(x), if 


(i) f(a) = 0 and, 


(ii) f’(x) changes sign from positive to negative as x passes through a ie., f (x) >0 
at every point in the left nbd (a — 8, a) of aand f(x) <0 at every point in the right 
nbd (a,a +8) of a. 
(b) x =a isa point of local minimum of f(x), if 

(i) f(a) = Oand, 

(ii) f’(x) changes sign from negative to positive as x passes through a i.e., f(x) <0 
at every point in the left nbd (a — 8, a) ofa and f’(x) > 0 at every point in the right 
nbd (a,a +5) of a. 

(c) If f(a) =0, but f(x) does not change sign, that is, f(a) has the same sign in the 
complete nbd of a, then a is neither a point of local maximum nora point of local 
minimum. 


4. (Higher order derivative test) Let f be a differentiable function on an interval J and let 
c be an interior point of J such that 


i) f(=f"O=f'" =... =f" | (&) = 0, and 
(ii) f” (c) exists and is non-zero. 
Then, 
(a) ifnisevenand f"(c)<0 = x=cisa point of local maximum 
(b) ifnisevenand f"(c)>0 = x=c isa point of local minimum 


(c) ifnisodd = x = cis neither a point of local maximum nor a point of local 
minimum. 
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In order to find the points of local maximum/minimum of a function, we may use 
the following steps: 

STEPI Find f’(x) 

STEPH Put f(x) =0 and solve this equation for x. Let c1, C2, ..., C, be the roots of this 
equation. C1, C3, ...,C, are stationary values of x and these are the possible points 
where the function can attain a local maximum or a local minimum. So we test the 
function at each one of these points. 

STEP MI Find f’’(x). Consider x = cy. 

If f (cy) < 0, then x =c, is a point of local maximum. 

If f “(c,) > 0, then x = c, is a point of local minimum. 

If f’(cy)=0, we must find f’’(x) and substitute in it c for x. 

If f’’(c,) #0, then x=c, is neither a point of local maximum nor a point of local 
minimum and is called the point of inflection. 

If f’”’(c,) = 0, we must find f IV (x) and substitute in it Cc; for x. 


rad (cy) < 0, then x =c, is a point of local maximum and iff?” (c,) > 0, then x = cz 
is a point of local minimum. 
If f = (c}) = 0, we must find f (x), and so on. Similarly the values of c3, c3, ..., may 
be tested. 
5. Following are some properties of maxima and minima: 
(i) If f(x) is continuous function in its domain, then at least one maxima and one 
minima must lie between two equal values of x. 


(ii) Maxima and Minima occur alternately, that is, between two maxima there is 
one minimum and vice-versa. 


(iii) If f(x) > © as x >a or b and f(x) =0 only for one value of x (say c) between a 
and b, then f(c) is necessarily the minimum and the least value. 
If f(x)  — 2° as x a or b, then f(c) is necessarily the maximum and the greatest 
value. 
6. The maximum and minimum values of a function defined ona closed interval may 
be obtained by using the following steps. 
Let y = f(x) be a function defined on [a, b]. 


ster ‘Find £4 =F” (x) 

STEP MI Put f’ (x) =0 and find values of x. Let cy, Cp, ..., C, be the values of x. 

STEP Il Take the maximum and minimum values out of the values f(a), 
fey), f(c2), wor f(Cn), fl). 

The maximum and minimum values obtained in step III are respectively the largest 
or absolute maximum and the smallest or absolute minimum values of the function. 
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INDEFINITE INTEGRALS 


19.1 PRIMITIVE OR ANTIDERIVATIVE 


DEFINITION A function (x) is called a primitive (or an antiderivative or an integral) of a 
function f(x) if 0’ (x) = f(x). 


For example x is a primitive of x3, because is xt Si 
‘4 ‘ dx| 4 
Let 6 (x) bea primitive of a function f(x) and let Cbe any constant. Then 
d d 7} : 
a OP @)+C]} = 0 @ = foo [.- & @)=fx)] 


o (x) + Cis also a primitive of f(x). 
Thus, if a function f(x) possesses a primitive, then it possesses infinitely many primitives 
which are contained in the expression 6 (x) + C, where C is a constant. 
xt 


t 
For example, 7: es +2,—-—1 etc. are primitives of wes 


19.2 INDEFINITE INTEGRAL 

DEFINITION Let f(x) be a function. Then the family of all its primitives (or antiderivatives) is 
called the indefinite integral of f(x) and is denoted by J f(x) dx. 

The symbol fra dx is read as the indefinite integral of f (x) with respect to x. 


Thus, 4 (9 (x) +Q)=f(x%) © J fix) dx=o(x)+C PU) 


where 6 (x) is primitive of f(x) and C is an arbitrary constant known as the constant of 
integration. 

Here, } is the integral sign, f(x) is the integrand, x is the variable of integration and dx 
is the element of integration or differential of x. 


DEFINITION The process of finding an indefinite integral ofa given function is called integration 
of the function. 
It follows from the above discussion that integrating a function f(x) means finding a function 


o (x) such that f ( (x)) =f(x). 
19.3 FUNDAMENTAL INTEGRATION FORMULAS 
We know that 

# o@)=fo) @ J fardr=9@)+C, 


19.2 
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Based upon this and various standard differentiation formulae, we obtain the following 


integration formulae: 


n+i 
(i) Aaa Jeeinent 


(i) 4 dog x)= 


(iii) £) =e 
(iv) iL 


(v) i (— cos x) =sin x 


; fee 0.02 
log, 4 


el ee ay 
(vi) ne (sin x) =cos x 
Een a 
(vii) ae (tan 2) = seer x 


a idee me 
(viii) ae (— cot x) =cosec” x 
; d 
(ix) Pe (sec x) =sec x tan x 
(x) ae (— cosec x) = cosec x cot x 
dx = 
od : 
(xi) ef (log sin x) = cot x 
spel dl! 
(xii) ay (— log cos x) = tan x 


(xiii) fe (log (sec x + tan x)) = sec x 


(xiv) 


(xvi) a 


en es a ee 
(xv) mac AG ae: 


(xvii) a : tan7! ~ 


(xviii) £ 


< (log (cosec x — cot x)) = cosec x 


n+1 


+1 


= f{ x"dx=3 +C,n#-1 
n 
1 
= f x x alog |x| +e 


=> f edx=e°+C 
Xe 


a 
log a 


=> | @dx= +C 

= f sin x dx =—cosx+C 

=> J cos x dx =sinx+C 

=> J sec? x dx =tanx+C 

= i} cosec? x dx =—cotx+C 

= J sec x tan x dx =secx+C 

=> f cosec x cot x dx =—cosecx+C 
= J cot x dx =log | sinx |+C 

=> f tan x dx =—log | cosx | +C 


=> J secx dx =log | secx+tanx|+C 


= i} cosec x dx = log | cosec x-—cotx | +C 


VOD 


(xix) - ( sec”! = 


a 7 al 
a x Vx? — a? 
di 


: cosec’! is }: C 
a a 


Let us now discuss evaluation of some integrals based upon the above formulae. 


INDEFINITE INTEGRALS 


ILLUSTRATIVE EXMAPLES 


ILLUSTRATION 1 Evaluate the following integrals: 


1973 


(i) f xt dx (i) [vedx Gi) Jz dx (iv) JApae ow) J 8 * ax 
x 


: 4 x4+1 ~ 
SOLUTION (i) i} a Aa ie = 5 tC [Using formula (i)] 
ey 
SOR 
id oh BERNA BC betes Nenana! Te [Using formula (i)] 
5 1 
1 -5+1 
(iii) i) Ve a = J x M2 gy = 2 i eC = 2x2 4C [Using formula (i)] 
3 = 5 +1 
2 
Sie | 
(iv) J Sax = J vax = RS ee [Using formula (i)] 
; x 
(v) J dle ae =| g!B.* gy =| egndehl 5.2 4 6 [-.: qBa* = x] 
; ot 1 4 ; 


2 log, x _ etlog, x 


ILLUSTRATION 2 Evaluate: oregon 
e (2 


5 log, x _ 4 log, x 
@ log, x 2 log, x 


soLuTIon f £ 


nae 
= i a x dx fi: Globe x = x4] 
-x 
x? 
Ae 2 dpe 
x” (x=1) 3 
ILLUSTRATION 3 Evaluate: 
® | Team * Rraacay 4 
SOLUTION (i) We have, 
2 ‘ ' : ; 
J 1+ cos 2x ala J ae fee = | sec tax = tan x+G 
(ii) We have, 
jaar a J 2 sin? x dx = i cosec? x dx = —cotx+C 


ILLUSTRATION 4 Evaluate: 


in? @) 2x 
(i) { cos 2x + 2 sin* x rp cos? = cos ae 


cos” x sin’ x 
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SOLUTION (i) We have, 


cos 2x +2 sin? x d 
f 2 ee 
cos’ x 
1-2sin?x+2sin?x 
a f —— “ZX 


cos* ae 


=| L dx = J sec? x dx = fan cae 
cos* x 


(ii) We have, 


2 cos? x — cos 2x d 
ied x 
sin’ x 
yee PE 
Se ey 


sin? Be 


=| ts dx = | cosec?xdx = —cotx+C 
sin’ x 


ILLUSTRATION 5 Evaluate: 
(i) [ e*!84dx,a>0,a41 (ii) fe !°8* ax (ii) f &a® dx 
SOLUTION (i) We have, 


x 


[ ele ee J B® dy = f a* dx = “—+C 


log, a 
(ii) We have, 
a +1 
[ et loeex dx = | clo&* dx = | dx = +C 
a+1 


(iii) We have, 


Lar Page oy aL ee 
fe a dx = | (ae) a SS 


EXERCISE 19.1 
Integrate each of the following functions with respect to x: 


1, i) x! (ii) x5/4 fan 5 (iv) sa 
(v) 3* (vi) 1e (vii) 37 1°83 * (viii) log, x 
x: 


2. Evaluate: 


@ J Vitses2x Ep «iy J Vi=s0s2x ip 


je (oe 
4 2 ef log, x _ ,3 log, x x 
4. Evaluate: i eae ax 
ab 
5. Evaluate: 
289 y) 
2 cos 2x +2 sin* x See COSe xe — COS Zr 
(i) i eee eg Ce nee dx (i) = 5 dx 
Sinn cos” x 
olog Vx 
6. Evaluate: | dx 
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i —————$————— ne = —OAANSWERS 


5 

1. @ E+ (i) 22/4 +c (iii) Eee 

fun tc (v) euae (vi) 3x34 

Vx log 3 
x 
(vii) cre (viii) x +C 
3 
2. (i) sinx+C (ii) -—cosx+C as etc 
ie Tei 

: Sica 5. (i) —cotx+C (ii) tanx+C 

6. 2V¥x+C 


19.4 SOME STANDARD RESULTS ON INTEGRATION 


THEOREM (i) {J f(a) dx )=/(x) 


i.e., the differentiation of an integral is the integrand itself or differentiation and integration are 
inverse operations. 


(s/c. i} k f() dx=k | f(x) dx, where k is a constant 


i.e., the integral of the product of a constant and a function = the constant x integral of the 
function. 


(iii) f (f(x) £ g(x)} dx =| f(x) dx +{ g(x) dx 


i.e., the integral of the sum or difference of a finite number of functions is equal to the sum or 
difference of the integrals of the various functions. 


PROOF (i) Let J fix) dx = 9 (x). Then, by definition of an integral, we have 


£(0 (x) = fa) = fe ( 1) ax | =e 


(ii) Let | f(x) dx = 6 (x). Then, by the definition of an integral, we have 


4 (0 @)) = fx) i) 
= Ftkow@l = k-F(00)) = kf [Using (i) 
= f k f(x) dx = ko (x) [By def. of an integral] 
= i k f(x) dx = kf feo dx E | fe9 d= 6 (3) | 


COROLLARY If f(x)=1,then| k-dx=kf 1-dx=kJ x°dv=kx+C 
Thus, integration of a constant k with respect to x is kx. 


(iii) Let f fox) dx =6 (x) and f g(x) dx =y (x) (i) 
Then, £-(0())=fl2) and © (y()=g(0) 


=> £(e @)+4 (vy (x) = f(x) + g(x) 
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= 4 {oy Co] = Ky £8) 
= i (fl) ete g(x)ldx = (x) + w(x) [By def. of an integral] 
=> i {f(x) + 9(x)} abe = \ f(x) dx +| g(x) dx [Using (i)] 


GENERALIZATION The above results can be generalized to the form 
i ky » fx) + ko fo (x). thy fy GO) dx =k | f(x) dx + ky f fox) dx ... tky f fin(x) dx 


i.e., the integration of the linear combination of a finite number of functions is equal to the linear 
combination of their integrals. 


ILLUSTRATIVE EXAMPLES 
TypeI PROBLEMS BASED ON Jk f(x) dx=k J f(x) dx 
EXAMPLE1 Evaluate: 
(i) { Ax? dx (ii) f 2sinxdx (iii) J a ody (iv) f ; sec” x dx 


SOLUTION We have, 


5+1 

: Bos aoe or ee ce! ae ee 
(i) fadax = 4) x ax =4[ Bez ec = Gta = 3x ras 
(ii) J 2sinxdx = 2) sinxdx = —2cosx+C 

x 
wes gx t2q x oe 2d: = x a : 3 
Gi) f x =f 3-32 dx = 9] 3%dx =9 GSS 
(iv) J Asec? xdx = Ff sect xdx=5 tanx+C 


n+1 


Type II EVALUATION OF INTEGRALS BY USING J x" dx =" — 
T 


+Cand J + dx =logx+C 


EXAMPLE2. Evaluate: 


Seer e ey eae 48 4507 +4x4+1 A\ or 
(i) f x84 me oe tals x 0p) ee ax Gi) fa x) Vx dx 
ag ivy 1+xP 
(iv) [fee | dx (v) J+] dx (vi) ane dx 
3) 
(vii) (a 


SOLUTION (i) Let 
yee A. 
T= | x°+5x7-44+5 
f x 5x? 4+7 +77, a. Then, 


Ie f 8 dx +f 5x dx - | Adx + | Zax+] fo dx 


Se t= f Pdx+5f dx—4fi dxe+7f Sax+2f vax 
= a 1/2 
ee ob ES ar x 
T= Fis ee sx 7og |x| +2[ 25 +c 


INDEFINITE INTEGRALS iy 


(ii) Let 


(iv) Let 


(v) Let 


(vi) Let 


x4 


I= ~ 4 +29- 4x+7log |x |+4vVr+C 

2 
peo +527 44x41 eee hent 

2 

: Sea | Fao 3 2 
r=] Pee ek) dx [Dividing each term by x*] 


l= i x dx +f Sdx + <dx+f dx 
x 


L= f x dx +f 5-dx+4f <dr+/ x? dx 


2 


-1 
f= 5 + 5x +4 log Pxil {5 ; }+¢ 


= J +5x+4log | x] -2+C 
1 = | (-x) Vx dx. Then, 
= | We-xVu) ax 


43/2 xo/2 
p= [ Wear-[ 0? ar = PO Pe ec 2 er 2A yc 


2 
[= i} x dx +f fdx+2J 1-dx = 7 + log |x| +2x+C 


x2 


l= J 84 43x 4 3 dx 
ae x 


3 
= f [+35] dx. Then, 


I =| x dx+ | x dx+3f x dx+3f x? dx 


Jz f vVae+a) PP ag oe 3/2 4 


19.8 
, pais Agile vey, 
= Far 3/2 5/2 
BP 
-x°+x-1 
(vii) Let I = f esa oe dx . Then, 
pot x7 (x-1)+(x-1) he 
x-1 
(x2 +1) (x-1) 
= t=] cee TREY dx 
xe 
— =f +1 dx = +xHe 
EXAMPLE3 Evaluate: J ad ae 
x —x+l1 
4 
SOLUTION Let! = cael Then, 
x~-—-x+1 
2 
p= { SeXy 
x+1 
2 — 
= ae +14+z)(°+1-%) 4 


(x7 —x +1) 
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= Dil? 4B B/P 4S ol? C 


Ey ee 
= f (?+x41)dx = ene 


3 


Type III INTEGRATION OF TRIGONOMETRIC FUNCTIONS 


EXAMPLE 4 Evaluate: 


(i) J 3 sin x -2 cos x + 4 sec x — 5 cosec” x dx 


(ii) | Vi—cos 2x dx 
(v) i V1—-sin 2x dx 


SOLUTION (i) Let 


= f (3 sin x -2 cos x + 4 sec” 


(ii) | Vi+cos 2x dx 
(iv) V1l+sin2x dx 


= x—cos 2x . 
—cosx 


(vi) 


x—5 cosec* x) dx. Then, 


jf 

= 3 [ sin x dx -2f cos x dx +4] sec? x dx —5 J cosec* x dx 
I 

if 


= = —-3cosx—2sinx+4tanx+5cotx+C 
(ii) Let = J V1 + cos 2x dx . Then, 

1= | V2cos*x dx= v2 | cos x dx = V2 sinx+C 
(iii) Let 1 = | Vi—cos 2x dx. Then, 

I= f V2 sin? x dx = v2 | sinx dx = —V2 cosx+C 
(v) Let J = } V1 + sin 2x dx. Then, 


it =| Vsin? x + cos” x +2 sin x cos x dx 


— I= J V(sin x + cos x) dx 


=> I= i (sin x + cos x) dx = f sin x dx + { cos xX dx = —cos x+sinx+C 
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(veel it= [ V1 —sin2 x dx. Then, 
1 = | Vein? x +cos? x—2 sin x cos x dx 
= I =| V(sin x — cos x)? dx 
= 1 = | (sinx-cosx) dx = f sinxdx—{ cos x dx = 
(vi) Let I = | Ce ee Then, 
1—cos x 
= Pas 
oa pee (2 cos* x Le 
eos: 
2 
~ = (2 cos" x= cos x= 1) 
ies A J —(cos x —1) 2b 
= [= J R608 2 #1) (coax ae = i} (2. cosx+1)dx = 2sinx+x+C 


(cos x — 1) 


EXAMPLE 5. Evaluate: 


(i) J tan? x dx 


(iv) f 


(vii) 


f cos 2x —cos2 a 


cos Xx —cos &@ 


SOLUTION (i) Let I = i} tan? x dx. Then, 


(ii) Let 


(iii) Let 


(iv) Let 


(v) Let 


—cosx-—sinx+C 


ih — f (sec* x — 1) dx = ( sec? x dx — f 1-dx = tanx-x+C 


Hse J cot? x dx. Then, 


dx 


(ii) f cot? x dx Gy) fy 
sin” x cos” x 
2 
ae ee (v) J 243 COS gy (vi) i} (2 tan x —3 cot x) dx 
sin* x cos x sin® x 


l= J (cosec” x — 1) dx = i) cosec? x dx — | Ieax=—cotx—x4C 
r= { —-+ > & Then, 
sin* x cos* x 
sin? x + cos? x 1 i 
{= [aa f ae 7 ax 
Sitin COS ma: (Gory 3  eybain se 
1 =f sec?xdx+] cosec? x dx = tanx—cotx+C 
1 = [| —S°22— ax. Then, 
Silie yc OSaeG 
D aD 
cos’ x —sin™ x 1 1 
to | el (Ge oe |e 
sin* x cos* x Sar ve (elope 
1 = | cosec? x dx - | sec x dx = —cotx—tanx+C 
y = [ 249508 hie Then, 
sin x 
r=] = +2 908% gy =f (2 cosec* x +3 cot x cosec x) dx 


19.9 
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= I= | cosec? x dx +3 cosec x cot x dx =- 2 cotx —3. cosecx+C 
(vi) Let I= | (Qtanx-3cotx)* dx. Then, 
i { (4 tan? x + 9 cot? x — 12 tan x cot x) dx 
> a {4 (sec? x - 1) +9 (cosec? x — 1) ~ 12} dx 
= 1 = J (4sec? x +9 cosec? x — 25) dx 
=> I = 4tanx—-9cotx—25x+C 


cos 2x — cos 2 & 
———§ ——— dx .Then 
cos x — cos & 


2 oo Yipes 
fs (EES x-1)-(2cos’ a 1) ay 


cos x —cos & 


yee 2 PAS 
A pea Ae x — COS O) ay 


cos X — cos &@ 


(vii) Let 1 = f 


= I = 2f (cosx+cos a) dx 
= 1 = 2f cosxdx+2] cos a dx 
=s 1 = 2] cosxdx+2cosaf 1-dx = 2sinx+2xcosa+C 


EXAMPLE 6 Evaluate: 


é 1 
@) peereke @) reer: eae 
sin x : sec X 
(iii) J Pasi aN) J eee 
SOLUTION (i) Let I = f — dx. Then, 
1+sin x 
1 aes: 
feeai' Seat Bs Fn “oe sinx 4. 
1+sinx 1-sinx 1—-sin? x 
= p=f 284 ax=f —-ax-J Sa 
cos x cos’ x cos* x 
= 1 =f sec?x dx - f tanxsecx dx=tanx-secx+C 
“f 1 
Gijiket el || 1 eeoae oe Then, 
a! 1- 
pels : COS X Byles COS ay 
= 1COSiX 
=> = 2 = SOS ty = | cosec 2y dx—J cotx cosecx dx =—cotx+cosecx+C 
sin* x 
iii) Let es sin x 
(iii) Le Pewee Then, 
=| SIN XC SIS) Fe _ f sinx sin’ x d 
(1 + sin x) (1 — sin x) 1 -sin2 x ss 
A hw) F ee. 
= sin x sin Ripoat| sinx _ sin"x 4. 


cos” x cos* x cos? x 


INDEFINITE INTEGRALS 19.11 


= Ibe i tan x sec x dx —{ tan? x dx = ‘| tanx secx dx — | (sec? x — 1) dx 


— 1=f secx tan x dx-| sec? x dx +f 1-dx = secx—tanx+x+C 


. se 
(iv) Let I = [ —®®¢* — gy Then, 
secx+tanx 


I =f sec x (sec x — tan x) o} 


(sec x + tan x) (sec x — tan x) 


sec? x—sec x tanx 


= = | Se x secr tan ay = f sec? x-sec x tan x dx 
sec x — tan? 36 


= 1 =f sec? x dx—| secx tanxdx = tanx-secx+C 


EXAMPLE7 Evaluate: 
6 


6 
sin. x+cos x ee 1+ cos 4x 
5 tp ae (ii) ee ee 
sin* x cos* x cotx — tan x 
6 
: + 
SOLUTION (i) LetI = { 22 cos? x dx. Then, 


sin? x cos? x 


rye f (sin? x +cos* x) - 3 sin* x cos” x (sin* x +cos* x) Deere se 


sin? x cos* x =(at+ by? — 3ab (a + b) 


2 
= awe 3sin? x cos x ax 


sin? x cos? x 


* t=) fe 


sin’ X COS” X 


sin? x cos? x 


saa. 2 
se 1={ = x + COS £3} as 
= I =f (sec?x + cosec? x -3) dx = tan x—cot x-3x+C 


Gi) Let I= pire Cope dx. Then, 
cot x —tan x 


2 cos 2x cos x sin x 
SSS SS ait 


cos? © ae sin? x 


==> 1 = J cos 2x sin 2x dx = 5 J sin 4xdx = ~3 cos 8r+C 


EXAMPLE 8 Evaluate (i) (i sin”! (cos x) dx,0Sx<m 


(ii) f Aol ereeere ere 


1+ cos 2x 


(iii) f tan7! (sec x + tan x) dx, -1/2<x<n/2 (CBSE 2003] 


SOLUTION (i) Let I = | sin”! (cos x) dx. Then, 


Le, | sin" sin( Fx | bas 
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f{ B-x lax = =f 1-ax-J PEL 
=> i Gig: Le tie ‘dx—J xdx = 5 


of A = \)1 0082s | 
(ii) Let 1 =f tan | ree: dx 


1=f ant y 2 sin’ x = | ax =| tan7! (tan x) dx = J rdx=*+C 


2 cos? x 


(iii) Let I = J tan! (sec x + tan x) dx. Then, 


1 =f tan otf See |e 
cos x 


= le Uo dye Edx = Bf 1-dr+5 5 | et ee +C 


4 2 - 


EXAMPLE 9 Evaluate: i} tan! | Se | dx,-nt/2<x<mn/2 [CBSE 2003, 2006] 
1+sinx 


SOLUTION Let! = ftan-} {Vicsinx dx. Then, 
1+sinx 


Tl 
1-—cos|=-x 


es 
T= J ta} Sak ae) dx 
1+ c09(F-3] 
2 sin? a7 a 
— I= J tan! 


Sipe Tene Te geet ee 
=> 1 =f tan {an (%- “ ier: eee 
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Type IV INTEGRATION OF EXPONENTIAL FUNCTIONS 


EXAMPLE 10 Evaluate: 
(i) J exlosay flogxy prloga ax). (1) eee +x" 4m * Ja 
SOLUTION (i) LetI = f et loga , alogx , log gy Then, 


= i log a 4 plog x" , plog a" 4, 


= T= | @+x+a% dx 
= T= f atdx+{ dx+] a dx [.- 1849] 
+1 
= J= a + +a° x+C 
loga atl 


(ii) Let af (Strat +a ds Then 


b= 4) xdx+m| Sdx+] x" dx +] m* dx 


x2 m+1 m* 
— I = 3—+mlog | x| +7 teteen & 
EXAMPLE 11 Evaluate: 
2*+3* at At 
(i) f a te (ii) f eae dx 
6 
SOLUTION (i) LetI = ea +2 dx. Then, 


— [(2¥ (3 ep xG/sys 
reel eer log, (2/5) * log, (3/5) * © 


< 2 
(ii) Let 1 =f ee: Then, 
a 


(core _(J{4 Dy oy (b/ay* 
= i bad igen we] {( ]+(2) +2} =item tage ornt*° 


Type V MISCELLANEOUS PROBLEMS 
EXAMPLE12 Evaluate: 
(i) f ot+2 41d) Gi) J sine’) ace’) 


19.14 


SOLUTION (i) Letx?=t. Then, 
T= f (+2241) a?) 


$5 =| (@+t+1)dt 

oe a age 
=> Sige LETC Pin tah hee 
(ii) Let e* = t. Then, 


I 


[ sin) d(e)=J sintdt=-cos t+C=—cos ()+C 


EXAMPLE 13 [If f’ (x)= 3x7 — Sand f(A) =0, find f (x). 


SOLUTION We have, 


fa =] f° @ ax 
= f@= { [=] dx 


- — poes(t}fZ}ec 


= f@) = 8+54c 
x 

= PAL) Sse SG 

= Or= G72 

= G= = 2 


f@= 4-2 
x 
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[.-# = x7] 

..-(i) 

[Replacing x by 1] 
[-.-f@) = 0] 


[Putting C =— 2 in (i)] 


EXERCISE 19.2 


Evaluate: 
be ee 
1. | @xvx+4Ve+5) dx 2. jl? e-3| dx 
3. J |x @x2+bx+0)} dx a. | (2-3x) (3 + 2x) (1 — 2x) dx 
6 


be : 
5. J [Ft tm ea +m] dx 
Ue 


7. J a dx 


aa [w-Fe] dx 


oe 
—; 
as 
R 
N 
“he 
WS 
(e) 
aa 
Rx 
+ 
Ve ieee 
Ks 
ee A 


9. J @e+e%se) dx 10. Jv e-2 | a 


1 1 J 
nf ef+z]e 12. [ 52? ax 
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=1/3 
13a i x? 4+Nx +2 dx 


Vx 
15. J Vx (3-5x) dx 


17. 


f 4x 742 ps 


a3 
f iat aa +6x* 
x +2x 


19. dx 


21° J [Ssinx—deos.r+ 


22. i) (sec* x + cosec” x) dx 


5 cos? x+6 sin? x 


2 sin? oe cos* Eg 


24. J dx 


1=€05.2x 

UG Fs cos 2x ig 
28 f cos* x- sin? x 

; V1 +cos 4x 

i 

30. " ae dx 
32 | cosec x 

* * cosec x — cot x 


1 
a. J 1—cos 2x wo 


36. f cos! (sin x) dx 


1+ tan? x 


38. f sin! | roe dx 


cos 


19.15 
1+ Vx)? 
aa, [ Gti" 
i Vx. dx 
(cet) 
16. f vx dx 
18s. { (8x+4)? dx 
5 xt 4 122° 4 7x2 
~ a Eel My 
x +x 
+tan? x — cot” | dx 
3 3 
23. ie a — x Fp. 
sin” x cos’ x 
2 
25; f (tan x + cot x)" dx 
27. [PR Co cos x OF i cot x ae 


1-cos Fd cosec x — cot x 


29. if ds 
t—cos x 


tan x 
Ly 
E ecaar ger sec x+tan x 


ve J 1+ cos 2x ue 
= sin 2x 
35, f tan eae dx 
=I sin 2x 
, So a ler 
of J cot eer He 


30, [| & +. 8).(%= 1) ze 
x -2x+4 


x — 3x7 +5x-74+x7 a* 


40. J (a tanx+bcot x) dx 41. 5e dx 
x 
42. ff’ ()=x- and fl) = 5 find f (x) 
x 
43. If f’ (x) =x +b, fl) =5, f(2) = 13, find f (x) 
44. If f’ (x) =8 x° — 2x, f(2) =8, find f(x) i 
45. If f’ (x) =a sin x +b cos x and f’ (0) = 4, (0) = 24[ a 5, find f(x) 
46. Write the primitive or anti-derivative of f (x) = Vx + - : 
ANSWERS 
6 15/2 8372 ‘ S375 
1 5x +X OX iC oe, ee se 7% 5 4 ot 


44, 
46. 
3 


=u 
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28 7/22 45/242 653/24 4. syige yee 24+6x+C 
if 5 3 2 
2 x m+1 x 
ag m x m 
as —+C 
mlog | * | +5 Slog mi, mel § + 
Ss ; Metin gale 6 5/2, 2,7/24¢ 
7 ~2xtlog | x1 +C 7. 2VNX +2x +x +5x + 
3 D2 e+1 
x x 1 é ete 
Tele é @ +C 9. Aina +e@x+C 
B| 9 
2 9/2 _ iPS: 
9% 4Vx+C 11. 2Vx Are ae 
By t23 
ae 13, 3x3 4277/6 437/34 
5 3 hi 
2Ve+ 24S? 4C 15. 2x0 * = 2/746 
Aes 
2 8/2 _2 3/2 _aVe+C 17 ee ee 
5 4 S 
Loe 4 4) aC 19. Ar ae G 


2 


3 
Bete rely coe tara 


3 2 


. tanx—cotx+C 


5 
. -=cosecx+3secx+C 


2 


. tanx-x+C 


ae 
. tanx+secx+C 


. —cotx—cosecx+C 


fs -Fcotx+C 


x2 
ae 


2 ate 


~ x +C 


. atanx—bcotx-—(a+b—2ab)x+C 


2 


85 1 
5 tise 
Opa —20 


20s 
PT fc 


29% 


oi 
33. 


39. 


37. 


Se) 


41. 


43. 


45. 


. -3cosx—4sinx+5tanx+6cotx+tanx+cotx+C 


23. 


sec x +cosecx+C 


tanx-—cotx+C 


—cosec x —cotx-x+C 


—cotx—cosecx+C 


secx—tanx+x+C 


=—tanx+C 


NIP 
ts 
io) 


4 


wR, NR N|Ro 
+ 
o) 


-2x+C 


-3x+5logx+2+ 


f(x)=2cosx+4sinx+1 


a’ 


loga 


Lee 
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19.5 GEOMETRICAL INTERPRETATION OF INDEFINITE INTEGRAL 


In order to understand the geometrical meaning of an indefinite integral, let us consider 
a function f given by f (x) = — 2x. 
U 


We have, 
f (x) dx = —x?+C, where C is the constant of integration. 


Let us now consider the family of curves given by y = f f (x) dx or, y=—- x +C. 


Clearly, y=—- eC represents a family of parabolas having their common axis of 
symmetry along y-axis as shown in Fig. 19.1. Y 

In other words, each integral of Ax=a 

f (x) = —2xrepresents a parabola with its 
axis of symmetry along y-axis. 

Let us now consider the points of inter- 
section of each of these parabolas with a 
line parallel to y-axis (a line orthogonal to 
the axis representing the variable of in- 
tegration). Let x =a be a line parallel to 
y-axis which cuts the parabolas 


ya-x,y=-2 41, 

y=- x? +2, y=- x +3ete respectively at 
points P; , P7 , P3, Pyetc. At each of these 
points, we have 


apriets 
wen oe 

That is the slopes of the tangents to the 

parabolas at P; , P; , P3, Py etc. are same. Consequently, tangents at Pj , P) , P3, Py, etc. 

are parallel. 

Thus, the indefinite integral of a function may be interpreted geometrically as follows: 

The indefinite integral of a function represents geometrically a family of curves having parallel 

tangents at their points of intersection with the lines orthogonal to the axis representing the 

variable of integration. 


19.6 COMPARISON BETWEEN DIFFERENTIATION AND INTEGRATION 


Following points will help us to understand the difference between the differentiation 
and integration. 
(i) The operations of differentiation and integration are defined on functions. 

(ii) The derivative of a function, when it exists is a unique function whereas the 
integral of a function is not unique. In fact there are infinitely many integrals 
of a function such that any two integrals differ by a constant. 

(iii) The derivative of a function ata point (if it exists) is meaningful but the integral 
of a function at a point does not have any sense. 
(iv) Every function is not differentiable. Similarly, every function is not integrable. 

(v) The derivative of a function at a point determines, the slope of the tangent to 
the corresponding curve at that point. The integral of a function represents a 
family of curves having parallel tangents at the points of intersection of the 
curves of the family with the lines orthogonal to the axis representing the 
variable of integration. 

(vi) The processes of differentiation and integration are inverse of each other. 
(vii) The operations of differentiation and integration are operations on functions. 
(viii) Both the operations are linear i.e. 
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d awe" a 
af @)+8@) = 3 FO) + Ge) 
and, 


J f@) +g) dx = ff dx ra g (x) dx 


(ix) The constant can be taken out side the differential as well as integral sign i.e. 
4 Ky =k2G¢(@) and, f kfoydx = kf f@ax 
dx dx 

(x) Differentiation and integration both are processes involving limits. 


19.7 METHODS OF INTEGRATION 
We have the following methods of integration: 
(i) Integration by substitution 
(ii) Integration by parts 
(iii) Integration of rational algebraic functions by using partial fractions. 


We shall now discuss these methods in the following sections : 


19.8 INTEGRATION BY SUBSTITUTION 


In section 19.4, we have considered the problems on integration of functions in standard 
forms and the problems involving combinations of these functions. Integrals of certain 
functions cannot be obtained directly if they are not in one of the standard forms given 
in section 19.4, but they may be reduced to standard forms by proper substitution. The 
method of evaluating an integral by reducing it to standard form by a proper substitu- 
tion is called integration by substitution. 

If @ (x) is a continuously differentiable function, then to evaluate integrals of the form 


J 0) 0 @ dx, 
we substitute o (x) =t and 0’ (x) dx = dt. 
This substitution reduces the above integral to | f(t) dt. 
After evaluating this integral we substitute back the value of t. 


19.8.1 INTEGRALS OF THE FORM f f (ax+b)dx 
THEOREM If f(x) dx = (x), then flax +b) dx =~ 6 (ax +b) 


PROOF LetI=| f (ax +b) dx. 


Let ax +b=t. Then, d(ax+b)=dt => adx=dt = dx=* dt 
Substituting ax +b=t and dx = * dt, we get 
it 
1 =f flax+b)dx = “| fat = *o = = (ax +b) 


n+1 
RESULT1 Prove that | (ax +b)" dx = TL +C, n#¥-1 


PROOF Letax+b=t. Then 
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d (ax +b)=dt = adx=dt => arnt dt. 


Putting ax + b=t and dx = : dt, we get 


n+1 
Sidhe ee 
a a 


n 
J @x+b) dx Aad 


n+1 
=> Nef Eee ene 


a(n+1) 


RESULT 2 Prove that | — dx =— * Jog | ax+b|+C 


6 


PROOF Letax+b=t. Thai der eb) =db=> wdxmdtss dum dt. 


Putting ax + b=t, and dx =" dt ,we get 


: eo fale, = i 
J yar = 4 J Gat = Slog | 1 +c 


1 1 
=> J ax = Flog | ax+b | +C 


RESULT3 Prove that | sin (ax +b) dx =— 7 cos (ax +) +C. 


PROOF Letax+b=t.Then,d(ax+b)=dt > adx=dt > ee dt 


Putting ax + b=t and dx = dt, we get 


f sin (ax + b) dx =I sintdt = -F cost +C 


= J sin (ax +b) dx - + cos (ax +b) +C 


On comparing these three results with 


+1 
f et dx=* is | * dx = log |x |+C and, I sin x dx =—cosx+C 


respectively we find that if x is replaced by ax + b, then the same formula is applicable 
but we must divide by the coefficient of x or derivative of (ax + b) with respect to xi.e., a. 


Thus, in any of the fundamental integration formulas given in section 19.3 if in place of x we 
have ax + b, then the same formula is applicable but we must divide by coefficient of x or derivative 
of (ax + b) i.e. a. 


We give below a list of some of them which are frequently used. 


(ax + b)"*} 


(i) CaS aie 


Gi) J — 


(iii) f pvinebeerrac 


+C,n#-1 


= dx =~ log | ax tebe eC 


qixte 


. +C, aX0 and a¥1 
log a 


bx oa. 
(iv) Ja NC dx => 
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(v) i sin (ax +b) dx =-+ cos (ax +b) +C 


(vi) f cos (ax + b) dx =* sin (ax +b) +C 


(vii) f sec? (ax +b) dx =- tan (ax+b)+C 


(viii) i cosec” (ax + b) dx =— cot (ax +b)+C 


(ix) sec (ax + b) tan (ax + b) dx =* sec (ax +b)+C 


(x) f cosec (ax + b) cot (ax +b) dx =— é cosec (ax + b) +C 


(xi) tan (ax +b) dx =-* log | cos (ax +b) | +C 


(xii) J cot (ax +b) dx =+ log | sin (ax +b) | +C 


(xiii) i sec (ax + b) dx =~ log | sec (ax +b) + tan (ax+b)|+C 


(xiv) J cosec (ax + b) dx a log | cosec (ax + b) — cot (ax +b) | +C. 


Type I 


ILLUSTRATIVE EXAMPLES 


EVALUATION OF INTEGRALS DIRECTLY BASED UPON FORMULAE GIVEN ABOVE 


EXAMPLE1 Evaluate: 


@ J{ex-3+, : Ee ea BER dy 


7x5 Vox-4 2-3x 


(i) | eax Gii) J a2**? dx 


SOLUTION (i) Let, 


= a 1 
r=J fox ee eae tye 


eh V3BX + 2| dx. Then, 


een) Ene ram necro ty ae + J VBR +2 d: 
2x—-3)© (7x-5)% (5x—4)1/2 1 3x4 2)3/2 
Serer ei apes eree SNAP R CAN Se cere 

Bex 3X5 


Ps 


eae Bye - 7 x- 5) 2425 x= gtd 3 log | 2- 3x | +2 @r+2)/2+¢ 


| e**-3 dy = ere AG 


1 


ox 2 
pile t Ss 


[atta 
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EXAMPLE2 Evaluate: 


(i) J sec? (7- 4x) dx [CBSE 2009] Gi) J —,~—— dx (iii) J cosec? (x42) dx 
sin xXCOS X 


: : b sin 4x : sin 4x 
(iv) J sin (ax + b) cos (ax +b) dx (v) as dx (vi) i} aos: 
SOLUTION (i) | sec? (7-4x) dx = ~ 7 tan (7 - 4x) +C 
aa 1 
(Gi) ets] = f io ee dx. Then, 
sin* x cos* x 
=f 4s 
(2 sin x cos x) 
1 
=> ea dx 
emcee 
4 
= 1=4 | cosect 2x lait cot 2x+C = —2cot2x+C 
- 1 
(iii) { cosec* (3x +2) dx = — 3 cot (3x+2)+C 
(iv) Let I= f sin (ax + b) cos (ax +b) dx. Then, 
1 ; 
i 2 2 sin (ax + b) cos (ax +b) dx 
1 : 1 
= T= 5 J sin2(@x+b) eat aaa i cos (2ax + 2b)+C 
sin 4x 
(v) Let [T= aye dx. Then, 
I= ene ee. ax.= 2 i cos 2x dx = 2 LN oe+G = sin2x+C 
sin 2x 2 
; _ f sin4x 
(vi) Let I = f oe dx. Then, 
= PEDERI A tion dx = —cos2x+C 


cos 2x 


sin® x- cos® x 
dx 


EXAMPLE 3 Evaluate: f 


1-2 sin? ne cos’ 6 
sin? x — cos® x 
SOLUTION LetI = f Renita 7p oe oe en, 


1 —2 sin“ x cos* x 


— 


f (sin* x +cos* x) (sin# x — cos! x) We 


2 


(sin? x + cos* x)? —2 sin? x cos? x 


hy fee f (sin* x + cos* x) (sin? x + cos” x) (sin? x - cos” x) at 


sin* x + cos* 456 


= =| Cosoxay = ~5 sin 2x+C 


] 
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EXAMPLE 4 Evaluate: f V14¥sin x dx,0<x<n/2 
SOLUTION Let 


= f V1 +sin x dx. Then, 


1=f Vsin? 5 +cos* > #2 sin 5 cos 5 dx 
{ Vf cos 5 tsin5 at eS J (cos SF sin Jax = =| cos dx#] sin 5 dx 


2sin 5 + 2cos 5 ae = 2{ sin te0s5]+C 


U 
T 


— if 


EXAMPLE 5 Evaluate: 


@) { —+* — x an | eae ie 
V¥3x+4-V3x+1 V1 —2x +V3—2x 
SOLUTION (i) Let 
1 
= | ————— ix. Then, 
J V3x +4 —-V3x4+1 


r={ ¥3x+44+ 8x41 
(Vax+4+ VBx+1)(V8x+4 - xt) 


f V3x +4 +V3x+1 
(3x + 4) — (3x +1) 


= r=) \ox+4 43x47] dx 


= l= 


— r= 3) Bx+dar+5] V3x+1 dx 


3/2 3/2 
= pbs Gr4ot4) & exe t bo, 
? 3x3 : 3x2 
2 2 
= 1 = 2 (@xr+4)?+@r+1|+C 
Gi)eLeta iE f spscces eee aaoe ee Then, 
Pai VI = 2x — V3 — 2x ; 
(V1 — 2x + V3 — 2x) (V1 —2x —V3—2x) 
i a Ros SATS ESO Ig, 
(1 — 2x) — (3 - 2x) 
= [= -5 f W-trdx+5 J B-B dx 
1 Lix2 3/2 as 3/2 
= D5 ony +3 Sake 368 ak +C 
i a s2x= 
2 2 
1 
= I=% (1 -2x)9/2- 4 (3-2x)/7+C 
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1l+x 1-x 
he +4 


EXAMPLE 6 Evaluate: - dx 
2: 
l+x 1-x 
SOLUTION Let I = [ ore dx. Then, 
3x +3 2-2x 

i f z ae dx 

=> = f 2+34 22-3 dx 
g2x+3 92 - 3x g2x +2 92 - 3x 


=e2dog® © (loxP 16s 0" 3 lop 2 + © 


Type II EVALUATION OF INTEGRALS OF THE FORM a eine 
ax 
WHERE p (x) IS A POLYNOMIAL 


In order to evaluate this type of Integrals, we may follow the following algorithm. 
STEPI Check whether degree of P (x) or <n. 
STEPH If degree of P (x) <n, express P (x) in the form 

Ag+ Aj, (ax +b) + Ay (ax +b)" +...+A,_3(ax+by"~ 
a! A) hf Ag 7 Ay + A a Wa 
(ax+b)" (ax+b)" (ax+b)""! (ax+b)"~? ax +b 
STEPIV Evaluate 


STEPUI Write 


P (x) " 1 4 1 d 
jee a wenie ae A ae naa een! nS eb j 


STEPV If degree of P(x)2n, then divide P(x) by (ax+b)" and express soe as 
ax+ 
RO) 


Q (x) +“, where degree of R (x) is less than n. 
(ax + b)” 


STEP VI Use step II and III to evaluate | eo |i 
(ax +b)" 


Following examples will illustrate the above procedure.’ 


EXAMPLE 7 Evaluate: 


ax+b : ae tix ex 2x1 
aS d Bary nahin = a ite 
eer: : oo J (x +1)* ; cit) J (l+x) (x+1)* z 
SOLUTION (i) Let I = [ ae 


Let ax+b = A (cx +d) +. 
On equating coefficients of like powers of x, we get 
a=)eand b= \d+p =i = fend w= Pe 
iL: [a “axth . 
(cd + d)* | 
l= f Alert @) +p g 
=> 
(cx + d)* 


ae 


cy 
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dx+p {| —= & 


1 
“44 r=aJ cx+d (cx + d)* 


ae Veta Ex 
= I =~ log |ex+d| eet te 
ab _ (bc —ad) 1 
=> Lae log |cx+d| B ori fame 
ALITER Let 
f= | arth, 
(cx + dy 
b 
x+— 
IT=a | a 7 Ax [Making coefficient of x unity in the numerator] 
(cx + d) 
be 
Cr+ 
==) jp ee a 5 dx [Making c as the coefficient of x in the numerator] 
{cx + d) 
(cx +d) + ve -d 
=> r=4 i pg en ee [Adding and subtracting d in the numerator] 
c ne + dy 
a Ge— ad) : : 
= esa oe odiee dx Separating the integrals 
a] (cx + d) ser [Separating egrals] 
mec: _ (bc — ad) 1 
= hae log |cx+d| D (exe a} 


(ii) Letx+2 = A(x4+1) +H. 
On equating the coefficients of like powers of x on both sides, we get 
A=Tand2=A+ypSA=1p=1 


=i) P xno 
(x + 1)? 
= j= f 2Gt+H 4g, = f A pt) ax 
(x+1)° HL (x41) 
= r=2J 5 axe 
* ep he 
= L= A-log*|x +1) are, 
A Leal 
= T= los te A bl Sap e 
2 
(iii) Let. 1 =f oe ox 2 dx. Then, 
Kal(2 oe) een (Xie) 


ro) ee +2041)= | se 
x (2+) (x +1) 


1 1 2 3 
T= \J— a 
4 IN eres aes Ea ee 


1 
= f=- ag +log |2+x| +2log |x +1] +> +C 
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[CBSE 2006] 


= 


EXAMPLE 8 Evaluate: 
(i) fis (i) J 
3 


SOLUTION (i) Let] = { —— 
(x +1) 
Using long division method, we have 


ae (a eh ey ie me 


x? OX te 
PG eeea ete 
AL Pe | oh Se) a3 2 
(x +1)? (x +1) 
= x =x-2+ eC eas 
(x +1) x+1 (¢+1)2 
3 
a be sae 
3 i 
= fh eer dx 
= | = © -2v4310g [x41] + +c 
(ii) iesy pel aie 5 
(a + bx) 
Using Long division method, we have 
2a, 
ve aie b be 
(a+ bx)* Lb (bx + a)’ 
o _< _ 1a @bx+a) 
(a + bx)* i ie (bx +a)? 
a x? el a goer oat 
(atbx ob | (bx+a)* 
= x Ap ares) : aes ! 
(a + bx) Bb Be bxt+a 3B (bx +a)? 
r=f x 7 ax 
(a + bx) 


= idl pee : nae : | 


b2° pt bx +a~ bp? \ (bx +a)" 


1 2a 1 a 1 
= r=] ti) ied era 
> 1 = ~ 74 Jog |bx+a| - aioe arve 
Tit iia” * bx +a 
2 oa ae a | 
=> = bx —2alog |bx+a +56 
J (a + bx)? 8 Bee baa 


19.26 


ALITER We have, 


(iii) Let 


— 


ie | xt dx 


(a + bx)? 
By) 
trae 5 Sees a er Bae: 
(a + bx) 
2 
nig b? x2 + 2abx + a* 5 2abx +a ae 
b (bx + a) 
1 (bx +a)? — {2a (bx +a) — 2a? + 0°| 
p= {| ————_,..__ & 
b (bx + a) 
pee 1 (bx +a)? =2aibe si) ee 
b (bx + a) 
ak az 
—— ———; dx 
4 § i eat += 
ae) aa mere 
I = 2 {.- b log |bx+a| ~atsal+e 
“re a 
ae 3 toe 2a log |bx+a|.- sa]+e 
Pon. 
r=] z ae dx 
sepa 
We f a +1+2x—2x ae 
(x +17 
| (Bathe 
(x +1)? 
ee me 2% ; 
(x+ 1) 
[S4-1odx=2 = 
} perc 
T=] 4- dx — Dea 
(4+ Wie 


— 
i 
a, 
ea 
wei 
tat 
H 
N 
——*; 
——— 
— 
a 


— 


= x-2log |x+1| -— 


EXAMPLE 9 Evaluate: 


3 
(i) J os ee 


«ay J = 
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dx 


INDEFINITE INTEGRALS 19.27 


SOLUTION (i) Using long division method, we have 
x3 


“ 8 
Pees hoot Tae 
3 
x = z ek 
> [aaa fx 2x+4 he 
i) x3 x ae 
= cag pe +4x—-8log |x+2|+C 
ALITER Let [ = { —*— dx. Then, 
+2 
ref ©4222 
x+2 
(x +2) (x7 - 2x44) _ 
= r=f | x+2 = x 
= t= J {2- sae eee dx 


= I= © _ 2 44x-8log [+2 eC 


(ii) Using long division method, we have 


7 
X= x6 _ 95 4 4 3 432 AG 
x+1 x+1 
x 6) 15 * Cie ter 1 
dx = f w-—wP 4x5 -— xP 4+x°-x4+1-——} dx 
x+1 x+1 
7 a ee, ee ee 
x Sie 989 ye oe x 
= ye YH KE —]! +1/+C 
20) eal 7 6+ 5 ra 7 tx og |x | 
ALITER Let! = se == 7 4 Then, 
jaf 220 ay 
aed eae a Cia 
8 ee x+1 
7 7 
x’ —(-1) 1 
= - —— 
ect pay ag | arg ed 
gt gl Peg 2 
—= + 
=> l=] —x 4x4 422 —-x 41) dx f x £28) Mies 
ye a et xee +a" 


Shp TSS a Se ae 
PE On pg bee eigen arden re 
Sel = pa et s gitig a grhk log |x+1|+C 


6 
(iii) Let = J 5 ax 


6 6 6 
Gh a Wa vd! 
=A Faeroe ga 


19.28 MATHEMATICS-XII 


6 6 
x -1 1 
=) ie or Bae 1 4x 
cae n-1 n-2 3.2 
= + lo aed | 
= 1=f Nip Tira eh a int dx x-a “ 
x=1 442, 1-1 
+... $x +a 
6 5 4 3) o4 
Re eee 
ah ean termina ee ute 1)4+C 
5 if SiR a 319 x+log |x | 


Type IIT EVALUATION OF INTEGRALS OF THE FORM J (ax +b) Vex+d dx 


In order to evaluate this type of integrals, we may use the following algorithm: 


ALGORITHM 


STEPI Write (ax + b) in terms of (cx + d) as follows: 
(ax+b) = XA(cx+d)+u 


STEP Find and w by equating coefficients of like powers of x on both sides. 
STEP IM Replace ax + b by d (cx +d) + win the given integral to obtain 


i) (ax+b)Vex+d dx J Acta +p! Vex+d dx 
= [ @x+b) Vox +d dx af cxt+a/Adxtp f Vex+d dx 
= | @x+b) Vex +d die, (nae (cx + d)?/*+C 


Following examples will illustrate the above procedure: 
EXAMPLE 10 Evaluate: 

(i) fx Ver? ax (i) [ (7x-2) Vx42 dx 
SOLUTION (i) LetI = f x Vx+2 dx. Then, 


Tere (x +2) - 2| Vx+2 dx [-.. x = (x+2)-2] 
= gree GE dx 


= fae 2 (x +2)9/2 2 ape ame 
(ii) Let I= ; (7x - 2) sens dx 


Let 7x -2 = A(3x4+2)+pu 


On equating the coeffcients of like powers of x on both sides, we get 


3) = 7 and -2= 2A+p>A=<Zandp=-2 
=f (A Gr+2)+p) V3x+2 dx 
= T= J {A@x+2)/24+p @x+2)'/7} dx 
5/2 3/2 
= I=2X ea cl ere 5 
7X3 3x5 


i 
l 


14 5/2 _ 40 3/2 
45 (3x + 2) 7 (Bx + 2)°/-+C 


INDEFINITE INTEGRALS 19,29 
ALITER Let! = | (7x-2) V8x+2 dx. Then, 
I= i 7 [:-5] V3x+2 dx 


= r= J 5 (%-5] VBx+2 dx 
7 
=> =f [ser2- ee, V3x+2 dx 
7 
= 1=5 J {ox+2-7| V3x42 dx 
= I= Z f {ax+a°2F 20 ex+2 di dx 
7 oe a MEZNras 
— i —-— 
3 3x2 83 
2 
aap 5/2 _ 40 3/2 
= I 45 (3x + 2) 7 (3x+2)°/"+C 


EXAMPLE 11 Evaluate | ee dx 


SOLUTION Let! = | eae . Then, 


f x (Vx +a —Vx +b} 
eee. 2 + Vx+b) [Vx+a -Vx+b} ce 

x Wx +a —Vx +b} 
=, Be eee 

a-b 

1 
— Kae = aha xta-xVx+bjdx 
=> p= J eta-ayVeta—(e+b-b) Ve +b} ds 
= P= J (+a? -avxra- (+b? +b x+b} dx 

Seni | P2 5/2_ 2a 3/2_2 5/2, 2b 3/2 

=> Daya {3 (x + a) 3 (x +a) 5 (+b) + @ +5) +C 


Type IV EVALUATION OF INTEGRALS OF THE FORM f —— ax S 4% 


In order to evaluate this type of integrals, we may use the following algorithm: 
ALGORITHM 

STEPI Write (ax + b) in terms of (cx + d) as follows: (ax + b) = A(cx+d)+p 
STEP Find A and w by equating coefficients of like powers of x on both sides. 
STEPIN Replace (ax + b) by 4 (cx + d) + win the given integral to obtain 


aa A(ex+d)+y , 
arse x=] cx+d 
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ax +b 1 
f RT Abe = IN i Vex+d dxtul oa dx 
ax +b _ 2A 3/2, 2b 1/2 
= ase gS Baa (ex+.d)*— + ; (cxt+dy'“+C 


Following examples will illustrate the above procedure: 


EXAMPLE 12 Evaluate: 


: 8x +13 a: Ese! ee x 

© | tar * a) | pena & a | Gaye 
8x +13 

SOLUTION Let! = LPT) dx. 


Let 8x+13 = A(4x+7)+py 
On equating the coefficients of like powers of x on both sides, we get 


8.= 44, 13 = 7At+u => A= 2 and p= =) 
Replacing 8x + 13 by A (4x + 7) + pin the given integral, we get 


p= f Ate dx = | favaea7 +p | dx 


= r=2 J Vaet7 det | ie ax 


3/2 1/2 
Si ving Tiny; |AERZEAL 5g Cece DPR) Re 
axa 4x5 


= T= 5 Gx+79/?—-5 (xt 7/2 +C 


ALITER Let I = f 7E**2 dx. Then, 


494 42 
8 2 
eee 
= Ae ue 


13 
axene( 2 ) ax+7)-2 


a P= 2 J sped ae = 2 J Spt tx 


beth veil 
2 { iage7 at 
J} ee rane e 


pa f (eATP?) SP 1 Geer? ie 
3 2 1 
4x5 aX 


u 
i 


= T= 5 (4r+79/2-5 (art 7)/24C 
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x+1 


(ii) Let 1 = f Joop dx. Then, 


een ae 2x -1)+3 
ee erat #7) “art 
1 


2 = 
| ee 
=> [= sy 2x-1 dx +75 Vora 
y533/2 1/2 
a pol er} 3 |(2x-1 
- 2x2 2 2x4 
2 2 
= T= & (x-1)9/743 @x-1)'? 40 


(iii) Let 1 = | [%— dx. Then, 


£+2)52 
bah eae & 


=> r= J (e225 dx 


3/2 1/2 
= I = flees -2 oe +C= 2 (x42? -4rta'/?4C 
2 2 


Type V_ EVALUATION OF INTEGRALS OF THE FORM | sin” x dx, i cos” x dx, where m <4 


To evaluate integrals of the form J sin” x dx, i} cos” x dx where m<4, we express 


sin” x and cos” x in terms of sines and cosines of multiples of x by using the following 
trigonometrical identities: 


(i) a se (ii) ii eS 
(iii) sin 3x =3sinx —4 sin’ x (v) cos 3x =4 cos’ x —3 cos x. 

EXAMPLE 12 Evaluate: 

(i) f sin? x dx (ii) f cos” x dx (iii) f sin? x cos x dx 
SOLUTION (i) Let] = f sin* x dx . Then, 

I= ade = = (1 — cos 2x) dx = Pee 118 

(i) Let 2 = af cos x dx. Then, 
ee te = =| (1 + cos 2x) dx ee any. 


D 
(iii) Let J = f sin? x cos” x dx. Then, 


1 1 -—cos 4x 
> dx 


I 


[ sin? 2x dx = 7 


i 
4 
{x- sin aoe 


i ri f (2 sin x cos x)* dx 


CO|R 


= r= 5 J (cos 4x) dx = 
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EXAMPLE 13. Evaluate: 


(i) f sin? x dx (ii) f cos® x dx (iii) f sin? xcos’x dx 
SOLUTION (i) Let I = f sin? x dx. Then, 


Tos f 3 sin x —sin 3x 


4 dx 


{3 c0sx+ 999% | +c 


1 4 : rai 
= 1 = {J @sinx-sin3x) dx = 4 
(ii) Let J= f cos’ x dx. Then, 


cos 3x +3 cos x 
Sek 


4 
= 1=3f cosar+3cosxdr= {SX +asinz} +c 
(iii) Let I = f sin? x cos? x dx. Then, 
Teel (2 sin x cos x)? dx 

= [= 5 J sin? 2x de 

1 ¢ 3 sin 2x —sin 6x 
— le al fi dx | 

1 , ; 1 3 1 | 
= = 3] @sin2x~sin 6x) dx = 35 | 5 cos 2x + 5 cos 6x } +C 
EXAMPLE 14 Evaluate: 

(i) i sin? x dx {CBSE 2000, 2004] (ii) f cos* x dx [CBSE 2000, 2003] 
(iii) J sin? x cos* x dx 
SOLUTION (i) Let I = | sin* x dx. Then, 
2 
= f eral ae E sin? 9 = 15920) 
2 2 

1 2 
= 1 = 4] 1-2cos 2x + cos 2x dx 
= T= 4) 1-2cos 2x +2 *S08 = ity 

1 
== [= 5] 2-4cos2x+1+cos4xdx 
= [= 5] 9-408 2x4 cos aed = 51 3x-2sin 24 | 4c 


J cos* x dx. Then, 


2 
are | he 


(i) eter 
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= 1 = 4) 1+2cos 2x + cos? 2x dx 
1 
— I= 4J 14+2cos 2x +2 tS8™ gy 
1 . 
= = 5) 344052 +c0s Arde = 5 | ax 2sindx+ A | +c 


(ii) ver — f sin? x cos* x dx. Then, 


T= =| (2 sin x cos x)* dx 


RY a= 4 
= Le J (sin 2x) dx 
a er re: 
= I= <6) Gin PEO jek 
1 1-—cos 4x 
= eral haar dx 
= j 1 = 2 J 1-2 cos 4x + cos? ar dx 
Gad eee 1+cos 8x 
— I { — at 2 cos 4x + > dx 
1 


f 3-4cos 4x + cos 8x dx = og | 3¢-sinde +5 sin sx | +c 


128 128 8 


Type VI EVALAUTION OF INTEGRALS OF THE FORM 


Jsin mx cos nx dx, J sin mx sin nx dx, J cos mx cosnxdx 


To evaluate this type of integrals we use the following trigonometrical identities: 
2 sin A cos B=sin(A+8B)+sin(A-B); 2cos Asin B=sin (A + B)-sin (A —-B) 
2 cos A cos B=cos (A+ B)+cos(A-B); 2 sin A sin B=cos (A — B) —cos (A+B) 


EXAMPLE 15 Evaluate: 
(i) J sin 4x cos 3x dx (ii) i} sin 3x sin 2x dx 


(iii) f sin 3 x cos 4x dx (iv) f cos 2x cos 4x dx [CBSE 2007] 


SOLUTION (i) Let I = f sin 4x cos 3x dx. Then, 


1 =5 J 2sin 4x cos 3x dx 
1 ; : 1 
=> 1 =3 J (ein 7x-+sinx) dx = 3 | ~S57* 
(ii) Let I = [ sin 3x sin 2x dx. Then, 


Ib =) 2 sin 3x sin 2x dx 
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: in 5 
= 1 =2f (cosx-cos 5x) dx = }{ sinx- S85} +c 


Gil) Let I= f sin 3x cos 4x dx. Then, 
I= =I 2 sin 3x cos 4x dx = a \sin 7x + sin (— x)} dx 


1 : : ek 
— p= 3 (in7x-sina)dx=3 


_ cos Pio 


7 + cos x | +C 


(iv) Let I = f cos 2x cos 4x dx. Then, 


1 
i stl 2 cos 4x cos 2x dx 


1 ; 1 | sin6x . sin2x 
= 1 = 3 (cos 6x +.cos 2x) ax = 3 | é Has sa Jee 


EXAMPLE 16 Evaluate : 
(i) f cos 2x cos 4x cos 6x dx Gi) [ sinx sin 2x sin 3x dx 


SOLUTION (i) Let I = | cos 2x cos 4x cos 6x dx. Then, 


i= al (2 cos 4x cos 2x) cos 6x dx 


= | | (cos 6x + cos 2x) cos 6x dx = {J (2 cos* 6x +2 cos 6x cos 2x) dx 
= 1 = J 1+ 008 12% +008 Br +cos 4x = 5 fx SPE SEB SDE) 4c 
(ii) Let 1 = f sinx sin 2x sin 3x dx. Then, 
fe sJ (2 sin 2x sin x) sin 3x dx 
= foot (cos x — cos 3x) sin 3x dx 
= r=3f (2 sin 3x cos x — 2 sin 3x cos 3x) dx 
= r= 3] (sin 4x + sin 2x — sin 6x) dx 
ae ee nt aegis ees 
EXAMPLE 17 Evaluate: f aaa dx 
SOLUTION Let I = ) ee aes ~- dx. Then, 
ne j dn 2econ2e, 2x eal 4sinx cos £608 2x ae 


I 
i} 


2f 2 cos 2x cos xdx=2] (cos 3x +cos x) dx = 2/ SER sing Lec 


INDEFINITE INTEGRALS 


Integrate the following integrals: 
1. f (2x-3)9 + VBx42 dx 


Qo 


on 


J 


haa ie 


a 


\o 


13. 


a>: 


17. 
ink 


245 


23. 
24. 
26. 
28. 


30. 


32. 


34. 


36. 


38. 


40. 


42. 


N 


ch bea (sae 
By ax-2 


7 +5x4+2 
Ss SS 
x+2 


4x45 


3x+2 ay 


+1 


jf sin? (2x+5) dx 


J 
J 
J 


cos’ 2x dx 


Sox 
Sine ax 
2 


sin 4x cos 7x dx 


f cos 3x cos 4x dx 


i f nd ax 
V2x+3 +V2x-3 
suk 


[CBSE 2007] 


f cos mx cosnxdxm#n 


sin x V1 —cos 2x dx 


1+cosx 


d 
1-—cos x 2 


[CBSE 2000] 


f sin mx cos nx dxm#n 


J 
J 


J 


1 
1+ cos 3x ue 


(eX +1) & dx 


(e* +1) dx 


1 
) sss ”* {CBSE 2002] 


J 


2x+1 


V3x +2 dx 
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EXERCISE 19.3 


1 
* 1 aes SF oe ms 
| ee x+3 


a 


2 


10. 


1b 


37. 


a9: 


41. 


4 


= 


(x +1) 
3 


: J naa 


1 
lee mee. 
f x+1 at 

V2x +3 


J xve¥2 dx 


1 
; J Vx+a+Vx+b Le 


{ sin? (2x + 1) dx 


h f sin? b x dx 


f cos’ 5 dx 


: f cos? nx dx 


: f cos x cos 2x cos 3x dx 


; i sin x V1 + cos 2x dx 


1-—cosx 
1+cosx 


er: 


: (ae 
1+secax 


I(r fa 


1+ cos 4x 
cotx—tanx 


f (x +2) V3x+5 dx 


3x+5 


V7x+9 ue 
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7 +3x-1 x 
a4, | ———— ax 45. { dx 
J (x+1) Vx +4 
2 —3x 
47. 5x +3)V2x-1 dx 
46. ' aR J Gx 3) 
as, { =" a 
(x=) 
ANSWERS 
_ 3) 2 
1 =e +5. Qx42)°?+C BL aq (7x 5) += a= oC 
1 Z 
3. - log | 2-3x | +5 VBx-2 +C 4, -——_, --_*— + 
3 2(x+1)° 3(x+1) 
x7 eee 
5. ie +3x-4log | x+2|+C 6. 3% +4x-8log|x+2|+C 
2 
7s ¥ 45x +35 log | 3x+2|+C 8. Epos 19? 2/7) 40 
1 
9. ag (2x +3)? - Qx-3)/7] +C 10. 4 (2x +3)/? 5 (2x +3)? +C 
EL ete lie 2 5/2_ 4 3/2 
11. 9 log | 2x+1 > ea 12s 5 (x +2) 3 («+ 2) +C 
13. 2 (x +4)°/2- 10 (x+4)'/2+C 14, la +0) Ge ele G 
3 3 (a—b) 
x? 1 5 
15. “3 7 t4tan- x+C 16. 2log | x-1 Rar baa 
ii = ee sin (4x+10)+C 18 BP pies? Tye 2 cos (6x+3)+C 
oS Mao. 24 
3x sin4x sin8x x sin 2 bx 
19. “, + 8 + 6A +C 20. 5 4b +C 
Dale 5 (r-sin x) +C 225 5 (etsin x) +C 
23 a onli eee ee 24 in 7x ee ne 
nee D. 6 * 14 2: 
25 4 cine 26 our x seg UA a3 mame lac 
2 4n 2 m+n m—n 
x sin6x  sin4x_ sin2x sin 2x 
27. 4+ 7A° + 16 + 8 +C 28. erm “9 V9 © 
1 ge 
29. — 5 yp C08 244+ C 30. ean 
31. 2tan| ~ —-x+C 32. eae - cos B= WEI 
2: 5 m+n 
33. 2| tan= ec. +C 34. EEO CES he! 
2 3Sinox 
35. ie 36. ze ay eC 
Ly ay — 2x i) ex x 
avi, = 7° * + 2x 7 +C 3S 7¢ ter 4 x + C 


INDEFINITE INTEGRALS 


wi 
39. = cos 4x +C 40. 2 (x43)? + +940 
3 
41. s5= (9x +20) (Bx +5)” +C 42. 2 (ox +1) VBxt2+C 
2 
43. 45 VW7x+9 (7x +17) +C 44, ee ios |x Pi | Poe re 
x+1 
2 
45. = (x-8)\xt4+C 46. © (8-3x) VI+3x +C 
47, 5 (Bx +4) (2x-1)°/7+C 48. ——*5 + 2log |x-1] +C 
19.8.2 INTEGRALS OF THE FORM f na 
THEOREM 1 J FS ax=log {Rx} +.C 
pRooF Let = [ Har. 
J Fe) 


Putting f (x) =t and f’ (x) dx = dt, we have 


I= | Sat = logt+C= log [f(@)| +C 


19.37 


Thus, if the numerator in integrand is exact differential of the denominator then its integral is 


logarithm of the denominator. 
SOME STANDARD RESULTS 


THEOREM 2 Prove that: { tanxdx = —log | cosx|+C 
or, [ tanxdx = log | secx | +C 


PROOF LetI= J tan x dx. Then, 


t=| 9" ax 
cos x 
Let cos x = t. Then, d (cos x) = dt => -sinxdx=dt > dx =- 


Putting cos x = t, and dx =— dt/sin x, we get 


sin x dt 
Lea) SS ae = 
cos x sin x 


Hence, J tan x dx =—log | cosx | +C or, f tan x dx=log | secx | +C 
THEOREM 3 Prove that: | cotx dx = log | sinx | +C. 
PROOF Let I= cot x dx. Then, 

i=| Eee oe 


dt 
cos x 


Let sin x = t. Then, d (sin x) =dt = cosxdx=dt = dx= 


Putting sin x =t, and dx = dt/cos x, we get 


= ~J Fat = -log | t| +C = -log |cosx | +C 
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kofocosx dine ( Lit at ine be 
r=f ; <= J pat = log |t | +C og | sinx | 


Hence, J cotx dx = log sin x [+ CG 


THEOREM 4 Prove that { secx dx = log | secx+tanx | +C. 


PROOF Let/l= i sec x dx. Then, 


1) sec x (sec x + tan x) 
(sec x + tan x) 
Letsecx+tanx = t. Then, 
d(secx+tanx) = dt 


= (sec x tan x + sec* oC) mc ed 
dt 
— = SS 
sec x (sec x + tan x) 
at 
Putting sec x+ tan x =t and dx aS DAP ORE EY Es g 
a dt 
T= EE — 
t sec x (sec x + tan x) 
= r= Fdt=log | #| +C 
= I = log | secx+tanx|+C 


Hence, J secx dx = log | secx+tanx | +C. 


THEOREM 5 Prove that J cosec x dx = log | cosecx—cot x | +C. 


PROOF LetI= f cosec x dx. Then, 
I =a cosec x (cosec x — cot x) rE 
cosec X — cot x 
Let cosec x — cotx = ft. Then, 
d (cosec x —cotx) = dt 


= (— cosec x cot x + cosec” ate die a fa ee 
cosec x (cosec x — cot x) 
Putting cosecx-—cotx=t,and,dx = — e , we get 
cosec x (cosec x — cot x) 
PS f cosec x (cosec x — cot x) dt 
cosec x — cot x (cosec x — cot x) cosec x 
= fades a 
=> I = log | t | +C = log | cosecx-—cotx | +C 


Hence, J cosec x dx = log | cosecx—cotx | +C 


REMARK We have, 


l= J cosec x dx 


1 al 
—> I = = ee 
| ee | aeeee ek 
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sec? x/2 


+ alin ee 


Let tan 5 = i Then, d{ tan 3 = abe See SSG ER (he =e8 (oe ES eet 


Divide both num. and denom. by cos* ; 


2; 2 2x 
sec” 5 
Putting tan 2 And ave! 1 we get 
2 se 2k 
2 
é| x 
J 5 at = log | t | +C = log tans +C 
oe : 
Hence, J cosec x dx = log tan +C seed C1) 
Also, 
[ secxdx = f cosec “(5+ x a 
=> > f secx dx = nh tan H+ z || +e [Using (i)] 
Hence, f sec x dx = log tan H+ z||*¢ 
These are alternative formulas for J sec x dx and { cosecx dx. 
ILLUSTRATIVE EXAMPLES 
TypeI PROBLEMS BASED ON J tan x dx, { cot x dx, | sec x dx, | cosec x dx 
EXAMPLE 1 Evaluate: 
s 1 “f il 
(i) J i ied Phew: (ii) J V1 —cos x sai 
(iii) i} {1 = cos 2x (iv) f Vitees x + cos x 
1+ cos 2x — cos x 


SOLUTION (i) We have, 


1 iL. he ii at 
| Saeeeer ax = J V3 cos? x dx = gy J sec x dx z Vz 108 | secx+tanx| +C 


cosec * — cot = 
2 2 


1 i 1 x 
ii =) = = =v2 1 
(ii) i} i gamed J ein ee: ax = i cosec 5 dx = V2 log 


(iii) f Wie eer Saat dx = | joa x dx = { tanxdx=log |secx| +C 


Cra 2 cos? 56 
2 cos? 5 
(iv) f ees hk = [ Noe Se SP x = | cot* dx = 2log sin=|+C 
—cos x ox 2 2. 
2 sing = 


2 


+C 
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EXAMPLE 2. Evaluate : 
; 1 chee aa soph aa 
Olacex* ©] year * 


1 
SOLUTION (i) LetI = { ae dx . Then, 


| 
1-— cos eee 


1 mx 
=> I= 5 log ae so 
eye yas. 
V1—sin : 
Al : 5 dx 
1 +cos ate 
il 1h eos 
= = = be! 
— I i aE dx ie J see (3+5) x 
4. 2 
pao tan |= +241 4C 
= apie te 4°84 
= I = V2 log |tan Ee +HiC 
8 4 
EXAMPLE 3. Evaluate : 
(i) f tan x tan 2x tan 3x dx (ii) f tan (x — 9) tan (x + 9) tan 2x dx 


SOLUTION (i) We have, 


tan 2x + tan x 
1 —tan 2x tan x 


tan 3 x = tan (2x + x)= 


= tan 3x {1 — tan 2x tan x} = tan2x + tanx 
= tan 3x — tan 3x tan 2x tanx = tan 2x+tanx 
—> tan 3x tan 2x tan x = tan 3x —- tan 2x —tanx 


Teg f tan x tan 2x tan 3x dx 


= I 


f (tan 3x — tan 2x — tan x) dx 


ay I 


5 loge |cos 3x} += 5 loge | cos 2x| + log, |cos x|+C 
(ii) We have, 

= (x —6)+ (x +8) 
= tan 2x = tan {(x- 0) +(x+6)} 
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tan (x — 0)+(x+9) 


> fan2 re 

ss 1 — tan (x — 8) tan (x + 8) 
> tan 2x — tan (x — 8) tan (x + 6) tan 2x = tan (x — 8) + tan (x + 8) 
= tan (x — 8) tan (x + 0) tan 2x = tan 2x — tan (x — 9) — tan (x + 8) 


1 = f tan (x —6) tan (x + 6) tan 2x dx 


=> I i) {tan 2x — tan (x — 8) — tan (x + 6)} dx 


a I -3 log |cos 2x| + log | cos (x - 6)| + log |cos (x +®)| +C 


EXAMPLE 4 Evaluate: f [1 +2 tan x (tan x + sec x}? dx 
SOLUTION Let I = f {1 +2 tan x (tan x + sec x)]}/2 dx . Then, 


a | [1+2 tan? x +2 tan x sec x]!/? dx 
i f [1 + tan? x + tan? x +2 tan x sec x]'/? dx 


ih f [sec? x #tan? x +2 tan x sec x]!/* dx 


ie f [(sec x + tan x]? dx 


Yououd 


T= J (sec x + tan x) dx = log | secx+tanx | +log | secx| +C 


EXAMPLES Evaluate: 


@ J “abe dx (ii) J ae [CBSE 2004] 


* 1 
Gi) J sin (x —a) sin (x — b) Le 


SOLUTION (i) Let I = J sm @—®) ax, Then, 


sin x cosa—cosx sina 
i dx 


sin x 
= r=] cos adx - f sina cot x dx 
=> I = cosaf 1-dx-sina] cotxdx 
=> I = xcosa-sina log | sinx | +C 
(ii) LetI = f me pe 
[= f Dream C 

= re { sin (x —a) cos a + cos (x~a) sina Hes 

: sin (x — a) 
=> 1 = { {cosa+cot (x-a) sin al dx 
= = cosa|1-dx+sina J cot (xa) dx 
=> I = xcosa+t+sina log |sin(x-a) | +C 
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1 


Gi Let! =| Merman aay 


dx. Then, 


te 1 f sin {(x — b) - (x -a)} Ay 
~ sin (a—b)? sin (x -—a) sin (x —b) 
7: 1 sin (x — b) cos (x — a) — cos (x — b) sin (x — 4) 
= hea aE sin (x — a) sin (x — b) ax 
1 
— 1 = FGqaby! (ot xa) - cot x b)} dx 
1 | 
= Ls cine oe! em cm | alee | an Oe aa G 
e ae sin (x— 4) 
— I = cosec (a—b) - log sine E) +C 
EXAMPLE 6 Evaluate : 
: 1 e 1 
(i) J sin (x — a) cos (x — b) a (ii) J cos (x — a) cos (x — b) ey 
SOLUTION (i) LetI = | L ~ dx . Then, 


sin (x —a) cos (x — b) 


fae 1 f cos (a — b) 
cos (a—b)* sin (x —a) cos (x —b) 


dx 


* 1 cos {(x — b) — (x—a)} 
4 1 ~~ cos een sin (x — a) cos (x — b) ie 

< il cos (x — a) cos (x — b) + sin (x — a) sin (x — b) 
or bos ae sin (x — a) cos (x — b) ad 
= ert (cot (x — a) + tan (x — b)) dx 

1 : 

= f= oe (aah) LOSe Len = a) ped emert Soar SI TC 

= 1 sin (x — @) 
* i cos (a — b) loge cos (x — b) +h 
oe il 
(i) e Let ei = f a ee nen: 


cos (x — a) cos (x — b) 


g 1 sin (a — b) 
Le aan cos (% =a) cos =a 


Se career i" 

as a sin an en aa. ee Aare ig 
a 1 = Sr Gqap! ltan eb) -tan(x—a)] dx 

=> l= rah / lowe [cos (r—b)| + loge [eos (—a)|]+C 

= Ne are og, rh +¢ 


INDEFINITE INTEGRALS 


EXAMPLE 7 Evaluate: } eae) dx 


sin (x + b) 
SOLUTION Let{ 2. f SHU +4)) 7) 
sin (x + b) 
_ f sn@+b+a-b) 
x Lit! sin(@v+b) @ 
e; I =| ee rn 
sin (x + b) 
eS f= | SH = Choos ta = 8) 7 Eos (2 2D) ein ia = 2) 
sin (x +b) 
= 1 = J {cos (a—b) + cot (x + B) sin (a—b)} dx 
— I = cos (a-b) J 1-dx+sin (@—b) f cot (x +b) dx 
=> I =x cos (a — b) + sin (a - b) log | sin (x + b)| +C 
EXAMPLE 8 Evaluate: | a dx 
sin( -§}sm(x+3] 


SOLUTION Let I = { — =) = dx. Then, 
< sin [x-3] sin [e+] 


sin ee cos ree +cos jane sin oe 
3 & S) Sees 
= 1=f 


F ah oe T™ 
sin Oo SU tact aee 


ts {cot[x+ 3] +eon(-§)} ie 


sin pre sin yee 
3) 3 


+C 


=> I = log 


+ log 


Type II EVALUATION OF INTEGRALS BASED UPON [| es dx = log |f(x)|+C 


In order to evaluate this type of integrals, we may use the following algorithm: 


ALGORITHM 


STEPI Obtain the integral, let it be I =| 70) dx 


STEPH Put f (x) =t and replace f’ (x) dx by dt to obtain I = f . dt 


STEP II Evaluate integral obtained in step II to obtain I = log |t| +C 


STEPIV Replace t by f (x) in step III to get I = log |f(x)| +C 


Following examples will illustrate the above procedure. 
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EXAMPLE 9 Evaluate: 


2x +5 1 -—tanx 
(i) J ee ote (ii) J PE ie 
ba car 4 
sec? x . e -e 
(iii) J ee ; (iv) i) UIASE: dx 


(v) J oe Se ty eax 


SOLUTION (i) Letl=/ —2**°~ax 
x°+5x-7 
dt 
Letx2+5x—-7 = t. Then, d (x7+5x—7) = dt => (2e+5)dx = df = dx = 5 


e RBG 
Putting +5x-7=t and dx = =, we get 


2¥ 4D 1 
-{/$" dx = J Fat = log |#|+C = log| x +5x-7| +C 


(ii) We have, 


T= tanx ay ee 


i= = 5 
1+tanx cosx+sinx 


Let cos x+sin x = f. Then, 


dt 


d(cosx+sinx) = dt => (-sinx +cos x) dx=dt = dx = —__=_, 
cos x — sin x 


Putting cos x + sin x =f and ie we get 
cos x — sin x 
i—tan.x : 
ie taten® gx = [+ dt = log | t|+C = log | cosxt+sinx|+C 
2 
sec’ x 
iy) Let = jaa 
eas eee 
Teto.ttane =) it. Uhen; d(3+tanx) = dt => sec*xdx = dt = dx= at 
sec” x 
Putting tanx=tand dx= / we get 
sec’ x 
2 
r= f sec® Xx 
3 + tan x 
2 
sec" x dt 1 
= he = 
3+t  sectx eee 
=> I = log |3+t|+C = log|3+tanx|+C 


(iv) Let I = J me 
+ 


x 
dx 
x 


Lete*+e7* = t. Then, d(e*+e*) = dt = (e&-e *) dx = dt = dx = 


INDEFINITE INTEGRALS ’ 19.45 


t 
‘we get 
saa 8 


Putting e+e *=tanddx = 


e-e * dt * 
ee jo log CS log | e+e *|+C 
(v) We have, 
log x* 
T=| @'8* 44171 ax = | £ tie dx 
J a ere 
Letx#+1 =f. Then, d(x4+1) = dt = 4x3 dx=dt = de=" 
x 


Putting x4+1=tand dx= re ‘we get 


=: J dt = + log|t|+C = Flog (x#+1) +C 
EXAMPLE 10 Evaluate: 
Gi) f ——@§* ax [CBSE 2005] 
a’ sin” x + b° cos’ x 
(ii) f 224 ax 
at+btan’ x 
x 
SOLUTION (i) Let 1 = { —t~dx = J + ax =f —ax 
Lea 4 e~+1 
& 
Lete~+1 = t. Then,d(e*+1)=dt = & dx=dt = dx -4 
Putting 1 + e* =t and dx = at we get 
eo 
e* & at 
fee a dt = log |t|+C =log|1+e|+C 
peas t x ie gle g | | 
sin 2x 
Hy Let b=) eee 
a) ier ger ee 
Let a? sin? x + b? cos? x = t. Then, 
d (a” sin? x + b? cos’ x) = dt 
= (a2 -b?) sin 2x dx = dt = dx = ——¢—_ 
(a“ — b*) sin 2x 
Putting a” sin? x +b? cos? x = tand dx = a swe get 


(a2 — b*) sin 2x 


sin 2x dt 
t 2 sin x cos x nh =p) 
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1 of as.) 2 2 
= = log | a“ sin’ x + b* cos“ x | +C 
(a? - b) B | 
tan x 
111) Le tel tea | rape eeccr sae 
Oe bees ores 
sin x/cos x 
ao cemcmenergoa’ &4 
sin? x 
a+b 5 
cos* x 
sin x cos x 1 sin 2x 
I= | —~ dx = dx 
5 ee ee 2° acos*x+bsin? x 
fete : in? See (ii 
=> eC ET, log | acos* x+bsin® x| +C [See (ii)] 
EXAMPLE 11 Evaluate : { et. 
n (x +b) 
SOLUTION Let =f CUM ODE Putting x + b=t and dx = dt, we get 
sin (x + b) 
I so) sin (x +4) 4, -- gin(x+a) = sin(t-—b+a) 
~ * gin (x +b) = sint cos (a—b)+cost sin (a—b) 
Et ; 2 (sue b) it 
sin t 
= 1 = J [cos (a—b) + cot t sin (@ - b)] dt 
= I = cos(a-b)J 1-dt+sin(a—b)| cot tdt 
a I = tcos(a—b)+sin (a—b) log |sint| +C 
= I = (x +b) cos (a— b) + sin (a— b) log |sin (x + b)| +C 


Evaluate the following integrals: 


1 
i J V1 — cos 2x dx 


J 1+ cos 2x 


2. 1 -cos 2x 


5. f tan 2x tan 3x tan 5x dx 
7 (os a) ax 


sin (x — b) 


sin 2x 


Ty fae 
sin{x-Z sin x +8] 
6 6 


f 1 - sin 2x 


11. 
1+ sin 2x 


dx 
sec x tan x 


13. 
3secx+5 


EXERCISE 19.4 


1 
_ J V1+cos x ae 


i cos x 
4. 
J 1+cos x 


6. asta dx 
8. i sin (x — @) 


sin (x + a) (CBSE 2006] 


1~cotx , 
14. 
Reese re err 


INDEFINITE INTEGRALS 


15 


17 


19. f 
21. 
23, 
25. 
27. f 


29; 


oF 


33 


BD: 


B7. 


39. 


41 


43. 


45. { 


47. { 


4 


\o 


sec x cosec x 
log (tan x) 


+1 
no fae aalek 
e +x 

sin 2x 

2 pd) 
acos x+bsin° x 


dx 


1-sinx 
x+cos x 


feet ;dx {CBSE 2003] 


cos2x+x+1 


x* +sin 2x + 2x 


dx 


f —sinx+2cosx 
2 sinx+cos x 


f sec x 
SS See ees 
log (sec x + tan x) 


ff he a 
x log x log (log x) 
10 x? + 10* log, 10 
J a5 10 dx 
UH 


f 1+tanx 
x + log sec x 


f a! 
x (x + log x) 


[CBSE 2000] 


f sec? 45 


tanx+2 


f sin 2x 
sin 5x sin 3x 
1-sin 2x 
Se ihe 


Be cos” 38 


[CBSE 2000] 


cos 2x 
aa dx 
(cos x + sin x) 


1 
Ble aa ee 


. (See 
cos 3x — cos x 


16. 


18 


20 


Des 


24 


26 


28, | 


30. 


323 


34 


36 


38. 


40 


42. 


44, 


46. 
48. 


50. 


52. | 


(pares 
x (3 + log x) 


1 
‘ J es a 


; f cos Xx Ae 


2+3sinx 


a 
J b+ce™ x 


f cot x 
‘* Jog sin x 


2cosx—-3sin x 
“/ 6cosx+4sinx 


cos 2x Ay 


(sin x + cos x) 


f cos 4x — cos 2x 
sin 4x — sin 2x 


cosec x 
[ a SS a8 


log tan ; 


cosec* x 
~/“ T+cotx 


eet | e—1 
e Sie 

fost ; ax 
EG 


sin 2x 


2 


dx 
a+b sin? x 


dx 


19.47 


1 
| a a ae Se Re C3 
J V1 =x" (2+3sin | x) 


2 cos 2x +sec* x 


sin 2x + tanx-—5 


f 1+ cot x 
x + log sinx 
1+ tan x 
1-—tanx 


——— 
1+sin 2x 


sec x 
sec2x 
1 


=; le a 
sin x cos x 


[CBSE 2000] 


[CBSE 2000] 
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a eee ANSWERS 


i x Va Lae 
1. Va 108 tan 5 tC 2. V2 log wn (F 9] PG 
x 
3. log |sinx| +C 4. —2log cos 5 +C 


5 : log | sec 5x | -3 log | sec 2x | ~ 3 log [sec3x)+C 


cos x 


Se re 7. x cos (b —a) +sin (b —a) log |sin(x-b)| +C 
cos (x + 8) 


6. cot 6 log 


8. x cos 2a-sin 2a log |sin(x+@) | +C 


9. log sin? x - 7 +C 10. (x -—a) cosa —sina log |sec (x—a)| +C 
11. log cos($-2) +C 123 3 18 \e7+1)+C 
13. 3 log | 3secx+5 | +C 14. -log | cosx+sinx |+C 
15. log (log tan x) +C 16. log | 3+logx | +C 
17. log | e~+x|+C 18. log | logx | +C 
19. ~*— log | acos’x +b sin’ x | +C 
20. Slog | 2+3sinx | +C 21. ‘log | x+.cosx |+C 
22 —* log [be ~+c]+C 23. -log|1+e*|+C 
j ie 2x 
24. log | log | sinx | +C 25. 5 log | e —2|+C 


26. 5 log | 2sinx+3cosx |+C 27. 5 log | x* + sin 2x + 2x pa 


28. Slog | 1+sin2x | +C 29. log |.cos x+2 sin'x | +C 
30. zlog | cos3x ]+C 31. log |log (secx+tanx)|+C 
32. log | log tan 5 +C 33. log {log (log x)} + C 

34. —log | 1+cotx | +C 35. log | 10°+x17 | +C 

36. Slog | +x" |+C 37. log | x+logsecx | +C 

38. 57108? + sin? x) +.C 59. ogalx +logx |.-C 


1 ise: 
40. log | 2+3sin'' x |+C 41. log | tanx+2|+C 


INDEFINITE INTEGRALS 


45. 
47. 


49. 


is} 
16. 


18. 
20. 
22: 
24. 
26. 
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3 10g | sin 3x | - i log MSIE Oy fle 


log | x+cos’x | +C 
log | sinx+cosx | +C 


2log |V¥x +1] +C 


HINTS TO SELECTED PROBLEMS 


Put 3secx+5=t 
Put3+logx=t 


Put logx=t 

Put 2+3 sinx=t 
Put be *+ 
log sinx =t 


c=t 


Put 6cosx+4sinx=t 


42. log | sin2x+tanx-5|+C 43. 

44. log | x+logsinx| +C 

46. —log | cosx-sinx |+C 

48 sae 
cos x + sin x 

50. 2sinx—-log | secx+tanx|+C 
1 

ae q (cosec x — log | secxt+tanx |}+C 

52. sec x + log an 5 si 

12. Pute**+1=t 

15. Putlog tanx=t 

17. Pute’+x=t 

19. Putacos?x+bsin’x=t 

21. Putx+cosx=t 

23. Puti+e *=# 

25, Pute*-2=t 

27. Putx?+sin2x+2x=t 


31. 


33. 
Su. 
37. 


Put log (sec x + tanx)=f 
Put log (log x) =t 

Put 10% +x°°=¢ 

Put x + log sec x=t 


28. 


32. 


34, 
36. 
38. 


ee 


Put log tan 3 t 


Putil+cotx=t 


Pute~+x°=t 


Put a7 +b? sin? x=t 


1 


39. Putx+logx=t 40. Put2+3sin x=t 
41. Puttanx+2=t 42, Putsin 2x +tanx-5=t 
43. Use: sin 2x =sin (5x — 3x) =sin 5x cos 3x — cos 5x sin 3x 49. PutVx +1 = 
- 2 — 
50. fd ee | eee Pan Vey 2 Soa ratncs 1a 
sec 2 x Ke COS.% cos x 
; a wae 2 
a1. Use: : = Sn xe cos * = Sm AT cos x = 1 Ieee x + cosec x cot x 
cos3x-cosx -—2sin2xsinx —4 sin? xcosx 
ae: 2 
52. Use : 1 = SAA COB = see x tan x + cosec x 
sinxcos x sin xcos x 


19.8.3 INTEGRALS OF THE FORM | [f(x)]"f’ (x) dx 
(ee 
THEOREM i (f(x)}" f' (x) dx = ica n#—-1 


PROOF Let I =| (flx)}" f ’ (x) dx. 
Putting f(x) =t and f’ (x) dx =dt, we get 


r= J (fool's @adx = J tdt=- 
n+1 
J (hoon f’ @) dx = wate, ne-l 


pot n+1 
aos HO) 4. 
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ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate: 


(i) — Sa 3 ax (ii) f sin? x cos x dx 
(3x2 + 2x +1)? 


; log x)° 
(iii) J tan°x sec” x dx (iv) f era dx 
3x+1 


a Oe ey | 
(3x7 + 2x +1)° 


SOLUTION (i) Let! =| 


Let 3x2 +2x+1 = t. Then, 


dt 

d (3x7 +2x+1) = dt > (6x+2) dx = dt >dx = 2x44) 
Putting 3x2 +2x+1=t anddx= Le - we get 
Ubhng, : ~ 6x42) oe 

_ ¢ 3x41 die en ee ee 

la Pp, 2Gre 3) Pat = a 5 Jee 

=> = -+5+C=-—,+ Sic 
At 4 (3x* +2x +1) 
(ii) Let 1=[ sin? x cos x dx. 
Let sin x = t. Then, d (sin x) = dt > cosxdx=dt => dx= = 
cos x 


Putting sin x =t and dx = ie swe get 
cos x 
r={ sin? x cos x dx =| t? cos x - a =f Bat=h4cu8M XC 
cos X 4 4 
(iii) Let I =| tan? x sec? x dx. 
Let tan x = t. Then, d (tan x) = dt = sec?xdx=dt => dx = at 
sec” x 
Putting tanx = t and dx = dt/sec? x, we get 
4 4 
t= tan? x sec? x dx = f B sect x =f Adio «ae Ae 
sec? x 4 4 


3 
(iv) Let r={ Loe” a. 


Let log x = t. Then, d (log x) = dt => * dx =dt =a GE 
Putting ee dx = x dt, we get 
4 4 
fe [+ dt = | ara) \e. eae Moga) 4c 


INDEFINITE INTEGRALS 19.51 


EXAMPLE2 Evaluate: 


(i) [AGED x i) f 


= 2.3 
, 4(sin x 
SOLUTION (i) Let1={ Spa dx. 
2 


1-x 


ss 
] ae 
Gad 9 


a (i), eas 


Letsin'!x = t. Then, 


d(sin''x) = dt = Spo dradt => dx = V1-x* dx 
-x 


Putting sin x=tanddx = V1—3° dt, we get 


r= f Ae a e dati Ped = iC = Gn wae 


x 
log tan 5 


(ii) Let 7=[ San pee 


Let log tan 5 = t. Then, [tog tan’) = i= sec” > - 5 ax = dt = dx =sin x dt 
tan 5 


Putting log tan 5 = t and dx=sinx dt,we get 


2 
sin x dt = [ tae = ae i Weg 


il 


sin x 


(iii) Let 1=] Vat+2cosx 


Let 3+2 cos x =t. Then,d(3+2cosx) = dt => -2sinxdx=dt > dx=--— a 
2 sin x 
pufing 3 +2cosx=tanddx>——_ — . we get 
sin x dt 1¢ -1/2 1) thf? 
t=] ee Oring Fingd. Vege = 5% 7 te 
=> I = -V§t+C = -V3+2cosx+C 


EXAMPLE3 Evaluate: 


2 : = 
ol OFM ay [CBSE 2009] (ii) f eet ae 
+x 


] 2 
SCLUTION (i) Let [ +N gy 


Let 1 + log x=t. Then, d(1 + log x) = dt = 2 dvedt = dr= x di 


Putting 1 + log x=t and dx = = x dt, we get 
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2 3 : 
1={ Fxxdt=J dt = gate +c 


bg ( 
(ii) LetI=|'= sec? (2 tan”! x) FR 


14+x2 


Peds 


a p) 
Let 2 tan”! x=t. Then, d(2 tan Lx) di= TE: 
+X 


Z 
dt, we get 


Putting 2 tan | x=tand dx = ers 


sec’ t ae 1427 


ni | ro we! af 
cae hip once | sec tdt=—tant+C=> tan (2 tan x)+C 


EXAMPLE 4 Evaluate: 


2 
oe (ii) J sec* x tan x dx 
(a+b tan’ x)* 


tan x sec? Se 


SOLUTION (i) Let I= 
@ J (a + b tan? x)” 


Leta+b tan? x = t. Then, 


d (a+b tan? x) dt => 2btanxsec*xdx = dt = dx = += Hast = 
2b tan sec” x 
Putting a +b tan? x=t, and dx = ——"'__— we get 
2b tan x sec” Xx 
tan x sec? x dt 
CEN Paes be ea oe 
iF 2b tan x sec” x 
Se ee eT a 
= pay ero onl dt = ee 
=> yi = -—_____,+ 
2b (a+ b tan* x) 
(ii) Let I = f sec? x tan x d= | sec* x (sec x tan x) dx 
Let sec x =f. Then, d (sec x) = dt = secxtanxdx=dt = dx = eee ee 
sec'x tan x 
Putting sec x = t and dx = aaa re get 
sec x tan x 


e) 
r= | dt = = SG aero 


EXAMPLE 5 Evaluate: 
(i) f x sin x4 dx (ii) | e* cosec* (2 e* + 5) dx 
(iti) } 7a tan? are 


1+x° 


INDEFINITE INTEGRALS 19.53 


a 


SOLUTION (i) LetI = | x sin x‘ dy. 


Let x4 = ¢. Then, d(x*) = dt => 4° dx = dt = dx = at 
Ax? 


eS 
r=fx Snitecaa =5] en {die anegs Cte ena y +C 
(ii) I =| e* cosec” (2e* + 5) dx. 
Let 2e*+5=t Then, d(2e-*+5) = dt => -2e* dx = dt =dx = - ney 
ME 
3 dt 1 
l= xe 24 ee at ay 2 Z 
Je cosec = oH) cosec* t dt 
1 1 L. 
= qT +5)+C 
3 
(iii) =| x 2 re = dx 
+x 


6 
3x? dx = dt = dx = F722) a 


Let tan’! x? =¢. Then, d (tan - x°) She SS d 5 
1+x 3x 


- 


a Pe pa a Es 5 aa ag a ie, aT 
Oe eae 32 dt = 5) tdt =< P+C = 4 {tan BV +C 


EXAMPLE®5 Evaluate: 


(i) mae sec’ x tanx dx 


(ii) [ Vian Vtan x (1 + tan? x) dx 

(iii) ats x, , neZ 
Vsin® x sin (x + @) 

fy) f sin 2x 


(a+bcos x)’ 


SOLUTION (i) LetI= f sec? x tan x dx. 


Let sec x =t. Then, d(secx) = dt > secxtanxdx=dt => Fie oeaid ee 
sec x tan x 


Putting sec x = t, and dx = dt/sec x tan x , we get 
dt 


ie f sec? x tan x xX —————_ 
sec x tan x 


3 ae) 
¥ Pe | sec’ xds = PF oe ae 


(ii) Let r= f Vtan x (1 + tan? x) dx = | Vtan x - sec? x dx 


Putting tan x =t and sec” x dx =dt, we get 


p3/2 
IO s+ 3/2 
=| vi fhe = Ae e te +C 


(iii) We have, 


sin? x sin (x+Q) = sin? x (sin X cos @ + cos x Sin Q) 
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= sin? x sin (xt Y = sin’ x (cos @+ cot x sin G) 


NeW sere aa 
sin ph 
Tegal oo 
sin BREE ERT EU 


cosec” x 


= 1=f 
AEE ONE TIAEE 


Putting cos ©+ cot x sina=t and, ee we get 
1/2 1 gi? 
St eae = f—|+c 


dx 


it 
in| ~aocopdt = ~ sina 


~ sina| 1/2 
=> 1 = —2coseca vi +C = —2cosec a (cos o + cot x sin «)'/*+C 
(iv) Let?={ —*"@4 4 pe | Soneeees 
(a +bcos x)” (a+bcos x)* 


Putting a + b cos x =t and - b sin x dx = dt or, dx =—dt/b sin x 


ne ee glee 
2 bsinx 
= 1 =~) g-cosxde E atboosx=t :.cosx= 45% 
=> t= 35 a(S" |e 
=> Pos (i-3 | 


y 
il 
l 


— 

WW 

| 

ed te, 

o 
ag 
= 
+ 
| 
(hea 
et 
iS) 


] ea 
og |at+bcosx| eae 


2 x 

EXAMPLE? (i) [ 2? 2? 2% dx Gi) f f@x+b)"f’ @xt+b)dx,n # -1 

ath aya 
(ii) | PD ax 
zs 
SOLUTION (i) Let I = i 2? 92" 9% dx 
Let 2? =1. Then, d{ 2 = dt = 2? 2? 2* (log 2)3 dx =dt 
: a Pe ere 
Putting 2* = t and 2? 2? 2* (log 2)° dx =dt, we get 
=f —+1+C = 5 

ae 23° ” dog 2) (log 2) 


(ii) Let 1 =f if (ax +b)" f’ (ax +b) dx = dt 


Putting flax+b) = tand f’(ax +b). adx = di, we get 


x . 


vy 
oF FC 


INDEFINITE INTEGRALS ; 19:55 


n+1 n+1 
aes t= 1B lc = (eon +C,n#¥-1 


n+1 a(n+1) 


1/4 
. 3) 1/4 
4 _ ,)1/4 x 
x x 


a 06 
1 
Let1—-- 3 =i) Chen, 
x 
qe epee aa eee, 
3 x4 3 
Puttin ties =fand dx= > at we get 
& <2 "3 U io 3 , 8 
Pes flora. 4 1/4 5/4 
Te. a aE = ait i= a +C 
5/4 
4 1 
= eS 51-33] +C 
EXAMPLE 8 Evaluate: 
9 
sect x x cos’ x 
(i) | ears Janxe On Eee sin x Cok 


sec! x 


SOLUTION (i) Let [= J Sax 


Putting tan x =t and sec’ x dx = dt, we get 


sec# xy - sec* x 1+ tan? x 1+# 
i. a pie |e d 
| Finest ge, eer ead 
=> I= i} (377 SP?) dt = 21242 Pic = 2'vtan x +2 tan®/2x+C 


(ii) Let I= J Con te 


Putting sinx =f and cos x dx = dt, we get 


9 8 Lee eae | 
eg RS aes dt -[*H-JfS me ) dt 


t cos x 


yet LI Ae 68 
pais IY at = J > mena eae 


= 
= p= f $-at+6? 48407 at 

= I = log | t | -2P +344 P+ eB 4C 

= I = log | sinx | -2sin?x +3 sin‘ x- 4 sin®x + 5 sin® x +C 


19.56 


EXAMPLE 9 Evaluate: i oe 
(x —1)° (x + 2) 


dx 


SOLUTION Let f ~—-—= dx. Then, 
Q(x —1)° (x +2) 


I= Ue ee 
x-1 8 
(33) (x + 2) 
- {ee 
x=1 2 
ae (x + 2) 
—3/4 
=> r= f uae 5 ax 
x+2 (x +2) 
x-1 F 
Let mr =Ehete ee 5 = '. Then, 
& nf 1 O42. 
(1-355) G 5 Ax = ey a 
‘ 1/4 
1 ,-3/4 4 1/4 4 (x-1 
p=4 4-3/4 eet $C = 3 +C 
Evaluate the following integrals: 
a(t + | 
log x 
1. f = dx 2. | ~a+D dx 
(1 +x)" <x 
3. | A055 dx a. [ Vite &dx 


5. J Ycos? x sin x dx 


Uh f cot? iG cosec” x dx 


1+sinx 
Vx —cos x 


cot x 
11. 
J sin x ux 


so 


f cos? Xx 


2G aT 
Vsin X 


i 
15. |) > dx 
J Vtan) x - (1 +x") ; 


13. dx 


a] 


ie) 


10 


Lz 


14 


16 


J 


x 
e 


GQ+e% 


ein x 


4 
ae ae dx 
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EXERCISE 19.5 


1 
4 
J V1 — x? (sin + x)* s 


J 
J 
J 


tan x 


Veos x _ 


sin? x 


Vcos x 


Vtan x 
SSS 


sin x cos x 


INDEFINITE INTEGRALS 19:57 
1 
ive J er (log x)? dx 18. f sin? x cos x dx 
3 
19. i tan?’ x sec? x dx 20. J > dx 
(xe+ 1) 
21. f (4x42) Vier 4x41 dx 22, | ——xt3 ay 
V2 x°+3x4+1 
1 x+Vx4+1 
23. J yodx 24 at 
25. f A+ COS ay 26. cos x ~ sin x 
(x+sin c) 1 +sin 2x, 
sin 2x log x7 
27. f ss 28, { ©8* ay 
(a+bcos 2x) x 
29. i} a sme ¥ 30. J cot x - log sin x dx 
+cos x 
31. f sec x - log (sec x + tan x) dx 
2. i} cosec x log (cosec x — cot x) dx 33. [2 x cos x* dx 
34. [ Psinxt dx 35: fs 5° 5* dx 
x 
36. x sin (x4 +1) dx O7s athe dx 
cos’ (xe) 
38. J xe COS (&* "\ Ee 39. [ 2x sec? (x? +3) tan (x + 3) dx 
40. f [S — ) (x+logx)/*dx [CBSE 2002C] 
: 2 
41. J tan x sec? x V1 - tan? x dx 42. i log x ae + {le a dx 
43. dG 44, i Tee aria 
x Nx" - 
Vx x 
ee a6. f Ver-1 dx 
sin Vx (x +1) & 
47. dx [CBSE 2009] ACY |) SS Bi 
J Vx J sin? (x e*) 
2, em sin x 
2 
a9, | sxttan x.) XF* |g, 50. = dx 
J +1 Ke V1 
: -1., 
51. | cog ye dx [CBSE 2009] 52. J cats ee de [CBSE 2002] 
+X 
-1 
Ps : mtan x 
pa, {| Cos») a, 54, | <a 
x 14+x7 


19.58 


x 
: d 
a J Vx? +02 + Vx? -a? i 


he! 3 
57. jee = dx 
1 part 


59. [x& dx 


a. fs d 
: 1+x° 


cos’ x . 
63. i e sin 2x dx 


65. | ay ax 


1 
G7... |e 68. [CBSE 2005] 
laa 
Ae 2x 
sin” x e 
6955 es 70. dx 
are irae 
2 
sec’ Vx. 
Ti} Shes ax [CBSE 2009] 
2 
1, S282) C 2.=2bios hee Il ee 
a 2 x 
2 3 pS x,3/2 
3. 3 + Vx) +C 4. 3 (+e) +C 
5. Tees) 4c — 1 : 
5 (1 +e) 
sin! x2 
dyed {e 
The 4 cot x+C 8. i “(G 
9. 2Vx-cosx+C 10. -—1t—+c 
(sin ~ x) 
ihe ie eae CS 
~ Nsinx * Veos x 
13. 2 Vsin ~ 2 (sina)? +C 14. -2 cosx + cos’! x+C 
15. 2Vtan tx +C 16. 2Vtanx +C 
1 5 sin® x 
17 Gogx): +C 18. faa eh 
3 6 
2 
19 = -tan/?x4C 30; SSC 


56. 


58 


60 


62 


64 


66 
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tan! x 
pa ae 


1+x' 


i sin (2 +3 log x) Pn 


dx 


| ——_—— dx 
(x +1) (x°+2%x+2) 


43° V5—-x* dx 
J xsin! x 


a 


dx 


sec’ x tan x dx 


5 
cos x 
[ SS fis 
sin x 


441) 


INDEFINITE INTEGRALS 19.59 


21. S07 4x41)? 4C D2. V2 4+3x4+140 


23. 2Vx-2log |1+Vx |+C 
24. (x+1)+2Vx+1 —-—2log |x+2 | =Otan vx PEC 


25. ——4+_+c gees Se: 
2 (x + sin x) (sin x + cos x) 
a yo ee 2 
27. SL eee ae 28. logo) 4G 
i ee gs 30. + [log | sinx |7+C 
1+cosx TRG ae: 
ne 2 1 ae 2 
Rie 7 {log | secx+tanx |}/+C 32. 9 log | cosec x -—cotx |}“+C 
53. Seine 34. Dilewee tate 
4 4 
5 
35. => _+¢ 36. weds LLC 
(log. 5) 
x decreas’ 
37. tan (xe) +C 38. 3 sin (e y+C 
39. 5 1sec8 (07 +3)+C 40. 5 (x tlog x +C 
41, -$-(1-tan? x)? +C 42. — 5 cos {1 + (log x)"} +C 
bide 1. 1 2 ie ae 
43. -2(5 |: goin Z +C 44, 9 Sec ()+C 
45, 2sin(e*)+C 46,2 Ne =1- 2 tan VF =14-C 
47. —2cos Vx +C 48. —cot (xe*)+C 
-1 Pana | 
a9, 1 stttn 4 50, Lemsin x4C 
log 5 m 
51. 2sin Vx +C 52. —cos (tan! x)+C 
gmtan x 
53. — cos (log x) +C 54. +C 
55. 102 +0)? = 07 - P14 € 56. ; (tan ry +C 
6a 
Oe nk) beet | 1 
57. q csin x)+C 58. 3 00s (2 +3 log x) +C 
ik fe bo oat 
59. —e +C 60. lo +C 
2 Bl e+ 2x42 
4 20 
61. ap Ot) +2 (2x 43)/74C 62. Be) ow eC 


2 
gaat a 64. : (sin! x7)? +C 
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1 
65. 2log | 1+Vx | +C 66. 5 tan? x +4 tan'x+C 
1 \4 1 ? 
or. [1454] +C 68. sin’ x—sin x+log | sinx |+C 
7 ' 
69. —cosx- EE fe 70. e—log(1+e)+C 


e 3 
cOosSX¥ 3cos’x 


71. 2tanV¥x +C 


HINTS TO SELECTED PROBLEMS 


1. Putlogx=t 2. Put log 1+ 5 |=! 
3. Putl+vVx =t 4. Putl+e*=t 
5. Putcosx=t 6. Putl+e*=t 
ths Mabliekol see 8. Putsin x =t 
9. Putx-—cosx=t 10. Put sin} x=t 
11. Putsinx=t 12. Put cosx=t 
13. Putsinx=t 14. Putcosx=t 


15. Put tan !x=¢ 
16. Dividing numerator and denominator by cos 


re | Vtan x 
~/ tanx 


2 x, we get 


sec? x dx. Now, put tanx=t 


17. Putlogx=t 18. Put sin x=t 
19. Puttanx=t 20. Putx?+1=t 
21. Putx?+x+1=t 22. Put 2x74+3x+1=t 
23. Putx=?? 24. Putxt+1=f 


25. Putx+snx=t 


i cos x -—sin x 


26. [= 5 dx. Put sinx+cosx=t 

(sin x + cos x) 
27. Puta+bcos2x=t 28. Putlogx=t 
29. Putl+cosx=t 30. Put log sinx =t 
31. Put log (sec x + tan x) =t 32. Put log (cosec x — cot x) =t 
36. Putx?+1=¢ 37. Putxe*=t 

3 
38. Pute® =t 39. Put sec (x*+3)=t 
40. Putx+logx=t 41. Put1—tan*x=t 
42. Put 1+ (log x)*=t 43. Pu 2 =f 
44. Putx*=1 45. Put eve = t 


2t dt 


46. Pute*—1=#7, so that e* dx =2 t dt or dx = ore 
+1 


INDEFINITE INTEGRALS 


Be: e+1-1 
I= | —— at =2 | ———— 
Ie J P41 


47. 
49. 
51. 
53. 
55. 
57. 


eek 


68. 


19.8.4 INTEGRALS OF THE FORM J (ax +b)" P(x) dx, f aa dx, WHERE P(x) ISA 
ax+ 


Put Vx =t 48. 
Putx+tan! x=t 50. 
Put Vx =t 52. 
Put log x =t 54. 
Put x* =# and then rationalize 56. 
Put sin! x =t 58. 
Put x7 =t 60. 
. Putl+ x? =? 62. 
. Putcos? x=t 64. 
. Put Vx =t 66. 
. We have, I= i) 


Now, substitute 1 + 4 ip 
x 


Put sinx=t 69 


sities Si 
3/4 3/4 
x? (x4 +1) #(1+3) 


1 
dt=2|)1-—-——dt=2[t-tan'!#t]+C 
J +1 ! 


Put xe*=t 
Put sin! x =t 
Put tan! x =t 


Put tan! x=t 
Put tan7! x? =t 
Put2+3logx=t 


rol i 


a 
(x +1) (x +1)? +1} 


Now, put x + 1= tan 0 


Put5-x7=#2 


Put sin7! x? = 


Put tanx=t 


UIC Osh 


POLYNOMIAL AND nIS A POSITIVE RATIONAL NUMBER 


In order to evaluate this type of integrals, we may follow the following algorithm. 


ALGORITHM 


SIEP] 


SLEP Il 


STEP III 


b 


Substituteax+b=t or x = *— and ax = - dt 


19.61 


Simplify the integrand in terms of t and integrate with respect to t by using 


prtd 


as 


ak 


Replace t A ax+b 


Following examples will illustrate the above procedure. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Evaluate: i) ae dx 


SOLUTI 


x2 
ON Let! = f Nea dx 


Substituting x + 2 = tand dx = dt, we get 


t-2)* (?-4t+4 
eee c= 
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Z, Jom) (09/2 g.ait/2 + ae 17") dt 


= p= 2 62-8 8248840 
5 3 
= T= 2 (+2)? -8 x4 29/7 +8 FD +C 


EXAMPLE 2 Evaluate: | x? Vi+x dx 
SOLUTION LetI = { x* Vi+x dx 
Substituting 1+ x = tand dx = dt, we get 
I = (t-—1)7 Vt dt = f (Pha 1yNt at 


= Perl qe inane ge) dt 
= 2 ,7/2_4,5/2, 2 3/2 
= T=7!t cin a ee 
= I =< (1 Pay 2 ae (+x)? +8 (1+x)9/7+C 


EXAMPLE 3 Evaluate: | Kl =x) de 


SOLUTION Let! = f x(1—x)" dx 
Substituting 1—x = t and dx = —dt, we get 


[= af an t" dt 


=> ee ear ae dt 
prt prt2 
= ee hen ee ae 
ae 1 a se | Rae ioe 
a p27 -2)"* es Oa ve 


° 
EXAMPLE 4 Evaluate: | == ike 
x+1 
a 
SOLUTION LetI = { —— dx. 
x+1 


Substituting x +1 = tanddx = dt, we get 


t-1) 1 
r= f ree dt = f 7 (°co FP, t+ C2? ~FC3 P+ °Cyt-FC5) dt 


= eS) 7 (8-54 + 108 - 107 + 54-1) dt 
S I= J [5° +108-10r+5-7) dt 
= fete 5 a 1053 fe} 

Sag erga bE —St +5 do gtit he 


Y 
T 


1 5 10 
5 tI Gt + +19 -5 +1)? +5 (x41) - log [x41] +c 


INDEFINITE INTEGRALS 19.63 


x2 
EXAMPLE 5 Evaluate: { Smee AX 
(a + bx) 
x2 
SOLUTION LetI = { —*— dx 
(a + bx) 
Substituting a+ bx = tandbdx = dt, we get 
r=] toe xt dt 
1 Pat ee 
= ay 5 bate 
1 2a 
= replies | a 
1 a 
=> 1= 3 {r-ntog 11} +c 
id a 
= ane (a + bx) — 2a log |a+ bx| - re ae 
EXAMPLE6 Evaluate: lagna 


SOLUTION Here, the LCM of the denominators 2 and 3 of exponents 5 and is 6, 


So, to remove fractional exponents, we substitute x = f° and dx = 6f° dt. 


x == ie 
6t° 
= [= 
ice 
3 
t 
= Peel eet 
3 _ 
> a ieee 


—~ 
WW 
ON 
—~ 
) OT REI 
~~ 
iS) 
I 
o_o 
a8 
hm 
| 
+ 
So 
a 
> 


ge te x 
=> Ve 6\, 25 tt—log | tel | + 
= I = 2Vx -3x1/3 46 x1/6—6 log | x1/641]4+C 
EXERCISE 19.6 
x2 
1. J 2 Ve+2 dx 2. J ya ax 
2 
x 2x-1 
3. | gig tt alleen: 
( iy 
5. f (2x2 +3) Ve+2 dx etal 
er 


7. | ya dx 8. f xa-»? dx 


19.64 MATHEMATICS-XII 


ANSWERS 

S Mepham ra fe (3x7 + 4x +8) Vx—-1+C 
3. (ex 44y/2—22 ro (x 44)/7 4 32 = ar+4)'/?+C 

ce 

1 
4. Sagat - OS [x-1}4+C 
5. 5 (x42) 2 (x 4 29/2 4 Bet 2/7 +C 
6. fecen Rea Ne ff 4 Gx? +4x+8)VI-x+C 
24 

Gas on (1—x)** (1+24x)+C 


19.8.5 INTEGRALS OF THE FORM J tan” x sec" x dx, cot” x cosec?" x dx; m,neN 
In order to evaluate this type of integrals. We may follow the following algorithm. 
ALGORITHM 
STEPI Write the given integral as I = f tan” x (sec? x)" ) sec? x dx 
STEPIT pyt tan x =¢ and sec* x dx = dt and write the integral as 
le f tan” x (sec? x)"~! sec? x dx 

hee OES i tan™ x (1 + tan? x)"~ ! sec? x dx 

or, I= f Poa iat) rut 
STEP Expand (1 + t?)"~' by binomial theorem in step II and integrate. 
STEPIV Replace t by tan x in step III. 
Following examples will illustrate the above procedure. 

ILLUSTRATIVE EXAMPLES 
EXAMPLE 1 Evaluate: 
(i) i tan” x sec’ x dx (ii) i tan* x sec! x dx (iii) i} sec! x dx 

SOLUTION (i) Let = f tan” x sec* x dx 


Substituting tanx = f and sec” x dx = dt, we get 
n+1 


rea 


L= fs" dt = fan’? y+ 


n+1 
(G)e Lets) = I tan? x sect x dx. Then, 


2 x sec? x dx 


1 =f tan? xsec 
= I =f tan? x (1 + tan? x) sec? x dx 


Substituting tan x = t and sec” xdx = dt, we get 


3 5 
t=fPa+de =f @+4)at = Free = : tan?x +5 tan? x +C 
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(iii) Let I = [ sectx dx. Then, | 
[= J sec? x sec? x dx = J (1 + tan? x) sec? x dx 


Putting tanx = t and sec*x dx = dt, we get 


3 
I= J (1+ #°) Bie= t+ >+C = tanx+5 tan? x+C 
EXAMPLE 2 Evaluate: (i) f cot’ x cosec* x dx (ii) J cosec! x dx 


SOLUTION (i) LetI = f cot” x cosec’ x dx. Then, 


Ie J cot? x cosec* x cosec? x dx 
=> [= j cot? x (cot* x +1) cosec? x dx 
= ie f (cot* x+cot? x) cosec? x dx 


Substituting cot x = t and —cosec* x dx = dt, we get 
>) 33 
De aie en ee en ot 
J +2) at = - Ee oe 5 cot x 3 cot x+C 


(ii) setae J cosec* x dx. Then, 


I 


’ 


2 


i f cosec” x cosec* x dx = | (1+ cot? x) cosec* x dx 


Substituting cot x = tand—- cosec? x dx = dt, we get 


I= J a+P) a = pitches ~F coPx tC 
== a 3 = —cotx 3 cot Xe 


19.8.6 INTEGRALS OF THE FORM | tan2”*! x sec2"*! x dx, 
WHERE mm, n ARE NON-NEGATIVE INTEGERS 
In order to evaluate this type of integrals, we may follow the following algorithm. 


ALGORITHM 
STEPI Write the given integral as I =f (tan? x)” (sec x)*" sec x tan x dx 


STEPII Substitute sec x =t and sec x tan x dx = dt and write the integrals as 
i f (sec? x — 1)” (sec x)?" sec x tan x dx 
Of las f (2 — 1)" Ft 


STEP II Expand mays by binomial theorem in step II and integrate. 
STEPIV Replace t by sec x in step III. 


Following examples will illustrate the above procedure. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Evaluate: { tan? x sec? x dx 


SOLUTION LetI = f tan? x sec x dx. Then, 


ie ( tan? x sec” x (sec x tan x) dx 
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= [it f (sec? x — 1) sec’ x (sec x tan x) dx 


Substituting sec x = t and sec x tan x dx = dt, we get 
5 2B 

emle2 a fy 7,42 ay eee : 

r= f (@-1 Pat =f (4-Aae eae 


EXAMPLE 2 Evaluate: f sec” x tan x dx 
SOLUTION LetI = | sec"xtanx dx. Then, 
i= sec"~!x (sec x tan x) dx 
Substituting sec x = t and sec x tan x dx = dt, we get 
ioe f Peo dk = P+c = > sec™x+C 
19.8.7 INTEGRALS OF THE FORM J tan" x dx, { cot" x dx 


EXAMPLE 1 Evaluate: 
(i) f tan? xdx (ii) [ tantx dx 
SOLUTION (i) Let! = [ tan? x dx. Then, 


i f tan? x tanx dx 
= I = | (sec? x-1) tanx dx 
— 1 = | tanxsec? x dx—{ tanx dx 


Putting tanx = t and sec? x dx = dt in first integral, we get 
f= f t dt-J tanx dx 


2 
=> I = 5 + log |cosx| +C 
= | tan? x dx =5 tan? x + log |cosx| +C 


(ii) LetI = J tan* x dx. Then, 

T= J tan? x x tan? x dx 

i f tan? x (sec? x — 1) dx 

i J (tan? x sec? x — tan” x) dx 
I= f tan? x sec” x dx —| tan? x dx 


Te I tan? x sec? x dx — f (sec* x — 1) dx 


{ ¢ g-t 


Putting tan x = tand sec” dx = dt in first integral, we get 
t= f @at-J (ect x-1) dt 
3 


3 
7 (tan x= x) +C 2 lab 


7 ene 


= if 


EXAMPLE 2 Evaluate: 
(i) i cot? x dx (ii) i cot*x dx 


INDEFINITE INTEGRALS ‘ 19.67 


SOLUTION Let! = f cot? x dx. Then, 

= J cot* x cot x dx = J (cosec* x — 1) cotx dx 
= I= i (cot x cosec? x — cot x) dx 
= 1 = | cotx cosec? x dx -| cotx dx 


Substituting cot x = t and — cosec? x dx = dt in first integral, we get 
= ef t at - f cot x dx 
& : ii 2 
= I = —5 — log |sinx| +C = —; cot x —log |sinx| +C 


(ii) Let I = f cot? x dx. Then, 


a cot’ x cot? x dx = ' (cosec” x-1) cot? x dx 


a i f (cot? x cosec? x — cot” of i 
=: i J cot? x cosec? x dx — f cot? x dx 
= te f cot* x cosec? x dx 4 (cosec? x-1) dx 


Substituting cot x = t and — cosec” x dx = dt in the first integral, we get 


a Ef Pat -| (cosec? x — 1) dx 


p 
=> Se OE eee 
=> J cottxdx = -3 co? x+cotxt+x+C 


EXAMPLE 3. Prove that 
2 


f tan" x dx = Saar tan™~1y—f a de 
SOLUTION Let], = i} tan” x dx. Then, 

by = J tan”? x tan? x dx 
=> i= f tan” ~* x (sec? x -—1) dx 
=S Li J tan” ~* x sec” x dx —| tan”? x dx 


Substituting tan x = t, sec’ x dx = dt in the first integral on the right hand side, we get 
je f gt 2 ge | tan”? x dx 


ie = 1 A 2 
=> bar ps Me x dx 
=> [ tan" xdx = “ tan” 1y—f tan" ~2 x dx 
EXERCISE 19.7 
Evaluate the following integrals: 
1. i tan? x sec?x dx ph, f tan x sect x dx 
cy f tan” x sect x dx 4. i} sec? x tanx dx 


5. f tan x dx 6. i) Vtanx sectx dx 
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7. f sec’ 2x dx 8. f cosec* 3x dx 
9. f cot” cosec? x dx,n#-1 10. f cot? x cosect x dx 
11. i cot? x dx aed f cot® x dx 


ANSWERS 


Vest! pe Se" 
1: q tan x+C De > tan x+7 tan x+C 
1 6 1 8 1 6 
= = 4s +C 
3. 6 tan x + tan x+C 6 sec x 
Bs 
5. 4 tan! x —5 tan? x + log |secx| +C 6. = tan? x45 tan’? x+C 
1 1 3 1 il a 
osc mae = —_— ~~ 
7. > tan 2x +— tan 2x+C 8 3 cot Sx g cot 3x+C 
9. — Re ee LE 10. as Cals Sa ea 
n+1 6 8 
11. — foot! x +5 cot? x+log lsinxf{+C “IZ: —F cot? x +5 cot? x cot x—x+C 


19.8.8 INTEGRALS OF THE FORM f sin” x cos" xdx,m,neéeN 


In order to evaluate the integrals of the form | sin” x cos” x dx, we may use the following 
algorithm. 
ALGORITHM 


STEP! Obtain the integral, say, f sin” x cos” x dx. 


STEPII Check the exponents of sin x and cos x. 


STEP II If the exponent of sin x is an odd positive integer put cos x =f. 
If the exponent of cos x is an odd positive integer put sin x = t. 


If the exponents of sin x and cos x both are odd posttive integers put either sin x = t or, 
cos x=. 


If the exponents of sin x and cos x both are even positive integers, then express 


sin” x cos” x in terms of sines and cosines of multiples of x by using trigonometric 
results or De’ Moivere’s theorem. 


STEPIV Evaluate the integral obtained in step III. 


Following examples will illustrate the procedure. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate: 
(i) i sin? x cos? x dx (ii) J sin? x cos? x dx (iii) J sin? x cos” x dx 
SOLUTION (i) Let J= J sin? x cos* x dx. 


Here, power of sin x is odd, so we substitute 


dt 


cosx =f => -sinxdx = dt => dx =--— 
sin x 


I= i sin? x Care ) 


sin x 


INDEFINITE INTEGRALS ‘ 19.69 


=> I =-f sin? x #4 dt =— | a-#)Ade=-] (t4 — £°) dt 
5) 5 7 
Neck Bok sib eee COS COS a 
> [= Le aie 5 + +C 


(ii) Let 1={ sin? x cos? x dx. 


Here, power of cos x is odd, so we substitute 
dt 
cos x 


sinx =f = cosxdx=dt => adax= 


T= f Pos? x pr a xy dt = { Pa-) at 


7 co 5 eh 
=> pai C-38t oie hoot lee. _9 sin’ x, sin’ x 
ic +f) dt 3 Beate 3 2 5 + 9 +C 


(iii) Let J = f sin® x cos° x dx 
Here, powers of both sin x and cos x are odd. So we can substitute either 
sinx=tor,cosx=t 


Putting cos x = t and — sin x dx = dt or, dx =— us / we get 
sin x 
[= f sin? x x - a 
, sinx 
= I[=-J Bsint?xdt = -f 8a-Pat = -f @-#yat 
6 48 6 8 
e0s 5" Cos 4 
— l= + +C =- 6 8 Fake 
EXAMPLE 2 Evaluate: J cos? x 08 SIN * gy. 


SOLUTION We have, 
I= J cos? x 08 8in x dy = cos’ x sin x dx 


Putting cos x= t and — sin x dx = dt or,sinx dx =— dt, we get 
1=-JPd=-H+c = 


19.8.9 TO EVALUATE INTEGRALS OF THE FORM f sin" COsERIatY 
WHERE m,ne€Q SUCHTHAT m+n IS ANEGATIVE EVEN INTEGER 


ALGORITHM 


STEP! Change the integrand in terms of tanx and sec* x by, dividing numerator and 
denominator by cos* x, wherek =-—(m +n). 
STEPII Substitute tan x =t. 


Following examples will illustrate the above procedure. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Evaluate: 


sin x ek 1 
eA ee _ dx 
() js x o (i) J Vein’ & cee 25 : 


19.70 


- 4 
sin Xx 
SOLUTION (i) Let! = [ 2"5~ dx. Then, 
cos x 


sin? x 
4 


Osun 
p= f <S* 3 dx 
cos’ x 


cos? x 
l= J tan’ x sec! x dx 
i } tan? x (1+ tan? x) sec’ x dx 
t= f tan? x (1+ tan? x) sec? x dx 


Putting tan x=t and sec’ x dx = dt, we get 

B47 5 
Sa Vee Se re ee 6 Sh 
eS ACR a VISE ee : 


(ii) Let I = f tee dx . Then, 
sin” X COS” X 


4 
ea. 


2 
=> T= | eee ec x dx 


tan?/ 2 Xi 


Putting tan x=t and sec’ x dx = dt, we get 


1+t 
= B72 dt 
3/2 
Sve eee =28 
= + => 
= 1=f¢ f/) dt = = 
EXAMPLE 2 Evaluate : J sec*/ 3 x cosec®/ 3 y dx 


3 


SOLUTION Let! = J sect/ x cosec®/? x dx. Then, 


1 S 
Hh Go. b= \scos 
J cos4/3 x sin®/3 x J 
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[Dividing N‘ and D" by cos* x] 


7 


tan’ x 
—<——— 


7 


+C 


[Dividing N‘ and D' by cos* x] 


2 


Sarge wae 


4/3 


x sin 8/3 


+$ (tan x)°/7+C 


Mas 


i 4 8 ee ; a 
Since — lian which is an even integer. So, we divide both numerator and 


E 5 
denominator by cos* x, 


2 
aft el) eee x) 


2 
sec’ x dx 
tan®/ 3 ae 
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Putting tanx=f and sec* x dx = dt, we cet 


se fi lath Ef Blt 2 as 
l 8/3 dt = | (t 28 ) dt 
=3 / bee 
= a GE OE tan 5/3 y43 tan! x4 
So) e ode 
EXAMPLE 3 Evaluate: | ne dx 
cos’ ' x 
ES et 
Dex 2 2 
SOLUTION Let I= f V22* gre sin? x cos 4/3 x ax 


cos "x 
Here, the sum of the exponents of sin x and cos x in— 4, whichis a negative even integer. 


So, we divide and multiply by cos* x to get 


(ee i} sin2/3 x cos” 4/3 x cos? x sect x dx 


_ f sin?/? x 


2/3 ,. 


PLS: 


= I sect x dx = i tan’ x (1+ tan? x) sec? x dx 


cos” x 
Putting tanx = t, sec” x dx = dt, we get 


2/3, ,8/2 a S573-. i178 3 543... 4 41/3 
= + == == fA ELLO= ta oat +C 
i fa Enea thi 5! ae G 5 tan x 11 @" x 
EXERCISE 19.8 
Evaluate the following integrals: 
Alp | sin? x cos® x dx 2. { sin? x dx 
33 J cos’ x dx 4. [ sin? x 0s x dx 
5. sin® x cos® MAS 6. cos’ x dx 
Fhe j x cos® x sin x dx 8. i sin’ Max 
1 
9. f sin? x cos’ x dx 10. J Sy ae dx 
Sing aCOSmex 
j il 
Ate J ———- dx 12. f ae dx 
sin’ x cos’ x sin’ x cos x 
1 
13; : Sv miacar vas 
sin x cos x 
ANSWERS 
oy 5 = 
Ui : sin” i ee sae Di am | cos Xx — : cos* aed : cos x | ae 4€ 
( ) Oe, 
Da 8 iL Swe sin Xx 
3 j sinx—3 sin” x + sin are 4. ae +C 
one : 
5. | cos! x cos? x | | 6. ee Rn ne AI 
iC os ee 5 7 
5 3 il 
The Ries e+ C 8. — cos x + cos x- cos” x +7 cos’ x +C 


8 i 
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oo — 4 cos x +5 cos® x +C 10. - 5 cot® x—-2cotx+tanx+C 
1 = S 2 1 4 
ple hs ~ 5 (tan x) +3 log |tan x| +; tan x+7 tan x+C 
12. log |tanx| -—5-+C 13. 1 tan? x + log |tan x] +C 
DuSihie x : 


19.9 SOME SPECIAL INTEGRALS 


In this section, we will introduce some important formulae of integrals and apply them 
to evaluate many integrals. 
Following are some substitutions useful in evaluating integrals. 


Expression Substitution 
» 
pa Z 
a~+x x=atan8 or acot9 
Ti 
ar — x" x=asin89 or acos@8 


x=asec®9 or acosec 9 


x =a 
Ne afa+x 
or X= COSzZ’ 0 
a-x 


V5 PaNGe =O), (a= Pp x=acos* 6+ sin? 0. 
THEOREM (i) i; a ~ dx = (2) é 
ca s a 
Ps ] x-a 
(ii) 2a | x+a 
(i11) 5 dx = 5 log “+ | +C 
| 
: ry a Aes 
(iv) a x dx = sin [E}te 


(v) J rae =, logy x + Na? + x? |+C 


Bene ee ae 26 


Putting x =a tan @and dx=a sect 0d 0 , we get 


asec O0d0 ] ° 1 ; 
Pe eetec Stent hers oecaae 
a~+a™ tan” @ Fe a 


| 


— i 


| 
| 
oo 
,e) 
S' 
| 
+ 
oy 
\— ak 
ct, 
pad) 
5 
ra) 
{I 
| 
Hl 
| 
cr 
bod] 
5 
a 
[& 
ner | 


Similarly by making substitution x = a cot 0, we get 


1 1 ail 2 
= ek a i = 
| 208.2 ve 7 oot (F |r 


INDEFINITE INTEGRALS 19.73 


(ii) We have, 


ie 1 ig ied 
qt (x-a)(xt+a) 2a\x-a x+t+a 


a 
1 
l= dx 
ie 
mn 1 ee 
= : TUE cee dx 
ak. 1 La al 
aR ten rn eet Soa | 
lis 1 i 
a T= 5; llog | x-a | ~log |x+a ||+C = 5-log |*=4 | + 
(iii) We have, 
ey. 1 ee Lee ei 
@—-<2 (a-x)(a+x) 2alat+x a-x 
1 
[= dx 
rane 
Peas L 1 } 
rm Pa aa4! gag teel oye} 
= | P=5- flog | a+x | log | a~x|]+C 
> == 1o age +C 
Med fa lhnees 
(iv) LetI=[ — ax 
Vac 
Putting x =asin9and dx=acos6 d6, we get 
te acos8d@ 
a’ —a* sin? 0 


Similarly, by making substitution x =a cos 0, we get 


1 (2 | 
— = dx = cos = aC, 
J Va? =x? ee 
(v) Let T= rere 
a“ +x 


Putting x =@ tan 6 and ¢y =asec* 9d 0,we get 


=| cee d8 


Es | 5} 
Va‘ +a‘ tan* 6 


= 1= | secedo 


I 


log |secO+tan@|{+C 
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= I = log | tan0+V1+tan? 6 | +C 

2 

x oc. 2s 
= I = log 14 +C [tan | 
=> I = log | x + Va? +x? | -loga+C 
=> I =log | x+Va2+x2 |+C,, where C;=C-loga 


(vi) Let1=| aa 


Putting x =a sec 0 and dx =a sec 9 tan0d0, we get 


il 
I = | ———=——= asec O tan6d6 
J Va? sec? 0 — a* 


=> ue sec 6d @=log | secO+tanO|+C 

= I = log | sec0 + Vsec?@-1 | +C 

=> [=log | —+ Ve +C [sec 0=3) 
=> I = log | x+Vx2-a? | -loga+C 

= P= log | x4 Nx a" [4+Gy, where C, = C-loga. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Evaluate: 


(ii) Git) < hte be eecke 
16 — 9x" 


SOLUTION (i) Let! = [ —*— dx. Then, 
4+9x 


nS meal ‘ 
(273) +x 
= -1{ _*_ Re es 
=> I= Lr: an Hg =; tan ~ 
(ii) Let ‘nea 2 dx. Then, 
9x“ -4 
ae 
if 1 1 3 1 3x —2 
te al Bx log Te) oS ee 
Guin? 2 8 
ety S) 9 2x2 sgh 2 CP awe 
3 
(iii) Let. I = | ———; dx. Then, 


INDEFINITE INTEGRALS 19.75 
1 1 1 1 
Reg) ies ae 9 4 par 
9 3 
wT 
ee 1 3 1 4 + 3x 
=> eo 4 x log ras +6 earers C 
3 3 
EXAMPLE2 Evaluate: 
. 1 Al 1 
Gi) fp = dx Gi) ) Ss dx (ili), | SS dx 
egareree Nu rerer ares 
1 
SOLUTION (i) Let I = | Teresa ie Then, 
9 -—25x7 
1 i 
= J dx 
5 9 
V2-2 
ast 1 2 ae ae ene eb 
= I 5 G dx = — sin 3/5 +C = Esin 3 +C 
e 2s apa 
5 
il 
in) bet 2 = |) =a. Then? 
a)  Srpsceer 
i : 2 hep eae x+ Vx24 2 : +C 
ae mee tee ts 4 
aa 
pier f= | ——= = de. Then) 
4x*-9 
ee ye : dx 
fe tee: 2 v 
1 peel: a55 Nien ee 
> I = 7 log |x+ i eke = 7 log |jxt+ Vx -] | + 
of 
EXAMPLE3 Evaluate : f 5) dx 
x +1 
De 
SOLUTION Let I = J 5 dx . Then, 
x +1 
4 
x*-14+1 
[he | = rhe 
J x7 +1 
> rae : dx = | (2-1) dx+ J 4 oom orterc 
a1 +1 +1 


19.76 
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OO  ——__——— EXERCISE 19.9 


Evaluate the following integrals: 


i 1 
ik. dx R dx 
reese Upcer 
3... 5a At 17 
9x21 emer: 
1 1 
5. ax 6. dx 
J a3 Jaap 
2 
x =1 i 
Wee 1x 8. == dx 
here rane: 
Oy eee 10. f led 
1+ 4° N9 — 25x 
if 1 
1.) dx 12. |) — x 
le rrr 
i 1 
13. | ———=—- dx 14.) x 
J (Q=3)- £1 V(2=x)-1 
4 
1s, J —1,— ax 16. f **ax [CBSE 2002C] 
(x+2)°+1 ly 
ANSWERS 
eee te) Tino! 2% 
1. 5 tan [5 |r 2. 7 ta [3 +e 
1 net “Doe | SE 
355 ers phe = Dab 108 a — bx ile 
1 j}ax-b |, ae 1( ax 
5 2 ab 8 ee | +C 6. a ta b Jre 
7 x-Zeant[ 5 |e 8. log | x+ Vx7+4 }+C 
9. Slog | 2+ Var? +1 {| +C 10. sin" 5) e 
1 log [bx + Na? +b? x? | +C 12. pan'(B +c 
13.5— log [12 —*) + NQ=n)o41 }+C 14. -log | 2-—x+ N(Q =x) = 1 [+C 
3 
15. tant #72 J+ 16. ipods Manx AC 
HINTS TO SELECTED PROBLEMS 
PX 
ae Use : 5—+ =a = 
x +4 x +4 
13. 


We have, | a tx = 
V(2—x)~ +1 


f L 
Ve=na 


INDEFINITE INTEGRALS 


19.77 


1 1 
14. Wehave, | >= dx = = | pd (2 - 
Va-x- 2 espero Hae 


Uy MEER eG ees eg, 


19.9.1 EVALUATION OF INTEGRALS OF THE TYPE i tt Ph dx 
ax°-+bx+c 


To evaluate this type of integrals we express ax +bx +c as the sum or difference of two 


squares by using the following algorithm. 
ALGORITHM 
STEP I 


Make the coefficient of x? unity, if it is not, by multiplying and dividing by it. 


STEPH 4dd and subtract the square of the half of coefficient of x to express ax* + bx +c in the 


(2 
forma IC + 2a | 


4ac ~ b* 
4a* 


STEP II Use the suitable formula from the following formulas : 


1 1 Sie 
J 7 ax =~ tan ix 


ao+x 
1 A at+x 
Gbe =. == Wofes ij }) 2o(E 
J a — x? 2a 8 |a— 
1 1 x-a 
rere ee “Veit x+a\_ 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Evaluate: 


On) Se 


x x41 Xx +x-1 
SOLUTION (i) Let I = | — gx. Then, 
x“-x+1 
1=f u 1 ax 
2 LD ot 
x x+4 at} 
5 ee 
(x -1/2)° + 3/4 
1 1 
=> T= = n= == St 
LF ar ae N3 /2 
2 ef ( 2k 1 | 
= L= tan |e |+C 
V3 { V3 y) 
1 
fete es | ee nen, 
(i) bes ear 
1 it 
“2 a wees 
Dh BL 


1 
(CH) ya jose 
lease? 


Al “x-1/2 
an Bh |r 
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19.78 
1 1 
T= dx 
FE 2! 242/24 (1/4%-(1/4)2=1/2 
1 
(x + 1/4)? - (3/4) 
1 1 x+1/4-3/4 
t= a ae 
Se sea suo aero 
1 AGUS eed 2e-1. 
= I = 3 log | * regen fe C = 3 log 2 (x+1) -C 
(ii) Let Pa ft 4+ ae Then 
34+2x-x 
en : da 
26C= Ix=3) 
1 
ie 5G 
sd ae 9x +1 S93] 
1 1 
oe a = = dx 
lreenanyccors lee 1)? 
Phan Ge 11) 1 Be all 
= =-—] C 
— I A aee are +C 4108 | 3 + 
EXAMPLE2 Evaluate: 
(i) dx (ii) | —~————- dx 
ben. 3G +13x-—10 aed 
Gi) J = [CBSE 2002] (iv) ———— 
x°+4x+8 9x~ + 6x +10 
1 
SOLUTION (i) Let | —s=-——— dx. Then, 
3x7 +13x—-—10 
1 , 
pe 3 810 
3 3 
1 1 
So eee ay ee 
3 6 ( 6 J 3 
1 1 
= af ah Ge 
Ae 
6 6 
1o7 7, 
pel 1 6 6 
= ee 7 log ioe chats 
6 Gx6 
Prue x-4/6 Ms 4 3x —2 
= [= 7,10 aS: et (Gage 7 log ects +C 


INDEFINITE INTEGRALS 19179 
(i); Wey = foe Se ahd 
eon. 
i ahs dx 
x Sey, 
il ut 1 il 
l=- = 
=> 4 ose SB he al oat 2 (a ee 
de th | 4. 2 2 
ee Ae 1p) 1 2x — 
hese 1A ace Meo a ey ee ee alll ees Se 
= ax (iy an eran eS ae tan | we Jee 
Clin eee lea Ne rice Len. 
x Pax -- 
(Pocsee 
i a ae (ihe = Seal Fea Ee 
ies a4 94 ee +2742 2 t 2 
Livieoctan le = Mae ae es Oe ben, 
9x? + 6x +10 
1 1 1 ; 
‘ ply hak ecto 
os 9 ae hoe, 
peu 
et | 1 a 3 ee 3x+1 
=> i bs age dx = 9 7 fan 1 +C 9 ta eon € 
| r+ 3 | +1? 
EXERCISE 19.10 
Evaluate the following integrals 
re ae Bap Pees gy 
x + 8x + 20 4x° + 12x45 
3b ez =k’ 4. J ~a 2 AX 
x +2x+5 10x + 34 
se z Stile 6. f sets = (eh 
x —8x+25 L+x-—x5 
Ve = ax 8. | x 
4x41 oe aie 
9, { "+ ax 10. | ———, 
2x —-x-1 3- oa x? 
11. {————dx [HPsB2001] 12, f —— ax 
4x“ — 4x +3 7~6x-x° 
13. f apt de 14. i eed — ibe 
2x +7x +13 AGE oe a OA 
a =e 
x +2x+10 
ANSWERS 
( 
L 1/x+4 Ls (eet 
1. > tan z Jre eee OB a gel S 
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1. afer 1( ¢—-o0) 
= Ave eS 
3. 5 tan 5 Jr 3 tan 3 | 
afx-4 et V5 -1+2x 
5. tan 3 Jre 6. 5 log We coe +C 
7, Fan'[ Beth +c 8. ort tan( Ses" | + 
1 | x-1 1 3h x 
i L prt zr o 
2) 318 | x41 +¢ 10 48 | 4—x + 
1 -1( 2xi—1 1 — 
—= pd = 3 
11. ge. | py rc if 8 °8 | = +C 
2 =1( 4x4 \ [ee2] 
== tz =v | . log | —— 
Ate}, jem tan | 55 ee 14 rg ee lE 
AN Ge eaieecase! 
15. 3 tan [ 3 +C 
19.9.2 INTEGRALS REDUCIBLE TO THE FORM [ 1 dx 
ax’ +bx+c 


Following examples will illustrate the procedure of evaluating the above type of 
integrals. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate : 
a) | a ae [PSB 2007} 
Reese ae ll 
j e f sin x f 2x7 
Gi) | ——*——- ax (ity | VE *— de ivy) | Se 

Cube +5 1+cos*x 4A'+ x 
; ; x x 
SOLUTION (i) Let I = J a oe eae J oe 

be oe ae oad (69) kate 
at 


Let x? =. Then, d (x°) SB (che = Vee abe = ehh. SO a 


25 
x at 
I= |] =——x> 
Laer 2x 


it 1 
=> 1 a al | ee 
al ee 
1 1 
= | 0 oe V3 5 dt 
D) 2 
i 
= pee tan! a) +C 
PNB, V3 
g 2 
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(ii) Let gg ee af a 
* + 6e° +5 (2°)? +6 e% +5 
Let e* = t. Then, d (e*) = dt = edx = dt 
dt 
r=) _*— 
legac 
1 1 t+3-2 1 e+1 
1 = | ———— at = ftaT* =- 
= Grae Ix 1° lk 4 18 oy ae 
(iii) Let = { —"*—ax 
1+cos* x 
Let cos x = t Then,d (cos x) = dt = -sinxdx = dt = dx =-dt/sin x 


sas xg Sao? of =) a ee ee Ue 
1=] es 5. Pir f ,dt=—tan (t)+C=-—tan’ (cosx)+C 


14+t 
: 2x? 2x7 
(iv) = c=  ———— 
J 4+x8 J 92 (x8) 


Letx* = t. Then, d (x4) = dt = 4x3 dx = dtedx = 
45 


x 
2 AE tal ok panes ee Ws, neo a RA do 
l= = 7 ax =— Xs tan [5 |rcngee [3 +C 


442 49 2° ay 
EXAMPLE2 Evaluate: 
1 : e 
i) dx (CI) Il ae erin 
oir, nee 
1 


SOLUTION (i) Let I = [ j dx 
x {6 (log x)" + 7 log x + 2} 


Let log x = t. Then, d (log x) = dt = OX, =i aa 3 Gt 


p= fat 


6t° +7t+2 
1 i 
¥ ei pee iS 
Gres 
1 1 
i eae ein aoe 
s119 BS aA 
1 
= Lote) yas ae “i- 3 at 
12 12 
74 4 
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2t+1 = 2logx+t 
na 108 13542 tO ee 3logx+2 c 
gx y 
ii {2S de = | Se 
ve J 16 + 9e° >* J 4? + (3e°*)? 
+ oe dt 
Let 3e°* = t. Then, d (3e*) = dt = -3e *dx = dt = dx = er 
‘eel lt 1 dt 1 1 
i ie Ge aa 7 eae 5 — “| 2 5 at 
Wes ea Bie 16+t (4)° +t 
es wae ee ae 1 teat rs x! oy BES) 
= pagan |g Ce ent (| +e=~a5 tan 4 Mee 
EXAMPLE3 Evaluate: 
rs 1 
(i f -dx [CBSE 2000C] Gi) | —3—ax 
x(x" +1) 292 ae LY 
SOLUTION We have, 
n-1 
x 
i = dx = ; Ax 
ees a +1) 
= t 
Letx” 4g 4. Thenyd 4+ 1) = dt => na"! dx = dt die ae 
nx 
1 1 1 n 
st = Be 1=t 
i ce a dt at [x + ] 
1 
= tet[ghants Se paewal Urea | 
n = n Tree 1/4 nm” (t—1/2)° —(1/2)° 
lapel ee bs 1 ro 
= I a DATD 8 |i 1731 pa| oan 2 +C=_ log coe re 
1 4 
(ii) l=) =e = 
Peer ieee 1) 
[ESS Se ie Toveayel(Ge SEI) Ea eke 5x4 dx = dt = dx = oy 
x 
ah ue 
nes alee Me Aree ole 
1 1 1 1 
=> [= at = 
es t??-t+1/4-1/4 y (t - 1/2)? - (1/2)? 
mt ( _|t-1/2-1/2 nie t- = 41 . 
= Se oye f-1/24+1/2 +C=— log +C= haa Be ee 
EXERCISE 19.11 
Evaluate the following integrals: 
2 an 
‘le J ax 2 | : ahve 
1—tan* x 1+e~ 
x 
3. 5 ss aes 4, j= x 
sin’ x+4sinx+5 e*+5e°+6 
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os 
beret ra feet eas 
te. 9 e+e 
x 1 
7 dx Bo) eed. 
ear: eer 
xax 2 
9. | a 10. | tax 
=a x +q° 
11. { —2— az 123. [tte bend 
x (x. +1) K(x Ha) 
1 x 
18s [bE 14. eR SLY [CBSE 2007 
J x (x+ +1) | Rage ree | 
15. | ——*—— dx [PSB 2001] 
eievilleersedlulh 
ANSWERS 
1 1+tan x ey page 
af pe | ee +C 2. tan [< tat 
=| . | ok 42 | 
3. tan! (sinx+2)+C 4. log | =| +C 
e+3 | 
ny ps Waa Lo rae A 
- 36 g Benes an (€ ) + 
7 1 ai geet] ) eG 
ayo tan ream ‘i 8 5 tan (x’')+C 
at 3s 3 
9, —zlog |>5 |r te tan-| #2 +C 
a Meck aah Wee 
IS 64 esi 
1 x i Nie 8 a 
i. — Io +C 12 eediogs| a | ea 
6 : is Seal ae ra | 
4 2 
1 x pelea] |e oe 
13: 4 log 4 ; +C 14. V3 tan 13 | (Ee 
2 4 
BI) 
RRA Beal Ges V3 
ley 48 Abe ao i +C 
Ce 
HINTS TO SELECTED PROBLEMS 
da eut tan. =f 2Pute = ¢t 
3. sinx=ft A eitiee = 
5. Pute* =t 
6. Multiply numerator and denominator by e* and pute” = t 
7. Put x =t 8. Putx°=t 
9. Put x=t 10-Putea=t 
11. Put x°+1=¢ 12. Putx?+1=8 


13. Putx*+1=t 
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19.9.3 INTEGRALS OF THE TYPE | ———————dx 
Nax* +bx+c 


In order to evaluate this type of integrals, we may use the following algorithm. 
ALGORITHM 

STEP! Make the coefficient of x° unity, if it is not. 

STEPH Find half of the coefficient of x. 


5 
a 


: Coeff. of a inside the square root to express the quantity inside 


STEPIU Add the subtract 


\ 
bY 4ac—b* Aac — b* bY 
fhasquare root inthe formya +> tit——. — OF, —_ 5 eet 
\ 2a Aa Aa 2a 
STEPIV Use the suitable formula from the following formulas : 
| oS & = tog x Ve 2 
Apoenees x= log oes fei ce | +C 
ii 
{ ace dx = log |[x+V2x*-a? | 
can 
| os dx = sin"! *\.¢ 
Na =x" : a 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate : 
: 1 
OO area 
(yt | ee de [PSB 2001C, 2002] 
V9 + 8x — x? 4 
as 1 . 
(iii) J Seton 25) dx 
: 1 
Gv) dx 
J Nxt ox 
SOLUTION (i) Let/ = i} = eee ee dx. Then, 
Vx" -3x+2 
= T= log |} x-5 |+ N' ad ae: / i+ C= log | | Et Nx SFC 


INDEFINITE INTEGRALS 
(GP Let_ r= J went OR dx. Then, 
V9 + 8x — x2 
1 
LE 
J V= (x7 — 8x - 9} 


19.85 


1 

Zz J= Fe ort) tea eee oe ux 

reer rr 

1 1 =e! 

“Se i= Ax = | a dx = sin! | —— +. 

J — {(x- 4)? - 5} PERT 
beret aie aay. Then 

Vx (1 — 2x) 

T= —— dx 

J Vx — 2x 
=> 
= 
iv) Let [= === dx. Then 
(iv) Le Ene dt-Then 

te a 1 sae aaa, 
Ai pei +5 x —]1 
1 1 1 
SSO = d 
=> I ral 3 = dx se! 5 z 26 
2G, See 1 r42)) -(2 
fe 4] 16 4 4 

=> I = —=log Gardi 4 x1 atts 

2 + 
EXAMPLE2 Evaluate: 

ye) HEH dx [CBSE 2001C, HSB 2001] 
il) ——= dx 
( J V x7 mee +2 
1 : 

= 2 je ote = YL . The 2 
SOLUTION (i) Let J [ ART RS X en 


SS ee 


es 
Vx* —x (a+b) +ab 


a 


weave dean 
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U 


U 


1 
il Va rE i = dx. Then, 
es eros 
1 
t=) —————_ xx 
ern SEES 


ie 
(= 
as ae + V(x —a) (x—b) Exe 
mae , [Same r= B+ 2 Nema em | 


Be 


[= 2 log Neg Ei +C, where IC, ="C —log 2 


1 
ee 
Emaar 
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P= tog | (x= 2) + V(x = 2)? - 2)? | +C = log Jx-2+ Vx? = 4x +2 +C€ 


Evaluate the following integrals: 


a 


—= dx 


a 
1 


= 


V5 44x —x* 


oh f = ! dx 
NOQ= ped 


— 


11. 


13. 


ANS), 


7e 


We) 


ZAG 


eae 


a 


Ne r a 2x? 


5. 
rad 


1 
a= x 
J Ne de ane 


[ PSB 2002} 


[ PSB 2002] 


nN 


on) 


oo 


10. 


ps, 


20. 


J oar 

Dr merece 
; J Tee : 
: i ear * 


J 


———= dx 


8 + 4x — 4x" 


| = : ——- dx 
V3x2 Soro Qed 


{ = | 
Vx — %) (63 
eee 
VR Ay 3 x 
ae hs 
AiG oe SS 

1 

SSS dx 
NO Gis 


EXERCISE 19.12 


[CBSE 2009] 


7 ix, (8 >) 


[PSB 2001C, 2002] 


INDEFINITE INTEGRALS : 19.87 


1 1 
22. | == dx [CBSE 2002, PSB 2001C] 3 ——— 
J V7 6x23" J V2+2x— x 


1 
24. a —— dx. [PSB 2001) 
ee rea 
ANSWERS 
a le log | Y= 24 Vx 4x42 [PEC 22 sin | (x-1)+C 
-1{ 2x-3 seer EN arias 
oasin | Val Jr 4. 5 sin 7 (x+Dp+C 
Thai ee 2)) Ley ee lex ol 
5. sin —, ee 6. yy sin cg he 
7. —log | 2—x4Vx7— 4x45 b+ GC 8) log |p2i—41+ Noe—dx +34 +C 
9. log | x+24Vx74+4x4+2/4+C 10. pon | 5 He 
11. log | (x +3)+Vx746x+5 |+C 
- | = 
o's 5 FSR ial bch ev Ame 
2s V3 108 at ae ap pg eae 13. | sin {2 (x-1)}+C 
“pat N Paseo es een ( 2x | 
14. 2 sin aire T5ecsin V5 an 
Pees =o AL 1 fAe+3 
16. sin Var a 17. Ve sin i 45.G 
18. sin 221 )ic 19. sin | 2K dnl are 
{ 5: oe} 
ae 3 me 
20. sin #32) +c 21; ant Ae Inc 
\ 5 Bars 
ues (eS . 
27, sin 1 222 fue 23. sin”! {Azt|4C 
| 4 ) | v3) 
24. log | +64 Vx? +120 +11 | ee 
19.9.4 INTEGRALS REDUCIBLE TO THE FORM { ; 5 eR se 
ax +bx+¢ 
Following examples wiil illustrate the procedure of evaluating this type of integrals: 
{LLUSTRATIVE EXAMPLES 
EXAMPLE1 Evalitate : 
en ie x" 
a a. i = dX 
OA repent Ops 


SOGaee 


is fy ] 
Git) | ——————- ax (iv) } pene x 
V16 + tan? x ear 
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SOLUTION (i) Let I = J oe =f 
a 


P dt 
Lete* = t. Then,d (e*) = dt = e dx = dt = dx = a 


dt dt Le etl far Ree 2d 
Hee = =SefGh) Sills al Cae a aia is al 
| arse Leo : (3 | ca 


a0 x? x? 
(ii) Let I = f ah aan = f Vaca 


Letx? = ¢. Then, d (x°) = dt = 3x* dx = dt = dx = — 


el pg Hole gt cer sit Bee 
123) yor = gain ()+ = 2 sin (7) +C€ 


(iii) Let, 
’ = sec? x oe =f sec? x Fr. 
V16 + tan? x V4? + tan? x 
Let tanx = t. Then,d(tanx) = dt > sec xdx = dt = dx = at 
sec’ x 
es f _ dt ye f eo Ey 
V16 + #2 V4? + t7 
= I = log | t+ V474+# | +C = log | tanx+V16+tan?x | +C 


1 


(iv) Let I= f eNGogDtLS & 


Let log x = t. Then, d (log x) = dt=> + dx = Ot = Ata 


1 sae ee [- 2 A 
=| Yacaepces le f #5 | +C=log | log x + Vilep x)°—5 | aE 


EXAMPLE2 Evaluate: 


« f en (ii) Speer [CBSE 2005] 


x o* 
(iii) = dx [CBSE2009] (iv) eo - dx 
J V5o4¢' =e J sin? x —2 sin x -3 


(v) a] x 7 sin 2x cos 2x se 
J ax of ie V9 ~ cos* 2x » 


SOLUTION (i) Let 


ny secon ae A EA 
gage ® ~ ple 
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dt 


eta“ = t. Then, d (a*) = dt=>a* log,adx = dt dx = 
a” log, a 


dt i 


a 
ie oo x dt 
J V12~ 2 a“ log a log a V12 — 72 


=9 


Aes F dat 17 
ioe oe Oe ain 7 sin (a“)+C 


a 2X DBs 
li) Let f=) ——S—d = | ——S 7 
J V1 —x2~x4 ! J V1 = x? — (x)? e 


etx? = t. Then, d (x7) =i — 2a = didn = oI 


2 i 
Cas 4 
aN sh Gere oe Eb (yaaa 5)? 1)? 
9 | mag 2 > (#5) 
Peta? up: rt 5 Qeeet 
> is Cae = 15° re = sin 15 Jee 


e e 
ii) Let [=] —————dx = d 
= jegaae oe : hee ae i 


ete* = t. Then,d (e*) = dt>e‘dx = dt>dx = = 
e€ 


i ted Bits dt : dt 
i=] V5 —4t- 2 jagerge eer 


ine 


> | Ms eS wC-= ait Be \ ne 
V3? ~(t + 2)? 3 oe. 


cos Xx 


Vv) Let [= dx 
) a 


et sin x = t. Then, d (sin x) = dt => cosxdx = dt > dx = 


dt 
cos x 


I =i at = f dt = | dt 
V2 -2t-3 VP ote ele a V(t — 1)? — 2? 


b= soo) (S14 VES1y =2- 1c 

faeloz | t—-14+ VE 28-3 | +C 

I = log | (sinx -1)+ Vsin? x -2 sinx-3 l+C 
3 x x Vx 

) Let r= f Nr ax =| ae dx. 
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2 
Let x” SS if Then, d (x”) = dt => oat dx = dt => dx = aux 4 
(ee 2/3 dt vi 
= V(a3/2)2 a2 
3/2 

2 dt Do ay ete 
> l= 5) oS = CF Sin See SS el aa hake 

= V(ao/22- 2 3 [| 3 pote } 


f sin 2x cos 2x 


Wootten 


f Sime x COSELX d 
SOLES TOES can 
3° — (cos* 2x) 


(vi) Let I = 


Putting cos* 2x = t and —4sin 2x cos 2x = dt, we get 


1 1 oy AS 5 ag (h\ eo gare 
Serdang [s}re = 5 si +C 


EXAMPLE3 Evaluate: 


Gi) | Veecx=T dx Gi) f rapes [PSB 2002] 


SOLUTION (i) Let 1 = J Vsecx—1 dx = | — dx. Then, 


a «| (1 cos x) (1 + cos x) 
=F : =] cos x (1 + cos x) 
1 —cos* x sin x 
=> ia ee or = dx 
J cos x + cos* x J Vcos* x + cos x 
Let.cos = ¢. Thengd(c0s'x)*='dij=>-—sin X dx = dit=> dies i 
in: 
— dt 
= = 
rare 
a ee f dt 
2 2 
= I = —log [+2}s [+3] acy tC 
) } 
= I = -log [rg jner +C 
a I = -log [ cose +g ] Neos cons EN & 
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(ii) Let 


1 1 an a 
Fem Rey et yey gare re 
“2x 


Let e *=t. Then, d (e*) = dt > -—e * dx = dt = dx = -“— 


dt fo ta UTR 
b= | Sarees Og |. Lak f—1)+C =-log |e*+ ners 


eat 


EXAMPLE4 Evaluate ‘J sas OD 
sin (x + Q) 
SOLUTION Let 
KE pen 
fo [ \/ sin (x=) 
sin (x + Q) 
x Pa | None) jeinte od) ve 
sin(x+Q@) sin(x—-q) 
=, pe it (eo) Ty 


Ps) are} 
Vsin* x — sin* a 


ax 


: sin xX cos @— cos x sina 
= l= — =F dx 
Vsin~ x — sin* & 
sin x : cos x 
= I = cosa SR SE OO pee dx 
1—cos*x-—1+cos* @ Vsin* x — sin* a 
sin x : cos x 
= l= cos a. | a af mea ree dx 
Vcos” &@—cas* x Vsin*~ x — sin a 


In the first integral we put cos x = t, so that — sin x dx = dt and in the second integral 
we put sin x = u,sothatcos xdx = du. 


dt , du 
J = — costa SS Oe Wap oa 
Vcos* (j= re Vu —sin™ & 


Sot dhl ge, OR on. 
= f= =cosw . sir, “| >-— |—sin'@ log'| u + u*—sin? a} +C 
eee 
an) COS x : Naw rey hig 
= [ = cos. sin / g, [sin log | sin x + sin? x — sin? a | +C 
cos 


EXERCISE 19.13 
Evaluate the following integrals : 


ince 


V4 + tan? x 


5.) 
J V4 cos*x-1 : 
1 
Tip dx 
J xV4-9 (log x)? 


9. f cos 2 dx 
sin’ 2x +8 


cos x 


4. | ———-d 
Papen 2 
silignar 


8 f sin 8 x b is 
V9 + sin? 4x 
i: fs dx 


sin x+4sin? x-2 
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dx 


j i GOS x, 
sin 2x : de 12. f 


ees" — sini x+2 4 —sin? x 


1 
14, dx 
eS, | BYP Mea J (1 =x") a +(sin ! x)*} 


15; I eee dx e216: f Vcosec x—1 dx 

sin? x -2 sinx—3 
se Eee ANSIVERE 
1. Flog | x2 + Vit ea + 2; log | tanx+V4+tan?x | +C 


3. sin'(¢ |e 4. log | sinx+ V4+sin*x | +C 
D: - 5 log | 2cos x+ V4 cos?x-1|+C 


2 
a | ak Flyer a Ware 8 
6. 5 sin t Jee i 3 sin > +C 


8. Flog | sin? 4x + V9 + sin? 4x | +C 


9: 5 log | sin 2x + Vsin? 2x +8 Pte 
10. log | sin?x+2+Vsintx+4sin*x-2 | +C 


[cos?x+3 + Vcos* x +. cos? x + 1/+C 


12. sin 85) +c 13. 3log | x1 +Vx27-4 1+¢ 
14. log [sin x +V9+4 (sin! el ae 


15. log |(sinx-1)+1Vsin? x -2sinx-3| +C 


2 1 = ae ; 
[sins }+ sin* x + sin x 


Lim log 


16. log +C 


19.9.5 INTEGRALS OF THE FoRM { —?**4_— gx 
ax? +bx+c 


To evaluate this type of integrals, we use the following algorithm. 
ALGORITHM 
STEPI Write the numerator px + q in the following form : 


pe+q=nr i (rts beeelen 


Le. pxt+q = A(2ax+b)+pu 
STEP IE Obtain the values of d and \1 by equating the coefficients of like powers of x on both sides. 
STEP UI Replace px + q by A (2ax + b) + in the given integral to get 


px+g dx =a f 2ax +b dx+p f 1 


= i ee 
axe +bxt+ce ax2+bx+c ax* + bx +c 


STEP IV Integrate RHS i step III and put the values of 4 and \: obtained in stcy- 7. 


Following examples illustrate the above algorithm. 


INDEFINITE INTEGRALS 19.93 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Evaluate: 
(i) fe section 


SOLUTION (i) Letx=A - (744 1) +p. Then, 


(ii) Js 4x+1 


dx lii ae 
eet x7 4+ 3x42 e ) J 


x7 + 3x - 18 


x=A(2Qx+1)+u 


Comparing the coefficients of like powers of x, we get 


1 = 2) and A+p=0- A= 5 and p=-A=-3 
SE sare 
hee rhe ase | 
et cat ee re 
giibe ON 
1 2%+1 1 1 
=> -[=sf/ # #-tf/_t— we 
- Daa 4x 1 25 ord 
+xt 2 Lah 
oa 
al Tees “41 
2) Pavel a] 7 iy, 4304 
on D. 
af Cee 
= l= 5 log | + ot Tea ala oy aD lege iC 
ge) 2 oe ree tees 
=> T= 5 log | x +x+1| v3 tan [ a re 


(ii) Let 4r+1=2-£ (x? +3x +2) +, Then, 


4x+1=A(2x+3)+p 
Comparing coefficients of like powers of x, we get 
2h =Aand 3A+h = = Al= 2 and w= =—5 


4x+1 
{= oe 
ene) 7; 

bs jpn AE ey 

x°+3x4+2 

2x +3 1 

=> R= a | ax 

7 4+3x4+2 esse 

1 

= I = 2log | x°4+3x+2|-5 dx 

8 | | RE ty 


1 


2 | eee eee 
2log | 7 +3x+2 | J aeareueyr: % 


I 
T 
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ei yg 2 
1 ee ne: 
= -5x--— — +C 
=> I = 2log | x°+3x+2 | 5X5 4/2 18 31 
x+=+ 
Dew 2. 
a 1 
=> I = 2log | x°+3x+2 | —5 log > 2 
(iii) Let 2x-3=2E (x? +3x- 18) +H. Then, 
24 = Si = K(20 4, o) EL 
Comparing coefficients of like powers of x, we get 
2} =2 and’3Xu-=—6 ies 2 = 1 ander 
2x -3 
l= =the 
ee 
os =f DX OnO Sp 
x7 +3x -18 
2x+3 1 
=> b= | Sd 6 Ce 
x*+3x-18 Sree 
= [om log | x7 +3x518 1-6] aa 
+3x+q-4-18 
1 
=> T= log | 2+ 3x18) —6] G 5 ax 
3 (2 
aoe as 
Ne 
panes 
= I = log | x7+3x 18 | -6~x 5 log : 2 +C 
2 2] Rr as 
Key | ays 
eat See ee oo Re 
= = log | x7+3x - |-3k Bix +6 | 7% 
EXAMPLE2 Evaluate : 
2 z 
O) bog ee: [PSB 2002] 
a cos" o-—4sino 
cn) ay 


er Oe el 
f 2sin29— cos o ae 
6- cos“ — 4sin o 
De ba (4 sin d—1) cos > CG sin g- 1) cos 5 do 
62 (Ls eee sin? od-—4sino+5 
Putting sin @ =t, and cos  d o = dt, we get 


Aree 
jl ee ae 
J f= 4b45 


SOLUTION’ (i) Let I = 


INDEFINITE INTEGRALS 


Now, let (4t-1) = A £ (P—4t+5) + 


=> (4t—1) =A (2t-4) +p. 

Comparing coefficients of like powers of t, we get 
2A=4,—-4i4p=-1S A222 p= 7 
Pe J A2t-4) +p 


t*—4t+5 
= L=2| les dt+7f >—+—a 
t©~4t+5 t'—4t+5 
= I = 2log | -4t+5| +7) —+— at 
(t-2)°+ 1° 
=> I = 2log | 7 -4t+5 | +7 tan’ (t-2)+C 
= 1 = 2log |sin? 9-4 sino +5| +7 tan! (sing -2)+C 
| 
(ii) Let =f 4** ax. Then, 
x _— 
x? ‘ x 
r={ ; dx'+ | - dx = I, + I,+C (say), where 
‘ a aay) 
3 
5 Es 
fe |= andes — dx. 
: aaa ree: 


Putting x* - 9 =t and 4x? dx = dt, we get 


3 
ee dt 1 1 it 1 . : 
fae X= J 5 dt = log {#1 = {log |x°-9| 


44 


Putting x° =tand 2xdx = dt, we get 


Ip = | 4~ax = | —*+— ax 
X= —9 i cai 
3 fh at | dt dT, |e Bit eat (= 3 
. SOI ME hair win (aS EU Raid OEY 
mts) 
wt 1 4 ah x 3!) 
Hence, [ = 4 18 ie | + 75 108 ed BE 
(iii) We have, 
aii 
1 1 Cae 
Te a A ee es 
ea care J=— ean Neves 
2% =X 
(2, (<4 
=i ee eae dt 
hete “=t. Then,d (7°) = df 3 —e “de = dit at = ——— 
ee 


—tdt t 
Il=|- = —————— at 
ee Ta pace! 


Let f= ACEO) aa Lb 
Comparing the coefficients of like powers of t, we get 
= 1, BAe = 0S) = 1/2, = =3/2 
pees | AGtyS)+ 4 dt 
b+ Bt 


1S 
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Qi 1 
= P= 2) ett on 
ees Mya 
ee ifs 2t+3 at+3f ; 
DEE Vee cane — (1/2) 
bee oe 
=> I =~} log |? +342] +5 x rs log : ; +,C 
2(3 | +5 +5 
Men Loe were eee 3), |e*+1 
=> I= 7 log le + 3e +2) +3105 |"? +C 
Evaluate the following integrals: 
38 x+1 
1. essa ee 2 ae ae 
aa eee [as 
Se | ee 4. <3 ax 
x~+2x-4 vs +16x% 13 
go 1 Ibe 
5 eee LC KS) a ee aces 
ee scree lei o 
ee 8. { *2. w 
See ap Ale se 22 x mae 2 
9. | (sin x— 2) cos x Fe 10. ax? toe ay 
5-—cos x—-4sinx xt +c 
1. f —***— a [CBSE 2007] 
2% FOX +5 
a. Flog | x7 +3x4+2| -3 7 log eat ae 
ete 
1 2 1 -_1{ 2x+1 
2 — 
5 log | x +x+3 | +757 tan ioe 
1-V5 
a! 427-4 ae See 
Bee age hs er x+14+V5 eo 
2 iS) =1/ 2423 
4. log | x + 6x +13 | —| tan See +C 
\5 es 3x -2 
5. Flog | 3x” -4r+3 | 2 tan 5 Jrc 
6 log | 2+2=x2| +3 log | 9 +2 +C 


1 2 3 =1(, 3X 2 
Tat 3x°+4x+2 | +-=tan | ——=* j+C 
og | 3x° + 4x | V5 ta oy } 


Bilog (ee 2 | +20g | 2 x2 nC 


1 


MATHEMATICS-XII 


EXERCISE 19.14 


ANSWERS 


INDEFINITE INTEGRALS . 19.97 


- 
ha | — sin Somes 
9. 3 log | 2 sine | +7 ony te 
2 b 
| 


10. Flog | x*+c +fian'(¥]ec 1, flog 2x? + 6x45) +5 tan | Gx 43) 


26 


19.9.6 INTEGRALS OF THE FORM f — Ee) _ dx, WHERE P (x) IS A POLYNOMIAL OF 
ax’ +bx+c 


DEGREE GREATER THAN OR EQUAL TO 2 
To evaluate this type of integrals we divide the numerator by the denominator and 
express the integrand as 


Q(x+— AM, where R (x) is a linear function of x. 
ax +bx+c 
J FO — ax = J Q@mar+f SO— ax 
ax* + bx +c ax + bx +c 


Now to evaluate the second integral on RHS apply the method discussed earlier. 


Following examples will illustrate the procedure. 


ILLUSTRATIVE EXAMPLES 
pecs Evaluate: 
x txthy x +5x+3 , 
(i) (ii) 
liz. [eee oe 
) 
SOLUTION (i) Let I = Mtxtt ay Then, 
ae —_ 
2x+1 
P= + d 
J ea 
aX, x2 ean. 
= 1 =f xdx+f a et Fis = dx = Flog | 37-11 +5 log oe sae 
2 
(i) Let r= [5*2**3 ax Then, 
x +3x+2 
2x +1 
a {ee |e 
it al 
2x+3-2 
= I=) 1-dx+ be 
J ema 
2x +3 il 
— =F aod | 
J Sameer Vr Ae 
il 
= [= xtlog | x?+3¢+2|-2] 7 aya rq ya 
“a2 7) 
i 
De pe 
=, I = x+log | x7+3x+2|-2: “ log ail ae 
2{3 | x+a+5 
=> Ieee Plog (3 Var 21 2 tog 5 | +6 


19.98 


Evaluate the following integrals: 


MATHEMATICS-XII 


EXERCISE 19.15 


2 2fxe 
ee ee es 
Poke x +x-6 
(1 — x’) x41 
3s dx 4. 
Jsa-25 Jt Senane 
Pees 
ec 6. { Sth a 
x“+7x+10 Kaas th 
aie 
zt Cae ee 3. { = peat oxtt ge 
x7 Ds. 2 ge ier 
9. fesse bed 10. fs dx [CBSE 2005] 
x +4 x? +6x +12 
ANSWERS 
al slog | Px | +210g | 2 +C 
ie 
Zs 4510 | +6. 
3 rel Lette pol 2 eo 
ot lee tae x | 
4Anx—5 log |= 24-1010 |x— 3 hc 
Bt iG x—F log | 2 +7x+10 | +7 log Se +-G 
eae Cet cea as ere 
6. x + log | x x+1|+ 5 tan | ry nas 
Ts x —2log | x7+2x+2|4+3tan!(x+1)+C 
8 A? 4 2x4 Zio [Phi Fo en ee 
ne Peet V3, | V3. | 
iss. 23 bs “1 x 
a: 5% 3% + 20x -—40 tan [3 |re 
\ 
10. Blog |x? 46r+12 | +6 ton" EP] +c 


19.9.7 INTEGRALS OF THE FORM [| 


Be es 


Pre eos 
Vax +bx+e 


ax 


In order to evaluate this type of integrals, we use the following algorithm; 


ALGORITHM 
STEPI Write the numerator px + q in the fo 


px+q=A 


Le. pxt+g = A (2ax+b)+p 


llowing form : 


QS, 3 
1a (ax toetoh +n 


INDEFINITE INTEGRALS 19.99 
STEPI Obtain the values of AX and wp by equating the coefficients of like powers of x on both 
sides. 
STEP UI Replace px + q by A (2ax + b) + win the given integral to get 
is : s Pp) ae Va ( 
| — 1 : axt= 4 J ee ESS dx+u | ——— dx 
Vax? + bx +c Vax" + bx +c Vax +bx +c 


STEPIV Integrate RHS in step Ill and put the values of A and i obtained in step II. 


Following examples will illustrate the above algorithm. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1. Evaluate: 


; 2x+3 : 8 x+2 ee afl+x 
9 oe eS eh Sates dx 
(i) | oh ee ae dx (ii) [ AR dx (iii) f 7B 


SOLUTION (i) Let 2r+3=h-2 P+ 4xt 1) th. Then, 


2x+3=h (2x +4) +. 
Comparing the coefficients of like powers of x, we get 


Y DS SD, aievel Ay seth = Sy Ses A SS ib eheve! yy) Sil 
2x+3 
ee he 
pcre 
(2x+4)-1 
Nat 4+ 4x41 
2x+4 


Le ge ee a 
e+4x41 Vx4+ 4x41 


= r=] dx 


=! bs x i] : x AX, where t=x7+ 4x41 
vi V(x + 2)° - (v3) 

= I = 2Vt-log | (x+2)+ Vx74+4x4+1 | +C 

= I = 2Vx*+4x+ —log (x42 4Nx + 4x44 BaeC 


(ii) Letx+2=2- 4 (x2 + 5x +6) +4 Then, x+2=((2x+5)+ pu 
Comparing the coefficients of like powers of x, we get 

p 1 1 

ee anda eA ee 2) A= 5 and p= —, 


batt tae 
Vx7 45x +6 


1 ] 
2 (2x +5)—7 


= [= | + ———— dx 
Vai + 5x +6 
1 2x +5 1 } 
es io dx -= = SS 
5) x7 + 5x +6 5 rere 
= | = oh gee i SS oe d x, where ie x? + ape +6 


1 
t . : ta Bao 1 )\4 
Vie) [3] 
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[++] eras 
[x43] errors +c 


=> I = VF -5 log +C 


=> 1 = Vx? +52 +6 -5 log 


(iii) We have, 
[Ne ae 


Let x+1 = nL Px) ty Then, x+1=A (2x+1)+u. 


1+x 
ing= | — x 
fi Mee mm 


Comparing the coefficients of like powers of x, we get 


i Oo tand Wael = Msc atte 
r=f ese dx 
1 i 
ily paipeestiee pe eee 
Vx7 +x ° Vxt +x 
1 2x4+1 1 1 
=> fae dx += dx 
2/ Nx7 ex 5/ Vx7 +x 
Nei eee 1 (b> 
=> i— =) qat+5] Rene where t = x 0 
=> I = VE+3 log [x43] Cc 
= l= exp log|[x+g ] Hit i O 


EXAMPLE2 Evaluate : 


GaP = ax Gi) J x Maus dx 


a+x 


SOLUTION (i) Let 


at+x atx a-x 2_,2 
a XG 

=> 1=f 5 =dx—| 5 5 aX 
a —x a“ —x 

= (gee 2% 


Putting a*—x?= t, and — 2x dx = dt, we get 


[INDEFINITE INTEGRALS 


s. resi cs 
—nasin eral 


= 


ii) Let [= J x ‘Ee 
a> +x? 


= ISIN 


= aol apes 
Ginuain 


marae ina —x7+C 


Putting x? = fand 2xax=dior, dx = z , we get 


r={ Neer e ae, 


19.101 


az nee 
= als atari = = iat ie sores a 
a 1 
= = dat + dt 
leks Hr 
=> vee ms sa Ahi? where a*- #2 = 
= = 54 sn" a AS +C 
1 \jt- 
= =50 sin _ it: | a* Vat — 2 +C 
= Oe aes, 
2 7 lp? 
svaluate the following integrals : 

32 2x +1 
7 2X 
J Vx? + 6x +10 Piexe vary Vx? +2x-1 

x+1 = 5 
o. 4. 
It pare Ra V4+5x—- x eee V3x" —5x+1 
3x+1 
5.) dx 6.) x 
J V5 — 2x —x* et x? 
7. f sss 2 8. x+2 
Vx? +2x-1 Vx" = 
9. | ‘cman [PSB 2000] 10. | cue 
x+1 2x +5 
ates ax 12.) SS - dx 
J Vx? +1 aeror Vx? +2x+5 
3x+1 1-x 
Os —== dx 14. d 
| Seer V5 Dy ye J 1+x 
cial [CBSE 2000] 16. | ——t+2 


5. d 
J Vie + 4x43 ‘ 


yeaa s 


p= 1) VE =) CEN 


ae 


EXERCISE 19.16 


(CBSE 2001] 
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19.102 
ANSWERS 
(Rw ates 
1. x7 +6x +10 -3 log | (x +3) + Vx* + 6x +10 ere 
2 Vx? 42x -1 -log | x+14+Vx°+2x-1]+C 
Yi See. 7 eh ek HO 
3. — V4 + 5xX—x +7, sin | N41 +c 
A, 2V3x7=5x4+14+C 
2 ie ray 
5. = 8 N52 2x 3° — 2 sin | Ve ioS 
6 ENS tr x +5 sin bs | + C 
7. Nx*+2x- 1 +log | eed +2x-1[4+C 
g. Vie=142log | x4+Vx2-1 | +¢ 
9. Vx7 41 —log | x+ Vx7 41 }+C 
7 
10. VF ex41 3] tog at Ver tx4] ae 
Zz | | 
11. Vx24+14+log | x+Vx274+1 4 4C 
= naw aes 
12. 2Vx°+2x+5 +3 log | x+14 Vx +2x4+514+C 
13. 5 -2x-x =2sin | ae |rc 
V6 
il (Seema oa Or 
14, sin x+WV1—-x°+C 
15, 2Vx? 44x43 =3log |x+2+ Vx" +4x4+3 | +C 
16. 2Vx* + 4x +5 —log (x+2+ Vx744x454+C 
19.9.8 INTEGRALS OF THE Form { — its, | ee dy, | pee 
asin’ x + b cos’ x 2 + OD sing a+hcos’x 
1 1 
ake = =ayel 
(a ey COSA E : Is a+b gin’ x tlcos x 


To evaluate this type of integrals we use the following algorithm. 


ALGORITHM 


STEPI Divide numerator and denominator both by cos 


A 
STEPIL Replace sec* x, if any, in denominator by 1 + tan 


STEP I. Put tan x =t so that sec* x dx-= dt 


STEPIV Evaluate the integral obtained in step HT by usin 
DIE LY Ps } Y 


ney ee " 
This substitution reduces the integral.in the form } 


Following examples will illustrate the procedure. 


at’ +bt+c 


methods discussed carlier. 


INDEFINITE INTEGRALS ; 19.103 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate: 
5 1 iz 1 
(i) dx (ii) dx 
pores ren ia sa res 
Six = : 1 
aren (iv) f dx 


(2 sin x + 3. cos x)? 
SOLUTION (i) Dividing the numerator and denominator of the given integrand by 
cos” x, we get 
pe f 1 d sec x 


a* sin* x + b* cos” x a’ tan? x + b? 


Putting tanx = t and sec” x dx = dt, we get 


i= Jaa a! Boat era (am |tS 
= [== sf s ina ae C 
(ii) ‘Dividing the numerator and denominator of the given integrand by cos” x, we get 
1 
(leat? dae 
e 
‘| ub J eve epee 
e be J 1+ tan? agape Paes) oe J gse8 


Putting tan x =t and sec? x dx=d t, we get 


tee ae ae 3y5 tan al ease 
= I= grant[Z ]tc = gant AM | 
(iii) We have, 
a d= | era ner Pe 
=> =| oN [Dividing num. and denom. by cos? x] 


3sec*x—4tan?x 
Putting tanx=t and a bane we get 
a ae dy Ea 
3 tae 42° 3-2 (v3)* - 
1 we V3 +tan x 


afta fan x 


| tA Paghis 10S 


| 
== T= 55 los | 
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(iv) Dividing the numerator and denominator by cos” x, we get 


2 
heal 1 sax = | sect — ax 
(2 sin x +3 cos x) (2 tan x + 3) 


Putting tan x =t and sec’ x dx = dt, we get 
1 1 


dt 
oe J (264+3)2 3 (Qt+3) © re ~ 9 (2tanx+3) 


EXAMPLE2 Evaluate: 

1 iy 1 

(i) ears (ii) sa 
SOLUTION (i) Let 


p= {4 axel 5 > dx 
3 (sin* x + cos* x) + 2 sin xX cos x 


32 
sec’ x 
f BO a ote ae Lae rT dx [ Dividing num. and denom. by cos? x| 
Putting tanx = t and sec’ x dx = dt, we get 


el cca = dt = dt 


B+ 2143 ere is Sy hoes 
3 [+5 | ‘lees 
1 
EtG 
1 Si) 22 Py, obs 
(ea = 
3 m 
(ii) Let 
1 
: | cea eeu 
ES beer ert 
2 — 3 (cos* x — sin* x) 
2 
sec* x 
[Pe enh 
ee J Dene x= 343 tan x [ Dividing num. and denom. by cos? x| 
oS I ={ sec” x 2 oe sec? x 


St: 
2(1+tan* x) -34+3 tan? x 5tan*x-1 


Putting tan x = t and sec? x dx = dt, we get 


1 
2 { dt ey dt Pile ace yaa te es 55 ee 
sP-1 5 ee ele eae 
e-( V5 V5 
1 V5t-1 1 V5 tanx-1 
a= ] —=4 = core ni 
aH 24508 Nera mae ee NS tater 


INDEFINITE INTEGRALS 19.105 


0 nnn EXERCISE 19.17 
Evaluate the following integrals: 


a J 2 L 7. dx 2 J ++ ar. 
4 cos’ x+9sin* x 4sin°x+5 cos’ x 
2 cos x 
. J 2+sin 2x a Gos xo 
1 
Sar OX 6. {| ——_—-« 
1+3sin*x 34+2 cos x 
1 
ie 
UL eepeparse een ee 
5. { —sin2x__ 4, artiee sual ‘ 
sin’ x + cos* x cos x (sin x + 2 cos x) 
yl eaters 19 |e 
sin’ x + sin 2x cos 2x +3 sin” x 


ANSWERS 


Se) oo tan 1 =i 2 tan x) 
a ES g tan ae re 2. ave tan Le |e 


3 sa! 2tanx+1 gor a 1 id 1+V3 tan x eC 
WANS 3 "213 °°8 | 1—-V3 tan x 
44 =f il if V3 tanx 
Ds 5 tan (2tanx)+C 6. Vis Grae hxc 
Zk tanx—2 -1 Nes 
7. 5 log Rear j+c 8. tan (tan x) +C 
1 tan x 
9. log |tanx+2|+C 10. 25 liege son 8. 
1 -1 
11. ye tan (V2 tan x)+C 
19.9.9 INTEGRALS OF THE FORM f ———*———-.ax, [ dx,{ —+—a 
ini asinx+bcosx “’* at+bsinx “’° a+bcosx ’ 


f 1 


Sr eer nee ae ee 

asinx+bcosx+c 
To evaluate this type of integrals we use the following algorithm. 
ALGORITHM 


2 
1h Lee. 
Pert Put sing =—2 20412 | og, 1 tan 2/2 
T+tan” x/2 1+tan* x/2 


a 


STEP Il Replace 1+ tan? 5 in the numerator by sec? > 


STEP I Put tan~ =t so that . sec” 5 dx =dt. This substitution reduces the integral in the 


1 
vg ||) SS 
f J at? + bt +c 


N 
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STEPIV Evaluate the integral in step III by using methods discussed earlier. 


Following examples will illustrate the above procedure. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate: 
1 
i SS ee d zz 

(i) J 1+sin x + cos x (ii) roar 2+c0s x i [PSH 2 

aes 1+sin x 
au) hee eae Gy) J 1-2 sinx 

2 
SOLUTION (i) Putting sin x= oe and cos x = i-tan 2/2 1 we get 
1+tan® x/2 1+tan® x/2 


ocr ose 
1+sin x+cos x 


ie 4 
> = 5 dx 
Soe 1 —tan* x/2 


1+tan?x/2 1 + tan? x/2 


1 etan*x/2 fs J sec? x/2 


= l= eet a EY SCL Le ™ 
Lo Sole bad Beek 24+2tanx/2 


Putting tan ; =tand ; sec? ; dx = dt or, sec? - dx = 2dt, we get 


2at 


Pe(aeedniee (acd + : % 
ae 2+ 2t = J pe = log | f+1|+C = log tan5+1 Pe 
eee 
(ii) Putting cosx=1— 82 4/2, we get 
1+tan* x/2 
1 
I= |— 
peer 
> + Aotan’x/2 
1 + tan? x/2 
2 
> =f ——_Lttn ee ag 
2(1 + tan” X/2) +1=tan* x/2 
2 
=> Fo fe 
tan’ x/2+3 


Putting tan x/2 =t and (1/2) sec? (x/2)=dt or, sec? (x/2) dx =2dt, we get 


2dt dt 2 a t 2 Bg {at yes) 
l= 29 i A ee LS. 1{ tanx 
Pier i) Ps By V3 tan [az |+¢ a tan oa re 


nes 1+sin x 
Let I = | ———————_ 
CEs J sin x (1 + cos x) 


INDEFINITE INTEGRALS 19.107 


2 tan x/2 1 —tan? x/2 
eT ee eG, Goa es WEE 
1+tan* x/2 1+tan* x/2 

4 2 tanz/2 
=} 1+tan* x/2 dy 
2tanx/2 caaeaarerd 


1+tan? x/2 1+tan? x/2 


Putting sinx = 


és f (1 + tan? x/2 +2 tan x/2) (1+ tan? x/2) 
2 tan x/2 (1+ tan? x/2+1- tan? x/2) 


2 2 
a I A (1 + tan x/2)* sec* x/2 


4 tan x/2 ie 


Putting tan x/2 =t and (1/2) sec’ (xf2) d= dior sec? (x/2) dx =2 dt, we get 


2 
pif Sten 


1¢ 1+#+2t Left 
at frond bee ara ai (ete? |e 
= pars lo it) +e 428 +C 
ee Shi 2 
1 tan? x/2 
= Hier log |tanx/2| +5 + 2 tan x/2 +*€ 
(iv) Let [= Bares 
Putting sin x=—2 4822/7 _, we get 
1+tan* x/2 
1 
i=] 4 tanx/2 
1+ tan? x/2 
2 
a deg) 1+ tan xf 
1+tan* x/2-4 tan x/2 
2 
x al see Fz is 


1+ tan” x/2-4 tan x/2 
Putting tan x/2 =t and sec? (x/2) dx = dt or, sec’ (x/2) dx = 2dt, we get 


2Qdt dt dt 
[os At J —4t+4-441 Lg 2)* - (3) 
o wad ty Tees cl tanx/2-2- V3. 
" [= 2x55 08 |; t-240 Gs Flos tan x/2—- Bae Nar AS 


EXERCISE 19.18 


Evaluate the following integrals: 


‘E f Rudco [CBSE 2003] os f 


1 
. | -—— ha ae 
3 loca $ por a 
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eee 6.) sry eee te [CBSE 2004] 
z J ai eee rae xg i Ree eet 
Salsa et il al harerpogec 
Te | ie ea eeeoneen ae Wie Sepa eG. 
13. eae 14. ee dx 
I Tench cnt 
ANSWERS 
De gon[ M2 |r 2. aon | eee RS 
3 tan 5-243 15 3 -V5 tanx/2 
5. —log 1-tan5 +C 6. tan! [ rtan5|+c 
th eee te 8. log shana) + C 
9. Je log ten) +C 10. jtan™[ Stan 5 ro 
11; Prat Mest |e ibe 5 log Livers | + 
13. 5 log tan 5+ | cae 14. 5 log tan 5-5] se 
15. Flo 3 ees +C 


19.9.10 ALTERNATIVE METHOD TO EVALUATE INTEGRALS OF THE FORM 
i 1 
SS Se ti 
asinx+bcosx 


To evaluate this type of integrals, we substitute 
a=rcos8,b=rsin@and so that r= Va? + b?, @=tan! e 


asinx+bcosx = rcos@sinx+rsin@cosx = rsin(x +6) 


1 1 1 
So, =O Nees oe eee eS eee 
Hi i rare > sean Geer 
= 1 =~] cosec (x +0) dx 


INDEFINITE INTEGRALS 19.109 


3) 
tan(34 a 
1 ae) 
tan(3+ > tan’ | 


ILLUSTRATIVE EXAMPLES 


= i 


* log + G 


a 1 = 75> log L(e 


a2 + b2 


EXAMPLE1 Evaluate: 
: 1 iy 1 
(i) |S eee Gidtee tees ak 
SOLUTION (i) Let V3 =rsin@ and 1 =rcos 0. Then 


r = VW3)2+ 1 = 2 and tno=%50-% 

tA acpeenerp ts 
- 2 pee 
= p= 2) Soh tt = 7) sec -O ae = Flog wal 345-5 +C 
> [ = Flog an( Ftd 5 | +C = Flog ran 545 | ae 


(ii) Let 1 =r cos 8 and V3 =rsin 0. Then, 
r= V+ BF =2and tano= "2 0 = 1/3 


1 it il 
I= dx = — | ———_______—_ 
beeper mea papa Pasa fas 


] 


bes | cosec (x + @) dx 
tan(5 +5 | 


To evaluate this type of integrals, we use the following algorithm : 
ALGORITHM 
STEPI Write 


1 
=7J aaa ie 


6 
tan(5 +5 


19.9.11 INTEGRALS OF THE FORM f 


1 1 
, 108 +C = 5 log yal & 


Y 
i 


asinx+bcosx 
csinx+dcosx 


Numerator =i (Diff. of denominator) + (Denominator) 
ie.asinx+bcosx=A(ccosx—dsinx)+ pu (c sin x +d cos x) 


STEPII Obtain the values of A and yw by equating the coefficients of sin x and cos x on both the 


sides. 
STEP IM Replace numerator in the integrand by 4 (c cosx—dsinx) +W(c sin x +d cos x) to 
obtain 
[ee ae - [ee soe 84 sin (eae 
csinx+dcosx s. csinx+dcosx H csinx +d cos x dx 


=) log |csinx+dcosx|+pHx+C 


Following examples illustrate the procedure. 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Evaluate : 
; 3sinx+2cos x Z 1 
(i) Vitoria Fst: (it) J 
SOLUTION We have, 
(i) I= 


3sinx+2cosx 
3cosx+2sinx 


Let 3sinx+2cosx = 1b -~-ensx-+2eth Hs p dos x RBsin-x) 


dx 
= 3sinx+2cosx = A(-—3sinx+2cosx)+pu(3 cos x +2 sin x) 
Comparing the coefficients of sin x and cos x on both sides, we get 
12 pees 
—-3A+2p = 3 and 2A+3W=2 > P= 7, and ga = 13 


A(—3sinx +2 cos x)+u(3 cosx+2sinx) 
r= | dx 
3cosx+2sinx 


—3sinx+2 cos x 
= b=ufi-de+a 3cosx+2sin x 
dt E 
= pe px+a[ =, where t = 3cosx+2sinx 
12 5 
— I= pxtdlog|t|+C = 77 x+ 73 log | 3cosx+2sinx|+C 
(ii) fe de = ee og. 


1+tanx cos x+sinx 
d : : 
Let cos x = A+, (cos x + sin x) +p (cos x + sin x). Then, 


cos x = A(-—sinx+cos x) + pt (sin x + cos x) 


Comparing the coefficients of sin x and cos x on both sides, we get 


—A+p = O-andAty= 1) => A= 


N|R 


p= | —<8* cos x 
cos x + sin x 


s rel 1/2 (~ sin x + cos x) + 1/2 (cos x + sin x) 5 
cosx+sinx 
Be r= pf <n st oost ay +f SBetsine 
cos x + sin x cos x + sin x 
t 
=> bad Goof weds, where t = cosx+sinx 
ae De Seg ht brea | 
2 2 
1 1 : 
=> I= 7 x+5 log | sinx +cosx | +C 


EXAMPLE2 Evaluate: | [PSB 2002, HPSB 2002C] 


1 ere 


INDEFINITE INTEGRALS 19.111 


SOLUTION We have, 


1 ; 
t= f— ta =f ta =f 
+.cot x 1 + £08 % sin xX + cos x 


sin x 
: a. : 
Let sinx = A, (sin x + cos x) +H (sin x + cos x) 


= sinx = A (cos x-sin x) +1 (sin x + cos x) 
Comparing the coefficients of sin x and cos x on both sides, we get 


O=A+p and 1=-A+p >A = -1/2,p = 1/2 


ne f A Cos x ~ sin x) +H (sin x + cos xX) 4 
sin x + cos x 


COSit= Sine sin xX +cos x 

sin x + cos x sin x + cos x 
= r=2f SeuJ-ay, where t = sinx+cosx 
= I = Alog |t|.t+ux+C 
= I = —(1/2) log |sinx+cosx|+(1/2)x+C 


asinx+bcosx+c 
psinx+qcosx+r 
To evaluate this type of integrals, we use the following algorithm: 


ALGORITHM 
STEPI Write 


19.9.12 INTEGRALS OF THE FORM f 


Numerator =A (Diff. of denominator) + u (Denominator) + v 
i.e.asinx+bcosx+c =A(pcosx—qsinx)+u(psinx+gcosx+rnt+v 
STEPII Obtain the values of A and by equating the coefficients of sin x and cos x and the 
constant terms on both the sides. 


STEP Replace the numerator in the integrand by A(pcosx-qsinx)+p 
(p sinx +g cos x+r)+v to obtain 


_ f asinx+bcosx+c 
psinx+qcosx+r 


ae rex pcos x —gq sin x dx+p ee ES it 


psinx+qcosx+r psinx+qcosx+r psinx+qcosx+r 


1 


= I= Alog |psinx+qcosx+r| tuxty | Sa 


STEPIV Evaluate the integral on RHS in step III by using the method discussed earlier. 


The following example illustrates the procedure. 


ILLUSTRATIVE EXAMPLE 


3.cosx+2 
EXAMPLE Evaluate: i} ESN Tee Ur dx 


SOLUTION We have, 


rea 3cosx+2 
~* sinx+2cosx+3 


ie yale MATHEMATICS-XII 


Let 3 cosx+2=A(sinx+2cosx+3)+p(cosx—2sinx)+V : 
Comparing the coefficients of sin x, cos x and constant term on both sides, we get 
A-2p=0, 2A4+p =3, 3A+V=2 
6 3 8 


=> A= ep and Vv = 5 


nea A(sin x +2 cos x + 3) +p (cos x—-2sinx)+V 4, 


sinx+2cosx+3 


cos x —2 sin x f 1 


e a 
= i rJ dx+uJ sinx+2cosx+3 sinx+2cosx+3 *e 


=> = Ax+plog | sinx+2cosx+3 | +vl,, where 


1 
be J Si EO Enea 


2 
Putting, sine ee cose ee we get 
1 -- tan>x/2 Leatanec/ 2 
2 tan x/2 ,2(.-tan x/2) 


1+tan?x/2 1+tan? x/2 


i 1+tan? x/2 
= it > 5 dx 
2tanx/2+2-—2tan* x/2+3(1+ tan“ x/2) 
2 
sec* x/2 
ae. 1 = J 2 
tan° x/2+2tanx/2+5 
Putting tan 5 =tand5 sec” 3 dx = dt or, sec’ 5 dx =2 dt, we get 
2dt 
it eps se 
, ee cs 
x 
tan—+1 
at oD, =a(t+1 i 2 
= IS 2 eters. = tan ee nei = 
: reaiaes 2 (5 2 
tan>+1 
Hence, [=A x+p log | sinx+2cosx+3 | +v tan? cleo m + C 
6 3 8 
h A== = — =-— 
where 5/ lL 5 and v 5 
EXERCISE 19.19 
Evaluate the following integrals: 
eu) an 1 
1 sere 2] sree -[PSB 2002, HPSB 2002C] 
34+2cosx+4sin x 1 
3, [ 3#2cosx+4sin x if hinted 
2 sin x + cosx+3 p+qtanx 
* 5 cosx+6 o 2 sin x+3 cos x 
2cosx+sinx+3 ** 3sinx+4cosx 


INDEFINITE INTEGRALS 


ye J gh Acai 
9. a re 10. 


11. 


1 


2 


3. 


iG 


4+3tanx 


4sinx+5cosx 


5sinx+4cosx Ge, ISB 2001C) 


: J eehiog | sinx-cosx|+C 


2 2 


1 1 , 
7 ~~ 5 log | sinx—cosx|+C 


2x-3tan™{tan 3 +1) +c 


p+g peta 


. 2x+log | 2cosx+sinx+3 |+C 


Lape! 
55% a eae 
of log | 3sinx+4 bac 
35 = g | 3si cos x 

18 1 
: 95 * + 55 log | Ssinx+4cosx+C | 
aes. log | 4cosx+3sinx |+C 
ost 25 e ot 


2x log | 2.sin. x +.3,cos x jit C 


40 3 : 
a* ta log | 5sinx+4cosx |+C 


19.10 INTEGRATION BY PARTS 
THEOREM [fu and v are two functions of x, then 


[ uo dx = u(! vdx|-| tee vax | ax 


The integral of the product of two functions 


i.e., 


= (First function) x (Integral of second function) 
— Integral of {(Diff. of first function) x (integral of second function)} 
PROOF For any two functions f (x) and g (x), we have 


“tr)-¢@| = fa) 4 e@itee@- 2 fo 
J {feo fg m@itg@- 2 ¢@ | ax =F) g (0) 
J {ren F teen) fee {g6)-FeVC! f ds =Fo 8) 


J {fey F601 fd =Fe-g)~] {0 -¥ iron f ax 


2tanx+3 


3tanx+4 


8cotx+1 


3cotx+2 


d Ee kt slog | pcosx+qsinx |+C 
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Let f (x) =u and 4. {g (x)} =v so that g (x) of v dx. 


f wo dx = uff odx}-J aid vats | dy 


NOTE1 Proper choice of first and second function — 

Integration with the help of the above rule is called the integration by parts. In the above rule there 
are two terms on RHS and in both the terms the integral of the second function is involved. 
Therefore in the product of two functions if one of the two functions is not directly integrable (e.g., 


log x, sin’! x, cos! x, tan’! x etc.) we take it as the first function and the remaining function is 
taken as the second function. If there is no other function, then unity is taken as the second 
function. If in the integral both the functions are easily integrable, then the first function is chosen 
in sucha way that the derivative of the function is a simple function and the function thus obtained 
under the integral sign is easily integrable than the original function. 


NOTE2 We can also choose the first function as the function which comes first in the word 
ILATE, where 


I — stands for the inverse trigonometric function (sin? x cos! xy tan | x etc.) 
L — stands for the logarithmic functions 

A-— stands for the algebraic functions 

T — stands for the trigonometric functions 

E — stands for the exponential functions 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate : 
(i) f x sin 3x dx (ii) f x sec? x dx 
(iii) f x log xdx [HPSB 2002] (iv) J x sin? x dx 


SOLUTION (i) Here both the functions viz. x and sin 3 x are easily integrable and the 
derivative of x is one, a less complicated function. Therefore, we take x as the first 
function and sin 3 x as the second function. 


i i x sin 3x dx 
Ie I 


= eal sin 3x dx | —J { ee. sina dx | dx 
_ ~,cosdu f } cos 3x 
= if Se aaa 3 J} a ane jas 
a! 1 1 
= I= -Zxcos3x+3] cos3xdx = 5x 0083x145 sin 3x +C. 
(ii) Let [J = f x sec? x dx . Then, 
iow 
all sec’ xdx|—J Face sect x dy | dx 
= I = xtanx—J| 1-tanxdx = xtanx+log | cosx | +C 
(iii) Let I = | xlog x dx. Then, 
1 
d 
I = logx {J xae}-J | gh dows) J ade ay 
é ad SD Pn 1 
= I = (log x) > - . pax = 7 logx-> J) xdx 


INDEFINITE INTEGRALS ; HO ANS 
2 2 
#9 Nee a x 1 
=> T = —] —-—|— = — -_-— 2 
7 log x aE Jee log x 4° a 
(iv) Let I = | x sin? x dx . Then, 


it J shree = 3) xdx-3f x cos 2x dx 


S Ale 1on a 
= r= 35 |- 5 x {J cos 2x dx | - J) ger] cosarax [as 
Peet Lt _f sin 2x bart hs ee ate 
=> T= |x 31282 5 d j= [sind 3 J sin2xds | 
2 
op eae Bs AD ies 7 
=> i 4 5 pins | 7082 || rt q sin 2x g COs 2x + C 


EXAMPLE2 Evaluate: 


(i) [2 sin x dx (ii) J 2 e* dx 
SOLUTION (i) Let I = J x sin x dx . Then, 
Unk 3 
2 : d 2 am ne 
ie 8 (J sin x dx }-J Lae | sin x dx jax 

< 2 siege AY. 

= 7 cosx—| 2x (—cosx)dx = —x cosx +2) x cos x dx 
ell 

= 2 ue) 
=> = —x cos x +2] x {f suas} | [Delhf aesas baz 
=> I = -x?cosx+2{xsinx-] sinx dx} = —x?cosx+2[xsinx + cos x] +C 


(ii) Let 1 = [ x2edx.Then, - 
I 


r= 2lf eax|— {Rex Pie jax 


=> [= xte*— Jax etdx = e¥—2] xe*dx 
=> J = 2e*-2| xf edx}-f [Zoo xf eas far) 
| 1 = Pe-2|xe*-f eX dx }=x2e*-2 [xe*-e"] +C 


EXAMPLE3 Evaluate : 
(i) { log x dx [HPSB 2000C] (i) f dog x)? dx 


SOLUTION (i) Let I = J log x -1dx 
I II 


= 1 = togx-{f 1-dx}-[ | £dogsn f ras [ax 
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L ra =) -dx=x (I =x+C 
=> I = (log x) x-J +x dx = x (log x) ledx=x (log.x)—x 
(ii) Let 1 = { (log x)?-1dx. Then, 
I I 
IS (log +? (J 1-ax \-J | gy dog 2 J 1-dx | as 
=> [= (log x)? x-f 2log x -xdx = x (log x)?-2f pee eee 
2 a f 
= I = x (log x)?-2| dog x) {f 1-dx}-J | 7 dogx)J 1-dx pdx 
=> I= x (log #)*-2 | (og) x-| peas | =x (log s*~2 [rlog xx] +C 
EXAMPLE4 Evaluate : 
Gi) [ sin? xdx [HPSB 2002] Gi) | tant x dx 


(iii) f sec! x dx 


SOLUTION (i) Let sin’! x = t. Then,x = sint = dx = d(sinf) = cost dt 


=> 


=> 
a 


I 


I 


I 
I 


= f sin”! x dx 


f tcostdt = tsint —{ 1-(sint)dt = tsint —f sin t dt 
1 ma Ut 


tsint+cost+C = xsin- 


= xsin' x+V1—-x7+C 


ee qe te Pe 
Uy 41 —sin? tC 


(ii) Let tan! x=t then, x=tant= dx=sec? t dt 


=> 


(iii) Let sec” 


ul 


Y uy 


J 


I 


I 


pug beige Wc reg) amt 


i} 


tan”! x dx 


tsec* tdt = t (tan t) — J 1-tantdt 
ree 


ttant+log | cost |+C 


= xtan!x+log | —— =} +C .. tanf=x => cost=—— 
Vi+x V1 +x? 


= x tan? x—3 log J1l+x*14+C 


Tly=t then, x=sect=>dx=sect tant dt 


= i} sec! x dx 


f t (sect tant) dt 
bo vatil 


t (sec t) ~ 1-sectdt 
tsect—log | (sect+tant) | +C 


t sec t—log | sec t + Vsec? #=1 fac 
x (sec ! x) — log \x4+Vx7-1 1+C 
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EXAMPLES5 Evaluate: 


(i) J xtan“ xdx [CBSE2000C, PSB2000Cc] (ii) f PBX ax 
35 
x —sin x A 2 
(ili) i] eer (iv) log (1 + x*) dx 


SOLUTION (i) Let I = f x tan”! xdx 
ce 


2 2 
2 14, 1X 
a I = (tan x) Rae 
ty 4 ee eae ee bid ete 1 
= — 7 tan -5J eer dx = “> tan seb erate 
2 
= T= Stan tx -3 [x- tan x]+C 


(ii) Let I= f See 


a I= J Splogxax = dogay(-5)-F5[-5] a 


II 


mbes ys huin sabe § ex ei 2 
=> I= clogx+] x dx = x osx a Ge 7 it logx+C 
be = fs sins 
(iii) Let J = f eee 
x sin x 
* seed ae Stone 
Ps oa f ¥ cosec?# x-f 2 sin x/2 cos x/2 Ve 
2 2 sin? x2 
a x x 
> I = =| xcosec?=-] cot=dx 
2) 3 II 2! 2 
=> I= 5] x(-2e0eg |S 1[-2e0t5 a |-J cot5 dec 
x x Se an x 
— [= -xcotZ+J cottdx—J cotFdx+C = x cot, +C 
liv) Let J = log (1 +x?) dx 
ipa" 
= 1 =| log(1+x*)-1dx = x log (1+x2)- 
J 18 ( Ae 8 ( eee 
1-1 
= I = xlog(1+x?)-2] 7 ax = log (x* +1)- 2f th as 
ES Meee ~ dz = xlog (2? +1)-2 [x tant x] +C 
+ 


=> I = xlog (x*+1)-2x+2tan!x+C 
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EXAMPLE6 Evaluate: 


(i) J secixdx [HSB 2001] (ii) [ sin Vx dx 
(iii) a (iv) [ (sin! x dx [PSB 2002, CBSE 2004] 
SOLUTION (i) Let I = J sec? x dx | 
= Tet Seta teres 
=> I = sec x {J sect xde|-J |[ Fee |( sect xd | dy 
> I= sec x tan x — | sec x tanxtanxdx = sec x tanx - f sec x tan” x dx 
=> i sec x tanx —| sec x (sec? x — 1) dx = sec x tanx— | sec? x dx + J sec x dx 
= 1 =f sec? x dx = secxtanx-I +log | secx+tanx | +C 
= 21 = secx tanx+log | secx+tanx|+C 
=> [= sec tana = > log | secxt+tanx | +C 


2 
(ii) LetI=J sin Vx dx 
late = Then, de) = dt Sd Sa Si Se 
Vx 
1 = | sin vx dx 


l 
] 


J (sin) 2tdt = 2) tsintdt 
i 


t 
I 


24 t(-cos t)-J 1. (-cos #)-dt}=2{~tcos t+] cos t dt| 


l 
i 


2[-tcost+sint]+C = 2[- vx cos Vx +sin Vx] +C 
(iii) Letx=sin t Then, dx =cos t dt 


sin”! x 
ie 
j Sa 
t 
=> I = | ———~ -costdt = | t-sec? tdt 
ee pele J ll 
ae I =t-tant-J 1-tan¢tdt = ttant+log | cost | +C 


SHY bes, 


= I= ¢-7 + log | Vi-sin?t | +C 
Vi=sinte "178 | . 


y 
l 


= (sin"! x) - A> + log Reg cad 8 
~x 


> Lee cin yong Wee 
V1i-x 2 
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(iv) Let sin! x=t Then, x=sint > dx=cost dt 
= f (in x)? dx 


= 1=f Pcostdt 
E 


=> I 


P (sin t)-f 2¢sinedt = sint—2f tsine dt 
I 


- I= Psint-2{t(-cost)-J 1-(-cos t) at| 
= I= Psint-2{-tcost+f cos tdt| 

=> I = #sint-2[-tcost+sint]+C 

= I = Psint-2[-t Vi-sin?t +sin#]+C 


=> I = x(sin! x) =2 sin x«VI- x +x]+C 


EXAMPLE7 Evaluate: 


(i) f x log (1 + x) dx (ii) f x cot! x dx 
(iii) { xsin4xdx [CBSE 2000, 2009] (iv) f x? tan? xdx 
(v) f x log 2x dx (vi) f x &* dx 


SOLUTION (i) Let I = [ x log (x+1)dx. Then, 
|) aoe 


I = log(x+1).% fo. Sa 
— 1 = © togx+1)-1 de = Etoge +1y-2f S141 
=> T= © tog + y-2f ==3, i 
- i= losers 9-3 {I [@- D+ er |} 
=> T= E toger+1)-4] S—rttog [x41] [rc 
Gi) Let r= f x cot"! x dx. Then, 
T= corn. -J wets 
=> p= Scott x4} f ode = Soot x+4f a eames 
= t= 2 cottx+3f 1-3 |e © cot x+= 5 lx- tan xJ+C 


dx 
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(ii) Let J = J x sin! x dx 
it 1 


x? eS 1 / 5) 1 
=> [= “sin iY f 1 —x* dx - Siessaet 
2 
> ines 1-2 +2 sin x _sintx 1+ 
Phatwe 2 | 
= foe paris ie cn 
2 4 4 
(iv) Let I = f x* tan! x dx. Then, 
[et 
3 3 3 3 
ey PRS SET: abn lane Cn eee ve: 
1 = (tan>— x) 3 Woe 3 tan a 7) oo ae 
3 4 
SSE ees ete | -=*- | 
= = 3 tan oe 3! | Pai} 
3 
x a4 1 y a 
= i= tan x3 |) xt i ax 
=> eee he oo x 
3 2 
ease ag Fa De ae gee 
— = CAT ie fe | 5 tt where x*+1=t 
=> i eae ea }#|+C 
3 6 6ant 
3 
ce erat ee aes 
=> T= tan x-7x + Glog for + eC 
(v) Let I = f Plog 2x dx. Then, 
We 
I = (lo or) fa yaxh a is be £f Sax 
= (log 4 x q aX = “gy log2x-] J x dx 
4 4 
a x 
=> [= g 08 2x46 + 


(vi) Let I = \ x? e* dx. Then, 
Peat 
T= x3 — | 3x7 e* dx = 3 3 f x? & dx 
: Wei 
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=> l= xe&-3[xre *_[ xe dr] = Pet- 3 [x* et - 2f xe dx] 
11 
=> je Pe-sete-aee [cen 
= T= xP e-—3 [x2 ek -2 {xe - e}}+C 
=> I = xe — 3x e* + 6x eX —6e* + C = (x9 -— 3x7 + 6x -6) eX +C 
= 
EXAMPLE8 Evaluate: ps “Vx = cos NX ay 


sin! Vx +cos! Vx 
SOLUTION We sant 


as Vx — cos! Vx 
1 


dx 
Vx + cos! Vx 
she [F-on 
z ema pally ele 
=> I J 7 dx |. sin @+cos 90 ss 
2 
- t= 5 J (2swt We —3 te = 2 f sin eae | aa 
Tt 2 Tt 
Fea er ly i 
= [= = [sin Vx-x+C i) 


Putting x = sin* @ and dx = 2 sin 8 cos 0 d@ = sin 20 d0, we get 


2 
J sin Ve dx = J @sin20 a9 = 082° + f 3 cos 20d0 
(au 
dys ) Ls 
= | sin Vx dx = — cos 20 +7 sin 26 
= Vain dye = 5 et - 2 sin? 6) +5 sin 0 V1 — sin? 
- J sin Vr dx = - 5 sin! Vi (1 - 2x)+5 Ve VE x ...(ii) 


From (i) and (ii), we have 


— f{-3 0-20 sin F453 tea) = 0c 


= Nx ee -(1- 2x) sin“! yx} — x40 


HI 
i 


j Vx7 41 Hest gE SE Fe 


EXAMPLE9 Evaluate: 


SOLUTION Let 
| Noo t [log (ody 2 log x] d 


x 


f= 


2 ) 
=> t= i} Set as log (97 +1) — log x?| dx 
iG 
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= re] Vi +4 tg (t+ ae 
x ¥ 


x2 
teers Eee enema ee Lee Sa ee a ohax=-t dt 
2 ws. ia 5 2 
r= —2f WF logtdt 
2 gd 

2 E}2 g/m 20 h.. a2 
= ns 7 {3 08)! A Pet dt 

- 8 i2 3/2_ & 3/2 
= [T= 3 {3 089! gt +C 
= i 


= ~5 9? biog +3} +c 


3/2 
Evie d 2) 2 
= r= -3[1+3) {os 2-+J5| 3}+C 


o 
EXAMPLE 10 Evaluate: { es eee 


(x sin x + cos x) 
SOLUTION Let 


2 
He eet eee 
(x sin x + cos xX) 


x COS x 
= 1 = fqsecx) . —*5%S* — ax 
I (x sin x + cos x) 
I 
tT —t 
=, i= @secx) x |. Seen ta secz tm 2) x 
x sin x + cos x x sin x+cosx 
x cos x 1 
= T=- aes + | sec? x dx 7 NRE TION ag > au 
x sin x+cos x ec hesigh Bel ager a 
where f =x sin x + cos x 
—x 
= T= ———- + tanxt+C 
cos x (x sin x + cos x) 
(sin x — x cos x) 
ae f= SeE LE 


x sin x+cos x 


EXAMPLE 11 Find an anti-derivative of the function f (x) (x) —f” (x) g() 
SOLUTION Required anti-derivative is given by 


J F@s” (x) —f” (x) g(x) dx 
re Fae” @dx-J fxg (x) dx 
I Il I I 


= rere’@-J fs’ @ax|-lems'w-J fws’ war +c 
=f@s' M-s@fi@tC 
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EXERCISE 19.20 


Evaluate the following integrals: 


1. f xcosx dx 2.f log (x +1) dx 
2. j x° log x dx 4. f xe* dx 
5 i} xe™ dx 6. j xe * dx 
Ts f x* cos x dx 8. f x* cos 2x dx 
9. | xsin 2x dx 10. ee ae 
rok J x* cos x dx 12. J x cosec? x dx 
13. f x cos” x dx 14, J x" - log x dx 
15. J logs dx 16. J x sin? x dx 
x 
2 
17. } 2x7 &* dx ; 18. f x cos x? dx 
19. J x sin x cos x dx 20. f sin x log (cos x) dx 
21. f (log x)? -xdx 22. f ee dx 
23, f 82+) a, a) teh ear 
(x +2) 1+cosx 
25. f logy x dx 26. f cos Vx dx 
BF. j sin? Vx dx 28. f cos? Vx dx 
29. f cosec? x dx 30. J x sin? x dx 
31. f x cos’ x dx 32. x tan? x dx 
sec 2x —1 2 
33. Lien are Je 34. i) (x + 1) & log (xe*) dx 
a | . 4%. 2x 
35. f sin | (3.x -4 2°) dx [HSB 2002] 36. f sin ; = Ja [HSB 2002] 
+x 
3 
37. f tan?|22—~ |ax [PSB 2001] 38, [ x?sin x dx 
1-3x* 
eat 2) ead 
xsin x Lo taaiod 
39. | ==> dx UN Srl 
ree Feri, 
-1 3 his 
41. |} cos (4x -—3x) dx a2, | cos= |—_—_ |ax 
J J [ +37 | 
43. 


fan" = Ja [HSB 2002] 44. f tan’ be dx 


1-2 
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45. f sin) V—— dx 46. f (e!°8* + sin x) cos x dx 
QAnx 
a} : Hs 
a7, { &tan 4) ay 48, | = dx 
Ces)! 1-x 
49. fx tan’! x dx 50. J x sin x cos 2x dx 
ak i (tan! x*) x dx 52. J x tan! x dx 
53. i tan | (Vx) dx 54. J log (1 +x’) dx 
55. f x? tan! x dx 56. f sin! Vx dx 
Peron | 
1 matt x 
57. | sec Vx dx 58..| ——> 
J J i 
=I 
59.[ (x+1)logxdx  [CBSE2002C] 60.f ax [CBSE 2004] 
x 
ANSWERS 
1. xsinx+cosx+C 2. xlog (x +1) —x.+log x&+D a6 
3. ee eae 4. (x-1)e°+C 
4 16 
5. 5-3 Jere 6-6? (2242) +C 
7. x sinx+2xcosx—2sinx+C 
8 © sin 2x + cos 2x- P24 9 eos Sr ee 
ete 22 a ae 4 % 
10. log x - [log (log x) -1] +C 11. x7 sinx+2x cosx—2sinx+C 
v : 
425.—x cot. x tilog |ssinxy| + C 13. = sin 2 C08 
4 4 8 
n+1 n+1 1-n =" 
ie x 
14. -log x - +C 15. -log x- - 
n+1 (n+1) 1=n 8 -n)* 
INE ap Ger Geen e OES Ln os 
16. 6% 4X sin 2x g * C08 2x + 4 sin 2x + C 
erin ings 1 2 
17. & (x°--1)+C 18. 5x sinx? + cos x +C 
1 : 
19. — 4 xe0s v+ 5 sin 2x +C 20. cos x (1—log cos x) +C 
2 
21. | dows? loge +3 ]oc 22. 2e% (Wx-1)+C 
1 log (x + 2) ge 
23. — - ee 
(+2) ea BY +C 24, xtan5+C 
1 
a5: log 10 [x dog x-1)]+C 26. 2 [Vx sin Vx + cos Vx] +C 
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Px — 3x3/2 cos? Vx + 6 x!/ sin? Vx +6 cos? Vx +C 
28. 3x3/? sin? Vx + 6 x!/3 cos? Vx +6 cos? Vx +C 


+C 


Fae 5 cosec x cot x + u log 


uy 
> tan 2 


_ 3xcosx | 3 sin x xcos3x_ sin3x 
4 4 12 36 


LSINGe COS Oty & Obes. 3 
fete SIT tee COS Ce 


30. +C 


ae 12 36 4 4 
x a 
32. x tan x — log secx—“7+C 33. xtanx—logsecx— +C 
34. xe" (log (x e")-1)+C 35. 3xsin'x+3V1-2°+C 
36. 2xtan! x-log | 14+x7 |+C 
ats 3 xtan? x—5 log ole C 
x, aap need 264) 2\3/2 
38. 3 sin x+3 1-x 40 Ui) +C 
39. —V1—x*-sin x+x+C 
40. x tan! x-5 log | 1+2x7 | ~5 (tan! x? +C 
41. 3xcos!x-3V1-x7+C 42. 2x tan’ x—log | iar 
43. 2x tan’ x-log | (142°) 1+C 44. 5x (cos x)-5 reise EE 
45. xtan \= — Vax +a tan” VE 4c 
46 eSinx+ cose sin’ x+C 47 pate See 
- N1¢x%  V1+x? 
4 3 
as, 2[x2-Vi-x sin2 2]+C 49, |~ : fn ve C 
2. 4 12 4 
LTS 20s ox sur Ox ae 
50. 5 g teh tag +x cos x sin |+C 
wx tan) x2 Fog (1+x4+C pee = emi) WS Oe ers 
51. 5 x tan x - log (+x) Cae 12 
53: (x +1) tan! Vx —Vx+C 54. x log (1+2x)-2x+2tan > x+C 
x 1 x 1 © 
saree cane ee +1/+C 
55. “tan x 6 + 6 18 | | 


56. ¥ (ax? -1) sin”! Vx +5 Sat eel 57. xsec } Vx —Vx-14+C 


- —] 
58. xsin_x_1 (sin! x) +5 log (1-x7) +C 5043 }logs-[x+7]+C 


altel sean 2 
sin} x 1-V1-x" 
emer ies |, | +S 


60. + log 
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HINTS TO SELECTED PROBLEMS 


10. Put log x=t 17, Put x7 =¢ 18. Put x*=t 
20. Putcosx=t 21. Take (log x)’ as the first function 22. Put Vx =t. 
23. Integrate by parts by taking log (x + 2) as first function 


ay ames Sa os Ge eet) aE 4 NG, 2a 
24. We have, I= J —*— ax je 5 J x sec > C4 f ne x 


: int—sin3t 
25. Put Vx = 27. Put Vx =t and use sin? ¢= Sea ent 
28. Put Vx =f and use cos? t = 3908+ 08S 
2 ae Sich ae 
29. 1=f cosec x cosec* x dx 30. Put sin x=Jsinx-7sin 3x 
I I 
31. Put cos? x = 2S 3% 4 3 cos x 


32 


We have, | x tan? x dx =| x (sec? x-1)dx=] x sec? x dx - f x dx 
iu 
ee -2 
33. We have, I= [ x = £98 2%) gy = fx 2S gy =f x tan? xdx 
(1 + cos 2x) 2 cos? x 
34. Put xe“ =t 


35. Put x=sin@ toobtain, [=] sin (sin3 0) cos0d0=3{ OcosedO 
r 


36. Putting x = tan 0 we get, I =| 20sec70d0 


37 


Put x = tan 0 we get, 1={ tan” (tan 3 6) sec? 6 do =3 | 8 sec? 6d 0 
39. Putx=sint and dx=cost dt 
40. Put x =tant and dx = sec’ t dt 41. Putx=cost and dx =—sint dt 


42. Putx =tant and dx = sec t dt 43. Put x=tantand dx =sec* t dt 
44. Putx=costand dx=-sint dt 


45. Put x =a tan*t and dx =24a tant sec’ t dt 

46. Use e°8* =x 48, Put sin! x*=t 
49. Integrate by parts taking tan"! x as first function 

50. We have, I = fix sin x cos 2x dx = 5 J x2sin x cos 2x dx 


=5 fx (sin 3x — sin x) dx 
51. Putting, x7 =twe get, | (tan?! x’) Xav= 5 J tant t1dt 53. Put Vx =t 
I I 


56. PutvVx=t 57. Take 1as the second function 58. Putsin! x=0 
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19.10.1 INTEGRALS OF THE FORM f[ e* (f(x) +’ (x)) dx 
THEOREM Prove that f e ve +f" (x)| dx =e f(x) +C. 
PROOF We have, 

J e* {f(x) +f’ (x)} dx = J e* fx) dx +J &* f’ (x) dx 


=> J e* (f(x) +f’ (x)) dx = flx)-e-J] fl etdx+f ef’ (x)dx+C 
<> fe ont f’ (olde = ek f(x) +C 
This theorem suggests the following algorithm to evaluate integrals of the form 


fee’ (x) } dx 
ALGORITHM 


STEPI Express the integral as the sum of two integrals, one consisting of f (x) and other 
containing f’ (x). i.e. 


e iF (x) +f" (x)} dx = f e* f (x) dx +f a (x) dx 
STEP I Evaluate the first integral on RHS using integration by parts by taking e* as the second 


function. The second integral on RHS will cancel out from the second term obtained 
by evaluating the first integral. 


NOTE The above theorem is also true if we have é* in place of e* i.e., 


f Fk E(x) +f" (x)} dx = &* fx) +C 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate: 
2 Py i ey | - x 
—-— ld i e 
” jel: 4 ; a) J (x +1)? 


SOLUTION (i) Let 


=> t=fetac-f etax 

I I * 

1 1 1 
= fo= f-\-G4ar-] & “yds 

1 a a ee me 
= [are] Ge de-] Ge det = e+ 
Gi) Let r= f ¢&-— 

(x +1)? 

ae =a x+1-1 
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1 1 
on refed ae 
a3 ee 2 ‘eel 
= Pe (ie tee le ae 
nel 
ae =i lal - 
= I aay ares +[e 2 C = — ete 


EXAMPLE2 Evaluate : 


(i) [ e* (sin x + cos x) dx (ii) Je (| FESS | 
[1 = sin & 
eee fo 
(iii) fe pote |= 
SOLUTION (i) Let 
1 =| &(sinx+cos x) dx 
=> T= f &sinxdx+ | ecosxdx 
ni 
=> I = (sin x)e*- f cosx-e*dx+ f eX cosxdx+C = etsinx+C 
=~ 2+ sin 2x 
(ii) Let Je Tees | 
= Ln Lf eae ealae 
2,G0S7 xX 
= 1 =f e(sec?x+tanx)dx = [ e tanxdx+ [ e%sec? x dx 
I 1 
=> I = (tan x) e*— J sec? x et dx + [e*sec?xdx+C = ettanx+C 
Be im -( 1—sinx 
(iii) Let raf e(Taeet |e 
1 —2sin 5 cos 5 
pele dx 
2 sin? ~ 
2 
a + PRS! x 
= 1 = fo 3 cosec 5 cot as 
= mae cot dx+> | e* cosec?= ax 


Fe e* cosec* - dx 


aye 
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= I 


ae EOE 5 J ecosec?S ax+t fe cosec? * a axt+C 


= I 


Eeccot. +c . 


EXAMPLE3 Evaluate: 


ee 


(i) i {sin (log x) + cos (log x)} dx (ii) f e 
(x +1) 


(iii) f 108 ay 
(1 + log x) 


SOLUTION (i) Let I = f {sin (log x) + cos (log x)} dx 
Let log x = t. Then,x = e' = dx = d(e') = ef dt 


zs e' (sin t + cos t) dt 


= 1 =f esintdt+ f ef costdt 
ited 
= I = sint-e—| cost-e dt+| cos t-e' dt+C 
=> I = e&-sint+C = e8*sin (log x)+C = xsin(log x) +C 
Gi) Let po eee 
+1) 
Lge - dx =| edx-2)& 
(x | (Zn 
= ee eee i stil 
(x +1) 


1 
= tata og phe 1 dx ge 2 | 

it 1 

=e -2)—.¢&€ . dx \+C 

4 ! reas J ie J (x +1)? 
= ee ee 

aod 
Gi) = =f —82 Sax 

(1 + log x) 

He Pa Eg SS [Sltgreats a= ¢] 


elas 


wae 
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Now proceed as in example 1 (ii) to obtain 


e 


Pe bas 
t+ 1 


z= 


C* Ticge ti) 


i= 


EXAMPLE4 Evaluate: 


(i) J e* (tan x + log sec x) dx (ii) J Pa i +sin X 008 x he 
cos* x 
soi ; 2x{ 1+sin 2x 
(iii) f log (log x) + fide = | dx (iv) J Oy Epes je 


SOLUTION (i) Let 


I= j e* (tan x + log sec x) dx 


=> 1=f elogsecxdx+] e tan x dx 

Hi 
=> I = (log sec x) e* - f sec xtanx et dx+f etanxdx+C 
=> I = log sec x—f e“tanxdx+{ e*tanxdx+C = e*-logsecx+C 
(ii) Let 1 “he( ee |e 

cos* x 
a = fe bi mare rm 
cos, = “cos* x. 

= 1 =f & (sec? x + tan x) dx 
=> 1=f &tanxdx+f esectx dx 

Ht 
= I = (tan x) e*-[ sec? xe dx + | e sec?xdx+C = etanx+C 


es 1 
(iii) Let I =| log (log x) + flog ye dx 


Let log x = t. Then,x = ef = dx = d(e) = e dt. 


= t= J [togt+7 eae] [Ee lea 


= T= J dlogtdt+] e-tat+) tei/yat+{ tar 
ie t HOt af 
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=> t= dogne-[ peat) é patel 5 Je aie et dt+f et pdt +C 
=> I= é.logt-te+C 
= I = x log (log x)- ~~ +C 
& 08 log x 
, ae 1+sin 2x 
(iv) Let I = f | aed Ja 
za i= foe |e 
2 cos* x 
=> r= J (joe x tanx |e 
= =f -tanxdx+5) A sec? x dx 
I I 
e 2 e 1 2 
= ha any J -J sec x Fde+5] e* sec? x dx +C 
t 1 Lf ox 2 Be ee 
= i= 5 or tans - 5 J e~ sec xdx+5J sec’ xdx+C 
— [= Se tanx+C 
EXERCISE 19.21 
Evaluate the following integrals : 
1. | & (cosx—sin x) dx 2fe “(a 2|4 
x{ 1+sinx x aa 2 
3. f e [Sz |« 4. fe (cot x — cosec” x) dx 
5. je |e 6. J esecx(a +tan x) dx 
Da 
7, f e* (tam x — log cos x) dx 2 SER f e* [sec x + log (sec x + tan x)] dx 
= 1 
9. | e* (cotx + log sin x) dx 10. | & dx 
J ef a J (x +1)° 
gf oe) Se le a ee i 
1—cos 4x (1+x)? 
wm fe ax 96. te as 
(2+x) 1+cos x 
15. 


1 
fe e[ loses Je a6, fe[ log Ja 
V1 -x* sin x41 


17. § © tw dog x? +2 log.) dx 18. Rees oe 
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MATHEMATICS-XII 


1 1 
2x (gi ———~ dx (CBSE 2005] 
19. fe (— sin x + 2 cos x) dx a oe aa 
al Silex COS aa . 24 d 
21. i Calera. ogc ant dx 22. | {tan (log x) + sec” (log x)} dx 
sin” x 
23. f a it o dx 24. f ple 2 [CBSE 2009] 
(1 —~x) (x =2) 
25. J e* a Vey 4 dx 
+x 
ANSWERS 
ba 
1. e* cosx+C 2. S+C 
Se 
3. e*tan5+C 4. & cotx+C 
e 
5. 5 +C 6. & secx+C 
7. e logsecx+C 8. e* . log (secx+tanx)+C 
x 
9. e log sinx+C 10. —* atc 
(x+ 1) 
x 
11, e* cor 2x +C 5 Gees eae 
1+x 
13. e +0 14 —¢ *!2 sec (x/DHE 
x+2 ‘ 
15. e-logx+C 16. e [tox |r 
17. e* (log x)? +C 18. e*sin' x+C 
19. e*cosx+C 20. = +C 
log x 
21. e* cotx+C 22. x tan (log x) +C 
23 us +C = 
ae 24. S| 
2) 
25. e* tan} x+C 
— HINTS TO SELECTED PROBLEMS 
5. We have, 
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10. We have, 
ee eet eee (on ey 
J (x +1)? J (x +1)° s J (ue Dw at 12 t 
a 1 oe (— 2) 
“Jeqapetle ar 


11. We have, 


sin 4x 4 
T= Viet ee ee ie z é 
J eee ee [ & {cot 2x 2 cosec ax} dx 


12. We have, 


1+3x7 mks 
Gtx (1237) 


1 —2x 
— j= + 
ree eer 
13. We have, 
pe fereeseliee (ie { toe 
(x +2) x+2 (x +2)? 
16. We have, 
( yet 
tfel oer tr oa | 
1 eet 
=> | e{togx+s |aref “(sae 
dx 


17. Wehave, I =| e (log x) + = (log x) 


19. We have, I= J e~ (~ sin x) dx + i e* . 2cos x dx 
20. Put log x=t 


19.10.2 INTEGRALS OF THE FORM | e* sinax dx,{ e"* cos bx dx 

In this section, we will discuss problems based upon integrals of the form 
fem sin bx dx and f e™* cos bx dx. In order to evaluate this type of integrals, we may use 
the following formulae: 

THEOREM Prove that : 

AX 


ater (a sin bx — b cos bx) +C [CBSE 2002] 
aint 


(i) [ &* sin bx dx = ‘ 


Ba 


(ii) f e cos bx dx = (a cos bx + b sin bx) +C 


a> +b 
PROOF (i) Let I = (| e* sin bx dx. Then, 


I =f e sin bx dx 
I ll 
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_ I= — fx SSPE _ f al oa 
=> t= -1 4 cosbx+% | &* cos bx dx 
b RF") 6p 
= p=-5e" cos bx + — | ees aie af ac SE a 
Lx» & ae a ee 
=> I = -,e% cos bx +5 of sinbe Sf e sin bx dx 
1 a a’ 
=> I = -— & cosbx+ e& sin bx -—F I. 
b b b 
a & ‘ 
= RE Sie er 
2: #2 x 
=> if HE |= SF asinbe beast 
ae 
=> f= een sees 
av+ 


x 
(ii) Similarly, we can prove that f é* cos bx dx = rs ae (a cos bx + b sin bx) +C 
a* + b* 


ILLUSTRATIVE EXAMPLES 
EXAMPEE1 Evaluate: 


(i) J e~ sin 3 x dx (ii) f e *cosx dx 
SOLUTION (i) Let/= f e~ sin 3x dx. Then, 


t= f &*sin3x dx 


I II 
= p= o- sack f2m{ - soe Na 
1 
—. [ =- 5 cos 3x+% f 2 cos 3x dx 
T° i 
es 2) 2x sin 3x _ x sin 3x 
= 1 i 3° cos 3443] ¢ 3 J 26” 3 dx 
ae 2 2x a: _4 . 
ses f= 3° cos 3x +9 ¢ sin 3x 5 J et sin 3x dx 
oe thy 2 : 4 
=> = go cos3x+Se*sin3x— 31 


4 er 


=> I+ 9! = 9 (@sin 3x —3 cos 3x) 
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= 187 = © a sinar- 3 cos 3x) 
ex 
=> I = 73 @ sin 3x —3 cos 3x) +C 


(ii) Let 1=[ e-* cos x dx. Then, 


[= i} e *cosxdx 
I Il 


=> j= e-*sinx-|—e-*-sinx dx 
=> l=e*sinx+| e *sin x dx 

I Il 

Pe ys -x =* 
— IT=e “sinx+e *~(—cosx)-—]| (-e *)(—cos x) dx 
_— I= e-* sinx-e-* cos x—[ e *cosxdx 
— I =e *sinx ve *cosx-I 
=> 2I = e * (sin x- cos x) 
oa 

=: IT = ~> (sin x—cos x) +C 


EXAMPLE2 Evaluate: 
(i) J e* cos (bx + C) dx (ii) ‘ sin (log x) dx 


(iii) f e&* cos’ x dx 
SOLUTION (i) Let 1={ &* cos (bx + C) dx 
I 1 


Intergrating by parts, we have 


Mie sin (bx + C) 
l= b sin (bx + C) - J ae" pee dx 
aed : 
=> I = ~ sin (bx + C) - 5) et sin (bx + C) dx 
‘abel 
=> I= — sin (bx + C)- aL Se ME A) te | spe ROS Meee Sioa] 
B 6 
sy a a sin bx +0)~8| -F cos bx+0)+4] P cos te + 0) a | 
ie aj _e a 
= =F sin ox +0)-4] - ee 
te3 an a, 
=> I= F sin bx + C) +5 cos (bx + C) - 
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az p™* 
= to deste Jer a) eee 

2 2 be 
= i SEE | = Ge acon bx +O +b sin x +0) 

(ite : : 

= I=+ = lt cos (6x5 0). sin ae 

a+ 

em 


Hence, f e® cos (bx + C) dx = (a cos(bx + C) +b sin (bx + C)} +Cy 


a +b* 
(ii) LetI={ sin (log x) dx. 
Let log x = t. Then, x = e => dx = d(e) = e dt 


1 =f sintet dt 
re at 


—> =-eé! cost —| e! (-cos t) dt [Integrating by parts] 
— 1=-ecost+] e cos t dt 

Lr 
= 1 = —e'cost+[e sint—f ée sint dt] 
= 1 =-ecost+esint-I 
= 2 e' (sin t — cos t) 

é 

— De, (sin t= cost) +C 


Hence, | sin (log x) dx =5 {sin (log x) — cos (log x)} + C 
(iii) We have, 
[= f e& cos* x dx 


a =f ef 282 Ja 
il 
= T= 5] & (1 +cos 2x) dx 
1 il 
= T= 5) fax+5J cos 2xdx 
a 1 
=> ba of, tpg e(2) 
where [jy = f e* cos 2x dx 
Now, 
= i e* cos 2x dx 
Peel 
sin 2x sin 2x 
= i= oo Pere Ue [Integrating by parts] 
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=% hh = Fesin 2x-5 J e* sin 2x dx 
2° tea 
eV eee alee COs 2c x | Cos zy 
— iia=r5 € sin 2x | Ege eae Je] 
eT a ae aoe 
=> h=ze sin 2x +7 cos 2x 1) eos 2x dx 
a ae 1 x et 
= Hae sin 2x+7e cos 2x res 
1 1 : 
=> h+gh = 7& (cos 2x +2 sin 2x) 
5 ly: : 
= +I, = —e (cos 2x +2 sin 2%) 
4 4 
e Gs 
=> I; = 5 (cos 2x + 2 sin 2x) scl Gb) 
Le Se e ey = ~ (cos 2x +2 sin 2x)+C [Using (i) and (ii)] 
- EXERCISE 19.22 
Evaluate the following integrals : 
1. | e* cos bx dx [CBSE 2002] 2. | sin (bx + C) dx 
Se f cos (log x) dx 4. i e* cos (3x + 4) dx 
IE. i) e~ sin x cos x dx 6. i e* sin x dx 
7. i) e* sin? x dx 8. J 4, sin (log x) dx 
ia 
9. i} ca is x dx 10. i) e* sin x dx 
ihe i ee cos x° dx 
ANSWERS 
jigxe 
ny (a cos bx +b sin bx) + C 
a+b 
ax 
Ds 5 (a sin (bx + C)—b cos (bx +C)+ Cy 
a +b 
x en 
Se > (cos (log x) + sin (log x)) + C 4. 13 {2 cos (38x + 4) +3 sin 3x+4)}+C 
2x 
5. < (sin 2x — cos 2x) +C 6. = (2 sin x —cos x) +C 
Ze het (cos 2x +2 sin 2x)+C 
1 et eo 
8. == [cos (log x) + 2 sin (log x)] +C 9, sar + oe (cos 2x + sin 2x) +C 
aps 
Ta pa 3 
10. ——(-2sinx-cosx)+C ie “G (sin x +cosx-)+C 


19,138 


a 


1 os 1 ; 
=3) e 2sin xcos x dx=5 J e>* sin 2x dx 


“I 


, p= f & C= 80829) gy 7 fet ax- 5] e& cos 2x dx 
8. Putlogx=t or, x=e' 


9. 1={ ee OF 08 29) dy => | P dx+5f e~ cos 2x dx 


19.11 SOME IMPORTANT INTEGRALS 
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HINTS TO SELECTED PROBLEMS 


11. Putx =t 


In this section, we will prove three formulae which will be used in evaluating integrals. 


THEOREM Prove that: 


(i) J Nae x7 deat x Nat — x? +persin'[ E |r 


2 
(ii) J Na? +2? grass Ni? +3? + 3a? log | x+ Na? +x? |} +C 


(iii) Vx? - a? dx a5x Vi? =a? - 5 a log | x+ Vx? — a” {+C 
PROOF (i) Letf=| Va2—x? dx. Then, 
r=] Na? —x7 1-dx 
I II 


Integrating by parts, we have 


I = Vat—-x2 eal 5 a? = 21/2 (0 - 2x) - x dx 


2 
=> Liew Nes OC hespeee dx 
Vins he 
_ oor @ a8 -2 
=> P= Na oy | ge ae dx 
= f= Nroxr = at —x? dx + a c dx 
Sear ee 
= I = xNa*— ~T+@sint(3) +c 
a 21 = x Vat—-x + Paint F] +c 
1 a day een (nk 
—s l= =xVat—x* + =a*sin ae & 
2 2 a 


(ii) Let!=J Va? +22 dx. Then, 
I= J Va* +x* 1-dx 
Scaph i 
Integrating by parts, we have 


I = Va? +x? -x-f 5a 4277/2 042.2) +x dx 


=> I = xVat+x -f pre 
a+ 
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= 


=> 


2 


paaVeae -f[ tee y 
eee 


f= .Ne at a’ +x? dx + a@ a er, 

fa nee | ee 
T=xVe+xre —14 a* log | x+ Va? 4x7 | 

21 = x Va? +27 + a log | x+ Va24+22 | 

[= a ree: ~ 5 2 log | x+ Va? +x J} +C 


N 


(iii) Let I= Vx* — a2 dx. Then, 


— i) Vx*— a? 1-dx 
I II 


Integrating by parts, we have 


=> 


> = 


I= Vx? .x-] aieaey (2x) - x dx 


l= xVx- | i a 


p= xVP=P-f AEE ae 
ir 


I = xVx*—-a* -| Vit -a? dx—a? rope de 
ese | liane 
P= x Vx =a" -I-a? log | x+ Vx? =a? | 

2] = x Vx? — a? — a? log | x +Vx?-a* | 


i= 5x VP =a? ~5 a? log | x+Vx2-a2 | +C 


19.11.1 INTEGRALS OF THE FORM i} Vax +bx+cdx i 
In order to evaluate the above type of integrals, we use the following algorithm. 


ALGORITHM 


SIEPI 


STEP Il 


STEP III 


ee sve PO ; b c 
Make coefficient of x? as one by taking ‘a’ common to obtain x4 atta 


2 2 2 
Add and subtract x in x + 2 x os to obtain [: + F eneeU : 


2a Aa 
After applying these two steps the integral reduces to one of the following three forms: 


| Vat +x dx, f Vat — x2 dx, f Vx2 — at dx. 
Use the appropriate formula. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Evaluate: 


(i) J Vit 42x45 dx Gi) [ V@—3)G-» dx 
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SOLUTION Let 


p= | Ve2+2x45 dx 
J Ve 42x4144 dx 
= p= been Var Ie? +5: OP log | e+ D+ Va+1r +2" | +C 
= p= 2 eet 1) VP +245 $2 log | (+1) + Va? +2445 | +C 
(i) Let I= [ V@—3)6-% ax 
p= | V-x2+8x-15 dx 
= p= | Ve{x?=8x+ 16-16 + 15} dx 
= r= Vo(@—-47— 1) dx = J VP - 47 ax 
= =} ea P= G8 +} oP ain [ 254) +c 


= I 


1 
= I= 5-4) a= HE=H +5 ant(*Z4 |e 


EXAMPLE2 Evaluate : 
() f V7x-10-27 dx Gi) J Vax? +9 dx 


SOLUTION (i) Let I = J V-(x?-7x +10) dx 


ee || [2-702 -2+10] dx 


RCsEDICE ACEC 


\ 
i 


2 


plage § u on yaa a8 Sh PTT 2 
=> [= nea | (5) “(3 aut sin ae +C 
= = Lax nat Zain 2E7 |oe, 


3 
f V4x7 +9 dx 


1= 2] NV x2 42 dx = 2] v3] dx 
T= af V2 +3 +33] ies x Va24 2 


2 2 
[= Vax" +9 +2 log | 2x + Vax2+9 | +C 


(ii) Let I 


Le 


INDEFINITE INTEGRALS 19.141 


EXAMPLE3 Evaluate: | \ : r a dx 


SOLUTION We have, 
1=f Vi 


Putting x = f and dx = 2t dt, we get 


Pesloft(No=s veut 
t (1-1) 


2t -¢ 
= [ete | ae i 
x? eee: 


= be leer Rare iaet 
1 
= ates Jott? V1 —# dt-2 dt 
* phen te 1-P +sin-1t|-2sin-1#+C 
=> Pe —2N1- £4 Nie e =bin eC 
oe I = (1—x) (Vx -2)-sin71V¥x+C 


EXERCISE 19.23 


Evaluate the following integrals: 


1. [ V3+2x-27 dx 2, f Wit+x41 dx 

3. [ Vx-x? dx 4. J Vitx—-2x? dx 

5. J cos x V4 — sin? x dx 6. i & Ve 41 dx 

7. | Vo-x? dx 8. { Vi6 x2 +25 dx 

9. J Vax? —5 dx 10. f Vox" 43x +4 dx 

u1. { V3-2x-2x? dx 12. f xVx*+1 dx 

13. [ x? Vao-x° dx 14-~| eee dx [CBSE 2005] 
15. f V2ax - x? dx 16. f V3-x? dx 


ANSWERS 


1. GoD aoe F +2n( 25") +c 


19.142 MATHEMATICS-XII 
a leas +x +145 > log | (2x +1) + Vx? +x+1|+C 

3. Fax-1Ve-x +5 sin’ (2x-1)+C 

4. ¥ ae —1yVie a2 + 3? sin" BS |e 


3 
5. 5 sinx V4 — sin? x v2ain( S34} 
6. 5 Vests slog | + Ve*+1 | +C 
igure au Jre 


pantie: 25 | 
e+e (te 


9, x Vx" * tog 2 oF 

10. Webi ate [+7]? Vit +S x42 +C 
1 1)V ara: jeroes | e ee: 

11. q (2x + 3-2x —2x a pes [ Ww Jr 

Pe are Vxt+1 + flog | xP +Va4+1 iC 


6 3 
13. £3 Va®-x° +“ sin | % l+e 
6 6 a 
14. 5 10g x V(log x)? + 16 +8 log | log x+ (log x)* + 16 }+C 
2 
15. pera awa Fin! #54) +c 


Oy ES SC As Gey 
160 No x +5 sin [as }+¢ 


2 


HINTS TO SELECTED PROBLEMS 
5. Putsinx =f 6. Pute™=t 12. Putx*=t 
13. Putx = 14. Putlogx=t 


19.11.2 INTEGRALS OF THE FORM J (px+q) Vax +bx+ce dx 
In order to evaluate this type of integrals, we use the following algorithm. 
ALGORITHM 


STEP! Express px+qas 


pxrqga=r < (ax? +bx+c)+p 


INDEFINITE INTEGRALS : 19.143 
ie. px+g = dX (2ax+b)+u 


STEPIT Obtain the values of A and a by equating the coefficients of x and constant terms on 
both sides. 


STEP II Replace px + q by A (2ax + b) + win the integral to obtain 


fxrsq Vax? +bx +c dx =) (2ax + b) Vax* + bx +c dx+pf Vax? + bx +c dx 


n+1 
STEPIV To evaluate first integral on RHS, use the formula| (f(x))" f% (x) dx = fay 


Evaluate second integral on RHS by the method discussed in the previous section. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Evaluate: 


(i) J @-5) Vx? +x dx (i) { @x-2) V2 4x41 de 
SOLUTION Let (x-5)=A- £ (a + x) + pu. Then, 


x-5=A(2v4+1)+u 


Comparing coefficients of like powers of x, we get 


Mean ahr = eee nd hy ee 


2 a 
=f @-5) Vex dx 
el cae ere Soe 
p= J SQx+1 Ver ex dx J Var +x dx 
p= 5 J arti Weer dr- J Vr ex ae 


f=5Jva-2 | [2+ Bi ale aj dx, where t=x2 +x 

(ape 
-3()el(3) EPG) 

falet 3/2_ Se ar roe eee = log [arg Jerr +c 


2 
fee +x)/2- Pair agp aaa Bes [= +3 jc 


mH) S52. Zz 


+C 


(ii) Let 3x-2=2-4 (x? +141) +4. Then, 
3x-2=A(2Q2x+1)+hp 


Comparing the coefficients of like powers of x, we get 


19.144 MATHEMATICS-XIL 


7 
24=3 and A+ =-2 > 2=5 and p=-5 
[= J (3x —2) Vx27+x41 dx 
— 1={ [3ex+n-3} ve +x+1 dx 


=> p= 2 x+y Wexetdx-5 f Vere xtiax 


— r=3fvea-Z J Pitas sna dx, where t=x7+x+1 


2 xt5t ee 4+xt+1 


o 


i= La viexet ||+C 


2 
=> p= 02 (xe Weal ica log 


log 


= = taser] (+5 Vax + oe 


EXAMPLE2 Evaluate: 


(i) J xVi+x—x dx (ii) J w+ V1-x-x dx 
SOLUTION Let xa £0 +x—X) +L. Then, 


x=A(1-—2x)+p 
Comparing the coefficients of like powers of x, we get 


Peo rand Ne bee randy 


2. 
T= i} xV1l+x—x* dx 


Nie 


a r= J {-54- Po 5 | NEHER x2 dx 
—> p=-$ f a-2 Viex- det 5 J Viex-2 dx 
-s [eee 5 J a+ J v-(» -x+3-G- 1) a 
p3/2 2 

=> T=- leaks Gs {# 2 dx, where t=1+x-x? 

mea /2 1| en 5 \F deen NS 120 eu 12 
=> eat 47 >| ee al comes we sin 572 Jee 
= [ange Pg LO a | iee a eee | et lec 


(ii) Let x+1 = n.& a — x24) +p. Then, 


x+1=AC1-2x)+u 


INDEFINITE INTEGRALS 19.145 


Comparing the coefficients of like powers of x, we get 


So, 


=2A=1 and psa = 11 =A == 


x+1 i (1S2pse= 


aK 
2 

2 
ria -x-x* dx 
fabimy- 245 | Vi x—x? dx 


p=-1f @1-2x Vinx axed f Vinx ax 
-3J (-1-2x) Vi-x—x" dx +5 [-[P+2+9-4]} dx 


2 2 
-3) Veat+5 J ca -[F*2] dx, where t=1-x-2 


re 


Fisica taper (Be Mite 


3/2 2 os en V5 /2 
-50- x — eur Qet ivi — 1 ae sit et |e 


EXERCISE 19.24 


Evaluate the following integrals: 


a. f x41) Vit? - x41 dx 2. J (+1) V2x7 +3 dx 
3. [ (2x-5) V24+3x-27 dx a. f (+2) Vx? +x41 dx 
5. [ (4x41) Vx2-x-2 dx 6. { (x-2) V2x7-6 x45 dx 
7. f +1) Ve +x41 dx 8. f (2x +3) Vx? +4x +3 dx 
9. f (2x5) Vx? = 4x43 dx 10. [ x Vx? +x dx 
ANSWERS 
Bye 
1, @ =F) 48 2x Nee 38 | -3) Wee +C 
Ph 
V2 
2, 1 x24 3)9/2 4% Vor 49 + 2 to pears Zee 
6 2 4 V3 
vs a7 te { 2a \ ai vi ae WY lage eG WPS, Ha 
3. ~ 3 (2+3x-x) | 5 2+3x-x —“q sin (ar #C 
3/2 
4. ae ON? +x+1 + log [+g] ahh: 
ae —X- ee +3 Qx- 1) NX — <= F208 [x 3) Woe 21 
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—B.a/ 1 2x-3 5 
6. 52 6ue-5y/?—f | BES 223742 +2iog +¢| 


2x3) DA] 22 By PP 
2 4 2 8 2 
3/2 
ee Pext1 +3 log 


+C 


2 
; [+g] + Verret 

8. pote ax +3y2—[ 42) Vx? + 4x +3 - 5 log ls) +t rare] |+c 

9. 3 ax 437° —| 5 e-2) Vitae 3-3 log | x-2+Vx?-4r+3| je 

Gard iaanad 


19.12 INTEGRATION OF RATIONAL ALGEBRAIC FUNCTIONS BY USING 
PARTIAL FRACTIONS 


10. 5 $27)? 5 ax t 1) Vi? +x +55 log + 


PARTIAL FRACTIONS If f(x) and g(x) are two polynomials, then am defines a rational 
algebraic function or a rational function of x. 

fa) 
8(X) 
If degree of f(x) = degree of g(x) then ea 


1p £2; 
Q(x) 


y) isan improper rational function, we divide f(x) by ¢(x) so that the rational function 
fo). 


W(x) 
g(x) g(x) 
the degree of y (x) is less than that of g(x). Thus, 


If degree of f(x) < degree of g(x), then is called a proper rational function. 


is called an improper rational function. 


is expressed in the form 6 (x) + where 6(x) and y (x) are polynomials such that 


x 


f(x) 
&(x) 


is expressible as the sum of a 
polynomial and a proper rational function. 

Any proper rational function ue can be expressed as the sum of rational functions, each 
having a simple factor of g(x). Each such fraction is called a partial fraction and the 
process of obtaining them is called the resolution or decomposition of fo) into partial 


Q(x) 
fractions. 


The resolution of ae into partial fractions depends mainly upon the nature of the factors 
of g(x) as discussed below. 


CASEI When denominator is expressible as the product of non-repeating linear factors. 
Let g(x) = (x — a)) (x — az) ... (x —a,). Then, we assume that 


A A A 
Og PAL Tee 
B(x) %-a, x=ay oe, 


where Aj, A2,.. A, are constants and can be determined by equating the numerator on 
RHS to the numerator on LHS and then substituting x =a, ly ety yy. 


ILLUSTRATION1 Resolve 3 Suit 2 


ae > Hil cae oe ILO parlial sractions. 
Y-6raires 2 f 


INDEFINITE INTEGRALS 19.147 


3x +2 Sx 2 
SOLUTION We have, = 
2 -6x7411x-6 (%-1)(-2)@-3) 

ox +2 age B G 
Peet) GCa) e-1 kod se 
a 3x +2 — A(X—2) (x-3) +B (x-1) (x-3) + C (x- 1) (x -2) 

(x — 1) (x- 2) (x- 3) (x —1) (%-2) @-3) 
— 3x+2 = A (x-—2) (x-3)+ B(x-1) (x-3)+ C(x-1) (x-2) oe (1) 
Putting x - 1 =0 or, x= 1 in (i), we get 

5=A(1-2)(1-3)4=2 


Putting x — 2 =0 or, x = 2 in (i), we obtain 
8=B (2-1) (2-3) 5B=-8 

Putting x — 3 =0 or, x =3 in (i), we obtain 
11=C@-1)6-2C=4 


ea ee ae 3x+2 Rnb eB 
O-641lx-6  (X-1)(@-2)(@-3) 2-1) ¥-2* 2(R-3) 


REMARK In order to determine the values of constants in the numerator of the partial fraction 
corresponding to the non-repeated linear factor px + qin the denominator of a rational expression, 
we may proceed as follows: 


Replace x =- 4 (obtained by putting px +q=0) everywhere in the given rational expression 
except in the factor px + q itself. For example, in the nbove illustration the value of A is obtained 


by replacing x by 1 in all factors LF eae 


GeeGeDG ne 


ee to rs) 
~ (= 2) 403) 2 
Similarly, we have 
pe 3xX2+1 ties gare Coe OO Hie gh: 


~ (2>2)(2-3) — (3-1)(3-2) 2 


x? -63x°+10x-2 
-5x+6 
SOLUTION Here the given function is an improper rational function. On dividing, we 

get 


ILLUSTRATION 2 Resolve into partial fractions. 


Sok a AE, ae ee it Wee LY fi 
x°-5x+6 x -5x+6 
=x t 4 — ee 
Nene. 
cee 5x46 —2)(E-3) 
So, let ey oat ged tt ASB =?) we e(il) 


Putting x ~- 3 =0 or, x = 3 in (ii), we get 


1=B(1)>B=1. 
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Putting x - 2 =0 or, x = 2 in (ii), we get 
2=A(2-3)SA=-2 


—-x+4 ie -2 i 1 
(x-2)(x-3) x-2 x-3 
3 — 6x7 + 10x —2 : 1 
Hence, = = x -1-— Gt 
fe Tis, x-2°x-3 


CASEI When the denominator g(x) is expressible as the product of the linear factors 
such that some of them are repeating. 


Let 9(x) =(x- ay (x — aj) (¥ — az) ... (x —a,). Then we assume that 


A A A A B B B 
SO ee ee + — 4 Stet 
eX) X>a) (ray (x - a)? (x -a) X-@ X-@ (x —4,) 


ie., corresponding to non-repeating factors we assume as in Case I and for each 
repeating factor (x — a)‘, we assume partial fractions 


Ay Ay A3 


t=a (aaa ab deeoe 


where Aj, Az, .--, Ag are constants. 


Now to determine constants we equate numerators on both sides. Some of the constants 
are determined by substitution as in case I and remaining are obtained by comparing 
coefficients of equal powers of x on both sides. 


The following example illustrate the procedure. 
Oxi 


ILLUSTRATION 3 Resolve ecto ee ae 
(x -—1)5.(% +1) & +2) 


into partial fractions. 


SOLUTION Let 


3x —2 SES A2 se oe td 
_4)2 ae ee eee re) 
(va 1) + 1) (ee) (x —1) x x 


=> 3x —2 = Ay (x-1) (x +1) (x +2) + Ag (% +1) (X42) 
+ Ag (x- 1)? (x +2) + Ag(x- 1? (x41) ..@) 
Putting x-1 = 0 or, x = 1in (i), we get 


(PAS 1) (ee 


Putting x+1=0 or, x= npn Gases 
~5 = A3(-2)°(-14+2) = Ay =-3 

Putting x+2 = 0 or, x = —2in(i), we get 
-8 = Ay-3P C1) = Ag= 5 


Now equating coefficient of x° on both sides, we get 
0 = Ay + A3 ap A4 
13 


oats) 
= Ay peractitee @h Uren e'ts) “ai ov 


INDEFINITE INTEGRALS 19.149 


Sincere liars MIP s S15. 1c 8 
(x-1)? (x+1)(x+2) 36 (%-1) 6 (x-1)? 4% +1) 9 (x +2) 


CASE IIT When some of the factors of denominator g(x) are quadratic but non-repeating. 


Corresponding to each quadratic factor ax* + bx +c, we assume partial fraction of the 


Ax+B 
e —**=_ where A and B are constants to be determined by comparing coeffi- 


ax*+bx+c 
cients of similar powers of x in the numerator of both sides. In practice it is advisable to 


assume partial fractions of the type AGax +b) toes ep : 
ax Foxe ax +bx+c 


The following example illustrates the procedure 


ILLUSTRATION 4 Resolve —2x-1 _ into partial fractions. 
(x+1)@ +42) 
BUTION eke ey Bee he 


(ete £2)0° td oro 


2e-1 , _ A(x*+2)+(Bx+O)(x+1) 

(x +1) (x? +2) (x + 1) (x* +2) 
= 2x-1 = A (x7+2)+(Bx+C) (x +1) ...(i) 
Putting x + 1 =0 or, x = —1 in (i), we get 

-3=A(3) > A=-1l. 
Comparing coefficients of like powers of x on both sides of (i), we get 

A+B =0, C+2A =-1 and C+B=2 
ug -1+B = 07,C-—2 =,—1(Putting A=—-1) 
=: Bowl Geel 

a Fe ee 

ee ee ee 
CASEIV When some of the factors of the denominator g (x) are quadratic and repeating. 


For every quadratic repeating factor of the type (ax* + bx +c)‘, we assume 2 k partial 
fractions of the form 


Ag (2ax+b)  - A, Aj (2ax +b) Ay 

52 dak, be) Sa PAI Se RRL a, 2 

axr+bxt+c ax*+bx+c (ar +bx+c)* (ax? + bx +0) 

Ax —1 (2ax + b) A2k 
aot esi k 

(ax? + bx +c) (ax + bx +c) 


i sais 


The following example illustrates the procedure. 
pcs det FETE 
(x-1) 7 +1) 
DX A By Er.  Dx+E 
ee UST os ae ED 
(sal) FS) x41 4+) 
2x-3 = A(x7+1)* + (Bx +O (x-1) (x7 +1) + (Dx+ E) (x-1) (i) 
Putting x = 1 in (i), we get 


ILLUSTRATIONS Resolve into partial fractions. 


SOLUTION Let . Then, 


19.150 


1 
tently 1) A=-% 


Equating coefficients of like powers of x, we have 


A+B=0, C-B=0, 2A+B-C+D=0, C+E-B-D 


Putting A = -4 and solving these equations, we get 
! ut Le 
Bg Sy te ae 
DE SH | -1 x44 x+5 


(x —1) (2 +1)" x 4(x-1) 40241) 2 (x* +1) 


ILLUSTRATION6 Resolve —~— into partial fractions. 


SOLUTION We have, ~~ = —__*x___ 
x -1 (x=—1) (x +x+1) 
2x we! be 


So. ict. a SS Oe : 
on (x—1) (x2 +x+1) ean as ae | 
Qx = A(X? +x4+1) 4+ (Bxt+C) (x-1) 
Putting x — 1 =0 or, x = 1 in (i), we get 
ey G2 ee 
3 
Putting x = 0 in (i), we get 


AiG = theo A ; 
Putting x =-— 1 in (i), we get 
—-2=A+2B-2C 

2 4 2 

7 AD Sag re Bee ae SG 


re ahi Aig eee eS 


Pal 8 eel oe ey exe ae Se 
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=2and A-C-E=-3 


...(i) 


42. Sat | 
3 4x41 


We shall now use partial fractions in evaluating integrals containing rational algebraic 


functions. 


ILLUSTRATIVE EXAMPLES 


Type I WHEN THE DENOMINATOR IS EXPRESSIBLE AS A PRODUCT OF DISTINCT LINEAR 


FACTORS 


EXAMPLE1 Evaluate: 


(i) ee (x+1 ae TTC nas 


av2z = 1 
(x ~ 1) (x +2) (x -3) 


| 
Wee x 
(iii) f eoiGes ax 


[CBSE 2005] 


INDEFINITE INTEGRALS , 19.151 


: ied | ae: B : 
SOLUTION (i) Let (+1) 2) * flied ma) 
= x-1=A(x-2)+B(x+1) (i) 


Putting x — 2 =0 or, x = 2 in (ii), we get 
1=3B >B=1/3 

Putting x + 1 =0 or x =— 1 in (ii), we get 
—-2=-3A>A=2/3 


Substituting the values of A and B in (i), we get 
ttt | 2, i 14 


Gili 2) 3291 3x2 
oye ees 


(x + 1) (x -— 2) 

e414 4-1 
—7 : ee S Pipe] Arg higeyee 

2 1 
=> I = log |x+1| +3 log |x-2|+C 
= yes See, | B cS 
ee ise DG eH 4k) 28 ae) 
oa Qx-1 = A (x +2) (x-3) +B (x-1) (x -3)+C (x-1) (x +2) ...(ii) 


Putting x + 2 =0 or, x = — 2 in (ii), we get 
—-5=B (-3)(-5) => B=-1/3 
Putting x — 3 =0 or, x = 3 in (ii), we get 
5=C (2) (5) => C=1/2 
Putting x — 1 =0 or, x = 1 in (ii), we get 
1=A (3) (-2) > A=-1/6 
Substituting the values of A, B and C in (i), we obtain 


2x-1 ie es ae ae Oe ee 
(x-1)(x+2)(1-3)” 6 x-1 3 442 2 x-3 
2x-1 
ak OO NOPE Ned 
1 1 1 1 1 1 
eo 1=-<J oa) re lae ya ge 
= w lL tog 14-14-41 tog. (x42) 4 log [x3 fee 
6 3 g 


(iii) Here, the degree of numerator is greater than that of denominator. So, we divide 
the numerator by denominator to obtain 


Cul ded ps EO7gb 6 = . 
(x—1) (*— 2) SPATE callie 2) --(i) 
a /t26 tA BD by 
Sines (x—1)(x-2) © x-1 ere ...(ii) 
=> 7x-6 = A(x-2)+B(x-1) ...(iii) 


Putting x - 2 =0 or, x = 2 in (iii), we get B=8 
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Putting x — 1 =0 or, x = 1 in (iii), we get A =- 1 
Substituting the values of A and B in (ii), we obtain 
7X6 = 1 8 


(x-1)(x-2) — Po eae 


wate se tt [From is 


3 
x 
1=J eat) (eco 


1 8 x? > Cc 
= r=] x+3-—> +5 |dx = 7 4+3x-log |x-1| +8log |x-2| + 
EXAMPLE2 Evaluate : 
2x ae cos 9 
| einen Gi) J (2+sin 6) (3+4sin®) ° 


od COs ee. 
cos x (1 + cos x) 


(iii) f (iv) f 


es fg 2 
sin x — sin 2x 
eX 


SOLUTION (i) Let I =| eee we. 
(x +1) +2) 


Putting x? = t and 2x dx = dt, we get 


“ahicserere ae: 


1 A B ; 
Let G+) +2) ery sare) old) 
= 1 =A(t+2)+B(t+1) wold) 


Putting t=—2in (ii), we obtain B=-1 
Putting t=—1in (ii), we obtain A=1 
Substituting the values of A and B in (i), we get 


1 ete 
(t+ 1) (f+ 2) t+1 ¢4+2 


1 
r= J G+DG+D" 


ae 
3 ie 1 \t+1 ae 
=> I= log |¢+1|-log | t+2|+C = log | x*+1 | -log | 2°4+214+C 
(ii) Let I= J oe 


(2+ sin 8) (3 +4 sin @ 4 
Putting sin 6 = ¢, and cos 6 dO = di, we get 


=|% rea aun 


INDEFINITE INTEGRALS 


1 A B 
aa (2+#)(8+4f) 24+¢'3441 
= 1 = A(3+4t)+B(2+?) 


Putting 3 + 4t =Oie. t=- 2 in (ii), we get 


3 4 
1=B Seas =B= 5 
Putting 2 + t =Oi.e. f =— 2 in (ii), we get 


1=A@G-8)3A=-> 

Substituting the values of A and B in (i), we obtain 
wlll 9 Cosme eg Bas ga 
Ord G24) Sh 24 Ss 324i 


1 
al geen can 
t fo 4 ar it 
“y ira Ropar lars bere 


- Z log 12" e| +2. Flog |3+4t] +C 


— I 


= T=- ~ Flog {2+sin0| +2 log |3+4sin0@|+C 


(iii) We have, 


r=] eam 
— = i Se SS ee ee 
(sin x — ae eC) 
i ae Dosen 
a 1=f sin x 
sin? x (1 —2 cos x) 
a iE sin x 


(1- cos” x) (1 —2 cos x) 


Putting cos x = t, and — sin x dx = dt or, sin x dx =— dt, we get 


Be a aon — dt = f ee LAS 
Wr a) G2) Tee Sie 21 4 


al = 4434 RC then 
Pa—i (1+) d—2herk= 


1+t+1-2t 
-1=A(1+ft)(1-2t)+B(1-t)(1-2H4+C-fH11+5 
Putting t + 1=0 or, t=— 1 in (i), we get 


Putting 1 — t = 0 or, t = 1 in (i), we get 


~1=-2A=A=5 


19.153 


...(i) 
...(ii) 


...(i) 
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Putting 1 —- 2t=0 or, t= Lb in (i), we get 


2 
Pies eps 
ae[2oe 
ee Lee el eee ee 
(d=depd-2) > 2) i-f 9 6 2er 3 te me 
i - dt 
a CA ae pipet ey 
1 1 1 1 4 1 
3 re rei er bea tees Prgerr 
1 1 4 pitt ae h jo! 
= P= 7 log t='| > ology rh a 7 log | 1 2t|+C 
1 1 2 
— I = ~5 log | 1—-cosx | -¢ log | 1 +cosx | +3 log | 1-2cosx | +C 
: 1—cos' x by 
(iv) Let i=| eee cos) 5 dx. Let cos x = y. Then, 
UCcOsey Rs L=—¥ 
cosx(1+cosx) y(1+y) 
1-y A B ‘ 
Let =—+ ee it! 
- y(ty) y 1+y ° 
— l-y =A(1+y)+ By ose it) 


Putting y =0 in (ii), we get A =1. Putting y = — 1 in (ii), we get B=—2. 
Substituting the values of A and B in (i), we obtain 


Tey 1 ps 


yd+y) y ity 


me i — cos x ees! 2 2 pa ohedtes 

cosx(1+cosx)  cosx 1+cosx ied 

1—cosx z 1 st 2 
Bro se meme grees) Aad ered ean 
2 
= I = | secxdx—| ——+— dx = } secx-—] sec?x/2 dx 
J lexcory J J 

= I = log | secx+tanx | —-2tanx/2+C 


EXAMPLE3 Evaluate f qa eats dx. 


(1G De), A B Cc 


SOLUTION Let GERI EIS U Nie 2 apie See oe ..-(i) 
Then, (x —1) (x —2) (x —3) = (x —4) (x -—5) (x - 6) + A(x — 5) (x - 6) 
+ B (x — 4) (x —6)+ C (x —-4) (x - 5) .--(ii) 


Putting x = 4, 5 and 6 successively in (ii), we obtain 
Aga ep s—i— 04 ancdnee=o0 

Substituting values of A, B and C in (i), we obtain 
GE GS 2G = 3)h ee see ee 
(x — 4) (x — 5) (x -6) x—4 x—5 x= 6 


INDEFINITE INTEGRALS 


= (X= 1) @-—2) @=3) 
: \E ceary hay eer a 


1 1 1 
Jiedrs3 | ds 24 || ae 
x+3log | x-4 | —24log | x-5 | +30 log |x-6|+C 


dx +30 f 


i 


abe” 


y 
T 


Type II WHEN DENOMINATOR CONTAINS SOME REPEATING LINEAR FACTORS 
EXAMPLE4 Evaluate: 


2 
{ —2=4 — ax Icese2007] i) f —*t1_ 
(x — 2)" (x +2) @-1) (+3) 
eng GA pe te “C 


(x—2)2 (x42) X-2° @—2ye_ x42 


SOLUTION (i) Let 


= 3x+1 = A(x-2)(x+2)+B(x+2)+C(x-2) 
Putting x - 2 =O i.e. x = 2 in (ii), we get 
Ji 
7=4B og 
Putting x + 2=Oi.e. x =— 2 in (ii), we get 
5 
ee Ce 
Comparing coefficients of x” on both sides of the identity (ii), we get 
5 
Ce Ne ia ee 
Substituting the values of A, B and C in (i), we get 
Bree eo te eer de ae! 
@&=2) 649), 16.2-2, 4 (yoy 16 (x +2) 
¥a| Sxi) 
(x —2)° (x + 2) 
5 1 7 Li; ey 1 
ie ante gagteeg) Speen ig x+2°" 
5 di 5S 
= ae aS) 8 Senieed (ae preys eamep ey ita fl 
(ii) We have, 
af ato ty 
(x - 1)? (x +3) 
Let ee A + B 7+ C 
(x-1)?(x+3)° 47-1 (-1)7, x+3 
= x7+1 = A(x-1)(x+3)+B(x+3)+C (x-1)" 


Putting x — 1 =Oi.e. x = 1 in (ii), we get 


1 
2=4B >B a 


19.155 


...(i) 


...(ii) 


...(ii) 


19.156 MATHEMATICS-XIL 
Putting x +3 =Oi.e. x =—3 in (ii), we get 
10=16C > C= 


Equating the coefficients of x’ on both sides of the identity (ii), we get 


Tee 
dis Ant Claes A 2 bm Cla eae e 
Substituting the values of A, B and C in (i), we get 
5 Se ee Pepe 
(x-1)7(x+3) 8 x-1 2 a 8 
2 
x7 #4 3 5 1 
ED Pe pai he : dx 
Reserpine ae x—- i* ed bere 
3 BE pe an ae aos oe HY 
— I= ¢ log | x 1 | Sera 
2 
EXAMPLES Evaluate : jet an 
(x-1) 
SOLUTION We have, 
See 
(@@-1) 


Putting x—-1=t and dx =dt, we get 
_ ¢ ¢4+D7+(¢+1 41 
Re ee dt 


$ P+3t+3 | p ee 
=> t= f ; a= S( pea la 
3 gta 3 3 
= I = log |t) -—~-—3+C = log |x-1|- ~ ie 
ethers m2 g | iy 2-12 


NOTE This sum can also be done by using partial fractions. We write 
cote AR ms oe ie ae 
(x51 <TD heey Dix = 1), 


2 
EXAMPLE 6 Evaluate : | ——*——— dx 


(x — 1)? (x +1) 


SOLUTION We cert 


ollisceps 


dx 
(x- 7s (x +1) 
2 


Let Sel ee: B C D ' 
$ (x —1)° (x +1) K=1' Wed @sip ea (i) 
= x? = A (x-1)* (x+1)4+ B(x-1) (x +1) 4+C (x4+1)+ D(x-1 Gi) 


Putting x —- 1 =Oi.e. x = 1 in (ii), we get 


1 
1 C= NE > 


INDEFINITE INTEGRALS 
Putting x + 1 =Oi.e. x=—-1 in (ii), we get 
1 
1=-8D >D=-= 
PB see ig 


Putting x = 0 in (iii), we get 


pon Ei p = A- --2 
Putting x = 2 in (ii), we get 
4=3A+3B+3C+D 
= 4=3(A+B+0)+D=3A+B = 
5 <A Je eg 
Now, ATE = gig Ath =: i> A=", and BE 7 
» EE: UP SL 
Thus, we have A= B=,C=5,0= 8 
Substituting the values of A, B, C and D in (i), we get 
Bat Hedy) suet ES weit TS 
: (x-13(x+1) 80-1) 4(x-1)? 2-1) 8(¢+1) 
ol ee E 
(x-1)° («+1) 
1 1 = 1 1 1 1 1 
=> ste ane iple pt" a!) B® 
1 3 1 
—> i! =) SS = ere x+174+C 
1 x-1 Ss 1 
= =e x4+1 ay rr sar ary ae Ee 


Type III THE DENOMINATOR CONTAINS IRREDUCIBLE QUADRATIC FACTORS 


EXAMPLE7 Evaluate: 
8 
i) |} —————- ax i) x 
w) J (x + 2) (x* +4) ( as een hig +4) 
8 x A , Bxt+C 
(x+2)(x7+4) X42 x244 


SOLUTION (i) Let 


Then, 8 = A(x*+4)+(Bx+C) (x +2) 

Putting x + 2=Oi.e. x = — 2 in (ii), we get 
8=8A>A=1 

Putting x = 0 and 1 respectively in (ii), we get 
8 =4A +2C and 8=5A +3B+3C 

Solving these equations, we obtain 
A=1,C=2,B=-1. 


19.157 


(ii) 
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Substituting the values of A, B and C in (i), we obtain 
8 1 -rtt2 


Rete tes +4 


= f ——~— GRA ERTL 


ere + 4) 


ed 
=> I= 5 itt = OF 
FP or 
= 1 pe te a 7ax+2] 5 ax 
i if ee 
= -=|= Sas ra aa +4 
= }. = log [x42 | 1 at +2 5 tan > + C, where t x? 
1 res 
=> I = log | x+2|—, logé+ tan ate 
1 2 et 
= I = log | x+2|-7 log@ +4) + tan ate 


(ii) Let t1_—_ = Bo BASE ...(i) 
(x-1)(27+4) *-1 744 
=> x = A(x7+4)+(Bx+ ©) (x-1) ...(ii) 
Putting x = 1 in (ii), we get 
1=5A 
Putting x = 0 in (ii), we get 
0=4A-C 


Putting x = — 1 in (ii), we get 
—1=5A¢2B-2C 
Solving these equations, we obtain 


A=%,B=-tandC= 
Substituting the values of A, B and C in (i), we obtain 
Seep 
x ae as 
(x-1)07+4) 5-1) x44 
= x Z 1 1 @—4) 


(x-1)@+4) 5@-D) 5244) 


1=f = 


——— 
ae 


-5 x-4 
= dar doe 
x-+4 
1 -% Paks 4 1 
= jis x nee dx 
if x + Aer 
= en ade L bat £ he 
5 10 Bae 2 


1 1 2. Sas 
= I= glogl x-1| ~plogo? +4) +Btan't( F | +c 


INDEFINITE INTEGRALS 


19.159 


IMPORTANT NOTE [If a rational function contains only even powers of x in both the numerator 
and denominator, then to resolve it into partial fractions, we proceed as follows : 


STEPI Put x*= y in the given rational function 


STEPII Resolve the rational function obtained in step I into partial fractions. 


STEP III Replace y by x, 


EXAMPLE 8 ee : 


2 
+1] 
(i) dx (i) = 
beer? Ai +1) (x7 +4) ee es 
SOLUTION Let x =y. Then, 
x ‘s y 
(xr +1)(x7+4) Yt)DYt4) 
ip ees! B 
y+by+4 y+l y+4 
= y = A(y+4)+B(y+1) 
Putting y =— 1 and y = 4 successively in (ii), we get 
: 1 
A=—Z and B=. 


Substituting the values of A and B in (i), we obtain 


Se er 1 i - 
(y+1)(y+4) 3(yt+1) 3(y+4) 


Replacing y by x*, we obtain 


Dt a ee eae ae 
(x7 +1) (x7 +4) 8 (7° +1) °30 44 
Peete a, 
(x? + 1) (x7 +4) 
1 1 4 1 
= ——| ——dx+- x 
i. ; leas ss Meas 
1 4 lan (2 Be a ty ee 
= [== —, tan txt 3 X> tan 5}+¢ = 3 tan x +3 tan 
(ii) Let x7 = y. Then, 
Sa ee el 
(x7 +2) (2x7 +1) YY t2)2y+1) 
Ie LO Wey © fateh 
a (y+2)(Qy+1) y+2° 2ytl 
= y+1 = A (2y+1)+B(y+2) 


Putting y+ 2 =Oie. y =— 2 in (ii), we get 


—]=-3A>A=— 


...(ii) 


...(ii) 


19.160 MATHEMATICS-XII 


Putting 2y + 1 =Oie. y=— = in (ii), we get 


i 
2 
Lie aie:  % 
2- Jee = 3 


Substituting the values of A and B in (i), we obtain 


War eel i a I 
(y+2)(Qy+1) 3 y+2° 3 (Qy+1) 

Replacing y by x”, we get 
Boel a Ie ie Se 
(PSD OCE1) 82x42 30741) 
ea x7+1 


—-t*-4 
(x7 + 2) (2x7 +1) 7 


J 
] 


1 
—| ————_q 
Fa) EDs 4 


= egypt" d]+ yp tan” 1(/2x)+C= a 0" ay tan) 2} + 


j tan 0+ tan° 0 
1+tan? y) 


EXAMPLE9 Evaluate do 


SOLUTION We have, 


fe) ) ais tape Oe rane 9) 4 ai tan 0 sec* 8 19 


1+tan? 6 1+tan° 6 (1 + tan? 6) 
Putting tan 0 = f and sec” 6 dO = dt, we get 


Te | eens 


hrs a tae 
(1 +f) (+h ¢ bee 
(l+t)(1—-t+f) 1+t 1-¢4¢ 
t = A(1—-t+t*)+(Bt+C) (t+1) (i) 
Putting 1+¢t=0 or, f=—1 in (i), we get A=-3 


Comparing the coefficients of f* on both sides of (i), we get 


A+B=0 => B=-A=> 


Comparing, constant terms on both sides of (i), we get 


A+C=03C=-A=4 
at 
lS, Sy che A al oe ae 
se S(l+t) 1-447 3(t+1) 3 a-#412?) 
1 1 a t+1 
= tf djast [otha 


t+1 


INDEFINITE INTEGRALS 19.161 


1 1 1 f 2t-1+3 
=> Te, Ve ge ee tS 
3 Tarts Sra Ay. 
1 1 il 2t—11 3 1 
T= -= Ss = at St aS ee 
7“ ‘apie Sin tg ciel 6) Zot 
poe 1 a 1 1 
=> I= 3 log | 1+t| + Flog |t 33 yay aye 
D; 2 
1 
2 Lo hel = 2) 
= I log?] 1+] + slog | f=-t4+1'| 5 Reva eB +C 
2 2 
al 1 ae Ase eta! 
=> I= 3 log | 1+t| + Flog |t t+1| + 5 tan e |r 
=> I= Flog | 1+tano | +2 log | tan?6—tanO+1 | 


rere eee 
+e tan V3 a Jr 


EXAMPLE10 Evaluate | ~~ dx 
in 4x 
SOLUTION We have, 
b= oo a =f sin x =f sin x , 
sin 4x 2 sin 2x cos 2x 4 sin x cos x cos 2x 
aa x 
— i = J see nibs Ss aa ee 
4“ cos x cos ae cos* x cos 2x 


cos x 
= Sy ee eee BEE 
4 J (1 — sin? x) (1-2 sin’ x) 


Putting sin x = t and cos x dx = dt, we get 


AY beers 


i ‘i a-2 0-2?) 
Let f = y. Then, 
meena | es > an oem ee 
C= 2F). UG] - 2y) 
1 OE TE 
ae deni) iy 4 ay 
1 = A(1-2y)+ B(1-y) pe(1) 


Putting y=1 and y= 5 respectively in (i), we get 


= ean CD == 
1 -1 2 


Ge idly), Seman dbx ZV 
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19.162 
=, 1 eres. 2 
as ey ae be Ye 
{ 1 1 2 
[=- : ee 
x atcat Bay re a-2 0-2") 4 if 2¢7 
¥ 
]=- ae 
a Ly ra ea wet 
fini +f Vests of 1+ 12¢t 
te aT ana Pe i og +5 ayes |} +C 
Petites tt | gel ee en ac 
ae 73 PS ata Avda ot = Aot 
i ree ee 1+sinx ee 1412 sinx cc 
8 l-sinx ‘TE 8 1-2 sin x 


Evaluate the following integrals : 


2x+1 2 
(Glyies2) 


Le leitesay 


xtx—1 
Saleen e 6 


dx 


2 
5. JSHa 
eat 
bx 
yg een PE | 
| een aaa E 
24 —=9 
(2 - 1) (2x +3) 


A) 
sin 2 x 
aa J (1+ sin x) (2+sin x) 


hall : 


1 


sin x ote 


(x- Wranrrat 


Bed Pet) St MEI 


tee) oy 1) eet 


vt] 
(2x +1) (x? -1) 


J 
Peter rae a 
J 
Ss ooo 


21. 


x log x (2 + log x) 


1 
I aaaeny 


3+4x—x7 


aaNet 


x 


(he oD es 


6. J 
x +1 

zi i Ne 

~ 


1 Vereen 


2x 
(x7 +1) (x7 +3) 


ioe 


Ta eRe 
16. (8 — 


i 


dx [CBSE 2004] 12. [ dx [CBSE 2004] 


dx 


SS rhs 
fae ee 


x+1 


Sa ea 
x(1+xe*) 


4+ 6x— 8 
20. J 4x - 


1 


22, | ——_*—_—___ 
x [6 (log x)” + 7 log x + 2] 


EXERCISE 19.25 


INDEFINITE INTEGRALS 19.163 


235 24. dy 
ee x(x" + ai J (x* - a’) (x — b) 
ax>+bx +c * 
25. f Bene e hoo dx, where a, b, c are distinct 
26. fro ly 27. (ee 3x-2 
x= (x +1) (x +3) 
2s. f —*+! x a97 | picAs ey Xx 
(x + 2) (x —3) (x —2)° (x +3) 
2 
$4 | is 
(x-—1)° (x +2) (x — 1) (x+1) 
de Oe 2 Z 
32, f 4 +*= 1 ax 33, f M423 x 
(x+1)° (x +2) x* (2x +1) 
2 
34, [ tr +6 oy 35, | ——3,—- x 
x +2x° +x (x +2) (x° + 4) 
36. | ——2--— ax 37. | * ___ dx [ CBSE 2002, 05] 
(x* +1) (x + 2) Fag Ga 
1 1 
38. = dK 39) +e a 
fee ex cene ea 
40. [| dx a. f 
-1 (2 +1) (x2 +4) 
2 
+ 22) iy 
42. | =—4*—— ax 43, ( tt +2 
(x~ + 1) (3x* + 4) (x? + 3) (x7 2a) 
44. z 14 45. (eS eae 
Pa ee (x° + 2) (x7 + 3) (x" + 4) 
46. f—jt— a 47. Jem 
x(x" +1) x(x" +1) 
as. {—— dx a9. f — 
d-x) +x‘) (1 -—sin x) (2 + sin x) 
4 
x cos x 
ee a paceceanar vam | Bi pee oe IC BOE 2007] 
- Boor ee Fi ees Ay pees 
Lt We ee Srey 5 Ax [CBSE 2007] 
ANSWERS 
1 X54). 4 
1 3! x+1 fe ae x-2/4+C 2, —i0 +C 
0g | | g | | STP gat 


3. x-leg | x+3 | +log | x-2/4+C 
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x=1 
4. —x+3log | x+2|+2log|x-1]/+C 5. x + log ae 
6. 5 log | x- 1 | —4log | x- ree log| x-3 | +C 
7. 2 log (x+1)" (@=2) +C 8. log +C 
6 (x + 2) 


5 1 12 
—— ———— _ ——— "a 
9, Slog | x+1| 19 108 | * ix 5 log | +31 +C 


10. di lx | =8log [x-2| + = log Wea [4C 


2 
TT. Q+sin xy" 12. tog | 57+] + 
(1 +sin x)* 2 x° +3 
23 log x 
13. 5 108 log (x +2) ae 
14. rs le log |5-4sinx|+C 
15 5 log | 1+cosx | +35 5 108 |1-cos x| +5 ont oe 2cosx|+C 


16. z log | 1-—cos x | +5 log {1+ cos x} - Flog | 1+2cosx|+C 


eS 2: 
17. 1) g@= D+ 2° 18. log ue SAC 
68 erty l+xe 
19. log |x (x7 - 1)? | +C 20. log co 
(x +2)" 
ZA. 2 log | 2x+1 (+3 log xe | Hie | x41 [| +c 
22. log | 2logx+1 | —-log | 3logx+2|+C 
1 ae i x“ -a 
23710 +C 24 eS +C 
ine ears Ie 6) : aah | 
3 2 2 2 
a +abt+c Ae Oe ac Abc +C 
205 Baa a| + x ee ae, 
(a—b) (a—c) g |x-al (ono og |x OS cate oy ee c|+K 
c =f 
26. = + log | x7 Sy 5 log our +C 
os phe 11 
2h FULL eae Ney ec hu hes ee 
oo eB 7 Cc 
26, 35 OS |x+2|+ 55 log | x- al Saanite 


2 3 
29. Flog | x+3| +E log | x-2)- 775+ 


INDEFINITE INTEGRALS ’ 19.165 


2 a1 1 1 
30. —lo Sea cat 3 

9 198 | 45 3(x-1) 31. — log |x- ep NSE A hues 

3 
32. a 33. x t 13 log |x| -12log |2x+1|+C 
9 
34. 6] = é 
og | x | Sa a Srempere eS 


9 1 2 =4{ x 
35. 7/108 | x+2 | — 5 log | x°+4]|+tan Gli 
Pe 2 
36. 2 tan X~= log [atin log | x42 | 4c 
ay A ~ Flog [x+1)| +7 log ese | +5 tant x+C 


Leas ad. aM ALKA 24 
38. 5 log | x+1 | gq iog | 1+x | +, tan i Ae 


1 1 
39. = log |x+1] “Dash 


i 2 
5 g log | xo +1 | +C 


~2 art tee! 2 2 =1{ 2471 
40. 3 108 jo= 1] 3 10g x +a 1 | + JR tan Ey Jre 
LF a eee | - Ne sl tan! 
al tan ~X tan Gi 42. NBi ieee 5 tan x +C 


cs adie ~ = eel ae 2 
43. x+ 5 tan 5) 3 tan } 44. x—log | x | -tan x +5 log (x +1)+C 


. C 
\ 
ID myorei( ae uso enfbawAy 67-1 (x 
45. a2 tan (| a (5) 4 tan [5}+c 


4 5 
1 x 1 ae 
nes log | PC 47. —lo + C 
4 saa cel 
3 eS =I 
48. — | log gt2 tan x |+C 
ean cle) 
49, Elon | 1-sinx | +--+ +, ] log | 2+sinx |+C 
i, 9 (1 -sin x) 6 (1—sin x) aes 
x2 
Le al 2 , eet 
50. mas Sieg bee te 4 log +1) > tan x+C 
Ptiog (2 52. lo 
* % 1 —sinx =e 38 
x7 +1 x1 
19.13 INTEGRALS OF THE FoRM | —*~*7-— dx, { —*=—ax, 
X FAX +1 XK tAX +1 
( TENE dx,whereXe R 
x +AX +1 


To evaluate this type of integrals, we use the following algorithm. 


19.166 MATHEMATICS-XII 
ALGORITHM 
STEPI Divide numerator and denominator by x, 
+ 
STEPII Express the denominator of integrand in the form [: tr +k. 


STEPIN Introduced [ + | ord ( - 5) or both in the numerator. 


STEPIV Substitute x + . =torx- 5 = tas the case may be. 


This substitution reduces the integral in one of the following forms 


lr ropa 


STEP V Use the appropriate formula. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate: 
2 
(i) f Stax [CBSE 2007] 
x*+1 
Seas x +4 
(i) ax iii [CBSE 2007] 
J xttxt 4] OA 16 
SOLUTION (i) Let I = J at dx. Then, 
x*+1 
7 
x 
=> I= f 1 dx [ Dividing the num. and denom. by x | 
sae ee 
a 
i 
l+— 
=> five x dx 


Letx Fw tae dlr Z\= ar (14%) = a 
dt 
1 SS 
Lae 

x 1 a7 t 
=> I = yy tan Ay +C 

ae aie 14x bot Ly or oe 
=> I = v5 tan [Sat +c = Fetan (a2 +C 


2 

” -1 

(ii) Let I = | —~-<=— dx. Then, 
J xt 4x2 41 


INDEFINITE INTEGRALS 19.167 
1-4 
ead pee ae eS ~ 2 
I = | dx [ Dividing the num. and denom. by x*| 
1 
4145 
ae 
1 
{_— 
f x? 
== i F mlltnes O 
+5] a6 
x 
ut ‘L 1 
Letx+— =U. Then, dfx+ |= du {1-5} = du 
x x x 
du 
| ue = 17 
1 u-1 
= t= say 8 | SS +C 
1 
x+-—-1 2 
= f= 5 log|—+*-— | +C = Flo i aE EC 
3 x+—+1 apt kel 
x 
(iii) Let J = ath dx. Then, 
4 
(ce== 
r= x 
ye 
x 
4 
LS 
2 
— r= f 5 dx 
mc: -8+8 
x 
4 
i ge 
— 
= t= | ——~—ar. 
[:-3] +8 
x 
Let ee. Then, a(x 3) Siths =(1 +a] = Ot 
x x oe 


19.168 


EXAMPLE2 Evaluate: 


1 
SOLUTION (i) Let I = | ~~ dx. Then, 
x 
Al 
2 
=> Tee Sorts 
2 
xr+ 
2 
2 
2 
= | ee 
O+5 
ees 1-4 
= i f sis dy 
25 a eek ie 
+g XG 
if 1-4 
= ie sl my ead ~ dx 
See Sits 
ve x 
; 144 i 1-4 
= | | x dx 
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(ii) J vtand de 


Putting x — : =u in 1st integral and x + 7 =v in 2nd integral, we get 


tei fs 5 See [see 
PLOe ee uae 2) 
=> I= - tan? | =a : log cA 43 © 
2 V2 V2 eo 7 Oe +V2 
es ne 1 tan! X= ihe £4 1 x+1/x-vV2 
22 V2 42 x+1/x+V2 
m Poalen eae (elt ee eye NE ee 
2V2 V2 x 42 08 x PEND ee 
2 
(ii) = | a dx 


+C 
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1 2: 
— Ve Nee oe 
7a reas: 
os ne qn pbs ees 7 role Pei fe Sass dei ee 
x oh km x2 +1/x* 2 41/x? 
an To a) ore pares ks he 
eS 1¥ 2)" 4-2 PLS gots beg 
Putting x-4=uin 1st integral and x+2=vin 2nd integral, we get 
1 1 
les) See £2 | SS 
5) J 2 + (V2) adlae (V2) 
set Medes Mapes 4 A 1 
"*d yee el Cal 2 <a yR 8 one ia, 
Cee A ely s x+1/x-V2 
ad Spr [ V2 TE 8 x4 1/xene | 7S 
x Te ib tan? ra low ee eet 2 KN2 +1 
é ie re | * TE! ax v2+1 


(iii) Leti= f vtan@ de. 
Let tan@ = x’. Then, d (tan 9) = d (x*) = secOd0 = 2xdx 


2XaX DATAX 2x dx 
OT, d8 == 2 Gp Tae etter ae 
sec’ 6 1+ tan“ 6 1+x 
f= | Ve Se 
1+x 
2x2 
=> I= dx 
ee 
2 
= dx 
eae 
. Ye, (ues bade Wx os 
gee 
14+1/x? ee ewer 
= = dx 
tol eae Baie +1/x 
4 foal ae ig 1-1/x7 dx 
(x - 1/x)* f° (x + 1/x)* -2 


Putting x -< = u in 1st integral and x + 2 =v in 2nd integral, we get 


. du dv 
I =f w+ (2) * J yp (v2) 
V2 
= [= deen'(e}+ x8 et +C 
x+1/x-V2 


1 1 & 1/x 


v2 rave ee x ee +C 
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seth 1 i} xt—xv2+1 a 
¥ a yy | ap | tae” la? yaad 
Bi Seer 1 tan @—- V2 tan@ +1 ee 
as = We ya tan 2 tan@ ar tan 0+ V2 tan0 +1 


EXAMPLE 3 ye Vtan 6 + Vcot | de 
SOLUTION Let I = f {Vtan @ + Vcot 6} d0. Then, 


= J { van + | 20 => I= tenes d0 
Let tan = x*. Then, 
d (tan @) = d(x”) 
=> sec? 0d0 = 2x dx 


2x dx 2) S2mdxs 4 2xdx 


= d0 = = = 
sec? 0 1+ tan? 6 1+x* 


x74+1 ye 2x ax x2 +1 1+1/x* 
= =- 2) — =2] ———d 
Foes ee vigeas ae ecw: ‘ 


2 
as ie a 
(x= 1/x)* +2 (x -1/x)* + (V2) 
ee, (ea ren eT is 
= fal FEU ein Gace where x eae 
= faFant{ "|r 
= I = V2 tan! x a1 +C = V2 tan! ee +C 
V2 x V2 tan 0 
EXAMPLE 4 Evaluate | + dx 
sin x+cos x 
SOLUTION Let I = f — + ax. Then, 


sin x+cOoS XxX 


Te i 1/cos* x 


=> aT Te 
sin” x + cos" x 
cos* x 
sect x sec? x - sec? x 1+tan? x 2 
=> ak ae = Sel aR “AE tga ete! 
tan4 ss tant x +1 1+tan* x 


Putting tan x =t and sec? x dx = dt, we get 


Spey 
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Pagal psn 
= he > tan [S57 Jee [Proceed as in Ex. 3] 


S| 


he 
ij =n oe 
EXERCISE 19.26 


Evaluate the following integrals: 


2 
1 f+ we 2. | Veote de 
x +x°+1 
x? +9 1 
dx Ok) =e be 
Ore + 81 Nescezars 
2 ?2 
x -3x+1 x~+1 
Bh is ba oS | Se eee 
meray iecnse va 
he 2 
Z| s 1 dx [CBSE 2007] ees 
+1 x°+7x°4+1 
: 2 
9. [ew 10. J“ 
x +x°+1 x°+3x°4+1 
ANSWERS 


cot 8 +1- 2 cot @ 


cot8@+1+-V2 screl| me 


V2 x41 
P42 x+1 


3 
2 
=| xe 1 
6. tan as Jee ue aE le 


2D 2 
1 mh etl el es peed 
10. 25 tan ea 5 tan g Jee 
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19.14 INTEGRATION OF SOME SPECIAL IRRATIONAL ALGEBRAIC FUNCTIONS 
o (x) 


In this section, we shall discuss four integrals of the form | P JO dx, where P and Q are 


polynomial functions of x. 


19.14.1 INTEGRALS OF THE FORM | raonee WHERE P AND @ BOTH ARE LINEAR 


FUNCTIONS OF x 
To State this type of Cig we put Q= t’ i.e., to evaluate integrals of the form 


f Garb Vara ee patertd=t ; 


The following examples illustrate the procedure. 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate a ey 
(x —3) Vx+1 
1 


Here, P and Q both are linear, so we substitute Q =  i.e.x+1=f and dx =2t dt. 


1 2t 
p= | 
rasa 


dt t=2 Vx+1-2 
f=2,|) ==> =2x-— => 
=> 292 2x5 log = eNO = 5 log Nx +2 +C. 
EXAMPLE 2 Evaluate | Vx dx. 
x+1 
Vx x 
SOLUTION fe = a rr 
Let = J py a De rageemssyys 
Putting x =f? and dx = 2t dt, we get 
2t dt 
I= 
Leen 
Pails il 
=> i= eee E15 
J eae 
= za oe. = ai —1 
= I=2 1-37 at = 2[e-tan t]+C = 2[vx —tan7? Vx}+C 


19.14.2 INTEGRALS OF THE FORM | 4 Pe (ax, WHERE P IS A QUADRATIC EXPRESSION 
AND @ IS ALINEAR es 


To evaluate this type of integrals we put Q = t ie., to evaluate integrals of the form 


1 
—_.——_—— dx, put px+q=#*. 
! mo ES Pays owe 


The following examples illustrate the procedure. 
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ILLUSTRATIVE EXAMPLES 
1 
+ dx 
(x? -4) Vx41 
1 
+ dx 
(x? -4) Vx41 
Putting x+1= t? and dx = 2t dt, we get 


EXAMPLE1 Evaluate: J 


SOLUTION Let = J 


by kote Pit see a 2S 5 at 
(ip eaine uke 5 @ =i) (P $3) (2 +1) 
Let Pay. Then, 
(uepadays sanibin mk may 
Passi W=sg¢+)) 
1 eters B ; 
Let y-3)y+l) y—3 y+ re) 
=> 1 = A(y+1)+B(y-3) ...(ii) 
Putting y =— 1, 3 respectively in (ii), we get 
1 ae 
BEaG and A=7 
Substituting the values of A and B in (i), we obtain 
1 See 
Y-3)yY+1) 4-3) 4Y+}) 
= : —— : [. y=t] 


(2-3)(2 +1) 4(2-3) 4(2 +1) 


1 1 
I=2 | |—~—-———la 
es ea) : 


1 at 
=> ed eee sles ap 
i apa ois) -3 -1 
— Le 5 x53 108 RI - tan (ft) +C 
E, ae Vx +1 -—V3 4 pant (SFA1} Vc 
~ a3 18 [eet +3 |— i 
x+2 
EXCAINE ES ESOL OLE Ca eee 
Ja 2 43x43) Vx41 
x+2 
SOLUTION LetI = dx 
pascrille 
Putting x +1=?, and dx = 2t dt, we get 
al (t7 + 1) 2t dt 
(2 -1)2+3(t2-1) +3} V2 
> eo 
- IPE le 


7 
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4(#-1 g- P=: x 
= = va en Rehr = ao gare 


19.14.3 INTEGRALS OF THE FORM | rvohieg WHERE PIS ALINEAR EXPRESSION AND QIS 


A QUADRATIC EXPRESSION 
To evaluate this type of integrals we put p=1/t i.e. to evaluate integrals of the form 


t 1 
ee dx, put axt b= — 
J (ax + b) Vpx*+qx+r 4 u 


The following examples illustrate the procedure. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate (i) J oe dx (ii) f arin sommes td 
(x +1) Vx -1 (x-—1) Vx°+4 


SOLUTION (i) Let I= f 1 — dx 
(x +1) Vx —1 


Putting x +1=4 and dx =~~ dt, we get 
t 


———— aE dt 
Eye 


I 


sf. i Taig id este 
= I= JS = fa 2t) dt 


_94)1/2 
ee = V¥1-2t+C 


= [=- 
1 


as WEEN hago og ate Cees 
x+1 x+1 


(ii) LetI = f Se 


; 1 1 
ee ee eae et oot 
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dt it dt 
= nee) ase 
V5 +2¢+1 5! See 
P+ot+— 
5 5 
= Teal = 
o eee eects eke = 
co Nh dae Ant NOS ie) 
fee 62 8 oe ees ee 
ae 6) aa 
IG 
ipa! u§ ao et2 | 
=> I= Ys 108 [t+5)+ ['+5) +5) C 
= I = Ye log [++5)+ [e+ 3445) +C 
1 


+C 


Le eae oe OE 
x-1 5 


12 5-1) 5 


l 
1 

] 
a 
da 


ms fx eee poe 1 44 rw 
V5. xo. Dp 5 (x -1)° 


19.14.4 INTEGRALS OF THE FORM | Pa, dx, WHERE P AND Q BOTH ARE PURE QUADRATIC 
EXPRESSION IN x i.e. P=ax’ +b AND Q=cx' +d 


To evaluate this type of integrals we put x = ; and then c + dt* = u i.e., to evaluate integrals of 


— tdt 


1 1 : 
the form | —>———=>—— dx, we put x= 7 to obtain (a and then 
f J (ax* +b) Vex* +d : ft (a + bt’) Vo + dt? 


c+ df =u". 


The following examples illustrate the procedure. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Evaluate | CH ree . dx 
VIE 
1 
SOLUTION LetI= 5 ON a 
J NL +x" 


Putting x = 4 and ~~; dx =dt or, dx =— 2 dt, we get 
a 


t dt 


— dt u du 2 eee 
ot erupt cree £ where f° +1=u 
2 


as i+ 
=> T= [ -1-du=-u+C=-VP+14+C=- ak +C=- 1 +C 
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EXAMPLE2 Evaluate 


SOLUTION We have, 
V1 + x? 
= || 0b 
J ie 


I 


V1 +x? 14x 
= 1=J—** x ——3 ax 
1-x 1+x 
Z ae f pr Cali eee 
(i- ECS Are 


1 


=> r=] dx+ J x dx 

(1 —x2) V1 +22 (1 —x2) V1 + x2 
cee | eee MOON NT pana. 

Lato a ea 
a= aaa iP esarat sos g 

- 1 
- d 
(i - ia ire Sie ae 7 
1 1 

ae eee Da injwes icc rae soca 


-| >= 
— i I 
) => 


1 
=> a rT ee — SY ee >= dx 
Mie ae ccs 
= Mae alone belt CL wherdea | eee 
dai | ‘ | rap 14x 


Putting x =? and dx =—- dt in I), we get 


i= 


haha Se u-V2 1 “LY 
: Thea phe a °8 ut+v2 “ova! °8 fH +1 

1 

+1 -Vv2 — 
fee en ae = pst lo Dale wh Pes 

ane ee 202 8 |Vre? + 2 x 
Sect 
at +V2 


View Wx 


=| \ 2. 
ie ae og | x+ 1+x ,+C 
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EXAMPLE3 Evaluate: {| —— 
25 Vax — x 
1 
SOLUTION LetI = | —j—=—= dx 
PR ae 
Putting x=+ and dx=-+ dt, we have 
t 
1 
apenas 
4 fast <i Hi 
Oe ace 
1 
=> (ie tj Vat Sal dt 
s r=—f @t-17 1? at 
f 41/2 
= Ls a) +C 
he 
—> i = Nat +1+C 
= ee eee = Ne 
a 36 a ag 
EXERCISE 19.27 
Evaluate the following integrals : 
1 j/— 2 i dx 
* (x—1) Vx +2 (x=1)V2x+3 ~ 
x+1 ge 
3. | aes Deer 4 | Gore 
1 
Sr 
Preece sh (x- Car x+1 aa 
AY are eae Joa 
1 
9. dx 10. dx 
| aera 2 +x+1 emer 744 
ih dx p12. 
l grameerye = +1 late pe 
se} ee “ro 
Fer Te (x? +4) Vx? +9 
ANSWERS 
i Vx +2 - uf 1 V2x +3 -V5 
ss eles x +2 ae 2. 5108 | pees 45 | 7° 
te +2 -V3 
3. 242 + log | Ea a| * 
2 ipo Neg ryen ne vx+2=3 
4 3 (+2) 2 x+2 + Ty log Nee DNS. +C 


19.178 
o Vx+1-2 
5. 2Vx+1 +5 log A sere wee) +C 
1 1(x-1 1 x —V2x +1 1 x+2)-Vv2(x+1 c 
ig (Sar)-ne ee x¢vox+1/*©  % YO! |(e+2)+V2r1)| * 
2 
1 1 aR peas! dad is 
8. ~ yx log Gab Ga +] +C, where t an 
1 1 vr4+xel C 1G 1 “ss V2 x+Vx*4+1 PY s. 
ims. 4 Bare Sete F< eet OS Ra” IY Ome 
1 1 x41 1 =} 427 
11. Va tan 3 orn Loe “> aR ae +C 
vo 
ch See VI x + V3x" = 12 +C rae Nxt +9 -N5 +C 
* 233 °8 ary —Vax2—12 205 T° NaF +9 +5 


ik 


3. 
5: 


ee 


. Write a value of J 


. Write a value of f 


. Write a value of | 


. Write a value of J 


. Write a value of f 
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VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


Write a value of f ae 


Write a value of | x sin x ax. 


Write a value of | e* (sin x + cos x) dx. 


cos x 


Write a value of f Feo ae 


ax. 


n 
. Write a value of f ee ax. 


. Write a value of | elBSiINX Kos x dx. 


. Write a value of f cos‘ x sin x ax. 


1 
1+e 
(tan! x) is 
1+x 


sin x + cos x 


ie 


. Write a value of f ax 


V1 + sin 2x i 


. Write a value of f ae dx. 


. Write a value of | G log. @ 4. o@ log. *) dx. 24. Write a value of | 


2 


a sin 


sin 2x 
2 2 


2 
x+b* cos’ x 
a 


ax. 


3+a" 


sin x 


cos> x 


dx. 


2. Write a value of f eo? 8X x4 ay, 
E 3 2 
4, Write a value of [ tan” x sec’ x dx. 


6. Write a value of f tan® x sec? x dx. 


8. Write a value of | e. sec x (1+ tan x) dx. 


nm 
. Write a value of | Gog x). ax. 


. Write a value of [ sin? x cosx dx. 


. Write a value of [ tan x sec’ x ax. 
1 
14+2¢ 
2 
sec” x 


(5+ tan x)? 


. Write a value of f 


dx. 


. Write a value of f 


. Write a value of | log. x dx. 


2x7 +1 
22. Write a value of [ e nx dx. 


COS X 


nie 
sin x log sin x 


ax. 


1+logx ty 


1 . 5 dx 
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30. Write a value of f nb oat ax. 


x (log cap 


32. Write a value of j e™* cos bx dx. 


31. 


33. 


34. Write a value of | a la f (x) +f" (x} dx. 


19.179 
Write a value of | e* sin bx dx. 


Write a value of | e E - 3] dx. 
26 


35. Write a value of f V4—x7 dx. 36. Write a value of J V9 4x7 dx. 
2 
37. Write a value of | Vx7-9 dx. 38. Evaluate: | = 3 dx [CBSE 2008] 
1+x 
2 
39. Evaluate: | Bane dx [CBSE 2008] 
x” + 6x5 + 
2 
40. Evaluate: f a dx [CBSE 2009] 
41. Evaluate: { sine dx [CBSE 2009] 
42. Evaluate: J con Vz dx [CBSE 2009] 
eee 
43._ Evaluate: f = 2 a dx [CBSE 2009] 
44. Evaluate: [ sec? (7- 4x) dx [CBSE 2009] 
ANSWERS 
x8 i 3 
1. log |x+logsinx| +C 2 etc 3 3 COs x +C 
4 7 
4. se 5. e&sinx+C 6. ee 3 
7. Slog |3+2sinx | +C 8. e& secx+C 9. 5 (og xy +C 
n+1 Cae Aer 
ip ea 11, +c 12) +e 
tA 4 
cos’ x sec? x $84 
Ear eS 1406 et 15, log (T+e™ pC 
£1 4 
1 
16. —log |2+e *| +C 17, “en +C i aes 
4 —3 (5+ tan x) 
(ae)* 
NCEE a ox 2040 Oe sk = 1)4.C > 24. log (02) + 
1 2x" gery oh aioe doe ney eC 
os ; 3 sin 3 
22. 7e 2 23 isefeaa+ 12 og (log 
1 
AR oe ! a log (a* sin? x + b? cos? x) + C 26. iced log (8+a)+C 
27. log (3+xlogx)+C 28. 5 sec?x+C 29. —log |sinx+cosx| +C 
(log x)!~" e Feit. bx) +C 
30. Tae +C 31. 5 B (a sin bx — b cos bx) + 
z a 


82: 


34. 


36. 


38 
40 


43. 
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180 
Bie 3 e* Cc 
=~ (acosbx+bsinbx)+C 33. — 
Ga be x 
e** f (x) +C 35. 5x Na-x? +2sin 15 +C 
1 Vo 437 +3 log |x+V9+x7| +C aos ef 7-9 = log |x+Vx?-9| +C 
; qlog |1+x°|+C 39. Flog | x°+6x7+5 | +C 
. 2tanvx +C 41. —2cosVx+C 42. 2sinVx+C 
3 
G+ tg + ¢ 44. ~ tan (7- 4x) +C 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1 


x 


e IS 


(a) ri one 


ROR re 
(c) 9 tan S| 
i 2 dx i It 
cos x + V3 sin x haar kr 
Tex 
(a) log tan($+5}+c 
(c) diog tan arc 
v2 2 


dx is equal to 


wee 


3. fx sec x* dx is equal to 


(a) 5 log (sec x* + tan x*)+C 
(c) 2log (sec x7 + tan x*) + C 
ir| ; 


5+4s 


(a) A 


(c) A 


sinx ( Sin x 
, | oer [AE #00 x. log 


(Aye aac 


sin x \2 
() forte 


dp se pe 
(b) q tan a 


(d) none of these 


(d) none of these 


2 
(b) > log (sec x7 + tan x’) +C 
(d) none of these 


Ze 


Cv ia ans tan +$] +c. then 


(b) A 


(d) A 


7 dx is equal to 


(b) x"* cos x4+C 


(d) none of these 
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6. 


10. 


Hal 


ips 


13. 


14, 


5: 


(a) - 


Integration of ane with respect to log, x is 
1 + (log, x) 
=! 
tan ~ (log, x 
(a) as HE (b) tan”! (log, x) +C 
-1, 
(c yt ee (d) none of these 


nf 2 cos 8x +1 
tan 2x — cot 2x 


Bae us) 


1-2 sin’ x cos’ x 
lay —1F2 (b) 1/2 


(x-1)e *dxis equal to 


(a) peste (b) xe*+C 


dx =a cos 8x + C, thena= 


Clie vg (a) -5 


8 
: B foanted abi0 =asin2x+C, thena= 


(c) -1 (d) 1 


(oc) =xe™*4 CC’  (d) xei* +E 


ur) 2 <— dx=k2'/* +C, thenk is equal to 


= pene) — eeee 

1 
Jotia- 
(a) log, (x+sinx)+C 
(c) APIs 

2. 

[| x [dx is equal to 

4 4 
(a) wie (b) itl ee 


The value fees — AGS 


(a) 2cos Vx +C 

(c) sinvx +C 

Je (1 - cot x + cot? x) dx = 
(a) & cotx+C 


(c) e* cosecx+C 


[site g a 
ce tal 


cos x 


(a) tan 7x+C 


(c) > Hae We 


Nile 


(c)iql (d) 


(b) log, (sin x + cos x)+C 


(d) ; [x + log (sin x + cos x)] +C 


4 
(c) +C (d) none of these 


(b) ysost +C 


(d) 2sinvx+C 


(b) -e* cotx+C 


(d) -e* cosecx+C 


7 
(b) 2s ZC 


(d) sec’ x+C 
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19.182 


16. 


17. 


18. 


i). 


20. 


21. 


226 


23. 


1 = 
lace ae 
tip oe (e Nara 
(a) Ye tan [aeten5+C 
(c) fia ‘(tan 3}rC 


(petestbemeg: 
1-—cos x-— sin x 
(a) log + cot} | #C 


{cob +C 


(c) log 7 


| x+3 
2 


oe. 


Cai 


(a) 2 yt 
J sin x ae 
3+4cos x 


(a) log (3+4 cos” x)+C 


(c) — sy tan . eae Gc 


itecoria 
1 -—cosx 
(a) —tan5 +C 


a yeees 
(c) 7 & tan 5 +C 


an 


(e ae 
(a) ++ 
e+e 
-1 
+C 
i (Coeeaby 
(2G 
cos” (xe*) 


(a) 2 log, cos (xe*) +C 
(c) tan (xe*)+C 


(c) 5 tan? x+C 
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(b) Fe tan (5 tan 3} CG 
(d) 5 tan ‘(tan 3|* ce 


(b) log rc 


1-tan5 


(d) log |1+tan 


(b) -e*cot5+C 
ee 
(d) —5e cot5 +C 
1 
_ Gey: ee 
(a) mPa C 


(b) sec (xe*)+C 
(d) tan(x+e*)+C 


(b) 5 tan? x+C 


(d) none of these 
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24. The primitive of the function 
1 eat é 
fea)=(1-}4 * a>Ois 
x 
EP 1 ge Dich 
a 4 de a x a ae 
(a) Bae (b) log,a-a (c) = log,a (d) x ay) 
25. The value of | pa SOS dx is 
x+xlogx 
(a) 1+logx (b) x+logx 
(c) x log (1 + log x) (d) log (1 + log x) 
26. | V 1 = 7 dx is equal to 
(a) sin} Vx +C (b) sin’! (Vx -Vx(1—x)}+C 
(c) sin’! {Vx (1—x) }+C (d) sin | Vx -Vx(1—x) +C 
P ve fe { f (x) +f’ (x)} dx = 
(a) ef (x)+C (b) e +f (x) 
(c) 2e* f (x) (dj) 2 —f(%) 
28. The value of INK COSS his equal to 
1 —sin 2x 
(a) Vsin 2x +C (b) Vcos 2x +C 
(c) (sin x- cos x) +C (d) +log (sin x —cos x) +C 
29. ff x sin x dx =— x cos x + a, then @ is equal to 
(a) sinx+C (b) cosx+C 
(cjee (d) none of these 
cos 2X =1 * 
a J cos 2x +1 —_— 
(a) tanx-x+C (b) x+tanx+C 
(c) x-tanx+C (d) -x-cotx+C 
a ANSWERS 
Jab) 2 bkC) 3. (a) 4. (a) 5. (a) 6. (b) Toe) 8. (a) 
9. (c) 10. (a) 11. (d) 125i) 13.) (d) 14. (b) 15. (b) 16. (a) 
17. (¢) 18. (a) 19. (c) 20. (b) 21. (a) 225 (c) 23. (c) 24. (a) 
25. (d) 26. (d) 27. (a) 28. (d) 29. (a) 30. (c) 
SUMMARY 
1. A function (x) is called a primitive or an anti-derivative of a function f(x), if 


o’ (x) = f(x) 
If C is any constnat, then 


# fo +c} =o @ = fe 


Thus, if (x) is a primitive of a function f (x), then > (x) + C is also a primitive. 
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The collection of all primitives of function f (x) is called its definite integral and is 


b 
denoted by f f (x) dx. 


a 


b 
Thus, i fix) dx = o(x)+C 
a 
Here, J is the integral sign, f (x) is the integrand, x is the variable of integration and 
dx is the element of integration or differential of x. 
The process of finding an indefinite integral of a given function is called integration 


of the function. 
2. Following are indefinite integrals of some standard functions: 
4 x" +1 1 
@) [ieee eC (ii) J | dx = log.x+C 
fat ax = 
Se - : x ee 
(iii) | a Oe Tope oa, (iv) J e dx =e.+C 
(v) J sinx dx = -cosx+C (vi) | cosxdx = sinx+C 
(vii) J sec’ x dx = tanx+C (viii) J cosec? x dx = —cotx+C 
(ix) f secxtanxdx = secx+C (x) f cosec x cotx dx = -—cosecx+C 
(xi) ) tanxdx = log | secx |+C (xii) f cotxdx = log | sinx |+C 


(xiii) J secxdx = log | secx+tanx | +C = log +C 


tan == 
Aaa 


(xiv) | cosec dx = log | cosec—cotx | +C = log tan 5 +C 
eg fe ; 1 1 
(xv) J (@x+b) ot eas ae +C (xvi) f ays dx =~ log | ax+b|+C 
bx+c 
(xvii) f a *odx = ie —+C,b>0,b #1 
e 


(xviii) J eXte ay = ; CEN & 


(xix) f sin (ax +b) dx =-— cos (ax +b) +C 
(xx) f cos (ax +b) dx = : sin (ax+b)+C 


(xxi) f tan (ax + b) dx = * log | sec(ax+b)|+C 
(xxii) J cot (ax +b) dx = : log | sin (ax+b) | +C 
(xxiii) J sec’ (ax +b) = : tan (ax+b)+C 
(xxiv) cosec” (ax+b) = —- : cot (ax+b)+C 
(xxv) f sec (ax +b) tan (ax +b) dx = 2 sec (ax +b) +C 


(xxvi) J cosec (ax + b) cot (ax + b) dx =- cosec (ax+b)+C 


(xxvii) f sec (ax + b) dx = ; log | sec (ax +b) +tanax+b) | +C 
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(xxviii) f cosec (ax + b) dx = = log | cosec (ax + b) — cot (ax +b) | +C 


' 1 1 =i 1 1 x-a 
Xxix Axes tal =+C a 
( ) f ae n (xxx) i) ae 2 dx ma log oF 
; 1 il at+x 5 1 eat 8 
XXXi ax, = 210 +C SS ersin Tio 
( ) \ aoe a rae: (xxxii) i) 2 axi= sin ' +C 


log xt Vat +x7| 4 
log |x+ Vx? =a? | +C 
Ve—x +4 a’ sin~* sane 


I 


(xxiii) apo 
(xxiv) | so 
(xxxv) J Va? =x? dx = : 

Goi) J Vita a? dx = 5 x VP -5 pg eee ac 
boxvii) [Vi +0? axis ¥ x Vit +a? +5 a? log xtVx2 +07] +C 


2 


3. If u and v are two functions of x, then 


J war = u( var)-J fae vas | a 


i.e., The integral of the product of two functions 

= (First function) x (integral of second function) 

~ integral of {(Diff. of first function) x (integral of second 
function)} 

NOTE1 Proper choice of first and second function 


+C 


Integration with the help of the above rule is called the integration by parts. In the above 
rule there are two terms on RHS and in both the terms the integral of the second function 
is involved. Therefore in the product of two functions if one of the two functions is not directly 
integrable (e.g., log x, sin) x, cos x, tan | x etc.) we take it as the first function and the 
remaining function is taken as the second function. If there is no other function, then unity 
is taken as the second function. If in the integral both the functions are easily integrable, 
then the first function is chosen in such a way that the derivative of the function is a simple 
function and the function thus obtained under the integral sign is easily integrable than the 
original function. 
NOTE2 We can also choose the first function as the function which comes first in the word 
ILATE, where 
I — stands for the inverse trigonometric function 

(sin? x, cos) x, tan | x etc.) 
L — stands for the logarithmic functions 
A- stands for the algebraic functions 
T — stands for the trigonometric functions 
E — stands for the exponential functions 


a. (i) f & fx tf’ (o} dx = F(X) +C 
Gi) f & kf tf’ (wo dx = MF G)+C 
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ax 


5. (i) f e™ sin (bx +c) dx = 3p la sin (bx +c) — bcos (bx + c)} +A 


ax 


(ii) f e* cos (bx +c) = Tar {a cos (bx +c) +b sin (bx +c)} +A 
G+ 


6. In order to evaluate integrals of the form | pei dx, where 


(i) P and Q both are linear functions of x, we put Q = t? 
(ii) P is quadratic and Q is a linear function of x, we put Q = t? 


(iii) P is linear and Q is quadratic function of x, we put P = 2 


(iv) P and Q both are pure quadratic of the form P = ax’ +band Q= cx? + d, then 
we substitute x =* andc+df =u" 


i\ 
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This text book is based on the the latest syllabus prescribed by the CBSE. The 
whole syllabus has been divided into two volumes. Volume - | consists of Chapter 
1-19 and Volume - II consists of Chapter 20-32. In this revised edition new 
chapters on Relations, Functions, Binary Operations and Inverse Trigonometric 
Functions have been included. All other chapters have been thoroughly revised 
and up-dated. In each chapter all concepts and definitions have been discussed — 
in detail with suitable illustrative examples. At the end of each chapters an 
exercise consisting of multiple choice questions (MCQs) have been given. For 
the sake of quick revision of concepts and formulae, a brief summary has been 
given at the end of each chapter. 


Some new and unique features of this book 

> Detailed theory with illustrations cee 
> Algorithmic approach ; 

> Large number of graded solved examples 

> Large number of unsolved exercises.. 
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